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１ はじめに

Farkas [4]

Farkas ( )
(e.g.,

[6]) Kuhn and
Tucker [5]

(arbitrage) ( )

Farkas

２ 二者択一の定理

Farkas

定理 1 (Farkas )[4] A ∈ R
m×n

b ∈ R
m

(a) ∃x ≥ 0, Ax = b,
(b) ∃y, AT y ≤ 0 bT y > 0,

1 A = (a1, ..., an) b

定理 2 (Motzkin ) A ∈ R
m×n,

B ∈ R
n×n

(a) ∃x ∈ R
n, Ax > 0, Bx ≥ 0,

(b) ∃y ≥ R
m, y �= 0, ∃z ≥ 0, AT y+BT z = 0,

Motzkin Gale

定理 3 (Tucker ) A ∈ R
m×n,

B ∈ R
n×n

(a) ∃x ∈ R
n, Ax ≥ 0, Ax �= 0, Bx ≥ 0,

(b) ∃y > 0, ∃z ≥ 0, AT y + BT z = 0,

Tucker Stiemke

Broyden [2]

Farkas
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３ Farkas の補題の証明

３．１ 代数的証明

Broyden

定理 4 (Broyden )[2]
Q ∈ R

n×n ,
1 −1 S ∈ R

n×n

∃x > 0, Qx = Sx

P ∈ R
n×n Q ∈

R
(n+1)×(n+1)

Q =

(
P r

qT ρ

)
(1)

|ρ| < 1 r =
q = 0
|ρ| < 1 QT Q = I

Q1 = P − rqT

ρ − 1
, (2)

Q2 = P − rqT

ρ + 1

QT
2 Q1 = I − 2

1 − ρ2
qqT (3)

x1,
x2 S1, S2 Q1x1 = S1x1,
Q2x2 = S2x2 (3)

xT
2 S2S1x1 = xT

2 QT
2 Q1x1

= xT
2 x1 − 2

1 − ρ2
(qT x1)(qT x2) (4)

S1 �= S2 x1, x2

xT
2 S2S1x1 < xT

2 x1 (4)
qT x1, qT x2 0

ξ1, ξ2

ξ1 =
−qT x1

ρ − 1
, ξ2 =

−qT x2

ρ + 1

z1 = (xT
1 ξ1)T , z2 = (xT

2 ξ2)T

Qz1 =

(
S1x1

ξ1

)
, Qz2 =

(
S2x2

−ξ2

)

|ρ| < 1 , ρ− 1 < 0, ρ + 1 > 0
qT x1 qT x2

ξ1 ξ2 z1 z2

S1 = S2 xT
2 S2S1x1 = xT

2 x1

(4) qT x1 qT x2

0 qT x1 =
0 (2) Px1 = S1x1

(
P r

qT ρ

) (
x1

0

)
=

(
S1x1

0

)
. (5)

z1 = (xT
1 0)T (5) (1) Qz1 =

Ŝ1z1 S1 = diag(S1, σ1), σ1 = ±1 z1,
Qz1 0

Q

Q =

(
ρ1 qT

1

r1 P1

)
,

P1 ∈ R
n×n

(5)
x2 S2

(
ρ1 qT

1

r1 P1

) (
0
x2

)
=

(
0

S2x2

)
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z2 z2 = (0 xT
2 )T , Ŝ2 = diag(σ2, S2)

Qz2 = Ŝ2z2 σ2 = ±1
z2, Qz2 0

Qz1 = Ŝ1z1

Q(z1 + z2) = Ŝ1z1 + Ŝ2z2 (6)

z1 z2 j (2 ≤ j ≤
n)

Ŝ1, Ŝ2

‖ Ŝ1z1 + Ŝ2z2 ‖ < ‖ z1 + z2 ‖
(6) Q

Ŝ1, Ŝ2

Ŝ1 = Ŝ2 σ1, σ2 (6)
Q(z1 + z2) = Ŝ1(z1 + z2) z1 + z2

Ŝ1

S1 = S2 n = 1
(Q, S 1

−1 ) n ≥ 1
x S

S Qx1 = S1x1,
Qx2 = S2x2 x1, x2

S1, S2 S1 �= S2

xT
2 x1 = xT

2 QT Qx1 = xT
2 S2S1x1

S1 �= S2 xT
2 S2S1x1 < xT

2 x1

S1 = S2

Broyden ( 4)

