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Analysis of Rectangular Building Frames by
the Mechanical Tabulation Method

By

Prof. Fukuhei Takabeya, Kogakuliakushi.

(Received March 15, 1927)

The proper treatment of frames with stiff connections, composed of
rectangular elements, is of constantly increasing importance in structural
design.‘ When loads are applied to frames of stiff connections dt the joints,
the members of the structure are subjected to deformations accompanied
by secondary stresses. For the analysis of these stresses there are several
methods which are however so involved and so tedious that most building
ordinances ar‘e accustomed to make certain assumptions for the determina-
tion of the redundant stresses.

For such structures it is highly desirable that the most convenient
methods of analysing the stresses and rigorous calculation should be
developed.

We are hopeful that an easy and accurate method for obtaining joint
mbments of framed structures in stiff connection will eliminate current
assumptions and lead to a rigorous design with speed and precision, con-
tradicting the prevailing impression that the analysis is very tedious.

In some problems of elastic beams the method of area moment may
often facilitate the calculation of the statically indeterminate stresses. As

its application to the investigations of the stresses in rectangular building
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frames and continuous beams the slope, deflection method® proposed by
Prof. WirsoN may be recommended.

The merit of this method consists in the large reduction in the number of
unknowns. The solution of the equations is very much simplified therefore.

This paper offers fundamental tables, derived from the slope deflection
method, tabulated mechanically by the rules upon which our mechanical solu-
tion is based. These standard tables lead us to the solution of statically
indeterminate stresses with strict accuracy.

The advantages of the new method are simplicity and easy understand-

ing of the principle as well as superiority in speed.

Assumptions upon which the Analysis is based, and
the Conventional Notation and Signs used.

The analysis in this bulletin is based upon the following assumptions :

1). The connections ‘between the columns and girders are perfectly
rigid.

2). The length of a member is not changed by direct stress, and the
deformation of a member due to the internal shearing stress is
zero. .

3). The settlement of the foundations and temperature change are not
considered. '

4). The vertical deflections of the ends of all girders are relatively
equal to zero and the horizontal deflections of the tops of all columns

of a story are equal.®

1) The principles of the slope-deflection method were given firstly by O. MosRr and
the equations of the slope-deflection for a member acted upon by forces and couples at
the ends were deduced by Manderla in 1878,

The application of these equations to high buildings has been made by several writers:

W. M, WiwsoN and G. A. MANEY, ¢ Wind Stresses in the Steel Frames of Office
Buildings ”’, University of Illinois Bulletin, No. 80, 1915.

W. M. Wiison, F. E, Ricaart and CamiLLo WEIss, ¢ Analysis of Statically Indeter-
minate Structures by the Slope Deflection Method *, University of Illinois Bulletin, No.
108, 1918,

2} Provided the change of span length caused by bending is not considered, the
proposed method may be applicable without assumption (4). Some special problems, in



Analysis of Rectangular Building Frames by the Mechanical Tabulation Method. 157

According to these assumpticns all the columns and girders, in strained
state, which intersect at one point are éubjected to an equal change in slope
and the moment at an end of a column is expressed as a.function of the
changes in the slopes and of the deflection of one end of the column
relative to the other end. Likewise the moment at an end of a girder is
expressed as a function of the changes in the slopes of the ends of the
girder. Generally if a member AL restrained at the ends in flexure is
subjected to any system of intermediate loads, the moments at the ends of

the member is expressed by the well known equations, vis.,

ﬂZzh = ZEEab{ 2@, + Pp—=3F e } — Lany
(1)
—[![b(z = ZE"S(LZ;{ 29011 + SDIL _‘?ﬂrzh} + C;:(u

where we denote by ‘
My, M, the resisting moments at 4 and B,
£ the modulus of clasticity of the material,
¥, ¢, the changes in the slope of the tangent to the elastic curve
at 4 and B,

, VAN . . . .
fa,,=7, in which /=moment of inertia of the section of the member

AB ; [=length of the member A5,

o

o
luab =

VA in which d=deflection of the end A from its initial position,

24 24
C:t,,z—ﬁ—-—{‘;).—l}; C}m:wzz—{zl—_;l}, in which A=area of the mo-
ment diagram of a simple beam A5 due to the intermediate
loads ; A=distance of the centroid of the area 4 from the
end B.
The conventional signs of the quantities used in the equations in this

bulletin are as follows:

which the change of span length forms an essential part in working stress, have been
treated by the same writer. To make this point of view more clear we have dared to write
this (4). This paper is: Zur Berechnung des beiderseits eingemauerten Trigers unter
besonderer Beriicksichtigung der Lingskraft, Berlin, 1924.
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The resisting moment on a section is considered positive when the
resisting couple acts in a clockwise direction upon the portion of the member
considered and by this conventional rule each resisting moment of the
portion of the member counsidered must always be indicated with the sub-
scripts e.g. M, M,

The moment of an external force is positive when it tends to cause a
clockwise rotation.

The change in slope is considered positive when the tangent to the
elastic line of a member. has been turned clockwise, measured from its
initial position. The deflection is considered always positive to the rotation
in the clockwise direction from the initial position of member. Here we
give the definition of “ deflection’ for the movement of one end of a member
relative to the other, measured perpendicularly to the initial position of
member, '

We denote the intersections of the neutral axes of the columns with
the surface of foundation on the same level by I, 1I, III, IV, etc., and the
values of & of the columns of the first story by &, &, &, &, etc.,
beginning at the left and reading toward the right.

The intersections of the neutral axes of the girders with the neutral
axes of the columns are denoted by 1, 2, 3, 4, etc., beginning at the left
and reading toward the right and upward from the last intersection at the
top of the first story, then along the girders of the top of the second story
toward the left. From the last intersection at the top of the second story
read upward again and toward the right and so on (Fig. 1).

The values of § of girders and some special columns in the way of
reading are denoted by subscript of the letter of the intersection from which,
the member considered begins in the direction as mentioned above (Fig. 1).
The values of § of columns are denoted by & with subscript of the letter
of the intersection upon which the neutral axis of the column considered

stands. e.g., &,, &, &, etc. (Fig. 2).
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We denote by p, two times the sum of & of all the members which

intersect at 7, e.g.:

(2) los =2{§s—l+ Ss+€,k}9

p,=2{s,_1+5,}.

(Fig. 3)-

p9.=z{5,_1+5,.+é’,.+ E’m},

For all columns in a story we denote two times the sum of & by

X eg.:

(3)

(For the first story:

For the second story:

X.=2

For the third story:

ete.

X;::

)G:z{f[—l-gu'l‘ Ermrtovenns +SN}
{6’1 +E’2+El3+ veense +Elm_1+§m}
Z{E,m+1 + S/m+2+ """ 6,7""1 + E“‘}

We denote the load term C divided by 2Z by p eg.:

(4-) pr. rel

e ¥

+1

2E
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the total horizontal shear due to wind loads in a bent at the first, second,
third and n* stories by W, W,, W, and W, ; and we put:

_ Wi

gl'_ 6E H

_ Wi,

( ) 72—“ 6E ’
T wa,
,g.’s:"‘ 6E ’
W

9714— 6E .

where 7, /4, %, and /%, denote lengths of columns, in the first, second, third

and n” stories, measured from neutral axis to neutral axis of the girders.

Condition of Equilibrium and Derivation of
General Equations.

We treat in this bulletin a multiple storied bent with any number of
spans. The stresses by wind loads and any system of vertical loads, in all
of the members, are required to be calculated.

Since the moments at joints are expressed as a function of the slopes
and the deflections of one end of the member relative to the other end, we
firstly work out the slopes and the deflections by solving the equations
obtained by such conditions of equilibtium as are explained in the following.
With those values of the slopes and the deflections the moments can be
then computed.

To obtain the equations from which the unknown slopes and deflections
can be determined, we have two kinds of statical condition of equilibrium :
one of which is of the equilibrium under the action of the moments at
every point of intersection of the neutral axes of girders and columns,
considering the point of intersection as a free body; the other kind of
condition is of the equilibrium under the action of the moments at the two
extremities of all the columns in a story, considering together all of the
columns in a story as a free body.

