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1. Introduction

This paper aims to find a policy of the regional investment allocation to maxi-
mize the national income under the condition where there is no wide regional income
disparity at the end of the planned period.

It was M. A. Rahman®? who first oriented the study but he treated a cen-
tralized economy and did not consider the equalization of regional income. Later,
N. Sakashita? modified Rahman model into a mixed economy which consists of
private and public sectors. He treated the case of two regions as M. A. Rahman
did, and his result was extented into n-region model by Y. Ohtsuki® However,
in both two researches, the detailed research of the regional income disparities has
not been made. On the other hand, E. Yamamura®® investigated the regional
development model under the condition that any wide regional income disparity
do not result at the end of the planned period. In his study, he represented the
regional economic growth model as a system of difference equations and analyzed
them by numerical methods in discrete space. Furthermore, he proved the existence
theorem of the solution in the case where the minimum proportion of regional
investment was variable.

In this paper, we shall consider the regional economic growth model that we
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reframe the Yamamura formulation a continuous space format.

2. Mathematical Formulation

In this chapter, we shall represent the mathematical formulation of two region
growth model as follows®® :

dz,

ar = Piu,(1—7) (Si 21+ S 29) + Py 7Sty (1)
dxg

E“:quz(l"ﬁ (S1$1+Szxz)+Perzxz (2>
w+u; =1 (3)
D1§?41§1'—D2 (4)
D2§Zt2§1"“D1 (5>
2(T) = zo(T) (6)
0=t=T (7)

Where,
x;: the regional income of region 1.
P, : the productivity of investment of region 7.
S;:  the saving ratio of region 7 (0<.S;<1)
u;: the investment allocation rate to region i.
D;: the minimum proportion of investment of region 7.
7: the local autonomy rate.
z;{T): the regional income of region 7 at the end of the planned period 7.
This model seems to be clear that the variations of the regional incomes are
made by the both investments of the central and local authority through the pro-
ductivity of investment. And at the end of the planned period, there is no wide
regional income disparity. We also assume that the extreme investment in specific
regions is not made.
Furthermore, we can get the equation such as total investments =total savings

by adding (1) and (2).
AL (8)

It is the main purpose to maximize the national income at the end of the
planned period such as z; (T)+2, (7)) under these conditions. This purpose can be
written as follows :

w4l T) = | (L L) et 0+ 20 m (9)

Subject to (1)~{(7)
In the following context, let P;, S; be constant for simplicity.
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3. Analysis in Phase Plane

In this chapter, we shall analyze how the solutions of (1)~(7) will behave by
using a phase plane. The phase plane represents the orbit of the regional income
growth as the point {x, x,) in Cartesian Coordinates.”®

Now, we rewrite the equations (1) and (2) as follows:

d.’l‘ ’
dtl = a2+ X (1 )

dx ’

"“‘C‘Zi; = Qg X+ Ay 2y (2 )

_cg_c_ = Az, = (xl) p A= (au am) (10)
4 X Ay Qgg,
Where :
ay =Piu,(1—7) S+ PirS ap = P, (1—7) S, (11)
azlzpzuz(l—r) Sy gy = Pouty(1 —7) S+ Por S,

Though w; are constrained by (4), (5) and (6), #; can move in the interval
0=<u;<1 corresponding to the variation of DD,, We put u,=1—u, in order to show
the changes of aq;; as in Table 1,

Table 1. The changes of ai; corresponding to u

..... E— : 1
aij B »
an P1 7'Sl P1 S1
a2 0 Pl—)5
an ] P(1—nS5 | 0
[<2%] )2 Sg PZ 7‘52

) , . dx,
Next, we consider the regional incomes z; and x, when —5~ =0 as follows:

dt
dx . a;
—EEL =aut+apr, =0 e Ip= “a‘li‘ T
(g, Ao 0)

CL Ty gy = 0 o=

dt — “a141 2242 .. 2 022 1

. . Xy dxg dx1 dx2
And using the relation dr. = dt / 2 the changes dr, Can be shown as

in Table 2.
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Table 2. The changes of —g—%

dz ! !
i dz dzx
Az dt >0 <0
dxy dzx, dx; dxs _d_._f_}_
dzm =! @ = ar dt = dz
day dz, _dzm | dap _ da
0= dxzy <1 =7 <4 1 0=~y >"ar
[ A
dxz _C-Z_xl dl‘z dx1 ddfg
=, <O — 2 =aq <0 l ar 2 a4 >0
dn de, __dn | dzm_dn
dr, <7 dt dt dt dt

And using the notations (1’) and (2'), the inequalities in Table 2 are represented
as in Table 3. Here, we assume ayp— a3, >0.