定理 5 (Tucker )[2] A ∈
R

n×n (AT = −A;
; 0)

∃u ≥ 0, Au ≥ 0 u + Au > 0

A Cayley
(I + A)−1(I − A)

4 x > 0 S

(I + A)−1(I − A)x = Sx

Au = v, u = x + Sx, v =
x− Sx u + v = 2x > 0

Farkas

Farkas

⎛
⎜⎜⎜⎜⎝

O O A −b

O O −A b

−AT AT O 0
bT −bT 0T 0

⎞
⎟⎟⎟⎟⎠

u = (yT
1 yT

2 xT t)T , y = y1 − y2

5 t > 0
u = (yT

1 yT
2 xT 1)T

(a) Ax = b, x ≥ 0 t = 0
(b) −AT y ≥ 0, bT y > 0

Broyden [2] 5 Gale
Motzkin

Gale Gordan

5 [8] Theorem 5
Tucker A ∈ R

m×n

( ; [8] Theorem 1)
3 ([8] Corollary 2A(i) )

[8] Corollary 2A(ii)
Motzkin ( 2)

３．２ 幾何的証明

Farkas

minimize ‖ b − Ax ‖2

subject to x ≥ 0.
(7)
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x∗ = (x∗
1, ..., x

∗
n) ∈ R

n

r∗ = b−Ax∗

Dax [3]

補題 1 x∗ (1) r∗

x∗ (7)
x∗ r∗

x∗ ≥ 0, AT r∗ ≤ 0, x∗T AT r∗ = 0 (8)

x∗ (7) θ

fi(θ) = ‖ b − A(x∗ + θei) ‖2

= ‖ r∗ − θai ‖2, i = 1, ..., m,

ai A i , θ ∈ R, ei i

θ = 0

minimize fi(θ)

subject to x∗
i + θ ≥ 0

f ′
i(0) = −2aT

i r∗

x∗
i > 0 aT

i r∗ = 0; x∗
i = 0

−aT
i r∗ ≥ 0 (8)

(8) ∀x ∈ R
n, x ≥ 0

u = (u1, ..., un)T ∈ R
n x u =

x − x∗ x∗
i = 0

ui ≥ 0 (8)

uT AT r∗ ≤ 0

‖ b − Ax ‖2=‖ b − Ax∗ ‖2 −2uT AT r∗+ ‖ Au ‖2

‖ b − Ax ‖2 ≥ ‖ b − Ax∗ ‖2 .

x∗ (7)

Farkas

定理 6 x∗ (7) r∗ = b − Ax∗

r∗ = 0
x∗ (a)

r∗ (b) bT y∗ = bT r∗ =
‖ r∗ ‖2> 0

r∗ (8)

bT y∗ = bT r∗ = (Ax∗ + r∗)T r∗ = x∗AT r∗ + r∗T r∗

=‖ r∗ ‖2 > 0

(7) x∗

Z = {Ax | x ≥ 0}

R
n

B = {z | z ∈ Z, ‖ b − z ‖ ≤ ‖ b ‖}

R
n ϕ(y) =‖ b−

y ‖2 y

Weierstrass ϕ(y) B

z∗ ∈ B

B ⊆ Z x∗ ∈ R
n x∗ ≥ 0,

z∗ = Ax∗ x∗ (7)

４ Farkas の補題の一般化

Euclid R
n

Farkas

F ( )
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定理 7 F W F

A : W −→ Fn

b ∈ Fn

(a) Ax = b,
(b) ∃y ∈ Fn, yT A = o, yT b �= 0 ,

o : W −→ F

[1] Theorem 3.2 (Fredholm
)

V F

u 
 v

⇐⇒ u − v 
 v (u, v ∈ V )
Farkas

定理 8 F

W F

V F

A = (αi)n
i=1 : W −→ Fn,

β : W −→ V

(a) ∃x ∈ V , ∃x1, ..., xn 
 0,
x1α1 + · · · + xnαn = β,
(b) α1(y) ≤ 0, ..., αn(y) ≤ 0, β(y) � 0,

[1] Lemma 4.1

５ おわりに

Fourier

[7]
Farkas

0
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