From the former condition of equilibrium, each joint gives one equation ;
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from the latter each story gives one equation, i.e. for an n-storied bent with
m-points of intersection of the neutral axes of girders and columns, the
number of equations obtained, from which the slopes and the deflections
can be determined, is m+n  The unknown quantities in the obtained
equations are the changes in the slopes and the horizontal deflections of
the columns. The changes in the slope at a joint, by the first assumption,
are equal for all of the members which meet at the joint; and the horizon-
tal deflections of the columns in a story are equal by the fourth assumption.
We obtain therefore 7272 equations in which #2472 unknowns are contained.
Solving these equations we can determine the slopes and the deflections,

and then the moments required.

Single Stovied Bent with airy Number of Spans. Awy Systemr of Vertical
Loads. Legs Fixed at the Bases.
Fig. 4 represents a single storied bent with any number of spans.
All legs of the bent are fixed at I, II, III, ...... N-r, and V. This bent

carries any system of vertical loads. It is required to find the stresses in

all of the members.

Representing the horizontal deflections of 1, 2, 3,...... n-r and 7 by

N

—1-, we obtain from equation (1):

0, and = 7
1

(6) jl{ R=2E6!\’{2S07'—jlui}:
(7) M, 7‘—1=2EE1'—1{2901‘+507‘—1}+ Crore1y
®) M riim2Baf 20 )= G

(9) My, =2I% P{Spr -3 f'ﬁ} .

r o+l n—-2 n—-1

F T

R-1 R R+INIININ
l(—ll z_uz

Fig. 4.
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For the condition of equilibrium at joints :

(10) M+ M=o,
MMy A My My =0,

(1 1) My, s+ M, oM, =0,

M»—l, -2 + ]’47—1—4, Z\'—l+ ]l[n——l, =20,
(12) Mr, 272—1 + jliq—z, 1\’:0'

For the condition of equilibrium for the bent as a whole:
My, 1+ My s+ My, g+ Mg o+ 7 I +ﬂ14;, v+ My, =0,

or

(5%

(13) E {M,.,R+MR, ,.}=o.

r=1
R=1,

The expressions of the moments My, My, MoyyeeeeiiMyy o oy, and M, 4 ,
are obtained from equation (8); My, Mg, Migyeee... My, sy and MM, , 4 from
equation (7); My, Moy, Mypizyeees-- M1, x-r and M, y from equation (6) and
My, Mys, My en.. My_ s oy, and My, from equation (9).

Substituting the expressions of these moments in equations (10), (11),
(12), and (13) gives the equations of Table I. Since we obtain 7+r

equations from the Table we can determine therefrom 7+ unknowns,

@)y Poy Payereess ¢, and pu,.

Single Storied Bent with any Number of Spans, Carrying a Concentrated
Horizontal Load at the Top. Legs Fixed at the Bases.

All legs of the same bent as shown in Fig. 4 are fixed at I, II,
I11,...... N—1r, and V. The bent carries a concentrated horizontal load o,

at the top i.e. at 1.
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Since horizontal deflections of all the top joints are equal, we represent

0
them by 0, and /112/—1.
4

For the expressions of M, p and My ,, equations (6) and (9) are
applicable. For M, ,., and M, ,,;, putting C=o into equations (7) and
(8) gives:

M, ,._1=2EE,._1{290,.+ ¢,._1},
(14) |
M, 7'+1:2£E7'l2¢¢' + S07-+1}-

For equilibrium at 1, 2, 3, 4,eeer.. n—r, and 7, equations (10), (11),
and (12) are applicable. '
For the bent as a whole to be in equilibrium

=

R=N
(I 5) 2 {ﬂf, r+ Mp: ,.} + culizl—_—o.
gt
The expressions of moments Ay, Moy, My, My,eee... My, wy and M, ,_y
are obtained from equation (14); and M, My, Moy Mgy M, y, and My ,

from equations (6) and (9).
Substituting the expressions of these moments in equations (10), (11),
(12), and (15) gives the equations of Table II, from which we can determine

¢ and p.

Single Storied Bent with any Number of Spans, Carrying any
System of Vertical Loads and a Concentrated Horizsontal
Load ar the Top. Legs Fixed at the Bases.

Under the law of superposition of stress and deformation, the previous
two cases are applicable here. We represent the horizontal deflection of

0
1, 2, 3, 4yeeenee n—1r and 2 by 0, and .‘11=/T‘-

1

For the expressions of M, p, Mg, M, ..y, and I, .., equations (6),
(9), (7), and (8) are applicable.
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For equilibrium at 1, 2, 3, 4,.eu0e 7#—1r, and 7, equations (10), (I1),
and (12) are applicable.

For the bent as a whole to be in equilibrium, equation (1§) is
applicable. ‘

Table III gives 74z equations from which 747 unknowns ¢, ¢,

Dgraveens ¢, and Py can be determined.

Double Stovied Rectangular Building Frame of any Number of Spas.
Legs Fixed at the Bases.

Table IV gives the general equations to be used in determining the
slopes and the deflections in a double storied rectangular building frame,
whose legs are fixed at the bases, with any number of spans, carrying any
system of vertical loads.

In Writing equation (1) of Table IV, which is
0101+ €0y 80— 36 it — 38ty =P,

Py, the coefficient of ¢, is placed in the column under ¢, ; &, the coefficient
of @, is placed under ¢,; &, the coefficient of ¢,, is placed under ¢,;
—3&,, the coefficient of y,, is placed under g, ;— 3§, the coefficient of #,, is
placed under g,; and g, is placed in the column headed * Right-hand
member of equation ”. |

In writing equation (2) of Table 1V, which is
_ E19‘71 + Pt 52903 + S’fsoal—l_.;sllﬁl '—35/2!‘2:?23 — Doy

§, the cogfﬁciex}t.of @,, is placed in the colurﬁn under ¢, ; p,, the coefficient
of 522, is plabed under ¢,; &, the coefficient of %, is placed under ¢,; &,
the coefficient of ¢, ;, is placed Ul‘ld’el‘ Doty — 351), the coefficient of p,, is
placed under f ;— 3, the coefficient of g, is placed under p,; and p,—p,
is placed’ in the column headed * Right-hand member of equation .

In a similar way we can write the equations from (3) to (z+2) of
Table 1V, from which we can determine 742 unknowns i.e. @,, ¢, @;......
Pny 1y and g, :

Table V gives the general equations to be used in determining the
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slopes and the deflections in a double storied rectangular building frame
fixed at the bases with any number of spans, carrying wind loads.®

In writing equation (1) of Table V, which is

0101+ 6,0y + €10, — 386,04 — 38 =0,
0, the coefficient of ¢, is placed in the column under ¢, ; §, the coefficient
of ¢, is placed under ¢,; &,, the coefficient of ¢,, is placed under ¢,;
—3&, the coefficient of g, is placed under g ;—3&",, the coefficient of g,
is placed under p,; and the right-hand member of this equation is zero,
because the value in the column headed “ Right-hand member of equation”
is cipher.

In writing equation (2) of Table V, which is

&0, + 00+ £+ 8001 — 3ty — 3E o, =0,
&,. the coefficient of ¢, is placed in the column under ¢, ; p,, the coefficient
of ¢, is placed under 0, &, the coefficient of ¢, is placed under ¢,; &,
the coefficient of ¢,_;, is placed under ¢,_,;—3€,, the coefficient of f, is
placed under g ;—3&,, the coefficient of 4, is placed under f,; and the
right-hand member of this equation is zero, because the Vélue in the column
headed “.Right—hand member of equation” is cipher.

In a similar way we can write the equations from (3) to (n-+2) of
Table V, from which 7+ 2 unknowns can be determined.

