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Further Analysis of Rectangular Building
Frames by the Mechanical
Tabulation Method.

By

Prof. Fukuhei Takabeya, Avgakulakushi.

(Received February 25, 1928)

In a previous. paper the author described an exact solution of rect-
angular building frames by the Mechaunical Tabulation Method. 'This
may be very instructive to show how easily the simultaneous equations
can be mechanically obtained, from which the redundancies are to be
computed,

The merits of this method consist in the large reduction in the
number of redundancies and no mistakes can be made in writing the
fundamental table, on account of the systematic arrangement of the
suffix-number and the symmetrical property of the places where the
coefficients of unknown quantities are to be written.

With all its accuracy of the calculation, the method is very simple
and a knowledge of elementary algebra is sufficient for the calculation
of the stresses of higher structures.

While the solution of these simultaneous equations is generally
too long to be used in the actual design of a high building we have
described in the summary and conclusion of the former paper how it
has great value as a standard calculation for checking the accuracy

of another approximate rapid method.
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But we can now say, for this solution after repeated trials, that it
has indeed great value also as a practical calculation of the stresses
of high buildings with speed and precision.

~ 'The solution of the set of 18 simultaneous equations for unknown

slope @, solved in the previous paper, i.e. the problem of a depart-
ment store building symmetrical about the vertical center line of the
frame, six-stories high and six-spans long, carrying loads concentrated
symmetrically and distributed uniformly, was effected by repeated
trial and checked comparing with the true value.

This repeated trial is accurate enough to obtain the approximate

value of redundant stresses.

1. Recapitulation of the Result Obtained in
the Previous Example.

Fig. 1 represeit$a six storied symmetrical bent with six equal
spans. All the systems of load are symmetrical and all legs of the
bent are fixed at the bases. It is required to find the bending moments
at all of the joints. :

Representing by £=7:7 and by p, two times the sum of & of all

the members which inteisect at the joint 7, e.g. in Fig. 1
pr=2 {61 +51+E’1}
=2{98+55188.5)
=483 1’

9222{Eu+$1+52+f’2}

_2 {]57.8+55+55+156}
=847.6 73°

ele.,
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we obtain the following table of general equations to be used in deter-

mining the unknown slopes for the bent in question (Table 1).

TasLE 1.
g | Left-Fland Member of Equation Eé—:“m
i’; 1 Coeficients of E’nkuo\\'n Slopes ¢ %iﬂa g
2 : 2] | P2 P i @s | Ps t Po | Pr | Ps E Pa ‘P\ﬂE Pn ‘Pui P | Puy Pl Pis Pir | Prs EI)E E
1 pol 6 & E Co
B I 0
3 |am & 0.
4 &l & & 0
E AR S e 0
6 & Elpe & ' Ces
7 o pr | & & (&
8 1 E | & & 0
9 £ Elp| b g 0
10 1; £ 1 po .éw £l 0
1| R RS 0
12 & En | P | B Crn
13 Ei | pin | | Ciu
14 & Ein | pu | &0 £ 0
15 £ Eu | s | Eis 0
16 & | s | & 0
17 ] £ Ei5 | pur | Eur 0
18 £ b | ps | Csu

Substituting each value of p and & in Table 1 gives Table 2.

00001% as indicated at the head of the column.

These simultaneous equations have been solved by process of elimi-

nation and the results are as follows:

The figures given in the right-hand column are coefficients of

Erratum in Memoirs Vol. I. No. 3, Appendix, for 0.000 read .00001.
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TABLE 2.
g Left-Hand Member of Equation ;:5 .‘:2:“5
g
? Cocfficients of Unknown Slopes @ EEEC%
S RN
Sl | oo | oo oo |glos| oo | o] on| gu| on| ou| o] ol ! o :f’;j
1| 4831 355 28.5 1065
2 55i847.6) 55 156 0
3 55 .841.6| 136 0
4 156 136 55 102 0
i
S 156 { 5573 ss 102 0
6 || 885 : 55I 4321 72.5 1065
7 J 7251 400) 53 72.5 1085
8 1 102 551930 55 53 0
9 102 55530 55 ]
10 534020 55 38 0
11 53 551402 | 55 38 0
12 L7253 350 4001725 ; 1063
13 : 72.5] 3621 35 ; 53.5 1065
14 ] J jx‘ 35 355} 55 sjll 17
15 i sl 55 366, 55 [ 0
16 ’ BEE 77.51@ 0
_1—7 35 77.5 | 380; 775 0
s 525 | [ hm‘i 262 1195
p1=1.902 23 po= .029 95

