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Temperature Rise of a Conductor due to the
Electric Current.

By
Yoshiro IkEDA and Katsuhiko YONETA.

(Received August 6, 1980.)

I. Introduction.

Heat generated by electric current is partially dissipated in the
surrounding medium through conduction, convection and radiation,
and partially produces a temperature rise of the conductor. It is,
however, destructive for most electric apparatus or machines to be
at too high a temperature. Therefore it is importance to know the
relation between the intensity of current and the amount of the
temperature rise. Now we are going to treat the phenomena in the
wider range of application in order to have an exact and simple form
of solution. In this first part we have tried to gsolve mathematically
the problem of temperature rise of a thin wire and a strip with
rectangular cross section. Though the results can be applied exactly
to the problem of fusion of fuse as shown in the later paper, it will
be also applied for the design of the dimension of galvanometer-string

and that of electric heater.

For brevity’s sake the notations used in this article and their

symbols are summarized in the followings:



108 Y. Ikeda and K. Yoneta.
(Notation) (Unit)

g6 %83 |E|% |5
w: Density of the fuse. ? 1 B
w;: Density of the terminals. 3] 1 T
p:  Radius of the fuse. 1 | T
D: Diameter of the fuse. Tﬁ_—* |
I:  Length of the fuse. T T T
i: Time. ] Tm e
T: Temperature. 1 R
Tyw: Mean temperature. o 1 T
¢:  Specific heat of the fuse. g 1l 1 e
¢ :  Specific heat of the terminals. —? a1 I
j:  Heat Stream. T2“ -1 1 o
@: Heat development. 3 1 1 T
h:  The Constant of Newton’s Law. :— T
€ Thermal Conductivity of the fuse. ? alal 1 e
e: Thermal Conductivity of the terminals. | 1| |-1|-1]| 1 T
V:  Voltage of the source. - 1]
Vs: Potential drop between the terminals, | B
R Totiila; i(—':llzrs%mt resistance, exclusive of T - —T
Ry: Resistance of the fuse. | T
I: Total current intensity. - 1 T
771 Specific resistance of the fuse. -1 ] 1
7% Specific resistance of the fuse at 0°C, :‘ 1
« e ance of the foge. RN
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II. The Fundamental Equation and Boundary
Conditions.

The fundamental equations of the heat conduection are
(1) Jj=—eGrad T .

(2) divjﬁerc*w%lefj .

From these equations we have

(3) azar+ L @ =2T
cw ot

where @ is expressed by
@ =Current intensity?x Resistance of unit length per unit section.

Potential difference per unit length. )
Resistance of unit length per unit seetion.

(V) _

- 7rx 4.2 :Z?"fx 4.2 "

Current intensity =

The total electric cu‘rrent is

="V
By
= Ve V.
el R+ R
7 p?

Suppose that the source is large enough not to be disturbed by the
heavy current applied to the wire or strip, then we can consider

V'=Constant

Though the resistance of the fuse may be affected by the tempera-
ture rise, the total resistance of the circuit is very large against
that of the fuse.

Therefore we have
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I )2 1
4 = o
(4) Q (WPZ o
(5) rr=rn (1 +aT) .
Putting
2 r 1
6 S F | R S
() a'nzp“ cw 4.2
Iz oy 1
7 =t 1h ,
(") wpt cw 4.2
we obtain
: 2 2 2 __E)T
(8) a?dT+d*+ b T_%? .

The Laplacean 4 is represented by the operation

with respect to the cylindrical wire and

32 22 Gk
P oy 02
with respect to the strip with a rectangular cross section.

Though the large part of the developed heat is consumed in the
temperature rise of the material, some part of it must escape from
the surface into the surrounding medium in consequence of convec-
tion, conduction and radiation. '

When the temperature is not extremely high, the heat flow from
the surface is calculated by Newton’s Law of cooling, that is

(9) AT hr=0.
om

where n is outward normal.
From the terminals, however, some part of the heat must be
conducted away. Therefore, at terminals

T oT
e——= .

10
(19) m M
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IIT. Mathematical Calculations.

From the fundamental equation we have immediately for wire:

(1) a2< T (12T, 932>=£_d2~b22‘,

22 r or  92° 26
for strips
2 2 2
(12) (2L 21, T2 _gpr,
ox® oyt P ot '
and putting
dZ
we have
% . 1 ou ., 2% 1 su B
14 o =T
(14) 2t v r 92t at dt  a?
or
2 2 2 2
(15) ou P, w1 du B

2x® 3yt 92? a* ot  ao?