Table IV gives the general equations to be used in determining the
slopes and deflections in a double storied rectangular building frame fixed
at the bases with any number of spans, carrying any system of vertical
loads and wind loads. In a similar way as explained above, we obtain,

from Table VI, as many equations as there are unknowns.

Multiple Storied Rectangular Building Frame of any Number
of Spans. Legs Fixed at the Bases.

Table VII gives the general equations to be used in determining the

slopes and deflections in a triple storied rectangular building frame fixed at

1) In this bulletin wind loads are assumed to be horizontal and concentrated at joints
on one vertical side of the building. )
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the bases with any number of spans, carrying any system of vertical loads
and wind loads. V
For a rectangular building frame, any number of stories high and any
number of spans long, we continue further to tabulate, in Table VII, the
coefficients of unknown slopes and ratios of the deflection to story height,
considering carefully the rules that exist, in the Table, on the symmetry
of the places of coefficient of ¢ and g, and the systematic arrangement of

the suffix-number.

Bent with Legs Hinged at the Bases.

If the legs of the bent are hinged at I, II, III, IV,...... M—1T and M,

the equations of moments M, p and My, , are expressed as follows:

g;‘: kb m+t

n
g; 7 N B éﬂ.
m

/ 12 rr Ay e \mey
1 E g |

51 0?910 o o7 &S o%-/o Y

I I RER M

Fig. 5
(16) M, RZZEER{Z% +¢r —3/“1} )
(17) My, 7‘=2E€R{ 20+ @, —3#1},
and the leg is hinged at the base ; therefore: A4, ,=o0. From this condition
we get:
(18) Pr=15/—0,5¢,

Substituting this expression of ¢z in equation (16), we obtain:
(10) M, =2 150~ 1,518

For expressions of moments at the ends of all the girders and the

columns, except the columns in the first story, the expressions, obtained
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in the case of a bent with fixed legs, due to vertical loads or wind loads,
are applicable here.

For condition of equilibrium at 1:
My Mg+ My, =0
gives:
s+ @+ @i — 15 Er—3E =P,

(20) where
AR
For condition of equilibrium at 7:
M, s+ My, gt M, 4+ M, yy==0
gives: ‘
sl s F OO A il O — 1, 518 — 3E =D i1 Do o1y
(21) where

p’,:z{S,._l +-&, 4 5’7.} + 1,58,
For condition of equilibrium at #2:
M. o1 Moy, 5=+ M, iy =0
gives:
P Bt F Pl P — T, 5E =310 = = Don. m-1,
(22) where
,o’m=2{5m_1 + Em} + 1,56,

For the sake of convenience we sum up the above obtained expressions

for p' as follows:
ol ,—_2{51 + E'l} +1,5€,
(23) =26 s 681+ 2158w,

le =2 {Sm—l + Em} + I)5EM-
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Single Storied Bent with any Number of Spans.
Legs Hinged at the Bases.

A single storied bent with any number of spans, hinged at the bases,
carries any system of vertical loads.
Representing the horizontal deflections of the joints at the top by

N

0, and /11=~%~, we obtain from equations (19), (7),-and (8):
1

M, ,,_1=2EE,_1{2§0,.+ ga,,_l} + Gy
M, =2 1,50, rm),
MM, ,-+1=ZE§-{ 2¢,+ 997-+1} — G et

For condition of equilibrium at joints, equations (10), (11), and (12)
are applicable.

For condition of equilibrium for the bent as a whole :

(3%,

(24) E{M R}= :

(72

These conditions of equilibrium give the equations from which we can
determine unknown slopes and deflections. These equations are tabulated
in Table VIII.

Table IX gives the general equations to be used in determining the
slopes and the deflections in a single storied bent, whose legs are hinged
at the bases, with any number of spans, carrying a wind load at the top.

In writing equation (1) of Table IX, which is

101@21 +51§92—I:551/"1=0, :

p.!, the coefficient of ¢,, is placed in the column under ¢, ; &, the coefficient
of ¢, is placed under ¢,;—1,5¢, the coefficient of M, is placed under p;
and the right-hand member of this equation is zero, because the value in the

column headed “ Right-hand member of equation” is cipher.
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In writing equation (2) of Table IX, which is
0+ 0,0y + 60— 1,56 1 =0,
&,, the coefficient of ¢,, is placed in the column under ¢, ; p,/, the coefficient
of ¢, is placed under ¢,; &, the coefficient of ¢;, is placed under ¢,;
— 1,56, the coefficient of y,, is placed under , ; and the right-hand member
of this equation is zero, because the value in the column headed “ Right-
hand member of equation” is cipher.

In a similar way we can write the equation from (3) to (z+1) of
Table IX, from which 741 unknowns can be determined.

Table X gives the general equations to be used in determining the
slopes and deflections in a single storied bent hinged at the bases with
any number of spans, carrying any system of vertical loads and a wind load.
In a similar way as explained above, we obtain, from Table X, as many

equations as there are unknowns.

Multiple Storied Rectangular Building Frame of any Number of Spans.
Legs Hinged at the Bases.

Table XI and Table XII give respectively the general equations to be
used in determining the slopes and deflections in a double storied and in
a triple storied rectangular building frames hinged at the bases with any
number of spans.

For a rectangular building frame, any number of stories high and any
number of spans long, we further continue to tabulate, in Table XII, the
coefficients of unknown slopes and ratios of the deflection to story height,
considering carefully the rules that exist, in the Table, on the symmetry
of the places of coefficient of ¢ and g, and the systematical arrangement

of the suffix-number.

Special Cases.

As a special cases of the above treated structure there are rectangular
building frames with an axis of symmetry of the building, carrying vertical

loads symmetrical about the vertical center line of the building. To this
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case no horizontal deflections Cbm_e in calculation and therefore thé equations
are very much simplified.

The general equations to be used in determining the unknown slopes in
triple storied bents, whose legs are fixed at the bases and the number of spans
being 2m and 2m-1 are given from Table XIII and Table XIV respectively ;
to the hinged condition Table XV and Table XVI are applicable.

Further, to the symmetrical loads about the center of each span,
Tables XVII, XVIII, XIX and XX are applicable.

For fixed condition and span of even number, the writer has already
treated in the Memoir, Vol. 1, No. 2, 1926.

Continuous beams of any number of spans, carrying any system of
vertical loads, may be considered as a special case of the rectangular
building frame. There may be three types of continuous beém; the first
of which is defined as a continuous beam fixed at both ends and supported
simply at the intermediate points; the second of which is defined as a
continuous beam hinged or supported simply at both ends and supported
at the intermediate points; and the third is the combined type of the above
two; i.e. at one end of the beam it is fixed and at the other end it is
supported or hinged.

These three types of continuous beam are, in this article, treated
firstly assuming that all of the supports keep, even after loading, their
initial position on the same level. Fig. 6 represents the above mentioned
types of continuous beam and the condition of equilibrium at supports gives

the equations to be used in determining unknown slopes at the supports.

£ &
W { ¢ NN
S & =3 =7 =5 @
o

41
& 3 £ g,
E \ - { = = ( =5 L 2 @
0 2 2 . ¥ 7 Py
:, 5 :, 3
§ ( 7. { = = ( & A( 2 ©
No 7 2 7 7 .
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For condition of equilibriuni at intermediate support 7,

M, s+ M, 1=0 gives:

¢7'—1 r—=1 +$D7P7+ ‘Pr-(;l&r =f7 7'+1—Pvr. =15

where

)

~(25) 9
D=2
. C;'. r—1
~p7~, =1 ZE

At support next to the fixed end, ]l_/fm‘+}111m‘=o gives :
(26) P01+ P =P P
At support next to the hinged end, M+ M=o gives:
0101+ P =~ D10 0,5
(27) - , where |
P =1,56,+ 2.
At support before the fixed end, M, n-1+ M, wi1=0 gives .
(28) PaeibamtF PuPr =L 1P u-r
At support before the hinged end, M, , 1+ M, ,.1=0 gives:
soa;~1gvi—1 + 000 = 0,511, 0 P a1 Do s
(29) where
/=26, 1 +.7,56,.

