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                    EEegtrfio Ceeifffeese.

                            By
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                    (Received August 6, 1930.)

                      :, Xntroctuetion, ,

   Heat generated by electric eurrent is partially dissipated i'n the

surrounding medium through conduction, eonvection and radiation,

and partially produces a temperature Tise of the conductor. It is,

however, destruetive for most electric apparatus or machines to be

at too high a temperature. Therefore it is importance to know the

relation between the intensity of current and the amount of the

temperature rise. Now we are going to treat the phenomena in the

wider range of application in order to have an exact an'd simple form

of solution. In this first part we have tried to solve mathernatical]y

the problem of temperature rise of a thin wire and a strip with

rectangular eross section. Though the results can be applied exactly

to the problem of fusion of fuse as shown in thelater paper, it will

be also applied for the design of the dimension of galvanometer-string

and that of electric heater.

   For brevity's sake the notations used in this article and their

symbols are summarized in the followings:
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(Notation)
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 (Unit)

stoo
ti$ geovo Ag

Afies !{o>

w:Densityofthe£use. -3 1

zvi:Densityofthetermjna]s. -3 1

p:Radiusofthefuse. 1

'

'

D:Diameterofthefuse. 1

'

l:Lengthofthefuse. 1

t:Time.
--rL"--.

1

T:Temperature. 1
tttttttttttt

Tm:Meantemperature. 1

e:Speeificheatofthefuse.' -1 -1 1

ci:Specificheatoftheterminals. -1 -1 1

e':HeatStream. '-2
-1 1

un---ntt

Q:Heatdevelopment. -3 -1 1

h:TheConstantofNewton'sLaw. -1

-

s:ThermalConductivityofthefuse. -1 -1 -1 1

-rmEi:ThermalConductivityoftheterminals. -1 -1 -1 1

V:Voltageofthesource.

-r
1

Vf:Potentialdropbetweentheterminals. 1

tLt tttttttTotaieircuitresistance,exelusiveofR:thefuse.

1

Rf:Resistanceefthefuse. 1

l:Totalcurrentintensity. 1

Tf:Specificresistanceofthefuse. -1 1

Tfo:SpecificresistanceofthefuseatOOC, -1 1

ct':[i]EIIr,n,PigE.aXU.i6e.efO,e,i2efifig.t.ofthe
-1
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        XX Whe geundamoentaZ uequation anct meoundary

                         Conditions,

The fundamental equations of the heat conduction are

  (1) o'=-6GradT.
  (2) divo'+Q=ctvaT.
                   b at

From these equations we have

  (3) a2idT+!Q..aT.
                     ezv at

where Q is expressed by

Q=Current intensity2xResistance of unit Iength per unit seetion.

    Currentintensity=POtentialdifferenceperunitlength. .
                     Resistance of unit length per unit section.

                   -(tL･) v} h

                                     .                     7'rf×4,2 l7nfx4.2

The total eleetric current is

               T=.Iif. [h

                  &

                - Il･ ･- V
                  Tfg J{lfr+R
                  ur p2

Suppose that the source is large enough not to be disturbed by the

heavy current applied to the wire or strip, then we ean consider

    V==Constant

Though the resistance of the fuse may be affected by the tempera-

ture rise, the total.resistance of the circuit is very large against

that of the fuse.

   Therefore we have
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  (4) Q==(.lp,)2ot:fll-l2-,

  (5) rf=7:fb(1+aT).
Putting

  (6) b2==aiEip?4!P.t.2'n'

  (7) el2=---g,gB,l,･

we obtain

                             aT  (s)･. a2gT+el2+b2T==-tt-t-.

The Laplacean ut is represented by the operation

               ,, ,,. -a-l- + 1 -,Q. + .-Q.?-

                  aT2 Ta7n                             a22

with respect to the cylindrical wire and

               A= 32 + a2 + a2 .
                           az2                  ax2                      ay2

withrespecttothestripwitharectangularerosssection. ,
   Though the large part of the developed heat is eonsumed in the

temperature rise of the material, some part of it must eseape from

the surface into the surrounding medium in eonsequence of convec-

tion,conduetionandradiation. '
   When the temperature is not extremely high, the heat fiow from

the surface is calculated by Newton's Law of cooling, that is

  (g) g.T--+hT=o.

where n is outward normal.