Table 3. The relation between Z:Z and x;

Ty, Ty ai an
de ’ Zp> —=—" 2y A |
dx, a1z a
. —a an—a
Z 2 >1 Bz an 21 “ 2< 11 21 .
z1 azp—ap dga—di2
dxy ai—4ag an—as
0= <1 Ty XLy >
=dx > apm—ay 7 ap—ap !
dxy an-+as antan
—1= 0 Ly 2= T LS ——
Sz < =" aptap Tt =T aptan !
dzxp aytan aytag
<—1 Lg < e = Ty > — =
dxl 2 d22+a12 1 2 (Zzz+dlz 1

We can obtain the situation of (x;, ;) and its direction of growth path in the
phase plane by the result in Table 3. Consequently x,—x, phase plane is divided
into subplanes having the following boundaries :

z= — —Z—i—; : (12)
Xo= — —Z:— x (13)
o= {Z;—}% 7 (14)
2= ——2‘—;}:—2—3 xl (15)

Furthermore, we shall indicate the changes of boundaries (12)~(15) in Table
4 corresponding to the changes of a;; in Table 1.
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As the continuity of a;; is hold with respect to u;, the boundaries in z,—x,
plane change continuously within the limit expressed in Table 4. Under these
conditions, we show the boundaries corresponding to ;=0 as solid lines and #;=1
as dotted line in Fig. 1. Here, we set 7 as:

Table 4. The changes of the boundaries due to u,;

Uy 0 1
Coefficients of x; )
_an —co S
ays (1 - 7') Sg
_aa _ =18 0
Qg Sz
an—ay DrSi—= P (=) S T i
ap—a 1S, PorSe— P (1—1) Sy
—antan _ oS+ B(A-1S5 e BS
agn+ayp %S PyrSo+ P11 S,
z
dl'/ =0 z
@t =0
dz p dz|
dzy - 7 o ;971 luy=i
dx\v=g \ /

gz _
ar u=p
gzl _
__C/ﬁ_z 0’.7:; U=
4-731\ u
9zs.
dt

Z;

Fig. 1. The phase plane of x; and x».
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PS8 — P, {(1—71) .5 P.S,
0< P, S, A< s, =P 1=r 5, <

In Fig. 1, we indicate the changes of boundaries as arrows and the value of
corresponding to (z, zz). And we show the only first quadrant of Fig. 1 in Fig. 2,
because we shall only investigate the case where x; and z, are nonnegative.

Each point of @), @ and @
represent the initial value (z(0),
2,(0)) at t=0. The arrows show
the direction of the orbit of the
regional income growth, and this
corresponds to the differential co-

. dzx. .
efficient 7 2. at each point.
Xy

2

X=X

0,1:2
dJJl

u=0

In this study, we shall find
some existence theorem of the
solution which starts from the in-
itial value shown in Fig. 2 and
satisfies the boundary condition z;
(T)=x,(T) at t=T, namely is on
the line 2,=a;. And we shall in-
vestigate the solution which max-
imizes the distance d from [the
origin. The orbit @ and ) shown
in Fig. 2 are the examples that do not fulfill the boundary condition.

Z;

Fig. 2. The orbit of regional income growth.

4. Hamiltonian Approach Analysis

We analyzed the case that the system of the differential equations (1)~(7) has
no solution by means of the phase plane in chapter 3.