By proper combination of these equations from (25) to (29), correspond-
ing to the type of continuous beam as shown in Fig. 6 (a), (b), and (c), we
obtain Tables XXI, XXII and XXIII; or vice versa, from these Tables we
get general equations to be used in determining the slopes at supports and
with the values of slopes obtained we can determine moments at supports.

To speak more generally the moments in a continuous beam may be
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developed by the settlement of the supp;)rting parts as well as the loads
applied.

Assuming that the beam remains in contact with all supports even
after the loading and settlement of the supports, we obtain, almost in the
same way as explained previously, the general equations, which determine
unknown slopes, for a continuous beam fixed at both ends and supported
at the intermediate points on different levels, carrying any system of vertical
loads. These equations are given in Table XXIV. Here it is noticed that
the settlement of supports must be given or estimated for materials of the
supports or properties of foundation used, and therefore the ratios of the
vertical deflection to span length must be, in this case, known quantities for

the calculation of redundant stress.

Some Examples on Application of the
Proposed Method.

The following examples may be convenient so as to make it possible

to apply the proposed method easily.

Examere 1. (Table XXVIII).

Triple Storied Bent of Six Spans. ILegs Fixed at the Bases.
Cross-Sections of all Members Different

Each Story Height Different

Any System of Vertical Loads on Girders

Wind Loads Assumed at Joints on one Vertical Side

ExampLe 2. (Table XXIX).

Five Storied Bent of Triple Span. Legs Fixed at the Bases.
Cross-Sections of all Members Different

Each Story Height Different

Any System of Vertical Loads on Girders

Wind Ioads Assumed at Joints on One Vertical Side
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Exampre 3. (Table XXX).

Symmetrical Eight-Span Bent Four Stories High.
Legs Fixed at the Bases '
Any System of Symmetrical Vertical Loads on Girders

ExamrLe 4. (Table XXXI).

Symmetrical Seven-Span Bent Five Stories High.
Legs Fixed at the Bases
Any System of Symmetrical Vertical Loads on Girders

ExampLe 5. (Table XXXII).

Triple Storied Bent of Six Spans.

Legs Hinged at the Bases

Cross-Sections of all Members Different

Each Story Height Different

Any System of Vertical ILoads on Girders

Wind Loads Assumed at Joints on One Vertical Side

Exampre 6. (Table XXXIII).
Five Storied Bent of Triple Span. Legs Hinged at the Bases.

Cross-Sections of all Members Different
Each Story Height Different

Any System of Vertical Loads on Girders
Wind ILoads Assumed at Joints on one Vertical Side

Exampre 7. (Table XXXIV)
Symmetrical Eight-Span Bent Four Stories Heigh. ILegs Hinged at

the Bases.

Any System of Symmetrical Vertical Loads on Girders

ExamprLe 8. (Table XXXWV).

Symmetrical Seven-Span Bent Five Stories High.
Legs Hinged at the Bases
Any System of Symmetrical Vertical Loads on Girders
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Solution of Equations and General Formula’s for
Special Cases.

The general equations. obtained from the Tables of this paper are
solved by determinants or by process of elimination. To the calculation
of a large number of unknowns, the solution by determinants is very long
and the process of elimination is preferable, however it may be sometimes
painstaking -work.

As an example .of the solution of gryr wite Axis oF SYMMETRY OF THE
a bent in symmetrical condition Mr. Y.  STRUCIURE AND ANY SYSIEM OF

. , . SYMMETRICAL VERTICAL LOADS,
YANo, assistant of the author’s Institute,

has designed and computed the stresses of !

a symmetrical six-span bent six stories

high, carrying a system of symmetrical
load. ’

This numerical example is added at

[T+

Continuous Beam with
w oo any System of Vertical
Loads

the end of the note, the writer gratefully

3
X

3
by

acknowledging indebtedness to him.

To the special cases as shown in

Fig. 7, the general formulae for unknown

N
&

quantities have been introduced as follows:

Dividing each equation by the co-

EEE===N

efficient of the first unknown of the equa-

tion, we obtain equations whose first terms

in the left-hand member are plus unity. Fig. 7
These equations are written in tabular form
as shown in Table 1, in which a, b, and ¢ are given in actual case by

numerical values.
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For convenience of calculation we use the notations as denoted in

following :

(30) 1

TABLE 1.
£ Left-Hand Member of Equation |z =
‘i% (Coefficients of Unknowns) i%g
] 27 EA A P A e R A A B
1|1 G
2\1]b.|a Ce
3N | 1]be2]as Cs
4 11bs|aq o
5 11bslas Cs
l N ]
\

n-2 12, ;EZ n—-2
-1 118,4% 1 [Ci-s
n =1l 2u | G,
n+1 1 |b||Cu+ 1

’AO_I:
[42
IN=a,—b= - A
o ’
@,
= — — b=
AE (ll_bl 2 Al 2y
5 s
= : b=}
JAV: a, 3 N 3
5
a—o, °
2 @y
qu-—- _&4“‘— _é41
. — 2 b As
: ] .
: @y H
' "‘bg H
: a;—0, :

the
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@y ) @, )/
A')L: - e = ~—Une
[ An—l
—_ V-1
1)
- - - 57»—2 )
613
— — é3
23
—_— 0,
L a,—0,

Then we obtain general expressions for unknowns of Table 1:
( 2
——_

JAY)

S

Ay

(31) s — a1

Xn—1= n+1""'&n)(fm
Xn-2=0Cp— ‘ZHX;L_ én—l/Y;L—h
Xy=C—a, X, —0,X,,
Xy=C—ay Xy —0,X,,
Xo=C—aX,—0,X,.

For continuous beams it may be more convenient to choose unknowns
in moments than those chosen in slopes, i.e. the equation of three moments
given by Clapeyron determines unknown moments directly, And the
formulae introduced above are applicable to that.

Table XXV gives the general equations to be used in determining
the moments at supports on the same level for a continuous beam of any
number of spans, carrying any system of vertical loads. (Fig. 6b).

To the investigation of stresses of a continuous beam with a great
number of spans, Table XXV is of the utmost importance for the com-

puter who can therefrom easily work out the moments by the process of
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elimination for the numerical values of the coefficients of the unknown
moments.

From Table XXV we can derive Table XXVI and Table XXVII;
e.g. on substituting #z,=0 in Table XXV we obtain Table XXVI which
gives the general equations to be used in determining the moments at
supports on the same level for a continuous beam fixed at the left end

and carrying any system of vertical loads.

When we further snbstitute /,=o0 in Table XXVI ie. T v
dividing the last equation by 72, ; and then substituting Vertical Londs
in it m,_;=co0 we obtain Table XXVII which gives the Z <
general equations for the redundant moments of a conti- <
nuous beam fixed at both ends. ' r.';

<&

S  Z
Properties of Proposed Tables and —
. . 2
Rules in the Tabulation. Z

. 7 =

Determination of Coeflicients. ,_'i

For coefficients of unknown slopes there are two Y ?
kinds, one of which is expressed by & and can be deter- f s
mined by /:/ for girders and /:/ for columns; the other
kind is denoted by p and can be determined by equations Fig. 8.

(2), (23), and the equations given in Tables.

More detailed instruction about & has been given above in * Conven-
tional Notations and Signs Used .

Next, coefficients of the unknown ratios of the horizontal 'deﬂection to
story height, i.e. ¢ always takes minus sign, and one kind of coefficient of
¢ is expressed by § with multiplier —3 for a bent with fixed legs, this
multiplier being—7z,5 for ¢ (at the top of the first story) of a bent with
hinged legs; the other kind is expressed by — X except——%, the coefficient
of p for the equation obtained by condition of equilibrium for the first
story of a bent with hinged legs. (Tables VIII, IX, X, XI, XII, XXXII,

and XXXIII).
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The right-hand member of equation, denoted by p and ¢, is given by
equations (4) and (5). This is the variable term due to the condition of
applied loads: p due to any system of vertical loads; and ¢ due to wind
loads assumed horizontally at joints on one vertical side. ¢ takes always

minus sign and for a bent with hinged legs ¢, takes multiplier—2.