First, we are going to solve the equation for wire and putting

(16) u=ve 7'
we have
v 1 v |, 3% P2 bz)
17 A R S AN T <—~—=0.
(1" a7~z+7ﬂar+az2+a2+azv
and putting
2%
18 —— 4P =0
(18 fia 1
we have
% 1 | B
19 +-—+v<»ﬁ+*——- 2)=0.
(19) M o a?  a? q
(20) P22 =p*+ bP—q%a? .

If the boundary conditions are such that
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,au -+ hu=0 at ¢ =p.
or

(21) u=0 at 2=0 and z=I.
u=f(z, vy at =0,

then the solution can be written by the Fourier-Bessel series in the
following expression, as is shown in the text books of heat con-
duction,

or

S xS (x, z)Jo<%x> dx .

0

_\! 2
——>"‘ P2 {252 -+ (h’P)Z} {JO('L) >2

232J0<j£r>e_“2{ (?)ZH‘SZ ~'£~}t gin %ll 2
P

@ =) £l (32 (P o))

P 1

g xJ()(i fc> dzx S u(w, y) sin X" y-dy .
P l
0 0

In this ecase, however, the boundary conditions are different from
the above.

(23) T=A(r, t) at z=[, z=0.
4 . T=0 at t=0.
or .
@ dz
(25) T’I‘""b’z‘“:’\ll‘(’)d, t)’l‘?‘ at z:l, Z:O .
(26) %@ +HT=0 at r=p
”
d(T+ g—:) o
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dZ

- at =0

dZ
(28) ¥ +“l;§‘=
Nevertheless, we can express any function f (r, z, 1) by means
of the Fourier-Bessel compound series in the following form:

a;dJc(ﬁOew{(l)“ ‘22}t .
Io]

5 o s Tz
29 u(rzt)= 22‘57 {42+ (hp)?) {Jo(2:)}*

sl'nl

ol
SSmu (x, ¥, 1) Jo —x> sin "y de dy .
p !
U

0

where ¢ is looked upon as a parameter.

Therefore
o1+ T+—~ <T+~*

o M8, D) )
== AR <£¢> sin "7z £ \ 32<T+i2>
=D 21 G ) G Sx']<7i"”> “ {_—5—6“

(]

a @
+% f%ﬁzkﬁ%ﬁ } sin T Y-y .

) PR 0<23 sin
:2 2 p%z (A2 + (hp)2 ) <J0(as)>‘ SSm 7Y dy <; W%ﬂ

s=1n=1 0

R R COR )

gﬂ 0
1

' ~S”T77cos nlza—ud }
0

g

l
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RN XSZJ°(£T> l 9
= 2 P dyl 7, () 24— 2%
SE_MZ PPl {42+ (hp)?) {Jo(A))? g 7Y 7 o ) 2
-0

0

] J}+§%<ﬂ§f——>)dw
G

0

- 1
% Jo {_’-TMCOSHZ] (—) Su sin Ty dy}
. 0
[

e 4 2J0< Sln—z 3
SZZ*E T ) <Jo(zs)>2 S usin “Fyo (5
00

+

] )dxdy

{ <nTW>2+ ‘722} —S sin"y-dy {Jo(as) o Fudi) z}

0
I3

e a)ao (= u fr-)

0

The last two integrals remain when % is odd and otherwise
reduce to zero

By putting the boundary condition (21) and (25),

we obtain
o o 9Jg< smgz i
4
3 = oy — B
o ;;ﬂ A +(hp)2><J0(A)>2 S”“ P d{ o )ddy
00
[(2m\p 20, & L
l<l>+p j~ ho bz[ cos > 7 Ty - ]Jo(z)

{

P

H\en(2e)atrlye o2l
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Also we have

A = nw o, el
e Lo B, NISLa o(Lr)sin? o
a® 3t a? pgl (,{s +(hP)2} {JO(R) at "

s=1n=1

. oTu> smTy :LJ0<— )dw dy .

Therefore, we have from equations (81) and (82)

7

( sin——z g
o 22 Il {as+(hp)2><Jo(z>>2 SS“S‘“ Fsn( ) dedy

s=1lmn=1 0

4

P
nw\2 , 2 b 1 d A
00

P
g @ 2nar A :
kp bT ;b; ZJ()(/{S) + ——Z—ﬂ S xJo <? >’\I/‘(-l7y tdx
0

da? p 2nar
+ —-F hp Jo(As) ¢ =0
oz g S
Putting

l

(34) A =S§ o sin —y xJo (—m) dedy .
P
00

we have the linear differential equation :

a4 (P Yy b B ] 2 ‘Ll_
(35) thJr{a&l)ijZ A=alp$L27a)