   From the terminals, however, some part of the heat must be

conducted away. Therefore, at terminals

                aT aT  (10) G-sri-=ei5da'7･
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              XXX, wrathematicaZ Calculations,

From the fundamental equation we have immediately for wire:

  (11) a2(aa2TZi+-;i-glTT'+-ea-:-T-,)==aaf.I-cl2-b2T,

for strips

  (i2) a2(g2ixT-iE-+-aaiftl-+3o2zllT-)==gTt-a2-b2T,

and putting

                el2  (13) T==U-b,,

we have

           a2ze                      a2ze 1eu b2                1 aze  (14) a.2+17-'b-T-+az2=a2clt'LEIT,Z`'

or

           a2Te                e2ze                     a2u 1eze b2  (15) ax2+ay2+az2=aja2hllit--a2U'

Firse, we are going to solve the equation for wire and putting

              -2)2t  (16) ze==ve

  (i7) ge-v-+-li-g/l+-ili2iy,+(zi+ZZ)v=o･

and putting

           a2v  (18)              +q2v=O
           az2

we have

  (lg) gts+;:-gVT+v(lii+ab,2-q2)=o.

  (20) a2Z.2=p2+b2-q2a2.

If the boundary conditions are such that
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            ･-l-//L-+hz{=o aton==p.

  (21) u=o atz==Oandz--l･
                 ze==f(z,T) att=O, ,

then the solution can be written .by the Fourier-Bessel series in the

following expression, as is shown in the text books of heat con-

duction,

                            '

      ze ==: T+ h!L2

            b2
                '                                               '       = :.::lits, hp2E.RS2elb(I//11':,)+erm(hl"")(,}(ttl',L.Jb)il)'}Sl-"£-1' )t S".f(., ,),J6(i}u.) el. .

                                       o

       = .. .. lr.r 2,2,ib<L;:;･.),-"2{("Lisc)2"'si.rlh:l)`.,il. Iei?I..z.

  (22) .lll.lll-i.ll.IlliP21

                P

                o
In this ease,

the above.

  (23)

  (24) . T==O

               'or ･
           T . ..d..?..
  (25)
              b2

          dT  (26)
           clT

          cl (T +

  (27)
              dT

              <Rs2+(h'P)2}<Jb(Rs)>2

                l
     SxcJb(-il-x)dxSu(x,y)sinpa-z-y･ely.

                o
 however, the boundary conditions are different

 '

T==aPn(7n, t) at z=l, z==O.
       `                     at t=O.

                                  '
               el2
      =Vn(7",t)+b, atz==l,z-inO.

       '
---+hT :･O at T=p
     gl-)+h(T+-[l?;)-h-[l? atr=-p

               '

from



of

  (2g) u(r,Z,t) X.,.Z=,p2l

               pl

               uo

where t is looked upon as a

   Therefore

       e2(T+sz,) 1
 (30)                +-          aT2 T

      -2: 4 Rs2"Jb(-i;'L7a
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(28) ft;n+-iS?---ll9; att-o

 Nevertheless, we can express any function f (T, z, t) by means

the Fourier-Bessel compound series in the following form:

                   '           -co oo 2 2 R,2,7b(-ii'L,r)e-a2{(nl")2'l')'s2--:itl}t sin nl7r z

                        <R$2+(hp)2}<th(Rs)>2

        SSXU (X･ Y, t) th(fx) sin 2Y.L,.cl. el,.

               parameter.

              a(T+{lllk) . a2(T+-E･li-)

                 er az2
 ,=,.=, p2i {n.2+ (hp)),>S<illi(ltilZ:i･SPx,Jb(-:mx) el. i ( a2(Te+., g22 )

                       uo
 .-::;- Tf?..(T,"."gllllil.. a2(',",, gi )],in ℃'r y･elye

-,$, .SO.O., ,tKbi,i25-:pi,T)),Si,",(",li>: IS sin -n,7r-" y ely([,ib(-i}- .). gu.

 -SxLgt/7.-th(fx)dx]+Sxh(fx)elx([-g"y.sinL℃:i!,]Z

 -S,i 2:'zL cos 2y'Lz a,u, dz ]l

]P
o

t
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      =':i..O,,tep., ,S'i {,.2 2S2(lll],l Stli/li,,)b(,,)}, I[i sin ","' y ely(tib (ns) -g;'i--- -ll/l::.,

        h[.. anS.,fe2')]g}.S.f. (. elthS;･ rc))clx

                      e                                                '
        + S x t7b (f x) elx ([- 27'L ze cos -niT z]i- (:Z r/ ･-)2Sie sin 2Zi'iZ- y･ely]

      =lt ,XO=e, .:O=O,/'`･z (l.ll(/i,,9, li' i,ZilT; (IPfoin up ,.. th (f .) .,,.