Go=—.110 09
ps= 006 63
pa= 002 72
¢s=—081 71

Pe=1.720 53
gr=2.014 81
ps=—.171 21
Qo= 014 24

(]311:—.236 24
@12:].982 7(9
(])13:1.9]4 58

(}?14 = _.]75 12
(p15: .005 .Zj
(pl(; = .](9(9 98

Pr=—.928 93
Tis= 4.444 89
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407 ' i noron morop reoron
Yoo = 3
cF. L] Famss ] fe=ss £=55 vmiuml I Lo
RS i s c ]
k= Al 5 g
1 'T‘ . [ Pro Py PP Py ProPPy
5 Y i B |
Sth T L b fa=ss =55 £=55 .
RN 1™ o ¢
k= N Z b1
2z v u f /’,\ P PP P PP Py
pt & w a3
4 r Ll ) £=55 e £=55 =535 ! -
o 7 [ 9 ¢
3 2 3
é N = i ropop PP J RV
¥, i i ot
3ra|P.1 e £=58 e £0=55 > E=53
1A RE AL ¢
g 2 5 B
% 7 5 poopop oo P PP
] g
2ma]r L] 9 f=ss  © F=ss Y £=s5
1 2 3 < s L U] ¥
£ = N
45 Z 5
A5
M < 4
1 1} I
% V4 /24 W /ﬁ?/ 7
Gpper surface 20~0" I 200" 20'~0" 2~ 20'~0" 200~0"
of footing >t T T
120'~0"

ErLEvATION OF FRAME.
Py==8200%, Py=7 450%,
w1 =255%|1.1t, wy=200%|1f .

Fig. 1.

The moments at the ends of the columns and girders given by

the fundamental equations

MrszzE:‘,.{Zw,- +ps—Ip } — G, ]

()

are indicated in Memoirs Vol. I. No. 3 p. 187, Table 3, where the

Y Total Moment” means the total sum of the moments due to con-

centrated loads and uniformly distributed loads.

The accuracy of the computation has been checked by the statical

condition of equilibrium of the joint-moments and the percentage of

error for the least moment is given in the right-hand column of the

same table.
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2. Computation Procedure by Repeated Trial.

The solution of the set of 18 simultaneous equations is too long
to be done, by process of elimination, in the actual design.

For the process of elimination we are forced to use a calculating
machine of high capacity and the neglect of a small decimal part in
calculation effects the result with a considerable percentage of error.

The successive approximations by repeated trial give good results
in the case of our problem. ¥ach equation has generally one term
whose coefficient is relatively large compared with the others, i.e. the
value of p is in general much larger than that of £.

If we therefore obtain an approximate value of ¢ for each joint,
the substitution of these values in eacll equation in the terms with
£, and the solution of the equation for the term with p, considering
the ¢ with p to be unkunown, leads to a much closer approximation.

Thus for joint 18 the last equation of Table 2 gives:
53.5 (}?13+ 775 (}7u+262 (})1321195,

in which we have roughly approximate values, ¢, @n and @i with
coefficient .00001 as

(7)13: 2.2(56
(}717:—0.970.
(7)13: 4.56]%

Substituting ¢ and ¢y in the last equation and solving for i
we get 4385, a value much nearer the true value 4.44489 with coeffi-
cient .00001. ’ '

This same procedure is carried out for each joint and thus a full
set of mew values for ¢ is obtained and the process repeated until
there is mo practical percentage of error when the accuracy of the

comptitation is checked by the statical condition of equilibrium of the

D M=0.

The computation of these approximate values is treated in section 3.

joint-moment, i.e.:

kS
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Table 3 shows the values of ¢ obtained by the repeated trial and

in Table 4 we tabulate the joint-moment computed by (1) with the

nearest values of ¢ in Table 3.