P
a2 P ) + azﬁg o L) v, do.
¥l Y
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Solution of the linear differential equation of the first order is

well known

S A S U PP
_a{(l)+P2 az}(t )Za,zh 3d JO(R) { fﬂiz_l_ niar? |
P a2 nml 2 2 )

(36) A =Se

[

‘ —a? (,,Lz,t -l—i—l)i)t
MZ%TWSMO(LQC)«,&(M)M}ozT+Ce Lo
P
0

AT+

o

Jo(4s) d? 1 (AZ wr®\l—e
=2a*hp
W E G

ot nx\? 2 b
—ar{ (™) 4————0}@4)
l PR
+ g2l gSe {( e xJ()(ix)«[r(z, ) dx dr
I
00

By taking the mean value of + (x, {) in the plane of the cross
section we can obtain

socJo< )«]r(x tydx
j;xJ(,(-Zx)dx

By putting this value of A in the series (29) we have the function
% and consequently T' as the following

37 Y (t) =

A . nir
o oo RﬁJg(ir sin—z
2
d +§\§} 4 0 ) l {ZazthO(ii)—

88) T=—0
(38) b P (A8 (hp)? Jo(2s)

8

ARt
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P L P
+2a%hp _‘Z‘)_(ﬁi)_pz??f?‘." e {( l ) T a2}(t )11,(7.)01,,.

1 {

o

L o 20 /@p;fo(zs) ﬂ”{(?)zﬂ%*%}t } ,
As

The constant C is to be chosen so as to satisfy the initial
condition at ¢=0, T=0.

Moreover, as we have from (22)

)

82J0< ) Maz{(%)u)'sg_?bﬁ}t sin Ibﬂz

4
(39) ZZ ) 2+ () (o))
[ l
&mﬁ(—i—x) dacggz sm7~y dy ,
0 0
we have
nry\2 )2 b2
w0) ZZ ( >Smi ¥ onpdil—e Maﬁ{(“‘) G
e Jay. FEERTRINATY " < Ly b2>
- el o

4 J(,(ﬁ )sm%z ‘
+22— 84 2020
LR el B

s=1n=1

e Nr(T) dr

g —a{ (™ )n+:—z-§3}(t 9)
0

We define the mean temperature of the cross section by the
formula:

(41) Ty = 90
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then
nny2 o 2
_aE PSR ‘l‘_-‘
o oo 8h|0_P2_ sin 7, gh'?d2<1—e {(l ) e }>
(42) T =2 S b l nmr
A4 G () of(nm NP AE )
1 1 (45 l( l ) + PZ aZI
w e in 7 . hpjlri
: +BE 8 l 2 2a’hpnar
At WG !
GRS LA A VA
_a~{( g ) + az}(t 7)
e r(z) dr .
0

Since the radius of the wire is not so large and % is very small,
»the smallest root of the equation 2J:1(2)=hpJu(d) is nearly equal to
#*=2hp and hp is negligibly small in comparison with A, we can
write

8hp sin ™7 2

w 1= Tt T

A5 (Y 2L nr
1 1xsal(l>+P2 o

But we have the relation between the roots of the first order of
the Bessel function.

(44) 1 1
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Therefore in the case of thin cylinder as we are going to study

= 8hp sin 7 2
45) T = — jz - Zf:fdz
we1l g2l 17 A S ™
1 Al l< I > + PZ P }

o 8hp sm7~ z h : —aﬂ{(?> +L§—§;}(t—r)
+ aZhpnm ) , yr(x) dr
4 At P
0
(46) 2=2hp

or

47 T :E _ 24 <1_e““2{ (7) ? }t>

{ p2 a? I
- () Py
2 3
+22$l —“n;rz ZaZZWS ( l ) ¢ Y(r) dr
n=1 0
. N i [ 2 2
- sIh —2. el (M) 4 )‘,, Hil(t_f)
(48) :E 4zdz l Se AT ) dr
nar
o

(49) 2im_



120 Y. Ikeda and K. Yoneta.

It may be convenient that we express the series by a definite
integral, if possible.