      '
                   i        ((.zy.:)2+Lii?;]-Ssin-nlzLy･ely(Jb(2.)gx-+uJb(R.)2)

                   o
        + S,Px eib(-pR x) elx (- :Z:'L ze {(-i)"-i))]

   The last two integrals remain when n is odd and otherwise

reduce to zero

   By putting the boundary condition (21) and (25),

 (3i) --.:07e.,.Sco..,z;l,z,(Si.il?S'i,T)l,S:'l]aii/ll]7.Ir);,Iij:usin-zT･.,･.･,ib(-fp-.)cl.al,.

        ((2:'L)2+tl:.-l-h,o $2 [-cos-t-l-7-lr--y' .l,, ]ZcJb(Rs)

                                7

          P
        +Sxeib (il-x) elx 2℃7i' (ip, (x, t)+ g,i )]. .

         o
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 Also we have

 (32) -di-2-@,-:-L-.b-i---ze=-S.,.:O=a,,i, ISi,#.(hi,T)),,S:'i'i'f),:SPS(e,Yi},

                                      oo

       L £i u) sin2Y'Ly･x h (-il-x) dx ely ･

  Therefore, we have from equations (31) and (32)

 (33) -,1IO!ei]4,.SO.O.,--/-`-,zR{SIIOS#,,T)),}Sln,,blil/li,"SSPusin-2Y'!-yx,ib(-;.l-x)elxcly

                           IP       ((",7" )2+-2g----2-Z-)+ .i, -ill,-jSusin iZll'Ly･xeJb (-i,l- x) elx dy

                           oo                                           '
                         P       -hp '[llll '.l,, 2e7b(Rs) + Q"nvg 'pt'" S xelb (L:Jx)ipn(:v, t) de

                         o

       +.gi .s?, 2℃T hp Jb (R,)l =-O

   Putting

              Ip (34) A-SSusin･"g'7ry･xJe(-il-x)dxely.

              oo

we have the linear differential equation:

 (3s) .-blal./t.A+(a2(-"grr--)2+-:I---Z-2i-]A=ct2hp-{l;?'.Ll,-,2eJb(Rs)

                             P        + a2 --tb-,2 2ie7r-2Pi2- hp,lb(R.) + a2 2I!'T' i x ,lb(-:-x) ftpn(x, t) clx .

                             o
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   Solution of the linear differential equation of the first order is

well known

  (36) A.,.!!t,'a2[(!T'L)2"`:'ii-i"-L!;1}(t-T)(2.2hp3ug/PeTbRIR,s)-Xein(Lls-:+"i',r2)

          + a2 22:7i" S x ,ib(-;}x) ,;,(x, t) ,z.) d. + c,-a2 ('tti'li!!r +-l'g7i - ll'}7 )t.

                 o
         -2 a2 hp "bSs' (p2 -{f? .i.(2;+ n2,T･2)i:1,S."<l.;il'lrt))2Il ;z;, l'IIi},`]

                '          . .222 7r SSP ,-"2{(ZZi'L)2'H:';I -Liill },(t -T)x,7b(ii-x)apn(z, t) elx cir7'

                 oo
                   '          4 c,- a2{(Z!l'`)2+L)'l;i' --! il }t .

   By taking the mean value of Alh (x, t) in the plane of the cross

section we can obtain

  (37) v(t)-S;Xf/;'.R,,PW.(%'elX

   By putting this value of A in the series (29) we have the function

u and consequently T as the following

                                 t  (38) T=--db'l"-+]i.il,tlil.il,,2i RSIIIP.,(t/li'll(hr,))lln,Jb'III.l)-i(2a2hpeJbf,2-s)-

            (o2 ,`i,2- -.L. (-fL2 -ge:-z,e-) 'eez,-{.t:`I, t/7,, /lii'll,` l
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                          t           +2a2h,olsZl.li(.is)p2.t.z7..r.Se-"2(('2iLrc)g+-}'lli'+"!ill)(tunT),;,(.)el., '

                          o
                                            '
           + c..2."a2k/i2J-o(2sie-a2{(21LT)2+-S/?2 m{ll/, }t l .

   The eonstant C is to be chosen so as to satisfy the initial

condition at ･t=: O, T=O.