In this chapter, we shall consider the existence and the behavior of the system
of the equations (1)~(7) by the Hamiltonian approach analysis. We shall introduce
Pontrijagin maximum principle®, because this study is an optimization problem of
the system of the differential equations. The Hamiltonian is defined as follows :

H(xl’ Loy Sbb ¢2, ul’ uz)
= (14¢) {(Poaa(1—7) Si+PirS)) 21+ Pra(1-7) S, 2
+ (L+¢) {Pan(1—7) Si2+ (Patta( L —7) Sy 4 Por$y) s
(1 +¢1) (an x+ g xz) ‘Hl +¢2) <a21 x;+ azzﬂfz)

f

A neccessary condition such that #, and @, maximize x, (T)+x,(T) is to exist
¢ (T) and ¢, (T') satisfied following equation :

H(xl’ Xy, ¢1, ¢2: 'Lzla 722) g H(-xl’ Loy §[71’ ¢2, Uy uz) (17)

Where, ¢y and ¢, are the auxiable variables satisfied following equations :
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" H
i _ %; —_ {anu o) tan (1 +¢2>} (18)
%9%% = “%% = {alz(l +dn)tan(l +¢2)} (19)

And the transversality condition is as follows :
G(T) 2o(T)+¢o(T) 2o(T) =0 (20)
The transversality condition is equivalent to the following equation correspond-
ing to 2 (T)=x,(T)+0.
¢1(T)+¢2(T) =0 (21)
The equation (17) shows that #, and #, maximize H at each time ¢, but they
are constrained by (3)~(5). H can be written as follows:

H= {(1+¢1) P1u1+(1+¢2) P2U2} (1‘7’) <Slx1+52x2)+P17‘S1$1+P27”S2x2

We notice that H is a linear function with respect to #;, and u, Then, we
can get u, and %, which maximize H from following lemma 1.

Lemma 1

Let us consider the following optimization problem.

k3

maximize Flag, - un) = 2, azu,

(tys ey Uy) i=1

subject to

@ > ay> >a,

n 1
Tu=1, =u =By, O:<:“i§";;"’ Bi=1—2 a;
=1 JeEL

Then, the solutions of this problem are given by the following equations.
ullel, Uy = Oy (2_2_2)

Proof
We shall introduce the Lagrangian L from Kuhn-Tucker theorem, because this
problem is the optimization problem under the equality and inequality conditions.

L= — i aﬂtrH(i ui—1>+ ﬁ rilon— 2wy + i 0w — Ba)
i=1 =1 i=1 i=1

A neccessary condition of this problem is to exist u; 2, 7; d; which satisfy
the following system of equations,

oL
A
oL
-7 = 0
oL oL
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oL oL ‘
75, =0, g =00 420 (i=1,2, -, n)

‘We obtain the next equations which are equivalent to the equations mentioned

above.

—ai+l'—7’i+5i:0

i u;=1

i=1

ai—uz‘§0, Ti(ai_ui):() nzO
ui'—ﬂigo » 51(“1“,81) = 0,20

I i>j, then —a;+A—y;+0i=—a;+2—7;40;
a—a;=7;—71:+0:—0;
7; or 0; is positive,

7i>0—u;=a;,  9;=0

§,>0—w, =i,  7=0

If Yy,>0, then u;=a; and Zn,' uj:ji:l a; =1

j=1

n
u;=wa; satisfies the condition only for }] a; =1
i=1
. 1 . 1
This means that = and u;=pg; by the relation p;=1- 73] a;=—
Jxi

when i a; <1, Ayoso bt ;=0 Then 4,>0 and u; = §;

Jj=1

As Yu=1-8; and Y a;=1—4;

i%j i%j
we Obtain Uy — O and 5z =0.
If i<y, then a;—a;=0—y,+0—5,<0

This shows contradiction Soog=1
This means that u,=p, u;=a; (i=2)
It is clear that these solutions maximize the objective function of the problem.

Q.E.D.
From this Lemma 1 we can see that the maximization of H is made by the
following equations.
221::1—D2, 122:D2 lf <1+¢1> P1>(l+¢2) Pz (22)
221:D1, 722:1“1)1 if (1+¢1) P1<<1+¢2) Pz (23)
Because, ¢; and ¢, are the solutions of the system of the differential equations
(18) and (19), and they are continuous with respect to #. The set of ¢ satisfied
(22) or (23) has its inner point. Then, @, and #, are piecewise constant, and we
can develop Lemma 2 as follows:
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Lemma 2
Coefficients a;; of the system of the differential equations (10) satisfie —dé,zt” =0

at almost everywhere. In other words, a;; are a piecewise constant.
From this Lemma 2, we can treat the system of the differential equations (10)

as one of constant coefficient.