Diagonal Line of ¢ and & Other Properties of Table.

The coefficient p finds itself in each Table on a continuous line which

may be expressed as a diagonal line of a square formed by columns of

Left.-Hand Member of Equation [Right-Hand Member]
Coefficients of Unknown Slopes ¢ | Coefficients of # |Vertlcal Load \L\’ind

LR

NI

PN T
N

71N

Ay
7

N D | =

M jo—a| €—0

&
Vi
=

¢
2
$
:
3

3
2
3
3

£ jo—= M 19
£p—> |<—ole X
S e I
& o> Q& .
g o~ [0l & g
Fig. o.

unknown slopes ¢ and rows of general equations, ¢ being taken horizontally
and number of equation vertically ; we name this square “ Great Square’.
As shown e.g. in Table VII, p arrange themselves, along the diagonal line
‘of the Great Square, in order of the suffix-number of p, from the top left
corner of the Great Square to the bottom right corner of the same; in
other words, o arranges itself, from p, to p,, reading downward to the right

along the diagonal line of the Great Square. In the same Table we find
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lines of & on both sides of the p-line, and the arrangement of the suffix-
number is the same as in the case of p; while the line of & with the
mark (*) is placed intersecting at right angles with the above mentioned
three lines of p and §, arranging themselves, in this case, towards the
diagonal of Great Square, one part descending leftward and the other part
ascending rightward ; these two parts meet together in the diagonal of the
Great Square and the line of & with the mark (/) may be also considered
as a diagonal line of a small square which is one part of Great Square.
We call this the “ Small Square ”

On considering the diagonal of the Great Square as an axis of symmetry
of the Table, we find the arrangements of & in stepped form in the position
of symmetry; and on the prolonged line of the diagenal of Great Square
X is placed in order of the suffix-number. For the arrangement § in
stepped form, & with suffix of large letter firstly comes and next & with
the mark (') comes in the same relation as shown in the diagonal of Small
Square, in other words, as the horizontal projection of the & —line of small
Square & finds itself in the columns under ¢ and as the vertical projection
of the same § finds itself in the column under ¢ (See e.g. Table VII).

For rectangular building

Left-Hand Member Rig.ht-Hand Memb'elj . frames with any system of
Coeff. of ¢ # | Vertical Load .| Wind L. i
L] - vertical loads, each equation,
-ﬂg. V Z S given by condition of equili-
LI > < brium at joint, has p in right-
I== ] = Z S‘ hand member; the order of the
-=== = "i suffix-number of 2 is indicated
l llll. ;Y %////% in Fig. 8 in the form of a zigzag
Fig. 10 line, of which there exist also

systematic relations in strict
order, the right-hand term of p taking minus sign.

For frames with wind loads, each equation, given by condition of
equilibrium for a story as a whole has ¢ in the right-hand member of the
equation, ¢ taking minus sign, regularly ordered and reading vertically

downwards.
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For special cases of rectangular building frames, the properties of the

Table are almost the same as explained above, and will not be repeated

here in detail.

| tion and

Left-Hand Member " Right-Hand Member
Coeff. of ¢ Coeff. 2 | Vertical Load | Wind L
L] EEEEE —
L] B <~ <
EEE E | (EmE 2
] B —
1 e P -
| | B |EEE B < “~
B EEE B~ 4
| 1 L] B —
] B Y Y v
RORAEEAE .
Fig. 11,

This method of me-
chanical solution of such a
problem may be applicable
to the investigation of
trusses with stiff connec-
the secondary
stresses may be mechani-
cally determined in a simi-
lar manner to that explain-
ed above.

To facilitate the under-

standing of the existing properties in the proposed Table, Iig. ¢ is of

importance, where the regularly ordered lines of each quantity mentioned above

are shown graphically. From this figure we can deduce a relation between

the number of stories and the number of diagonals of Small Squares.

The general type of figure of Tables due to loads and number of

stories is given in Figs. 10, 11, 12, 13 and I4.

Fig. 10 shows the general type of Table for a single storied bent with

any system of vertical loads and wind loads.

Fig. 11 shows the gene-
ral type of Table for a double
storied bent with any system
of vertical loads and wind
loads.

Figs. 12, 13 and 14
show respectively the gene-
ral type of Table for triple,
quadruple, and five storied
bents with any system of

vertical loads and wind loads.

Left-Hand Member of Equation Left-Hand Member
Coefficients of ¢ Coeff, of p Vertical L, {WindL]
[ L] ~
L] Ly  ~—
EHOH & <
[l —
IRE B =
L] B < _%Z
E] LRl E | < &
LI B —
L B Y
[ o~
] Y
B B l ;—\ -
LR 7
EOROREEE | = Y

Fig. 12.
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Left-Hand Member of Equation Right-Hand Member

Coefficients of Unknown Slopes ¢ Coeff. of ¢ Vertical Load | Wind L.
EE [ Bl A
EE Bl HC
CILE ] A <

L0 o o

BliE El Al by

L I - &

(] Bl = _ B <
1 EE e =

ElE [ alee| L _

CIE] ] B < <

] [ El s <

= LILED 0 =
EEE B Y.

CRLICIE] B < 5

L] EEE B <o “

. B BE Bl .
0 B N
SNEENE = L

DEEREDED 3
EEEEREE _ Wi

Fig. 13.

r Left-Hand Member of Equation Right-Hand Member
Coefficients of Unknown Slopes ¢ Coefficients of # Vertical Load | Wind
i ) Loads
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Analytical Index of Tables.

The Following index may be convenient so as to make it possible to

locate the desired table in this bulletin quickly.

Fundamental Equations,
General Equations for the Moments at the Ends of any Member
(Table A)
Values of Constants C and H to be used in the Equations of Table A.
For any System of Vertical Loads (Table B) !
For Loads Symmetrical about Center of Member (Table C)

Tables of General Equations.

.Bent of Single Story with any Number of Spans.

Legs Fixed at the Bases (Table I, II, and III)
Legs Hinged at the Bases (Table VIII, IX, and X)
Bent of Double Story with any Number of Spans.
Legs Fixed at the Bases (Table IV, V, and VI)
Legs Hinged at the Bases (Table XI)
Bent of Triple Story with any Number of Spans
Legs Fixed at the Bases (Table VII)
Legs Hinged at the Bases (Table XII)
Bent of Triple Story with an Axis of Symmetry of the Building
Legs Fixed at the Bases
Number of Spans 2m (Table XIIT)
Number of Spans 2m-1 (Table XIV)
Legs Hinged at the Bases
Number of Spans zm (Table XV)
Number of Spans zm-1 (Table XVI)

Bent of Triple Story with an Axis of Symmetry of the Building,
Carrying any System of Symmetrical Vertical Loads about the
Center of each Span.

Legs Fixed at the Bases
Number of Spans zm (Table XV1II)
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Number of Spans 2m-1 (Table XVIII)
Legs Hinged at the Bases
Number of Spans zm (Table XIX)
Number of Spans 2m-1 (Table XX)
Continuous Beam with any Number of Spans, Supports all on Same
Level.
Beam Fixed at both Ends (Table XXI and XXVII)
Beam Hinged at both Ends (Table XXII and XXV)
Beam Fixed at one End and Hinged at the Other (Table XXIII
and XXVI)
Continuous Beam with any Number of Spans, Supports on Different
Levels.
Beam Fixed at both Ends (Table XXIV)

Tables of Examples. _

Triple Storied Bent of Six Spans in  Asymmetrical Condition (Table
XXVIII and XXXH) ’ .

Four Storied Bent of Eight Spans in Asymmetucal Conchtlon (Table
XXX and XXXIV)

Five Storied Bent of Three Spans in Asymmetrical Condition (Table
XXIX and XXXIII) .

Five Storted Bent of Seven Spans in Symmetncal Condition (Table
XXXT and XXXV)

Summary and Conclusions.