   Moreover, as we have from (22)

  (gg) ' -･･･s-?,･- -: :E.l>, s,t,-t//z.. 'Rs2th(tl;' on)e:,21' 1:'ll.,2,','i,ll･lii,lt sin ,tlm-,

             Pl             SxeJb(-ix)elx!--al,,esin-ntty･cly, , .

             oo
  (4o) T-]ool=,,l.I],:.,-2---l,:,.gll,iS,T,),;i"//i"?r-,.i2hioel.2(tgi,),-:}21-/i./7"inillll?:.;,/ill/7-)4Z22}t.

 ' '+.:O=O,tep.,-{;-1,.S.Lili'`i),7il,n,,",iZi,2.2h,.n,- '

                                                        '
    .' s`,-aq{('l')2'L}'lli'":lil}(t-T'"(.)cl..

   We define the mean temperature of the cross seceion by the

formula:

(4i). ni7･--
i,i,Y,-,-11'i-T-----･
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(42) zn ,ze=e,.i.e.,81'(,i:2.Si£,ill/igZ2iilC{iZ(i,i)ei,(;:-)/111,ill,,2Pil})

            +,ZO=O,.Xco;,-7- Si<nR:,ttZ(h;)P,iP-a22ve 2a2?pn,,

                S,'"2{(Zii'L)2'`}';-i"-"Zi/}(`-T',;,(.)elT,

                o

   Since the radius of the wiTe is not so Iarge and h is very small,

the smallest root of the equation R,7i(R)=hp,Jb(2) is nearly equal to

R2=2hp and hp is negligibly small in comparison with 2., we can

write

  (43) Zn==S.,.XO=Q,,.,.,{8(h.Pi,,S3.im"gl,li L2;/;}L2Lh.p.el2(i-ia2((23i'`)2+>'-::'})

            -t-S.,.IXO.O., 8hPSi2".,nz'i"Z a22ig,pn,,

                i ,-"2{('-ZiT)2'-}'Ii'i -£il }(`-T) .,k(.) th .'

                o

   But we have the relation between the roots of the' first order of

the Bessel function.

              f R, !=iR,+3

  (44) i2,4)i4'
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 Therefore in the case of thin cylinder as we are going to study

(`5)

 T-=$.,,,,.,{(l.h,.,rP.)S,i","/b'7'"1/!.,:}2h.p,`,i2 '

       '            (1lt ,- "2( (Zil'L)2t-l'l;i --:III ]t }

        +..SO=O, 8hPSI",,`ZZ17'r"Z a22hi,pn.7rS,-a?(("-`ec)2'L:';l -£-1}(` ll?.) el..

                              o

(46) a2 -2hp

(47)
 T'n:'-.ZOa

=,.,

{(.z,2,S).1".ntll,i,,Z-.b,-,-}2,,cl/:(!-eria2{(!IE')2'-}';i'--li"1)`)

                                                     '          +.SO=O,2 si. "g'r ,. 2ai,nT St ,-a2{(2Z'L)2'-}'i-I 'el }(t-T) v(.) d. .

                           o.                                '

(48) =-.$,4gCl2Si"."/,7,]"Z'li,-a2{(n-iT)2"-i'll-l-{$1)(`-T),l.,

                   lo ,
        '          +.i.O.,4sinn,7rz･L",:;:a2S`,'"2{(!li'L)2'L)';i' £il}"-T),I,(.),z..

                           o               '

(4g) a,[Z,inz,= 4g`l2

St .S,,,,nl7r,.,-"2{(n-iT)2"ll'; -[iil)t-T) ,l.

              o

                                   t
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                                                    '                                                      '             '
           + 4a2S 'tP" (').l!OI'Il=,'Ltdl'2･--Lnl7,T" sin n.zzrlT ,,-"2{('2 T/)2"2Lph rm 'lilll'](`-r)d., .

                                                       '
       = ¥2 S ,-"?(ZS'l -{1/t"') x`-r) $.,,g, lz:rL.,. ,un"2 (`lf' !sc)(`TT) d.

                     '
         +4a2S`v(.),-a2(tb'-%'2)(tmT) .

              o
                                   o           dCi, ( li: t-ilF--- sin ng'r z.e-a2 (!' LZ")"(`-T) ) ,i. .

               n-O

   It may be convenient that we express the series by a definite

integral, if possible.

   For a small value of z, we may approximate the series by putting

  (so) ...n7rz, d.,=27rz.
                  Il
and the process will be legitimate when z tends to zero.

  (sl) ao{i'e-=S,`,l;Ste-"2(2:'5-'!lil)(`ndT),l,,1.00,,,.,--ill7ct2(`-T)d.