For a small value of 2, we may approximate the series by putting
(50) a=""2, do=2T

and the process will be legitimate when z tends to zero.
Thus

3 2h b2 o
— g 5} (1) ‘_TO‘Z(t—T)
o) aalng_dige ) dK o
4 TR
. .0 "0
L a?
-—-*;‘,"oc?(t-—q)
+460 2 g Yr( )*2172 S asinae do dr
T
[ ‘0
¢ (2h B L .
:201’2 e -( [ )(t )%]_‘~/\z27;- da*(t -7) }
e 2 a/Z(t__T)
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iM4LL2(7§—-:)
(t—)

Y b A VP __#
3T, _ 92 eﬂa“( o aZ)(t )LN/ 2 . 4a2(t—1)d7_
dz T 2V o¥(t—r)

2=0 0 20

N AV

(52) e, olmeleo d
== — e — .
'l/'ﬂ'a/ ]/t—"r 4
0
For the sake brevity we put
i LAY
(53) e (ol d
Q)_‘l/'rrd ¢ Vi—r T
0
Now
¢ : e [
q)(l-),d'rr‘- dff d__T ¢ m—— d’7‘1 .
Vt—r Viwa )1/ E—r Vi—r
0 [ 0
ag(%@_ﬁp ' *aﬁ(gpﬁ—%)f
(54) _ de Se o dnS L —
1V : Vit—rVr—m
0 Ty .
Changing the variable by

r=r+{E—7) &,

dr=(t—m) d§,

{ T=T1 , 5—:0 ,

=t ’ §=1 ’

we obtain
: Cpory 0 el fey
55) \ 2O g Fe N\, 't g\ e de.
Vi—r Vg V({1—€)¢&

.
0 0
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2h bt
- L 1 —aQ(?—T)(t )k
= dr - de
Vod ) / (1‘ 5) &
1] 0
9 2?
CHNE S ST R L
1]
d of2h VPN 2
1 e LT B e T
=L Ve 1,
Vo a?(t—)?
1]
22
/ 1 22 4ot o
2t—7) 4a®(t—7)
i 2h b 2?
—ar( =) ;
o a2) 1 1 da’(t—n)
o d
v S‘I’(T)e 2N @(t—r) "
1]
) gﬁ_ﬁ) (t—) 2
1 1 ( 4 ° 4a? (t—r)
N
Vi I>N/a,2(t—7‘) \P(T) ]0
13 2h b 22
(R g e,
Vo %y ) "
0
zZ
; —a? (Zh . )(t——) @)
— L3, e «p() dr
Vo ) or 2(t )
As 4 (0)=0, we have
2h b2 22
' -(ﬂ(?“aT)(t—T)_zlaﬂ(tﬂ)
G7) =— L1 |\ ¢ oY) 4

ay o Vi—r or
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VN
' a2<2l__bi>eﬁw( e (G R verra
1 P a? - (
N T Y ) dr.
ay/ ™ Vit—~ v

In the limit where 2—0

R
68 T g\ |
oz a]/ T

0

N MOl
Vi—o or p a? J

In order to find the terminal temperature, we must assume the
form of terminal and the method of cooling. Though we can consider
many cases, we may assume for mathematical simplicity that the form
of the terminal is also a wire with the same cross section, leading
straight to infinity and exposed Cpen]y in the air. Although it is not
the ordinary case, the difference due to this assumption may cancel
with some correction the amount heat escaped from the material.

Substituting in the above calculation,

(9  d=0, b=0, z=—z, e=ea, h=l
the solution for the terminals will be given at once
22h
tﬂf,g 1 pl(t )
3T € or
60 22 = d
60) « 32 a”/,n.g Vi T
)
¢ —af’—;i(t—'»)
e 2]7171“12 Jr(r) e dr
@V @ p . 1 t—7
0
T ] E‘\E (b‘-’ an]l)(twr)
o iy — €\ 23T g
20 0

4 b?__azz_') (t,_f_)

I _<b2_-a,22_h,> Plr)e S dr .
av'm p Vi—r

0
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o
(62) e 0T 61/_S or — dr
0% ay Vv qr 1/t—'r
290
t —a -zﬁL(t—’)
+ €1 2 2]’1,1 S \[/‘(T) e ¢ dT
w'm e ) Vier

From the law of the conservation of energy the equation of
continuity must be held.

(63) e 9 Tm =g aTm
0z oz
20 20

(b‘l“‘ (:\.2%) (t—’s.)

ixi‘ke i(bz az_z_h>\ke
— a ot a p
(64) v/ m)(t):S S
) Vi—r
02h1 2h1
—ay (t—) —a,® (t—=)
DR A . S
ay oT an/ o p
dr .
1/t—7'

Putting

A=<

B = _:;(bz“az?l)

a P ’
C =
ay
65
o B =9 g22h
a1 P ’
_ 2y
p
B =ar 2hy
P
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©6) V' 7 a(t)

—ot—7 —aft—1 —B(t—= —B(t—=
¢ Agl”‘e (¢ )+B\,lre (@ )-%-Cail—’w ¢ )+E\1fe P=)
__g oT oT d
- ) T
R Vit—r
0
Multiply by (t—r)%and integrate from 0 to ¢.
3 4
1 'n' ,(l])ﬁd'r w(_)ljl:
14 t““Tl . 1/t*7'1
0 1]
— ot —71 —a(t—T —B{t; —7 ~—B(t;—=
A, G )—I—B\lre ( )+C§£e 8 )+E\[re 69
Gk or dr