TABLE OF JOoINT-MOMENT

(Moments are Expressed in Ft.-1bs.)

ot momens | Fetsnte of sevr o
s _omons | -
s 28900.1
s 69776.1
e —66215.8

TABLE 3.
T'able of ¢ Obtained by Repeated Trial
P2 | Pa Py Py Ps P Py Pq Pa
Assumed Value 2.250 1-0.289 | 0.037 | 0,037 {-0.289 | 2,250 | 2.250 3—2§9~ 0.037
1st Approximation| 1,905 |-0.138 | 0.020 [-0.007 [-0.047 | 1.718 | 1.922 |-0.158 | 0.020
2ud Approximation| 1.898 |-0.110 | 0.009 |-0.0004/-0.077 | 1.743 | 2.012 [-0.168 | 0.014
3rd Approximation| 1.896 |-0.108 | 0.0067| 0.0023/~0.083 | 1.748 | 2.010°|-0.171 | 0.014
4th Approximation| 1.8965-0.1079| 0.0064| 0.0029|-0,0844| 1,7502| 2.0095-0.1704{ 0.0143
[ Pro | Pu (Pl'zl Py | Pis| Pis| Prs| Piv| Pis
Assumed Value ’ 0.037 —0.259| 2.250| 2.266 |-0.250 | 0.018 | 0.197 {-0.970 | 4.561
1st Approximation’ 0.022 -0.213 | 1.954 | 1.877 |-0.225 | 0.016 | 0,184 | 0.911 | 4.385
2nd Approximation| 0.028 [-0.238 | 1.995 | 1,919 |~0.173 | 0.011 | 0.186 |-0.923 | 4.447
3rd Approximation| 0.029 [-0,236 | 1.984 | 1.912 |-0,175 | 0.005 | 0.188 |-0.927 | 4.442
4th Approximation‘ 0,0299/-0.2362 1.9836/ 1.9142|-0.1747| 0.0052 0,1889|-.9287 | 4.4448
TABLE 4.

Percentage of error less than 0,5% is not written in the table.
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TABLE 4 (Continued)

Total moment

Percentage of error for
the least moment

173_414 — 3556.1
16¥17 57615.2
161\—10 —58286.0 o
161\——41 5 670.2
151\f14 52777.3 -
151\_/1(: - 53200.6 o
151X116 ’7348.7 .
151\_110 : 76.5 2.4 %
14{1]3 ‘ 57532.4 -
141\_415 o - 54:75.7
141\}17 — 2236.6
14¥11 -~ 1112.6 0.6 % o
131\_/‘[14 -43181.5 A )
131\—/—[18 . 22130.8
131\_/[12 2;68.5 7 -
121\1111 B —-42968.9 -

——12__:¥ " 21320.0 -

M 21665.5 -
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Tasre 4 (Continued)

ol mement | P o S
11-12 57385.0
nh_llm ~54446.0
111\_414 —~ 1229.4 0.5 %
111—\—,18 — 1703.4
101f11 52744.1
101»_1C ~ 530647
lol\fls 123.5 0.6 %
1011;9 196.3
9¥8 52839.2
91\_/[C —53150.5
91\—410 135.0 2.7 %
9:.[\_44 160.6
8M9 —54127.0
31\_47 57818.1
81\-111 — 1529.0
SI\Ads — 2168.5
71Y[8 —42645.5
7-1\fz 21759.4

227



228

Fukuhei Takabeya,

Taprr 4 (Contiuued)

Total moment P ert (i‘f;gi%?t Olfn gfifggtfor
e 20913.3
M| s
51\}7 19973.3 k
61141 23881.2 k
51146 ) 57578.0 M
51!{4 ~ 53685.4
Sliig — 17299
51142 — 2158.2
41\_/[5 - 53013.0 0
4]\_{C —53213.2
41\_/19 - 102.5
s 5.1 2.7 %
A 3 52967.6 N
31\_/1.: | —53194.0
31\_44 122.4
3- I;; >>>>>> ) MVIOO.Q 3.0 %
21\113 ) - 53805.0
zl\fl 57851.1
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Tasry 4 (Continued)