               'o･ o
                                           '                    t oa a2                                    --s-cte(t-T)      ･ +4a2-el-`IESftPr(T)-2･-t7,･-2SasinaeZ" claalT.

                    eo '                                                 '
                                    '           =.f.;{.cl,..F.S,-a2(2MphM{itl)(`HT)Iitli-,Vtt-,.(i21[tl...illlll]e-4"2f'iTT-'clT

                o
             ..ai2/.Ldic.i,...Stv,(.),M"2(2t'Hi!i/t")(`-T)7s-Ji2,ii'ttb--

                     o･
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                     Z2
                  4ct2{t-T)
       , e(z-ny.)cz..

        acii/Ilm = [ 2,,czl2 S'eH"?,(illF -"IS'2)(t-T) LIII."a,(Zt2ili.) eM4"2fl'-")clrr]

           2==O O 2-.O
  (s2) -=,/:.l2.Se-a2(MlfhH'ilt'i)(`-T)lr/.,iith

                    o

For the sake brevity we put

  (s3) g)=i/6,C,Z.2.S`eM"2('il;tT`£Il)(`-T),/tl..rmel.

                    o
Now
       Si/gPttt} dT -= ,,el-;s.S ,,fi.j e-a2 1-2,ph, '-ill･)(T-Ti) .,

        o oo
  (,,) ...,,c,i,2,G..i,""(2hph-"litl>･X',.,S`e,,H,al(tli'li,,.'I.i}'").T,,i.

                      O TI.
  Changing the variable by

                   T=Ti+(t-n)6,

                   clT-ny(t-n)cl8,

                   gr-;i,' i:ny2;

we obtain

  (55) i,/op,-gi)Ji-;- dT=,,cll6. Se"2('Zl'L-£fl)T'el.,S e-"2(Iil"i(#2')ge(t-T'E} ,,
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t 1

==

 :G.jdTiS e
-a? (2h b2
P a2
)(t-Ti)E

o o

i/(1-g)8
' el.e .

(56)

t

lii EY, S"pn(T)e-a2
(?'ph --2Il )(t-T)

22

g
2

".. T e
4a2(t-T)

a2(t--7) (t-T)
clT .

o

 1
 1-Y 7r

Sttp,(.),-"2(2ft'-y£t/.

o

)(t-T) ( Z2

z2

1

2
"
a2 (t

)clT

"'''I''-7
 ---- e
'T)3

4a2(t.-r)

'Va2(tl Z2

-T)3 4a2(t-7-)
e
4a2(t-T)

 1
i/ 'it-

ia;n(.),im"2(21'f.Lilil

o

)(t-T) 1

   '2

z2

  ''V!

a2

(tl

-T)3
e
4a2(t-T)

[Va2(tli .) e-a2( 2h b2
P a2
)(t-T) Z2

clT

+ -L
  V'5'

Vn(T)e
4a2(t-T)
]i

 1
 !-l! 77-

S,ma2(2-k-'illl

o

)(t--r) 22

t,Pn(T)

e
4a2(t-T)

2]/a'i(t - T)3
d.

,

St oa.(,-a2(

o

2h b2
P a2
)(t-T)

Z2

1

 .t.I/ 7r
v(T)
l g,.`,"ii(l-.T)) el7.

As ftPn (O) =O, we

, (57)   1
al/ff

t

have

S-e
-a2
(?itLww:,i-l )(t-T.)- Z2

4a2(t-T)

o

Vtww-LF

aiPe(T) cl.

aT
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         .-".,sl .iF Si -"2S2p-h ' rabZL)elllll,Oiliil' -'2i-)(`'r)M`"OZ-r' .,s,(.) cii.

                o

In the limit where z-O

  (ss) ezT,-.(t)-.,J.EFLge'""l/1!ibill'i:)(`-T'{a,a.pn.,,2(l;h-£/l).,fr(.)}d.

                       o

   In order to find the terminal temperature, we must assume the

form of terminal and the method of cooling. Though we can consider

many cases, we may assume for mathematieal simplicity that the form

of the terminal is also a wire with the same cross section, leading

straight to infinity and exposed openly in the air. Although it is not

the ordinary case, the ,difference due to this assumption may caneel

with some correction the amount heat eseaped from the material.

   Substituting in the above caleulation,

  (59) el=O,b=O,z=-z,e=6i,h==hi
the solution for the terminals will be given at once

  (6o) qaaT,=.,,e/,,.;;..S`L33ft.P"ei"t'llli'li(`-r)d.