1/7'1~"r

o

t fA+0 +B+E)W
S dmy § ks
0

d
1/t—‘T1 1/7-1__7- T
0
‘ fa—e {42y
dn \T U YL
1/15 'r1 'l/'Tl— '

t (71—T)) {C—%—I—E\k}
S_‘dﬂ or dr
) / T1 1/71—7'

t
- f A+C 3‘1’ B+E
0 T
: —a(s—)
)

Vr—r vV t—m

—g (A %%qLqu)dTg dry(l—e

at

—B(—)

Vri—r Vi—m

~§< ¢ By )ir g dri(l—e )
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By changing the variable

m=r+ (E—7)E .
dry=(t—)dE .
n=r, £=0
{let, £=1.

1
(t—)d&
V E—r)(A1—E{E—r)&

=§{(A+C)aal’+(B+E)w}dfr

o Sy

1

t iyt
_ By " t—r){l—e P e
S<A87+B%ﬁ SVu—ﬂa~9a~ﬂ€%

aft

0 0
[ a\l/‘ ! (— )fl—_g_g(t_T)E}
0 )

0

Now

4 t 1
61 v\ 20 gr=\ l(4+0)2F lgr\ o %
67) Sﬂ_ﬂdl S{(A+C)aT+(B+E)de T

1
—o(t—1)&
A\ 42 Vg \ 1—e
{AaT +Byd g e

& e S e

! .
Mt
T e
V (1—8)¢
0

The integrals in the right hand will be calculated by aid of

Gamma function.
1

. . d&
If we substitute the relations 68.1 —— = and
—af{t—7)€ ( \ : S) 1/(1*&)& "

l—e o _ . . . .
(68.2) S)W_ﬂpl(t T), this equation will be simply
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written :

—T

g PO dr=m(4+C)+m g (B+ E)ydr

[4

—WS {A%‘%H&p} O(t—)dr

0

——'rrSt {c%‘_’r’.JrE«p}(pg(t—;)dT .

:w(A—I—C)\If_A[‘#@(t—T)]:_ C[‘M(t"” ]

—TI T+ 7 20 T
tor S 11 Or(i—) jdr + SA«;f S0
1] 0

+r g E\[r{1~(172(t—7)}d7+7r S Cor aa(f_z dr

—a(t—n7)E

W(pl(t~7)=w~—g1i—(ﬁg_df
(69) | °
— Bt
W@g(i*T)Zw—g 1—‘}-(_1—__2:—_);&; d&
A .
v otn e
=T ‘P” A+Cy+\B Td 3

0 0

— ()
e
+ g E«pg et

0 0

127
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1 1 ¢ 1
—a(t—s)% . —B(t—s)E
Nap\ e g\ KL?; de
S "’S ¥ (1—8)§ \l’u v (1—§)¢

0 0 G 0

I3 1
(70) =vr(A+C>4f(t)+S B«pdrrS VST
0 0

1 1
1 —Bt-9E,
+\ ENed - dé .
0 0

The left side of this equation has already been calculated, there-
fore

Q

ad? e ey

S SN/I =

This is an integral equation of Volterra’s type. Since the
kern is analytic function of (£-+), the solution can be obtained
easily. But the function + (f) must be a monotonous function, there-
fore the last integral will be written from the mean value theorem.

(/~—-x[/'/1,18/\/1 ~—oc(t T)G de .

where 0 m<1



and

where

(72)

If

/\lpz
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55 gy \~ﬂ' B

129

S

c. @ & 0=, f W=
L W / - dg +

a 2 1/ rn-a,'ulj & ¢
at and Bt are very small, we have:

ed?

vV o (,wzj l/(l -{:)E’d~

<£+ﬂ Vo £ 'U“Ljah/l—gd&—k €1 pe j,@h/l Edé

—-B(t—r)E

a a1/7r0 Vv E aﬂ/'n'o Ve
TG e e GG
Vaa 1) Vwa 2 ')
r r(3\r(L
(rspres sm D o o)
ed’t Vo edz Vot at?
a
Gy
2 <1+ “t>
Bt
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(73) S

1+82
€

When ot is large, we can evaluate the integral, for

: o : —att : ot
Sl———gdf SLTCZHSL_E—OZE
/1—-¢82 g 26
‘ 01 0 0
— l wzx‘
TEi_e T S D
0
: —atk
+ei——g ¢ T dé
0. 2€*
: att 1 E c"tE’(1_4 )
=|—26 "(l—e )| +e—\ L
1 ' 0 2
§r=g
%E“Td5=dx
{ E=0, x=0
E=e¢, =1V

-
—e ) + el —S (1 dot)dx

A R N C 2 Wt s
= '1/?(1 e )te o Se /ot A .
0

For large value of 1otz ,

i 1 4at(1 Vo 1 e

+eZ— .
) *e Vot 21/atx

2
v e

—atx?