" The General conclusions to be drawn from the results of the investiga-
tion described in this bulletin may be summarized as follows:

1). The general form of the fundamental Table is memorized with
little effort and can be easily tabulated by arranging &, p, 2, ¢,
and X with suffix, in order of the suffix-number, in the columns
marked.

2). No mistakes can be petformed in writing the fundamental Table,

on account of the systematic arrangement of the suffix-number and
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3)-

4)-

5)-

6).
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the symmetrical property of the places where the coefficients of
unknown quantities are to be written,

For complicated calculations it is sometimes very difficult to
avoid some mistakes when there is no way to check the obtained
results ; our systematic al'rangement of the suffix-number and the
symmetrical property of the Table are of great help in this
difficulty. ‘

The accuracy of the calculation is the same as that of the slope
deflection method, because our solution has been derived from' it,
and therefore the method is very accurate, it having no approxima-
tions except those in the assumptions.

The knowledge of elementary algebra is sufficient for the calcula-
tion of the stresses of higher structures except in finding values
of load terms p; for the load condition usually applied, there are
Tables in current use, which give the values of 2.

As in the computation by the slope deflection method, the calcula-
tion is long to be used in the actual design of a high building ;
it has however its greatest value as a standard calculation for
checking the accuracy of another approximate rapid method.

The properties of our Tables are of great help as a process to
check general equations of eciuilibrium obtained by slope-deflection

method.
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APPENDIX.

Numerical Calculation of Statically Indeterminate Stresses.

As the numerical example of proposed method, Mr. Y. Yano, assistant
of my institute, has designed, after the regulations of the Japanese Govern-
ment, a department store building of reinforced concrete. This skeleton
building is symmetrical about the vertical center line of the frame, as shown
in Fig. 185, six-stories high and six-spans long, carrying loads concentrated
symmetrically and distributéd uniformly. In calculation the average value
of the moment of inertia of the central section and the end-sections has been
taken as that of each girder-section. With such values of moment of inertia
there are indicated in the figure the values of § for each member of the
frame.

Table 2 gives the general equations to be used in determining the
unknown slopes due to the concentrated loads and uniformly distributed
loads; and the numerical values of the constants in these equations are given
there. The figures given in the right-hand column are coefficients of
.000I as indicated at the head of the column. These simultaneous equations

have been solved by the process of elimination and the results are as

follows :
$=1.002 235 320 O $n= .029 958 992 O
Pp=-.110 091 174 4 ¢u=-.236 248 470 5
@,= 000 634 501 9 ¢,=1.082 781 047 O
¢,= .002 725 673 4 $13=1.914 580 320 O
@;==-081 713 749 3 ¢u==175 120 211 O
¢;=1.720 532 303 O $5= .005 133 375 5
©,=2.014 816 120 O ¢,= .188 981 556 3
Qy==171 212 248 2 Pu=-928 937 543 7
Py= .014 246 846 0 Ps=4.444 895 510 O

The moments at the ends of the columns and girders given by the
fundamental equation (1) are indicated in Table 3, where the * Total
Moment ” means the total sum of the moments due to concentrated loads

and uniformly distributed loads.
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The accuracy of the computations has been checked by the statical
condition of equilibrium of the joint-moment and its percentage of error for

the least moment is given in the right-hand column of the same table.

TABLE 2.

TABLE oF THE EquaTioN UseEp To DETERMINE THE UNKNOWN SIOPES OF
THE SYMMETRICAL SIX-SPAN Six-STory BeNT Smown 1N Fig. 15
(Calculated By Y. Yawno).

g Left-Hand Member of Equation §g§
T £
‘S Coefficients of Unknown Slopes ¢ E%o
Eloleolo|o]| o] el o] o] o] oulon]omlonl ol onlonl ol s
1 |48 55 88.5) 1063
2 | 55847655 |156 ' 0
3| 65 8476|156 0
4 156|736] 55 102 0
5 156 |55|736|55 | (102 0
6 1885 55 [432(72.5 , 1065
7 72.5|400) 55 72.5 1065
8 102| |55 530|655 53 0
9 102 551530\ 53 ‘ 0
10 53 |402|55 38 0
11 53 55 |402 55 38 0
12 72.5 55 |400[72.5 1065
13 72.5362| 55 5351068
14 38 55 [366| 55 35 0
15 38 551366| 35 0
16 ' 35|380i77.5 | 0
17 35| |rzs380f77.5) 0
18 | B3s r7.5l262}1195
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TABLE 3.
TaABLE oF Joinr-MoMENT

(Moments are Expressed in Ft.-Ibs.)

Total moment| due lgoccom due Irf)uuni_ fP‘erCenta’ge of error

centrated load| form load or the least moment
18?./[17 —28900 —24790 —4110
181\_/[13 28900 24790 4110
171\—{[ 18 69780 59850 9930
17h_/f16 —662z0 — 56800 — 09420
17—1\—4t4 —3560 — 3050 —510
Iﬁi\f 17 57620 49420 8200
Iﬁl\f_c —58290 ~— 50000 —8290
161%:5 670 580 90
151\—414 52800 46196 6610
15N;[_C —53220 — 46350 —6670
15Lf16 350 300 50
Isl\f 10 70 6o 10
141\—/[ 13 57559 50340 7210
14h_415 —54200 — 47410 —06790
14Df17 —2240 - 1960 —280
141\—/[11 — 1110 —970 —140
131\_/114 — 43200 —37790 —5410
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TasLe 3 (Continued)

T ' Mc Mu . Percentage of error

otal moment duc? 0 s due- to unt for the least moment
centrated load form load
131_\_{[ 18 22130 19360 2770
131_\/;[12 21070 18430 2640
Izl\—{n —43000 — 37610 — 5390
121—\—/I 13 21320 18650 2670
Izl\i[_ 7 21680 18960 2720
111\—412 57400 A Soz10 7190
111\—/[ 10 —54470 —47650 —6820
111\_/[14 —1230 — 1070 — 160
nl\fg —1700 — 1490 —210
IOI_VEH 52770 46160 6610
Iol\f-c —53090 — 46440 - 6650
1011[ 13 120 110 10
Iol\fg 200 170 30
91\—48 52860 46240 6620
gl\fc —53170 — 46510 - _ 6660
9_1\./[10 150 130 20
91_\_4:4 160 140 20
M —54150 — 47370 —6780
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TasLe 3 (Continued)

Mc Mu ) o
Total moment | due focon- | duc to uni- | i/ SLENEES O] UL
centrated load form load ©

Sl\f'i 57850 50610 7240
83{11 —1540 —1350 —190
81\—45 —2160 —1890 —270
71\_&8 — 42640 — 37300 —5340
7 3112 21800 19070 2730
71\—46 20840 18230 2610

M 1 8500 o M (—570) 2.85%
63§ 44010 =3 —551 Total

M M (—510) 2.95%
6—7 19780 17300 2480 c

M (~90) 3.6%

M 1
6—1 23650 20690 2960
51—\—/[6 57530 50320 7210
5314 — 53690 — 46970 — 0720
sl\f8 —1710 —1490 —220
SIEZ —2130 — 1860 —270
411/{5 53040 46390 6650
41\_4.: —53230 — 40560 —6670
41\_{[9 100 90 10
4%3 90 8o 10
31\—{2 52980 46340 6640
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TasLe 3 (Continued)

Total moment du(? 1:f)cx:on- dug l}iuuni- fffilclf;nlt:fset onf1 ;ﬁ;ﬁt
centrated load form load
SIEC —53216 -— 406550 — 6660
3111 4 130 izo 1o
3 1—\/—16 100 90 10
M ) —53840 — 47090 —6750 M (50) 2.87%
23 o Total
21-\«/1x 57880 50630 7250 l\c/[ (40) 2,632
M M (10) 4.64%
2--b — 1740 —1520 — 220 u
21115 —2350 — 2060 —290
1 Illb 18640 16300 2340
IN_Iﬁ 24450 21390 3060
11112 — 43090 —37690 — 5400
bl—\l-lx 9320 8150 1170
bh—dz —870 —760 —110
bil 3 50 45 5
cl_\f‘g 53270 46600 6670
CILIF;#‘ 53260 | 46590 6670
clilg 53290 46620 6670
C-l_VIIO . 53350 46670 6680
c 3115 53280 ) 46610 6670
c_l\_/lm 60480 51880 ' 8600
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FUNDAMENTAL EQUATIONS
TABLE A

General Equations for the Moments at the Ends of any Member

Any System of Vertical Loads

ﬂZ‘sz ZEE)'{ZSQ:'—i— 905 —3#} - C;‘-S

M= 2E§,‘{ 20+ gp.,.—j,u} + C,

Where
If end s is hinged,

If end # is hinged,
M, = 3E5,-{ s /1} + M,

Relation between ¢ and #A.

