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Note on the Convergence of the KROLL Method®
By ’

Kwai UMEDA and Takao YAMAMOTO®*

(Received February 20, 1950)%%%

The behavmr of the KrorL solutlon of the B oon mtegral equation was
studied at extreme low temperatures.

Recently Tova and one of us (K.U.)*” have investigated on the
convergence of the Krorr solution of the Brocu integral equation
in the region of finite temperatures (7/6 = 0.1 to 10). The solution

(y) =€, + ey + Caf + eeereennes (1)

seems to tend to an even function of  with decreasing temperature.
This behavior is examined here more precisely at extreme low tem-
peratures.

Since all coefficients «¢;; and b, in the set of the fundamental
equations (3) in I are composed from J,(z = 0/T) as given in Ap-
pendix of I and the latter behaves at extreme low femperatures m
the following manner:

J (D) =J,(c0) —e " ", / 1
4.7, /dT (T—0) =0, J
they can be taken as constant, i. e. ¢;(I'=0) = a;; and b, (T = 0)
== b;;, so that explicit 7' alone plays role for the behaviors of ¢/s.

Thus, it is convenient to write the set of the fundamental equations
in the following form :

(2)

* Supplement to the article “On the Convergence of the Knors. Method” by Umena and
Tova® which is cited in this note as 1.
#* Now at Hirosaki University.
#3% Pregented preliminarily at the Tokyo meeting of The Physical Soziety of Japan,” April
28, 1949, and at the Sapporo meeting of The Hokkaidd Branch of The Physical Socxetv
of Japan, November 11, 1949.
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TG0, F Tl TR, A s =0,

wa:-f}’u + o bhep oy, o =0, (3)
Z_{e((/;:,%‘ + ,,TT(L;%(',L + - bye, -+ e =0y, e
J— 1 21/:; T i k@ 1 . ]CT -

e aubir Rt A

66,,2,-(.’/1}) = 61/2> b-.';m'(x) : I (4)
and
a; 0 g v»e { z Uy g *r» ' |! oy Uy
ty, 0 Oy 1 ............

the coefficients determinant is reduced into the following form of the
order of T%: = =~
| : r Vb, , [/ )
‘D:?‘a” (1 - “il > (’Jm b’u 6'35 b,ss ‘ .
The simplest approximation of this expression broken off at &, was
given already by Wirsox®, '
The peculiarities of the first row and column, i.e.
- D=0 | (7)
and Eq. (4), make the behaviors of ¢, and ¢, only exceptional.
¢, diverges in order of 777

(6)

1 11 '
¢, (T—0) = — , ‘ 8
0= e T e
= 5.0627 - 103 (0/Ty - for copper,

which holds for all degree of approximation.® The behavior of ¢
was discussed originally by Krorr®. ‘ '
¢, diverges, however, in order of 7'

w11 g2

e (I—0)=—2_+ . __r/= 9

0= e T )
= — 9.7587 - 10-7(0/T) for copper,

* The degree of approximation means the number of terms in the polynomial approxim-
ating Eq. (1), eg. the n-terms approximation corresponds to the n-terms polynomial.
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which holds also for all degree of approximation.

Making 7'—0 in the equations with b, 0, ... in Eqgs. (8) and
taking the identical relation ‘
e, + Ve, =0 : (10)
into consideration, we find all the other odd coefficients to vanish :
G(T—-0)=0c,(T—>0) = --eee. =0, 1y
All the other even coefficients ¢}, ¢, --++-- at T =0 are determined by
the set of equations with b, b, .---in (1) at 7—0:
blaa@ + b,35ﬁ4 T = bs - J5(°°)_‘ (1 - 7’2/4)“T (a'ls - (7'2/2) a”ss) ’
Ve, + Ve, e =b; = Jy(0) (1 = y*/4) " (@', — GF2) ), | (12)

..........................................................

1

which afford for them definite nonvanishing limiting values dependent
upon the degree of approximation as given in the following table.

Deg. of app. 2 (T=0) 3 (T'=0) (7 =0) s (T=0) e (T'=0)

3 or 4 —4,086510-3

5 oor 6 —5.0951 1.3855-105

7 or § —5.8748 3.3357 —~0.81942 10~7

9 or 10 ~6.5045 5.5180 - —2.5297 0.31560 10~9

11 or12 | —7.0284 77781 —5.0254 11873 ¢ —8.5145-10-13

7* being very small, for example 9.862-10-° for copper, these values
can be considered to hold for all monovalent metals. From this
table we see that the value of the each coefficient converges mo-
notonously, but not quickly enough to the definite limiting value
with the increasing degree of approximation. ' ‘

The parts of the curves of e, ¢, - versus T/@ at extreme
low temperatures, which were left, however, not drawn in Fig. 7
of I, are shown in Fig. 1, where they run sufficiently parallel to
the T-axis owing to the property of J,, Eq. (2) and their values
except at T'=0 were derived by solving directly the set of the
fundamental equations (8) in I.

As the summary, it can be said that c(y) becomes a nearly
even function in higher accuracy rather at 7/6 = 0.1 to 0.3, than at
extreme low temperatures, where ¢, diverges.
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Fig. 1. €1, €, €4 and ¢; in the 7 or 8 terms approximation as functions of 77/6.

This work was supported by a grant given by The Ministry of
Education.

Appendix

The 11 or 12 terms approximation needs the following coefficients which are

not yet given in Appendix of L ' ‘

Iz = ’(1 —e=5) "1 [— 272a152° — 4760q152* — 247 52auz" — 48620agz;— 38896a7210 — 12376as2"
—1360a52' — 34a2'6 — ;(1./ 18) 218, ka

Iis = (1—e~%)~"! [36anz + 1632a52° + 17136a1:2" - 264801127 -+ 97240a42? + G.‘ﬁﬁdSa;é"

C 4 17186a52" - 1632ax2 4+ 3612+ (1/19) 29,

Iy = (1—e=%) =1 [ — 342ap2® —T752¢2" —b4264a12® ~151164a12° — 1847564210 — 100776017212

- 232560524 — 1938as't — 88ar2'® — (1/20) 2*].

1,1 = 20a9]5 + 240an]y + 504azTy + 240asT1y + 20a:] i3+ (1/11) Jus.

D3 = 400ay S5 + 2160az]7 + 2688a:Ss 3 840asT 1 + 48Ty 1 (5/38)Jusy -
b5, = 960a S5 -+ T000as]7 + 18248ar]y + 7968asS 1y -+ 1456as.] 13 + 56a 5 -+ (400/3008) Jrr,
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bry1y = 1680c1a]s + 1644air]y + 45280ag]o + 4572000T 11 + 174720515 + 2240030 15 + 64arS1y
+ (471/4004)J 5,

bo,11 = 2660aw]s + 33040a,T7 + 12678401 + 1944400011 -+ 12729607] 13 + 342720515
+ 3264ayS 7 + T2au1o -+ (2308/21879) Jay,
By, = 3600aT5 + 60000a 5 + 209120057 + 671760a11.T 11 + 671840ag] .5+ 310080a7F s
+ 62016as.]1; + 4560azT1g + S0awS 21 + (61585/646646).J0s.
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[Note added in proof] Recently, a paper on the Krorr. method
by E. H. Soxpuriver, Proc. Roy. Soz. London, A, 203 (1950), 75, came to
‘the author’s notice, in which the determinant transformation, Kq.

(6), was likely used. We are indebted to Dr. Soxpurimer for the
‘reprint sent to us. :
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