)
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ety & 1—dat 1,

2 (1—e +

—( )+ e v

2 — 1—dat 1_,—

74 =——2 47 =/
(74) v e Ve v at 2

For small value of vatx,

=.—~2,,4(1-—‘6_at6)+e%—1 40t<1 /tx>

'l/ € . v at
=—2atV e +e%—-—é~(1~—4at)1/e
(75) —»q/"

and

—att !
gl€%i“§d5=g“:%ﬁwk
SV 1—¢g&
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19) _ 2 7

-1

_._atg
(77) S];‘*—df——%gt ;1/71'—21/@1/77'.
Viteer Vol

In the same way,

3 1/5 1/0t 2

; Ny —

(78) S (1—e )1V1—¢ dE=—-~2;—V . 1+4at 11/ﬁ
£2
0

1 1

g(l—e /1= —& e S Vg,
v

L9

E

©
g

(79) =—a+2

1305

1
(80) S(l'“e W I—¢ =2V Vr—v 7.
£

]

Thus

2d2€1i 2
aﬂ/ o

(__ €1 1/ —l— E,UJI (Zl/at 1/,7].__1/,7_1_)_‘_ 61#2 (21/6{51/'71'“1/'77)
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2d2/ ?
_ a1/}_
oy g e ot 422V F ‘/Bt
1 a
My == 1 . M2 = 1.
K
— o
1ea a( s 1/%) 1
14— 218+ e
2 € m B 1/ t/ v a
(81) :d_2<1/ e / v Eel)
a [/ ay
if the «f and Bt tend to infinity,
dz
(82) ‘I’ZbT

while ¢ is very large, and of and B¢ are not infinity.

d/ ot ‘
yars 2 .
(83) 11,__@_""_—:_61/_“_‘1,3‘&1/075
a6 oV me @
€

Thus, we have obtained mathematically the temperature rise of

the terminals.
In the case where of and Bt are very small in spite of the signs of

a, 8.

(73) :*'“"";;1_':&") ;
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i

» g {12142 ) Y=g
TE

dr

14+ &

CL1€0

_ d%

€1 a
a; €

{b?~a9(q2+%)}t St _{bz_az<qz+2i)}(t—:)
Te B
[

{p—a2 (qﬂ+27h)}t

_ d%

(”ﬁi)
[t 2]

ot (o)) [ {12
<1+Z:IC:>IZ)2 a2<q+2h>}l

[-lo-ste 2}

{<—>>

G Zh)J

t

0

y

84 = —&

e e

a1 €

{<—>}}

{, on
b a2<?2+ P>

— e

From (48) we obtain finally

.= 2h N

4d?sin P74 Ad?sin P74 . ”f"b?*‘p“)”b‘t
T”‘:E { 1 _ Il e

o a <q +%> bZ ™ (1,2(17“: +%>—b2

p B p (
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4dn
Z ma smﬂz

b ‘Z;ff)’bz (2 )
{1+{62_a2<q £, }—e{b (a2 e

85 S 2h .
(85) 4d?sin 7, 4dzsin@l£ _““(?Jr“)“rb"t

(2]

242
+ 4;;“ gin Tz &'t
! <1+£L.Ci)
a; €

The last terms of the right hand disappear, if ¢ is very small.

2h
4d? sin ZZZEZ , L 4d?sin 7—2 _“'(TLT) i+ b

o ‘cﬁ(qz + Z:L) — b " ( i’ -+ —w~> —

For the first approximation, we have for the ordinary [.

- (%2+~2~}i)t+bt
®7) T 4d* 1—e
™ (‘54_% —p
p
For infinitely long [
Al e
T _ & E 4 smm—(l B t)
" 22h v

i ies i 4 sin
From Fourier’s series it follows E & smnm g
T n
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.

88) T, — @ ;
®8) (% ) )
: 2h
— a4 D%
s I2 1 e
®) = (1 )
P oh—g Th

€ ’7sz

90) T hTme

— Z
" (1 + ‘ZTm)’rJ‘b

v/ 2mp - wp? .