-

i Cyr
Hyy= Gk =",

: Cos
Hsr = C;: +—

Values of C'and A for Various Loads are given in Tables 5 and C.




TasLe B
Values of Constants € and /A to be Used in the Equations of Table A.
Any System of Vevtical Loads

- C e o
B
R FPab? Pao Pab Pab
i 5 26 2 (2atb
rL___ y _Js /2 2 ' Py {a+0)} v (2(1—!— ,)
pe | g . 7 { . 0
o al{a-+ 26+ 3¢0)+ 2c(a® 4 267 r2abc4-8a%6 & 4ab® 4+ ga’c 4 206%
—]E;[Izaé(é—l—a)—i—6&%—}—462((1—!-6)+c3} pcq {Izzzé(a—}—c)—}-éa%—i—#‘*’(a—l—&) -|—c3} LA 14 (@ )+ 24 ) \ &l 7 ?
7202 12l _1_4[2((1_*_[))_'_[31 +4£2(a+6)+c3}
Special Cases .
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General Equations for a Single Storied Bent
with any Number of Spans.
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Tasre II (Figure of Table I)

General Equations for a Single Storied Bent with any Number
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TasLe III (Figure of Table I)

General Equations for a Single Storied Bent with any Number of Spans.
Legs Fixed at the Bases.

Wind Loads Assumed at the Top of one Vertical Side
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TasLe V (Figure of Table IV)

General Equations for a Double Storied Bent with any Number of Spans.
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TapLe VI (Figure of Table IV)

General Equations for a Double Storied Bent with any Number of Spans.
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TasrLe VII

General Equations for a Triple Storied Bent with any Number of Spans,
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TasLe VIII

General Equations for a Single Storied Bent with any
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Tasie IX (Figure of Table VIII)
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TasLe X (Figure of Table VIII)

General Equations for a Single Storied Bent with any Number of Spans.

Legs Hinged at the Bases

Cross-Sections of all Members Different
Wind Loads Assumed at the Top of one Vertical Side
Any System of Vertical Loads on Girders

& Left-Hand Member of Equation Right-Hand Member
g | of Equation
g. Coefficients of Unknown Slopes ¢ 2 : ' _
= — Vertical Load Wind Load
R O I s R L R 2 B
108 — 1,55 iz 0
216 |0 & — 1,55, D2s — D2 0
3 & | pi| & 1= 1,581 Dse — Dsz 0
| 4 & | oh | & — 7567 Dss — Dus 0
5 & e g —7,56, Ds6 — Dsa 0
S Y- 4
w3 €na|Phs|Eus 1,56 - 121] Du-3,m=2 — D3 a-2 0
-z Easslprol&, s 7, 5C 0 1z ??—2, ne1 e Du-z u-3 o
n-r s |Phot|Eumi|— 7,580 5 D1, 2, — Du1, 52 o
” Eol pL1—7,58y S S 0
) 8BS | e | £ L8688 | =T ° -2




TasLe XI

2 -1 g2

. w3tz givr

General Equations for a Double Storied Bent with any Number of Spans. ‘
Iegs Hinged at the Bases. N SN £ =ATd
Cross-Sections of all Members and each Story Height Different
Wind Loads Assumed at Joints on one Vertical Side ) J) i
Any System of Vertical Loads on Girders ¢ oo S s
: Right-Hand
5 Left-Hand Member of Equation Leﬁ'HfaEd Ng?mbef Member
g of kquation of Equation
B Coefficients of Unknown Slopes o Coefi. of 2
= ‘ Wind Load
G| 0] 0| B 8| o PodPusifot On PnillnisuslPusd — [GueslOrslPuelOud 0. | B P
IR AR & 25t —38, D1z °
218 lem| e &, —rgEp | —38. D2z — D o
3 &Elps| & £y —1,5Em) —385] Dse —  Diz °
4 & | Pl € &, —1.56w | —3%, Dss —  Das 4
72 €,alPt °E< 2 - — 38 —3& 'pm—z_ mt = D2, m-3 o
7 & o021/ AN =3y |3 Doet,m e Pt mez 4
” ot P | —3u |35 — Dum-s o
it [ T — 35 — Durs, mez 4
772421 f:-_-x ST =31 Posz, mes — Dtz mes o
2o ki 2! o ”emu Pras Gt —38, . pm-(-g, Mz pm+3, et o
7—3 &, €oiet Oz | Bums -5, Dz nmg — Du-z n-2 ©
-2 &, [ T A —38 pn-—z. neF — pn-z. B o
1 &, Eoce|Pucr|Bus — 38, Doty - — Du-i.n 4
n & [ —38, pn. n-1 o
nrd &, |2 e 20 8 1| ¢ 4 0 =20
‘ LR e i e rislapm 12|20~ 7 | 1 z
o IR A R - I R A W o A Dl R O - I - ¢ %
1




ngr Enuvw: s f,:-):' 22l beag o
Tasre XII R O AT A
plfrzoitdn s | Ea b Gl &L,
General Equations for a Triple Storied Bent with any Number of Spans, el 2 e . e e
Legs Hinged at the Bases I I e
Cross-Sections of all Members Different c e e 1z e
Any System of Vertical Loads on Girders ! [L" " e e |
Wind Loads Assumed at Joints on one Vertical Side S o0 st PR
g Left-Hand Member of Equation Right-Hand Member of Equation
§ Coefficients of Unknown Slopes ¢ Coeff. of
gl - Vertical Load 'Wind Load
Cu | @ | s =Pl Ors| P [ Prs iPrms 2l P2l Pas @ [OnsrlParePrea] —=> (2 R I P24 F2S
17 & &, —r,58 | —3F, brz o
2i&|e:}8 £ ~ 1,55 — 35 Pz —_— Dz o
3 Limlg £ =156y =36 Dss —  Ps o
M NN K ¥ 4 v ¥ IR
121 2|l [Em &, — 50| =3 Pretm  ~— Duetimez o
m [ A (N ’ —rsk | —35. — Pomm-r o
a1 &, [lomalEnen . ~FFn | =5 — Dmstomez 3
bor-+2 F Enit]PmenlE,se E2 o =3y | =35 Dmsz, met —— Dmrz mez 4
722453, &2 sl Pmss}Eomes £ s =3 | 3w Dmss.mez —— Dmez. mie 4

v A N ¥ { v v v

e ! I S TN R [ ' —5F | = Duciiwpz  — Duorin 0

e, Saa| 0=l &, -3, -3, Dn. -1 4
tr £, pn;,x [ -3 . Duet, niz 0
7+-2| &, L PR T, =35 Puiz,nez  —— Durz oner o
g3 £, re| Pars]Eurs ~ 3z Dorg nre e Durz, ez o

< v v ¥

KK

el 1 6ns2] & 2 |Pralbin 38 prn b1, e Dot sz °
r : et £af Pr =3 — Drr o
rHIN &, 1§, 18 §1é 1€ —X o —29,

B R Rt B ! [ [ e
—-X o 43

rt2 & 18 16 Erel€h ] Endl Su [Smerno = &5 [ €2 1€,

3 O SRR BN T PSS S O 2300 PR P70 T vl o —g




3

ntr 23 r—2 r—2|¥r ! ¥
o i rl—2 ot 3l 2t 2t I
TasLe XIII 1 2 |3 pe—2lm-rlin | ul ‘
General Equations for a Triple Storied Bent with an Axis of )

Symmetry of the Building. FE /17 T MM e [
Legs Fixed at the Bases. 77 %/ ;ﬂ % % K2 ~ L1
Any System of Symmetrical Vertical Loads about the Axis |

of Symmetry
Number of Spans zm
g Left-Hand Member of Equation - Right-Hand Member of Equation
8]

g Coeflicients of Unknown Slopes ¢

~ ) Vertical Load
Pi | P | P |7 (00 o} Pumt]) Pon [P 41} 0 Corps) P NP |Paet] P |[One1] Pt Pura] 2| ProrProa] @0 .