5. The Optimal Regional Investment Allocation Policy

5.1 Phase plane approach

We assume that the system of the differential equations (1)~(7) has solutions,
and we shall consider how the regional investment allocation would be decided to
maximize the national income. Later, we will investigate the existence of the
solution of the system.

In the chapter 4, we could see that the optimal rate of the investment alloca-
tion were able to be obtained by (22) and (23). In this chapter, we shall consider
when the policy should be done in time interval 0=z<7. Let ¢, and ¢, be the
solutions of the differential equations (18) and (19). We set g;=1+¢.

Then :

di

“‘C‘%‘ = T Q1P Ay P2 (18)
d: ,
“‘Zgg‘: T AP Ao P2 (19)
o(T)+eu(T) =2 (21)

And in vector representation we have:
do _ ) _ 901>
9 _arp, _<¢2 (24)

Where A* means a conjugate matrix of A. Let us depict a phase plane of

¢, and ¢, likewise x; and x,, The variations of ggz can be shown in the follow-
1

dSﬁz _ Appitagp, d§01 :O<:>g02= _ay _qﬁﬂz“ =0, = ___Zi_z_ or.

ing Table 5 as doy ~ anortanes * di oy P T dE
Table 5. The relation between ¢; and ZZZ
%1, @, a a
dy:. L 72 ke L2
_d9921 S Po> a1 © Pal an L2
A a9y P 0,5 D1an—Prary Dbay—Pa,
2 E= Pragy—Pag Tt 2= Page~Pyagy 1
a9 B Dray—Prayy. Dran— Py
9§ Py < by ~ < Poczy— Plag #1 ?2> Poagy— Piay !
P _ dy, Pay -+ Pay, Pay+Parp
A1 o 4ra _A1auladiy < Aieut 12912
Py = das <0 %22, 191+ Paag ! 7= Prag + Pyag,
a% D Pran+Day. LDan+ Phap
d$ <= Py P2<— Pray + Pag, 1 f2>— Prag+Prag !
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Therefore, because of the situation (p;, ¢;) and its moving direction oy o
— ¢, plane is devided into subplanes which have the following boundaries :

a

o= = (25)
a

Piay—Pyay 2

— 1t 2t 7

L Pyay—Pray (27)

Pay+Pya, (28)

P2 Pray+ P ay,

Next, we shall show the change of the boundaries mentioned above in Table
6 corresponding to a;; in Table 1.

Table 6. The changes of the boundaries in ¢;—%; plane

“ 0 1
Coefficient of ¢,
_ A Y 5 oo
ag P(l—n
_a 0 _hQ=n
gz Pyr
Pﬂu"f&; PirS, ! Py (P51 — Py (1—1) Sy)
Paagy— Prag Py (PySe—P1(1—-1)S) | P3rS;
__]igl_ljl@lg _ P%?'Sl _ Py (I)1S1+P2 (1—-— 7') Sz)
Pragi+ Poay P (PSy+ P (1—1)8) P5rS;

Fig. 3 shows the phase plane of ¢, and ¢, due to the result of Table 6.
) . 2P, T 2P,
We obtain the orbit of ¢, and ¢, where ¢, (T)> PP, O o (T) < P1p,
because the interaction of the transversality condition ¢, (T)+¢,(7)=2 and the
2P, 2P > Th
P+P,’ P+P ) "7

switching point of controls Pip, (T)= Py, (T) at t=T is <

orbit is depicted in Fig. 4.
There are three possible cases for the orbit of ¢, and ¢, due to the variations
of the minimum proportion rate D; and D, Namely, as we denote the line as

we=a(u;) ¢; such that Zﬁz :%is held, one of the following cases is realized.
1 2

o
(1) a(D)7and a(1—DyJE o
2

2) a<D1>>;—;§;— >a(l—Dy)

®) «(D) and a(l-Dy=2
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10

2 d
de P R
d‘f’ll o 'b"l"l _=0 %;U,:O‘Pz
o=l SN 9=Fq
2
\
\\
(7
\ 20—
\ dp <77
\ ’ Vs
\
\ b’/ //
(&
\ 2 7
\ W% B /{j
\ ! ///. /] =ﬁ
\\ 7 ?@Ul=/ 2
Ve
e
A
\ d
\ /
d \ ~ d
1294 4 <9% B
- . 2'01 A //
\\\\ Gaze’ l//
RSN\ /7%
S | 5
25, []
VBRI de)  _p
\ S~
\ ~—
\ g, =0
\\ 7(/_)1-‘/1:/
\
\
\ Yol
\ P+p=2 dgly=p
%, \“\\_cfg =—]
“"(‘/ a'(p
d(/?, 7 =1