Total moment e e oot
) E\%I — 1702.6
Zl\fs —~ 2341.5 -
11!11 ] 18585.7
11\_46 24528.6 -
11\_42. ~43095.1
B Il\fl | 9292.8 o
B Hl\_/12~ — 8513 -
1111}[3 504
01\_43 53246.8
01}f14 53237.1 -
Cliig o 53268.5 o
B cllElO 53311.4
CIXIIS 53243.5
Cl\f 1 604819

3. Method of Finding the Approximate
Value of ¢.

229

For the approximate values of ¢, which are to be used in the

first approximation, a rough computation is sufficient or in other words

they may be assumed.
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As it is convenient to get the value as nearly as possible to the
true value we have calculated the values of ¢ as in the following.
Since this procedure is not absolute, other proper methods of finding
the approximate value of ¢ can be applicable here, as the object is
nothing but to find the approximate value of ¢. When the more
approximate values are applied at first, the more accurate results are
obtained with less effort of repeated trial.

7)  Approximate Value of ¢us.

To obtain the approximate value of gpi, we assume the bent as
shown in Fig. 2 and the equation to be used in determining the un-

known slope s is:

c V4
Pl Pl P E— E—

! Pis—— =<

. 2F
'S A, 27 P
¥ S where
3 s C__ 01195 in )
:é £ 53 i [bﬁﬁﬁ. (2220 TN
I

20~ 0" ———i

Pls:2{517+5’13}

Fig. 2. =262 in’
From (2) we get therefore:
Pi1s== 4.561

with coefficient of .00001.*

it) Approximate Values of qpu and ¢s.

To obtain the approximate value of ¢ and @i, we assume the
bent as shown in Fig. 3 and equations to be used in deteimining the

unknown slopes g; and ¢y are obtained from T'able 3.

* We omit the cozfficient in the calculation note below.



Further Analysis of Rectangnlar Building Frames. 231

TABLE 5.
Left-Haﬁd Member of Ri
p ght-Hand Member of
Hquation Equation
P1s Pi7 (Known Term)
Pis £ 0
g Pz —£p.q
A £ Fait
@ '
18 ll]}]]l]]]] (R Iﬂﬂﬂmmwillllllll R IH!!JIIl!li!lllllllllﬂllllIIIIIL
ou=d561 £=77.5 |* g=77.5 |16 gmi75  ©
(£)=35 - (£)=35
A ]

Fig. 3.
We get the following two equations from Table S:

P1Pre+ Qu =0,

Q1€ + Puy o= — @i,
where
P1e=pPir =380 ?7Z3,

E=77.5 4,

Pis=4.561.
From these two equations we get :
p—= 0.197,
Qu=-0.970.

127) Approximate Values of @i, P, P1, @5 and @1.

To obtain the approximate values of @i, @, @7, @s and @i, we
assume the bent as shown in- Fig. 4. The equation to be used in
determining ¢ is:

‘P.~1:~g—{p—(pgg’}i....................(4)

pis
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where @¢ is the kuown value computed directly previously.

For ¢ we have:

c
()713:L {P ——()?185,13} L g
P13
P, Vs Py
=2.266 o
o W I  »
In a similar way £
9712:2.250 (%)
and for ¢q, ¢ ¢ we assumed the same value WJW
as ie. D
i.e. (p7:()')6:(p1:2.250 Fig. 4‘.

w). Approximate Values of iy Pray P11y, Py Poy
Psy Psy Pay Ps and @e.

To obtain the approximate values of remaining ¢, we assume the
bent as shown in Fig. 3.

Fig. 5.

The equations to be used in determining ¢ are:

_(PAEPC-I-(PEE’PC’-(PF.g’g _
Pcz*52 ’

(PA§2 + (PEEIS - (pFE’PC
Pc2 —&*

Pr=

(9
Pe=
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where @4, Qr, @r are the known values computed directly previously.

Applying (5) gives:

Fu=0.018
Pu=—0.250
With these values of g5, @u and also ¢z previously computed,
we getl:
Pu=—0.289
Pp=0.037

For gs, @5, . we assumed the same value as ¢y and for g, @u, @s
the same value as @g, as the former find themselves in almost the
same boundary condition as the latter.

i.e. Ps=P5==Pa= — 1.289
Qo= Pa—=P3=0.037.