+ el

o

t

all/ 7r

-2phi
 ai2 S

o

        2h
     -al£V(t-T)a;n(r)e P cz.
1/t-T

(61)

                .t a･tfr
G-iliT/k' =q)(t) m .,,e/.-, 3 l7t2et'='=-`["ie

                       t
      + ail.'(b2im-a2th.L

                       o

(b2-a22it;)(t-r)

           d.-

)s  aPe(T)e

(b2rma22-ph)(t--T)

1/i=T
cgT .

t
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                 t` ai;n ent"i 2phi (tim.)

 (62) 6iaa{i!Y"anE.ii,-,.)ia'1/t-',, el7'

         nt.o o
                        t -a,2.Ztr!Ll(t-,)
            +.,iiGi,-ai22phij";n(T)i;tnt.P ci..

                        o
   From the law of the conservation of energy the

continuity must be held.

 (63) ,aTnz ,= ,,e71nz
                   oz az
                   z.e z-o
 (64) ..i--g{/*e(b2-a2215t)(t-T)m-i;(b2.a,g};h)the

,/iFgD(t) S

       o

 +g, awhe
   al aT

equation of

(b2-a2-l;t)
(t-T)

+

   2hl
-ai2     (t-T)
   P

       1/t-Tfi

               o 2hi
            .al"
+a,i6/'t;F'ai22phi", p

(t-T)

Putting

(65)

        1/t-T

A .. -.e-7,

    cu

B ="- 2 (b2---a2 2ph

C .. `61rm ,

    al

.E] =: -CLa,2 2h ,

    al P
a=a2 2h -bi
          '     P
    , 2hi
B =qi
      p

)･

cl. .

a
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                               '
(66) i/JI-cp(t) '
                                       '
      s` A-{li/ll;-e-oc(t-T) + Bx;ne-ct(tIIIIIt-h' :-Clitlll-ehP(t-T) + Eisfe-O(t-T) el.

      o
             z Multiply by (t-T)'2'and integrate from O to t.

      tt   i/iFS,,op･.l:IT-l-,dri--gr/2--2il

      oe
     TiA31tlllle-ct(riHT)+B,p,e'ct(TiNT)+c{li/?IleHP(T'-T)+E,p,e-5(Ti-T)

                                              a.

               ' o
=i ,2･ ., i' `A'C),il,lliXl;iB+JE7) -t;n ,.

                               ' o ,o
 -S -.,,eT-･ ., Si `i-e-a`T;,l'l,1, #S/ +Ba,n] ,,..

   oo -S`l7,{l:'li.,ii(i-e-P(T'iil'l-(:a,".;"+Eipe],.

   oo
,,.,

S ((,4 + c)llit*L + (B + iC)ap")dT S ,/l- .,d7,/.,.. '

-S (A -e;';+Bv)alri ?f･¥(,'seRctf :l

 -S(c-ii'l;+Eapn)cl7S 9.i`,ii.e-,℃(t?iill-･
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   By ehanging 'the variable

         .    . Ti =r+ (t-7)8.
                clTi = (t-r)cZ8 .

                  Tl--T, S:O          , (Ti=:t, g==1.

     -SI(A+c)2;";'r-+(B+E)";n]dTS,/(t"ny.(iii:l)ed){t't.)6

        t1    ' -S (A -2i,lk.+Bife)thSf,ti･ i-,･-:l) 9/--,illll,l･-l-ll,!･ l-I-l.-tll,i, ds

        oo
        t1      -S (CgY-+E")elT Yii);l,i{ ii--Tli-}, dg-.

   Now '
 (67) i/}FSL,/{Pt(:l').-,el"=S((A+C)'gt!;+(B+E)"P"jclTS,,/(id-l:io6

        '                     t1                   -S (A g".'" +Bi;n] aTi iIi,F {-,'ill(`S i'E

                     oo
                     t1                   -S (C e,* +Eth] thSLit-,,g,l.[`i,;l.Z .

                     oo
   The integrals in the right hand wi!1 be ealculated by aid of

Gamma function.
                                    i   if we sub-slt',t-ut)e,. the reiations .(68･i) S,v-ttel{---o-6--=7r and