Fig. 3. The phase plane of ¥; and ¢,

Corresponding to these cases, the behaviors of ¢ (f) and ¢,(t) are classified in the
{ollowing :

D Piplt) >Popalt)  0=¢=T
@ Pipy(t) < Pogolt) ¥ <t=T
Pys(t) = Pagylt) t=1t*
Pip(t) > Pagy(t)  Ft*<t<T
® Pipt) > Pogu(t) 0<t<Ix<T
(

Py (t) = Pygy(2) t=r*
Py, (t) < Py, (t) Ikt =T
@ Piop()<Pogylt) O0=t<T

Then we can get the following Theorem 1.
Theorem 1
Assume that the solution of the regional growth model with (1)~(7) exists, the
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2\ Folumr-0.%  lu=o, B_B=F4
! //
(1) ’
del  _B_| / S e =5
g lu=0, % ,’ (2) // ap,\u=1-p, P
/ 4
! // de
/ / % _A
/ ; 9, \u=p, B
I 7
Vd
I/ /,’ e
! / {3) il
[ / i
1 / 7
|/ // -
Z i ! 7 %% -‘=%
// e d¢, ty=1-D, "2
[ / e
/! / 7
/
! e
II / e
] / -7
1 // -
11/, e
1/t
,/////
Cd
4 @
pt+e=2
Fig. 4. The behaviors of ¢; and #,.
Table 7. The optimal regional allocation policy
interval
0t px < T
case

i

|

U= 1-— Dz, Ug = Dg

u1=l~—D2, u2=D2

it

w1 =Dy, uy=1—D,

u1=1—D2, u2:D2

i

u1=1—D2 Z¢Z“—“D2

uy=Dq, uy=1—Dy

wy=uf, uy=1—uf

u1=1~—D2, ZIQ:DZ

w=uf, uy=1—uf

wy=Dy, ug=1-—Dy

vi

wy=Dy, uy=1-D

1
|
%
|
i
|

wy=Dy, uy=1—Dy

policy of regional investment allocation which maximizes the sum of two regional

incomes is any one of the cases shown in Table 7.

Here, «* means the value of u; such thatPyp,=Pip, and

Proof

dp,

Py

dps A
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From Lemma 1 and the linearity of Hamiltonian H with respect to u; the
optimal policy of regional investment allocation i, ii, iii and vi is corresponding to
O~®@ in (1) and (3) mentioned above. And so it is sufficient to prove iv and v.

We shall depict case (2) in the phase plane Fig. 5 of ¢, and ¢, In Fig. 5,
there are five points from Q, to Q; gratifying the boundary condition ¢, (T)+¢, (T)=
2. Q; and Qj are on the orbit corresponding to case i and case ii. When we
choose Q, for the boundary condition, the optimal policy of regional allocation is
wy=D,, uy=1—D, at *<¢<T due to A<z <T such that P, ) <P, (2).

When we had performed a policy such as u, =D, u,=1—D,; at t<¢* assuming

P P
Py (%) = Pap, (t¥) at t=1*, ggj<1’; holds and ¢,=@, () curve is under 932:7)3 o

(see dotted line). Therefore P> Py, is held and the optimal policy should be
wy;=1—D, and wu,=D, This means contradiction. And when we had carried out

P
a policy that w,=1—D, and wu,=D, at t<¢¥, §22>P; holds and @,=¢, (g, curve

1
is above gﬁzzﬁi . So the optimal policy sholuld be w;=D; and w,=1—D,, and
this shows contradiction. Consequently, the optimal policy at #<¢* must be per-
formed so that ¢, (f) and ¢, (f) are on the line @,= g; ¢ When we denote the
optimal policy as w,=u;, us,=1—u;F. We have:

Py

Py
P 1 =
k2 =u:‘k P2 SD

13 :'u.;* P2

1

dps.
ul:u;k ’ d@l

(2]

When the boundary condition is Q; or Q,, the proof is similar to the analysis

%

Yol _a
/d‘/? u=0,
=5
B=7 ¢
N AT //
Ve
/
g e =
a, - // 4 Up=I-D, 2
ay ///
a -
ays
//
e ag
// (0,+ (P2=2
4
%
2 G

Fig. 5. The behaviors ¢, and ¥; (case of « (1—1)2)<£;‘<a' (D).