1 I $| ) e, ' p}z

216 ] é& : &, ‘ D23 ~ Du

3 E-: 25 5; pfz‘J -—_ paz

L
1%
A

w=r 57,,—2 Pm-l :,L;x 7’n~l . pm—l. wm — pm—llm—z
e Epa| P & . ‘ an wn —_ pm. m=1

et £ EI | T f:::m pm+1. L pmH. m+2
/et . . ,',,_1 Lo Pata 5,,,,,2 Ei‘” inz. mel T anZ m+3
1023 E,’,,Vz V E,,L+2 Puss Em{-ﬂ A v/wﬂ p»xh?. m+2 _ pm+3. mea

N /4 | |

474

II——( é’._, ) En_z a-y Eﬂ~| 51’:—1 pn—.l. n-2 — p:z—l. .n
n f" En—l On 611 pm n—1.

147 , ' &, [|Ous1]Gnss DPura, nr2

ni2 &, E|Puse|Epee Duszones =  DPorzowes

1t 3 i V 5,),_2 &ure Ol Enys ‘ . Dusgin-a  ——  Dusa nsz

v - | A NN { |

7 £z L VY Dot — Dty sz

] ¥ . ;,H oo X - o, Dr.v — pr, -1




Tapre XIV

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building,
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TasLe XV

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Hinged at the Bases

Any System of Symmetirical Vertical Loads about the Axis of Symmetry

Number of Spans zm
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TABLE XVI

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Hinged at the Bases.

Any System of Symmetrical Vertical Loads about the Axis of Symmetry.

Number of Spans 2m—1.
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Tasrte XVII (Figure of Table XIII)

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Fixed at the Bases

Any System of Symmetrical Vertical Loads about the Center of each Span

Number of Spans 2m
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(The similar problem has been tried by the author. This memoir, Vol. I, No. 2, 1926).




TaBLe XVIII (Figure of Table XIV)

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Fixed at the Bases

Any System of Symmetrical Vertical Loads about the Center of each Span

Number of Spans 2m-1
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{é‘ Coefficients of Unknown Slopes ¢
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Tasre XIX (Figure of Table XV)

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Hinged at the Bases

Any System of Symmetrical Vertical Loads about the Center of each Span

Number of Spans zm

_ ‘E’ Left-Hand Member of Equation Right-Hand Member of Equation
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) - Vertical Load
R R R [ 2ot KN | e W B TP NS N N N0 Y P B (-3 7 7
1 et | & &, b;
2 & 1e] & &, o — b
3 &1 p| & v & Ps D2
v ML) % |
N v
m-r ES T & bw-1 — Pn-z
) S Do —— Pue
ey » & 1Pmer|Enns | 2o Duies —  Dusz
1.2 & EpvalmsofEee (A Pz ——  Puss
43 2, £ el Omaal € A 2 s Dussg = Py
3 V
7 § N - l

T E’z ’ E,,_z On-s En—l 57,._| pn—l — pn
n || &, Samt} P || & D

241 I | T [ Duer

7242 i ,’,_1 Enn Pasre E,,+:>, pn+2 — pu+l

1t 3 . | 5'1:_2 Enw Prysl En-fa . pﬂ’i«? —— Pn+z

1 [ : Y e D, — bz
’ AR £l p, b — D




TasLe XX (Figure of Table XVI) ' ,

General Equations for a Triple Storied Bent with an Axis of Symmetry of the Building.
Legs Hinged at the Bases

Any System of Symmetrical Vertical Loads about the Center of each Span

Number of Spans 2m-1

Left-Hand Member of Equation Right-Hand Member of Equation
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TasLe XXI (Fig. 6a)

General Equations for a Continuous Beam Fixed at both Ends.
Supports all on same Level
Any Number of Spans
Cross-Sections and Span Lengths all Different
Any System of Vertical Loads on Beams

Left-Hand Member of Equation:

Right-Hand Member

g of Equation
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= Vertical Load
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Tasre XXII (Fig. 6b)
General Equations for a Continuous Beam Hinged at both Ends.
Supports all on same Level
Any Number of Spans
Cross-Sections and Span Lengths all Different
Any System of Vertical Loads on Beams
, . - Right-Hand Member
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TasLe XXIII (Fig. 6c)

General Equations for a Continuous Beam Fixed at one End and Hinged at the other.
Supports all on same Level.

Any Number of Spans.

Cross-Sections and Span Lengths all Different,

Any System of Vertical Loads on Beams,

. Right-

= Left-Hand Membes; of Equation ight-Hand Member
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TaBLE XXIV

General Equations for a Continuous Beam Fixed at both Ends.
Supports on Different Levels, Any Number of Spans,
Cross-Sections and Span Lengths all Different.

Any System of Vertical Loads on Beams.
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TasLE XXV

General Equations for a Continuous Beam
Supports all on same Level.

Any Number of Spans

Any System of Vertical Loads

Equation of Three Moments & & & [
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] Left-Hand Member of Equation
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Tasre XXVI .
General Equations for a Continuous Beam Fixed at one End.
Supports all on same Level.
Any Number of Spans.
Any System of Vertical Loads.
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TasLe XXVII

General Equations for a Continuous Beam Fixed at both Ends,
Supports all on same Level

Any Number of Spans

Any System of Vertical Loads’

Equation of Three Moments
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TasLe XXVIIL

General Equations for a Triple Storied Bent of Six Spans. Legs Fixed at the Bases.
Cross-Sections of all Members Different.

Each Story Height Different,

Wind Loads Assumed at Joints on one Vertical Side.

Any System of Vertical Loads on Girders.
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TasLe XXIX

General Equations for a Five Storied Bent of Triple Span. Legs Fixed at the Bases.
Cross-Sections of all Members Different

Each Story Height Different

Wind Loads Assumed at Joints on one Vertical Side

Any System of Vertical Loads on Girders -
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TaBrLE XXX

General Equations for a Symmetrical Eight Span Bent Four Stories High,
Legs Fixed at the Bases.
Any System of Symmetrical Vertical Loads on Girders.
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TasLE XXXI

General Equations for a Symmetrical Seven-Span Bent Five Stories High.
Legs Fixed at the Bases. )
Any System of Symmetrical Vertical Loads on Girders,
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TapLe XXXII

General Equations for a Triple Storied Bent of Six Spans. Legs Hinged at the Bases.
Cross-Sections of all Members Different.

Each Story Height Different

Wind Loads Assumed at Joints on one Vertical Side

Any System of Vertical Loads on Girders
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Tapre XXXIII

General Equations for a Five Storied Bent of Triple Span. Legs Hinged at the Bases
Cross-Sections of all Members Different : )
Each Story Height Different

Wind Loads Assumed at Joints on one Vertical Side

Any System of Vertical Loads on Girders
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TaBLE XXXIV

General Equations for a Symmetrical Eight-Span Bent
Four Stories High. Legs Hinged at the Bases
Any System of Symmetrical Vertical Loads on Girders
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TapLe XXXV

General Equations for a Symmetrical Seven-Span Bent Five Stories High. Legs
Hinged at the Bases
Any System of Symmetrical Vertical Loads on Girders
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