(68･2) S, li/e(--1-eg =Tdii(twuT), this equation wiil be simply

,
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writ七en：

　　オ　　　　　　　　　　　　　　　　　　　　　　　　オ

！礁瞬（且十σ）　1闘勉

　　　　　　　　　　　　カ
　　　　　　　　　一T∫際＋Bψ｝略（・舳

　　　　　　　　　　　　：．

　　　　　　　　　一π∫｛σ讐＋晦（卜÷）伽・

　　　　　　　　一π（∠4十σ）Ψ一4ψψ・（卜・）］：一〇1ψψ・（卜・）1：

　　　　　　　　　　　　カ　　　　　　　　　　　　　　　　　　　　　オ

　　　　　　　　　＋T∫三一陥）｝伽＋π∫且ψ讐伽

　　　　　　　　　　　　0　　　　　　　　　　　　　　　　　　　　0

　　　　　　　　　　　　オ　　　　　　　　　　　　　　　　　　　　　オ

　　　　　　　　　＋π∫三一幽）｝痂＋・1σψ讐伽

　　　　　　　　　　　　0　　　　　　　　　　　　　　　　　　　　0

　　　　　　　　　　　　　エ

　　　　　嚇）一瀞．

　（69）　　　　　　　　　　　　　　　’
　　　　　　　　　　　　　エ

　　　　　オ　　　　　　　　　　　　　　　　　　　　　　　オ　　　　ユ

乎∫礁酬蝋＋∫βψ∫1湛諭誌ξ

　　　　　0　　　　　　　　　　　　　　　　　　　　　0　　　　0

　　　　　　　　　　　　　孟．　　　1
　　　　　　　　　　　　＋∫Eψ∫濃1疎・

　　　　　　　　　　　　　0　　　　0
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(70)

The left si

Y. Ikeda and K. Yoneta.

        tl Cl      ng[""Pn S, a'S(-icti' IliliZ cl6-[capn S,Bi",ei,P-'tiiZ elg

                  tl     =:7r(A + C)a;n(t) +i Bapt･aT S ,Vl?ge"Mct(`-T)Ecl6

                  oo
                  tl                +SE'tPnel'rS,V/iIiieeM6(t-T)Ed6.

                  o･ o

de of this equation has already been calculated, there-

fore

(71)
eid2

a

Sa.S ,-""(iii'L-

o

   This is an
kern is analytic

easily. But thefunction

fore the last integral

where

     i/(1'6)-6 d8(T.6+

 o

      tl
"a
2S'･;nS,Vi?ge"ec(t'T)ta

      ot oz

+B-
I;l'-l"biVi?g,-p(t-T)ed6.

      oo

integral equation of

 function of (t-r), the

       iPt' (t)

    will be written from the

        i
a2 a;npaiSVIrm?Ji3,umct(`-:)z,,

        o

     O<pi gf(1

b2

a2

)(tan,)E

iiX)a;n(t)

       Volterra's type. Since the

         solution can be obtained

must be a monotonous funetion, there-

              mean value theorem.



and

where

 (72)

  v-=

Temperature Rise o£ a Conduetor due to the EIectric Current.

BEL,

 al

   1

"'va
!"'E.6e

   o

O<pa,<1        ･1

   ,i/'ielX.S

        o

-P(t-T)E
d8

    -cttg
 1-e       el6
i/(1-g)s･s

129

                  1  (LE- "i-a,>i/ '7" +,i,-,.@i SVi?ee-ct`tptdTg'g+ :,;,.,

 If at and Bt are very small, we have:

                   i - tttelg.1,/(,ale-,a#
aPt･

sv

o

1-e,HP(t-Td)E
g

8

(s+s,
a al

)]･/JF+af.i=ia`]5Y

 ,cl,t (IV(-III-))2 ,el,.

          -        '

       id6 + :, ,,pa* S,Btl// -is' g

 .,2 r(S)p(g)

de

i/Ta ILKI) i/Ta 2 r(2)

(
               ](
i+t')i/i+th/a-t,,pai N

   6d2t i/-EF + .tdii/ JFLg!t::2

3

2

)P(e)
" ii:' i/BL`,, @2

p(g)r(g)

     ')i/ iJ ･+ -ili- -!litL .,+

   d2t (1 + ft )

r(2) 7(2)

(s+.g,
a al

GiBt
  itL2ai2

(1 +-
2i- X)(

1+ -t.2t fo +

at
-llpai -

Bt
L{27pa2

1+ 9, LgL

  6 al
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(73)
cl2t'

1+g, !z
   e al

When at is large, we can evaluate the integral, for

 E

dO

1-e
-cttE

E

.clg= :j
1-e
-cttg
    ff

el6'

    e

1-e
-cttE

i/1-6P o

3
82

  tt
262

d6

-2g
2i '(1r.,,ptcttE)

   Ez-i

  .o

-2e
 1ri iate

-cttF.

   dg

  !+ 62-

E

!.. eii.tq d6 .

E

-26
 1-].     -cttE(1-e        )

E

  !+ 62
-Ie -atq

o
o

(1-4at) dg .