144 Environmental Science, Hokkaido Vol. 5, No, 2, 1982

Q.E.D.

mentioned above.
Corollary 1-1
uf and uy are the time invariant constants.

Proof
P4 ® — ,@2___.1?1_ ; P — ¥
From the definition of wf, Pip; =Py, and do, = P are realized at u;=u]".
1 2

d€02 Qa1+ Az P2
d<P1 101+ Ay 0o

anlypi+ an Ly

anP2S01+a21P2902

412P2§01+a22[)1§01
a11Pz<P1+a21P1§01

a12P2‘|‘azzP1 Py

mrauPz‘l‘amPl &

Because this relation is not dependent on time, #;* and x5 are independent of
time vaiable z. Q.E. D.

We have a question of how we choose an allocation policy in the cases from
i to iv when the planned period 7T and the values of ¢, (7)) and ¢,(7) are given.
For this question we must consult the concrete behaviors of ¢, (¢) and ¢, (). Next,
we shall try to investigate the behaviors of ¢, (¢) and ¢, (£).

5.2 Behaviors of ¢, (¥) and ¢, (%)
Let ¢ (t) and ¢, (¢) be solutions of the system of differential equations (24). We
assume that the system (24) is transformed into (30) by the linear transformation (29).

@i (t) _ 71(2) _ (bu, by
b (%m) - (nz (t)) 5= e, bzz) 29
d (m(@) . A 0\ [;(2)
di (m(ﬁ) - (0 xz> <712(t)> 0
e, - /‘ZL = )\101 s ’%Zi = 22772

Substituting (29) into (30) :
o5 )--awt]- 33 Jop
dt \g, ©2 dt \p, 0 2 o

From the arbitarity of <901>, — BA* :<)‘1 O) B
Do O 2

9

by b\ [—ayu, —ay by, Aibr
o (31)

Doy Day, Zobyi, Ao by

Consequently, we can see that 4, and 2, are eigen values of — A and (b,by),
(by, byy) are eigen vectors corresponding to 4 and %. Therefore, if we find eigen

——dig, ——dg
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values and eigen vectors of — A, we can obtain the linear transformation (29).
The eigen equation of A is det (A—2E)=0.
Where, £ means 2 X2 unit matrix.

R—(ay~+an) 2+ ay ap—apay =0

1 . ,
A== o5 {au’i"azz‘_t‘/ (au+ ag)* —4 (ay ap— ap az) }

= 5|t (o= T g |
2 is a real number because of (aj — dgg)?+4apay >0. And set f(A)=2—(ay+
Qo)A+ Ay ags— aypay.  Then f(0)=ayam— aipay =0 by the result in Table 1. The
graph of f(1) as a function of 1 has a positive axis and its value at 1=0 is
nonnegative. Then we can see that two real roots of f(2)=0 are nonnegative.
Let us denote the roots 02, <2,
The eigen equation of —A is det (A+1E)=0.

2+ (au + azz) At ayy ag— A ay = 0

Set g A =2+ (ay+ as) 2+ ayan— apay. Then ¢(—2=F(2). Accordingly the
graph of ¢(2) is symmetric to f(2) at 2=0. The eigen values of — A are both
nonpositive and they are given by —Z4<—2A4=0. And the eigen vectors are as
follows :

I()q —ay) by — appbp, =0 j<7~2 — atyy) by — ap 03 = 0
l — Qg by + (21 — Qg3) by =0 l — dyy by (22 - a22> byp =0
bn — iz, b12 =Mh—ay, boy = Ay — ayy » bop = ay
B— (am A~ an)
Ay~ Qga Ay
w
w=g(A) w=f(A)
11 Az~ Up2 A2y
-—A\/—A, o A A2 A