1 1 i Bl Zh] }

o) =L log |1~ 8

®D iz _a%wf+%>og . bZQZ )
AN

Next, if Vot is large

from equation (91)

o= (e [V 50)

Therefore,

¢ {rea(er™) e
jw@e dr
0
Ip2 g2 (g2 2P\
Eae | VB 6 a@+P%t1
(92) =_<ﬂ / L@)ﬁ —
a @ 431 b2—q? qz_i_z_
(#+5)

From equation (48)

[p2_ge

2y 2P\,
4sinZz —p gt \ (qﬁL 0 )}
Tm:dZ[ L -+ dmra ] ] ae/] 1861>] —¢
2 a\ a

s a 7r? 2h b?
V(G0 7)
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Finally the time necessary for reaching 7%, .

(93)
rf(7 2 )
1= 1 log {1— P p a
a2 ™ 4 %) 4sinT 2 -
A P & l +47ra2i v a e/'l/,B 61>
T 2 o« a [25]
(94)

4sin™ _ _
T —2 vSln { g 4arg? 1(1/056 1/,6’el> 1
wmT + -
7r ? oM a ax 2( 7 | 2h VP
a?( T2t
2 p a?

For the strip, the differential equation is

I e R R
2 9t

wE  oyP
AT =0 at =0 and z=k
B ‘
(96) - 2—T~+hT=O at y=0 and y=3%
Y
o7 T T 4 .0 and z=1
9% 92 :
(98) T=rlt, z, ) at z=0 and z=]

In the same way as the above case we can expand u(x, ¥, 2, t) (¢t as
a parameter) by a series of trigonometric functions, in which each term
satisfies the condition

[ 2w +hu,=0
9%

(©9) Sauw, T, =0 at the boundary
Yy

QU _
9z
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(100) u(x, v, 2)

P

o MomCOSam® + hsine,x)(B,cosBuy + hsm,eﬂy)— sin - . 2

{}/8

2 {om®+hDE+2h) { B2+ hHE+2h)

m=1n=
16k

k
x Hj (emCOSam -+ hSiNe, ) (8,.c08Bxy + hsinBuy)sin %" 2.
000

ulz, ¥, 2)dxdydz .

where o, 8y are the roots of

2o 2,8
S tan B = i
amt—h? & Bu2—h?

Again we calculate the following equation

(102)

(101) tanauk=

4(amCoSam + hsina,x)(B.cosB.y + hsin,@,ly) sin pllz

{(o®+ B+ 2R { (B 2+ RhHS + 21

I 1K
x { j (omcosUmx -+ hsine,,x) dmﬁ(ﬂncosﬂnzj +hsinByy)sins pl 2 dydz.
Q 00

l k
y”(amcos(zmm + hsin%nx)sin% T 2dx.dz .
00

Sk
2
+ S 0 %sm =2z, d?”(amcos(zmx + hsine,x) (B.co8By + sin ,B,Iy)d@dy}
56

Congider the integral,

Ic .
" 3%

amj —ZCOS amxdm
), 0

ke
I " 8
U -
+ flmz ‘ﬁ”Sln ama:dx .
0 % 9%

=Um
ik
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I H

+ (/-'mz
0

I
—an j U COS ap®d .
0

0

o 81N an®

U
=0 ‘h COS am®
9%

and

Ic

U
h j; 5 sin owde
) 9

n
o s
? SIn a,%

X

=h

ke
k
2
— o gf«%cos dmd .
0 % 9

i

k
—hamzj o Sin apxds .

U COS an®

MU . k
=/ 1 28I v | —hon,
0

9 0

Thus

k
% o o
(103) o (o, €O G + I Sin o) die
J o
1]

. MU .
Uanlb COS ke 4 U SIN 0l - ha—sm o — Rt €OS ok
x

I

+ ’ — (i.m»g—u + ot l —am? j Ut COS o -+ P 81N o) .
X 0 :

From the boundary conditions, we have

du d?
— 9% Ll =p &
! A i 0 b?
(104) ‘ U b AL
9 k b?
(an®—h?) sin ol = 20mh COS ok .
Therefore,

hsina,k

(2773

2
= amh—dbg—(cos anke -+ + 1>—am25u (6t COS G + B 8IN o) de

i
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= amh%—z cos mk (cosﬂ"”k + = h —~_gin “’;k ‘—amzju(gm COS Al
0

Om,

+ A sin amx)de .

Ie
2
= amhiz cos?” ”’gk (1 + h—z ,-amzsu(am COS ot + 1 8iN am)dez .