Summary and Conclusions.

The principal conclusions to be drawn from the investigation of
the rectangular building {rames by the Mechanical Tabulation Method
have already been given (Page 183).

The solution of simultaneous equations tabulated mechanically is
very much simplified by the method of repeated trial. We have ex-
plained the solution with respect to the numerical example treated in
these Memoirs Vol. I. No. 3.

Together with some additional facts, the method of finding the
first assumed values of @ will be lere restated briefly but more general-
ly than described in the previous section.

For frames in symmetrical condition with multiple span of even
number, the slopes at the joints in the center line of the building
are zero, thus in Fig. 6 pp=@i=@.=@,=0; while in frames of the
same kind with multiple span of odd number, the slopes of the joints
in one vertical plane nearest left to the center line of the building,
must be equal and opposite to those of the joints in another vertical

plane nearest right to the center line of the building. Thus in Fig. 7
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|
[TTEATT TR

Number of Spans=2x Number of Spauns=27n+1

Fig. 6. Fig. 7. 2

A 5 4 &
TR TR SR L

@ (given) o (given)

and in general

p=—0".

For frames in symmetrical condition with multiple span of even
or odd number, we calculate for both, firstly the value of ¢, with
respect to the frame in Fig. 8 (4). Secondly we calculate, with this

value of @, the value of @, with respect to the frame in Fig. 8 ().
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We find likewise with the above computed value of ¢, the values of
ps and ¢@¢ with respect to the frames in Fig. 8 (¢7%) and (¢77), for
frames with span of even and odd number respectively.

In a similar way, with the known values of ¢a, @z, ¢ computed
previously, we proceed to carry out the calculation for the frames in
Fig. 8 (7z) and (77), respectively corresponding to the given frames
with span of even or odd number.

The computation in a similar way is to be continued until one
obtains the approximate values of all ¢'s.

In Table 3 for the values of ¢ which are firstly computed as ex-
plained above, we use the term assumed values of ¢ and for the values
of ¢ computed by the method of approximation of tepeated trial we
use the term approximate values of @.

The principal object is to obtain, even roughly but easily, the
assumed values of ¢, which can be hereafter gradually corrected; or
as it were, refined by the test of repeated trial which leads to a much
closer approximation. 7This process must be repeated until there is
practical agreement of the condition of equilibrium or until the
difference is small enough to satisfy the desired accuracy of the given
problem. .

In the problem treated above, the percentage of error for the least
moment has been computed and is shown in Table 4, where we see
no large percentage of error greater than 3.0%. This error is not
considerable to the purposes of practical design aund if we distribute
the error of discrepancy over all the joint-moments, which must satisfy
the condition of equilibrium, we can obtain thereby an even less per-
~ centage of error.

It is noticeable that the process of elimination for the solution
of simultaneous equations may perhaps be considered as a good method
of finding unknowns, notwithstanding that we often find there some
inevitable error of accumulation caused by the neglect of some small
decimal part in calculation. The process of repeated trial is generally
in the strict sense the method of correcting the computed results.
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The percentage of error for the least moment due to the joint-moments
shown in Memoirs, Vol. 1. No. 3, Table 3 may become zero by the
process of repeated trial.

The method here proposed however, starting upon the approximate
repeated trial, lends itself well to am exact solution. A complete
solution of the 18 simultaneous equations by process of elimination
requires, in our experiments, at least one month-involved labour of
five continuous hours a day in virtue of the necessity of using a cal-
culating machine of high capacity; the method of repeated trial
however solved the same problem with only two day’s work with a
machine of low capacity; the rapid computation by sliderules may
also give good results on the same problem.

It is worthy of note that for all the calculation of secondary
stresses the Mechanical T'abulation Method is the most exact and
simple method to get the simultaneous equations to be used in deter-
mining the redundancies, the saving in time and labour being very
counsiderable, and it gives results, by the process of repeated trial
with speed and precision, for all values substantially identical with
those of the exact method of elimination.

This procedure may be well applicable to the investigation of
building frames in asymmetrical condition with more or less consid-
eration to the different boundary conditions.

Sapporo, January, 1928,