Fig. 6. Graphs of f(2) and ¢(2).
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Through the linear transformation we have:

d_ n1) _ — A7
dt 7y, — A7y

R o pdgh
h=CGe ™, o = C2€ 7

By the way, %; and u, have a possibility that they change their values at ¢=¢*.
In such a case the coefficients of (29) must change and the eigen values 4 and 4,
also change. And let us represent the changes of the coefficients and the eigen

values as follows :
O0StSt¥ by, 4
T, 4
Consequently, we obtain the exact solutions », and 7, with the boundary con-
dition ¢, (T)4¢,(T)=2 in the following :

<b11€01<t*)+b12$02<t*)\) g hUme 0=r=sr*
'01@ = ’ ,

(B (T)+ b2 (T)) e k= =T

<521501(t*)—l—b22¢2(t*)> g 0=t=t1*
7]2@) =

(hgnl )+ Ba(2— (D)) 50 e =T

When ;%1 i.e. the policy of the investment allocation change at r=¢*,
P, (#%)= Pyp, (#*) holds and, 7; and 5, must be continuous at ¢=z*. Then we get:

(b1 Pagpn (%) + b Prpy (%)) = Py (Blaor (T) 4 blal2— 0 (T)) e~

<[721P2901 (ﬁk)‘f‘bzzPl% (t*)> = P2<b§1501<T)+b22 22— (T ) TR =D
The ratio of the both equations is as follows:

by Py+ b1y Py 2615 4(b5— big) ¢ (T) A= =19

bmp +522P1 Zbéz‘l‘(béz - béz) %(T)

Then, we obtain the following theorem.

Theorem 2
If there exists some #* such that 0<<#*< T and
bu_{ j_}_‘_@zp1 . 205+ ( 11 b12> 901(T) PG =t (32)

1721[)?2;1‘ bézp1 2522‘5‘(521 bzz) §01<T>

is realized for the optimal policy of investment allocation ;{7 and the eigen values
corresponding to u;(7") which are decided the relation P, (T)Z Py, (T') at t=T,
then 7=¢* is a switching time of optimal policy.

Corollary 2-1

When the planned period T is sufficiently short and
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b11P2+b12P1 A 219{2'*‘( —b1y) 901([1)
b21P2+ b22P1 szz ( bz?) @1(7‘)

holds, the optimal policy of the investment allocation is concentrated to the either
of two regions.

Proof

As e%™®7T is g continuous function with respect to 7', there exists some positive

number § such that 0<<YT <,

bllP2+b12P1 2b12+(bu 512) 901(7‘) e
boy Py by Py 2529"’(521 - bzz) @1(T)

=T

. . by Po+ b1 P 201+ (by—biy) 0 (T')
Yok 147 T 01247y 12 -
O< 4 <7<5’ ang‘{'bgz[) ﬁ: 2b22+(b21—b22)§01<T)

This shows that there is no switching time in the optimal policy. Q.E.D.

P =1

5.3 Existence Theorem

Up to the present, we have discussed the analysis under assuming that the
system of the differential equations (1)~(7) had the solutions.
vestigate the existence of the solutions of (1)~(7).

If we assume that (10) is transformed into :
d (’l/x@) . (21 O) (Z/l(ﬂ)
dr \y,(z) 0 2 \u:(t)
e ; Cu €12\ (X4 (t)> :<?/1 (t)>
by a linear transformation <C21 c22> <:c2 )=\ )

Then, we can see that 4, and 7, are the eigen values of A and (¢, ¢y), (Co1, Co0)
are the eigen vectors of A through the same discussions in 5. 1.

04 <2 and

( ( a12> B <21 A cm)

) Gy A B AoCoy  JaCay
j @y —A) eyt agycp=>0 J(axl-)lz) Cotancp =20
lalzCu'i‘ (ay—2) ca =10 l012C21+(a22—7\2> =0

Now, we must in-

Cyp = gy C1a = A — dyy Cor = Ao g Cog == g

(Cu Clz) N (5121 Z1_5111> N (bzz b12>
Coar Cop Ao~ gy iy by by
Thus, we can see that ¢ is a matrix which is replaced the diagonal elements

. 2
of B. Under this linear transformation, (1) and (2) are turned into i,f =2, and
dy,

T =5, And we have general solutions ¥, =de"t, y,=dse*".