? i )

I

2

= amh % 2 cos231§73<1 +tan? %)—a,ﬁ gu (am €OS am® + 1 Sin am)ds
‘0

%
(105) =2anh % — amﬂju(am COS @ + o i1 )t -

2
b 0
k
S(a €08 o+ h sin ax)de

0

. ke I

= |8Nag¥; ——|COS aX
0 a 0

—sin ak— " (cos ak—1)
o

=9 smik<cos als + P in -ak
2 2 o 2

=92 2ak<a+i>
sin o\

[24

=2 i sin? E‘@<l -I%)
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Similarly it follows for 8.

1o j—aﬂsm RN
) 02 {

1
=[ﬂ sin P7* i ijjﬂ cos P xdy
% { o ) 92 l

I
:——pw’d{(—-l)p——l }u(O)— ju sin T'z-dz .
0

and
(108) u(0) =u(l)
By putting
[
SS(a c0s o+ sin ax) (8 cos By + h sin By)y(r, x, y) dedy
(109)  (t)=20

k

I H

8
Sg(a ¢os ax -+ h sin ax) (B cos By + h sin By)dxdy
00

We obtain the relation,

w o o 4(acosafv+hsinax)(8cos,8y+hsin,@y)%sin p—;fz

110) du= -
(110) du E Z 2 (@ 1T+ 20 (& + BD5 + 2h)

m=1n=1p=1
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{Sht-(a +EE L g M

amBnq AnfOn
4
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— (Rt q"’)” j (a0 a -+ I $in o8) (8 cos By + s sin By)
0090
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Also we have
w Aacos ax+h sin ox)(B cos By -+ sin By)—?—sin qz.

”2 E 2 ((@+h)k+2) (B +hHS+2h)

16k
x Sﬂ(a cos ax + b sin ax) (B cos By +k sin By) sin gz.
000 ’

2
<% 7;[5 — % u) dadydz

(111) Putting
18
ol

we have the linear differential equation :

(o cos ax -+ h 8in ax)(8 cos By + h sin By) sin gz. udrdydz ,

OL‘—Hw

(112) di A—Aa < e On Bn q
14 hqa®

t) .
(lmBn am,B'rL \P\( )

_ 8h2 ’’’’’ (O'fm,z + Bn + (]2)

Solving this equation, we have :

¢ "az(amz‘J‘ﬁng‘*'qz'—%)(t_")f BPa? 12
1 — ww 2 2 A
(113) A . l8 = +£2+ %) wBa
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& o 2 ~b_ ﬁ ofon b
85 (r@rg— ot lﬁ,(lm_ ——a~(a~+(32+(12—§>t>
2 2 L_b_z T af3g
o ((Z2+)8 +q a,2>
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+aleo S G @)+ Ce ( )
o s
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(114)
w o MomCOSwnt + hsina,x)(B,.co88,y + hsinB,y) ~s1nqz

T—*“*‘Z Z 2 {(ow? + 13+ 20} { (B2 + WIS + 21}
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a
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0
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The arbitary constant C is to be determined so as to vanish at =0,

and % can be expanded by the series of (100), to get

w 4(a cos ax + h sin ax) (B cos By + k sin By)% sin qz

(115) =
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+8lea
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f et
0

We will calculate the mean temperature by the formula :
[y

{{ Telvdy

(116) Tp=-22

/4

fsdxdy
00
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Again we neglect the terms am, B, {(m >2, n_>2), as the terms
containing them are very small compared with the first term ;

4% 2]i X Zﬁ%sm qz. L—l—

i kd of
= {4 +hg)76+2k\ {((B*+ RO+ 2h)

[t

2
l a Jrﬁ’z—k(f——b2 >q
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0
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2 —a? (a2 Bt gt— )
o 4%sin gz % 8h? —d—<1— e ( at ) )
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I n2 (ki +4) (h5+4) a2+32+q2~biz
a

¢ 9f{ 0 9 2 b?
@ (oc~+(3~—}—q —5)(154)

+qa? S e ’\IJ‘(’T) dr
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0

Since k and & are small,

(118) a?:%ﬂ@ , g=2h
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119  @+p =2h<—i1§—+%>

- periphery of the cross section
cross section

Compare this result with the case of wire, and substituting

2 (h. periphery of the cylindrical ere)
2

-+ for
p cross section

it is easily seen that these two formula reduce to identical forms,
therefore, we can obtain the following result in perfectly similar way.

For the infinitely long I,

(120) T AT
2f oy <ﬁ+— ——}'
a{ ’ E 8 a?
BT e S —
121 I,= " / 20+ 8) kS
(121) ~/(1+aTm)rfo1 b+ o)k

For the first approximation, the time necessary for reaching the
mean temperature T, .

1 1

(122) t=_b_§ w b
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