Where, d; and d, are constant and also decided by the switching time #;, and
1, as follows :
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J(b22x1+blzx2> Or=r*
() =
' l( bipxl + blsxz) = =T
J(bzlxo+b11xo) eret (1S5
Yolt) =
l( 21551 1155 ) ezz(L—TJ << T

Where, 2=x,(0) and zi=x,(T), i=1, 2.
Because of the continuity of y;{f) at t=z*:

(a2 204 by 28) €44 = (bl ¥ + by f) 24"
<b21x1+b11 xz) 22t _< 21331 +b11x ) 2 —1)

Cancelling zf and zf to use the relation xf=xf in the equations above, we
have :

(bgy 20+ b1y 28) (b + bfz)_
(bss i+ by xg) (b5 + biy)

Then, we can obtain the following theorem 3.

Theorem 3

In the regional growth model represented as (1) and (2), the intial regional
incomes are xi and x, the terminal regional incomes at the planned period r=T
are equalized, and the national income (z, (T)+ 2, (7)) is maximized if and only if :

(b x(f + by xg) (béz + b15)
(bzz x1 +bis 332) (bél + bh)

e(z‘—xzm—(z;—zg)z*nt =T ——

e —ap A QDT

(34)

Proof

From the investigation mentioned above, the necessary condition has already
been proved. Then, we may only prove the sufficient condition.

From the general theory of the ordinary differential equation, there exist the
unique solutions z; (¢} and x,(¢) for the intial condition x; (0)=2a) and x,(0)=2a), if
we do not regard with the boundary condition x;(7T)=ux,(7T). Transforming (34)
into the equation as follows :

b_”“:clj— bl? IZ e OFHT b2l xl + bll x?

bia+ b1 bl

7 euf');)/,*-:‘—z;T

I

x

and setting x, (T) =, (T)=x", we can see that this relation satisfies the boundary
condition. ‘

Therefore, the terminal regional incomes at =T are equalized. And in these
solutions #; and u, are selected as the optimal ratio of regional investment allocation.
Concequently, the national income at the planned period =7 is maximized. The
proof of the sufficient condition is completed. Q.E.D.

Corollary 3-1

Assume that there is a regional income disparity at the initial time and the
planned period T is very short. Then, the equalization of the regional incomes
at =T can not be made.
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Proof
There comes into being b;;=0}; {(i,j=1,2) because )2 xJ, and there is no
switching point in the optimal policy from corollary 2-1.

<b21 x?”}"bu :Cg) ( £1+b§1) - <b21 x?+b11 x(z)) <b21+b11> 1
(bop 20+ bys 25) (D + bl) (Dgp 20+ Doy 23) (Do +by) ~

On the other hand, 2,=2,(i=1, 2) holds.

A== U DT — o=, a5 T ()

This means that (34) is not satisfied if 7" is very small. Therefore, from the
theorem 3 the equalization of the regional incomes can not be made. Q.E.D.

6. Conclusion

This paper has investigated how we should make a policy of regional invest-
ment allocation to maximize the national income in the regional growth model
represented by (1) ~(7).

Firstly, we have investigated the optimal policy of the investment allocation
assuming the existence of the solutions (1)~(7). Secondly, we have examined the
existence of the solutions corresponding to the optimal policy. Under these pro-
cedures we have been able to obtain the existence theorem and some results for
the optimal policy. These give the exact theoretical proof to the simulation analysis
in the papers 5) and 6).
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Summary

We have investigated the regional economic growth model that we reframe Yamamura for-
mulation a continuous space format. The main results are as follows.

(1) Assume that the solution of the regional growth model with the equations from (1) to (7)
exists, the policy of regional investment allocation which maximizes the sum of two regional in-
comes is any one of the cases shown in Table 7.

(2) If there exists some #* such that 0<#<7T and the equation (32) is realized for the optimal
policy of investment allocation w#;(7") and the eigen values 2} corresponding to wi(1) which are
decided the relation such as Py, T'E PP, T at t="T, t=¢* is a switching time of the optimal policy.

(3) When the planned period 7" is sufficiently short and the equation (33) holds, the optimal
policy of the investment allocation is concentrated to the either of two regions.

(4) In the regional growth model represented as (1) and (2), the initial regional incomes are x{
and 2§, the terminal regional incomes at the planned period ¢=7 are equalized, and the national
income is maximized if and only if the equation (34) is satisfied.

(6) Assume that there is a regional income disparity at the initial time and the planned period
T is very short, the equalization of the regional incomes at t=7T cannot be made.