26
-IU
2

!
g2 .=x

X 6- gdg == da

2

(l:O,'l x--O

xL' i/T

.=- ,2-a-e
    1!' 6

-cttE

      fi
)+6}-
Se'octX2a-4at)elx

o

1!-E

2

i/V
(1-e
-atE   l)+G2- 1' 4a

Vat,

t I e- ectx2 I/

at dx .

o

For Iarge value of 1/a7t x ,

2

i/-eM
(1-e

- cttE     !) + e2 ke !-4at
 i/a'i
(1 /-
-- li T2

･1

2

 -cttx2
e

1/awht X
)
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               --r/2-E(1-e-ct`e)+eg-li2//`Si/LEF.

                                            '
  (74) -=-v2-EH+V-E-i,-,',.4..i.te,/-EF.

    For small value of i/itx,

              =･ - il?.7tL･E- (i - e. -atE) + 6-ii- i,iii41 t(-li-i/}ITt x)

                                    '                           ttt tt              ---2ati/T+6'2i--1(1-4at)i/-F.''
                               2

  (7s) -!V-E.
                 2

and

        11       sc:ct;l el6==Si/3,,g' el"

                i
               EL' =x

               16MSdg=-dx .

                2' .
               (i':lj ::-l,.

                     1
                   =j,/ig"im,dx ･-.

                     vi '
                                1                   =.2 '1/1-x2

                          X- V7.'

                          '
                      l/i-6
                   =21/i' 'i

131
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        ' (76) '==',/2-,--i/T･

     ･1 (77) S,ivieil3.uelg=-.t4.thesvi-2vi,viF･.

  In the same way,

              '      E (7s) S-(i-e-cti/h)'/i-8elg-:-i,.t)lg-.-3/T+ii,.`,atei

     S (i-e-ctIE3 i/i--6 d6 -S i/ii 6- elg

                     1                   --S -2- V;,- x2 ,,

                    vi
                                  1                       1/1-x2                         x +Sin'ix                   == -2
                                  T!-{i-

                   =-7r+2i/.i/1:i;G+2i/-I;

 (7g) =-.+2,/IT+i/i.
      1 (so) S,(i-emual/h)i/i'6ds==2vmtv'iF--,/'i.

                            'Thus

                     2al2Gl/i
                      ail/i
aPt}

   (-ae- + -:';,)i/ -El + 1/Gtut'.a (2 ;/at i/ T ny V T) + 1,e/itpa2a,

/ JF'.

(2i/rs'ttt.-i/IF)

.
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             2el2i/i

'133

          6i i/ iF+2m6 i/alt pi+2 q i/Btue'

          al ct al                                    '                 tt t

              pai::-i1, pa2:!==i1.

                     Z2

         i ' S {i'f -aaua,(2 '/B' " l7/';'?tt-)i;7i==.L-

  (81) i"!Z2(i/ii'Ie/i/.-t,Ei)

if the at and Bt tend to infinity,

                   el2  (82) "-                   b2

while 6i is very large, and at and Bt are not infinity.

            el2i/it
                       '  (s3) v- a.',/i' -.,d,2,i,g-%' i/i,

            gh           '             e al

   Thus, we have obtained mathematically the temperature rise of

the terminals. ･･
   In the case where at and Bt are very small in spite of the signs of

a, Be

  (73) ･,;,,..r.rTr....detrfmr-..

                Ei g)           (1 +

     j`ap,(f,)e{b2rm"!(q2'9/.))("-T)-d.

      o
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             ))l(1+rz-:1)(b2-a2(q2+im2prmh.- 2

( - (b2 - a2(q2 + 211LL)] t- 1] + 1l

   '
      . el2

       Y. Ikeda and K. Yoneta.

1+III,il2, .a Sttr-e{b2-a2(q2+8jLL)}(t-T)d.

  al 6                     '
g2e{ib2i{llli,(qi'2i'L)}`s`.,'(b2-a2(q2+2-,h)}(t-,)

    alG e ･               'cie2e{b2'a2(q2l7llpleh)}t e-{b2-a2(q2+ilihl)),

  (1+-l:tfiLii7) (b2-a2(q2+L31LL)].

              t
(-(b2-a2(q2+tL)]T-1l

              o
   d2e{b2ma2(q2+2'ph)}t ie-(b2-at(q2÷}t)}t

)},((i+(b2-a2(,

elr

               '(84) = (i+L:t,I-{:-)(62-a2(q2+!llLL

     -e{b2-a2(g2÷2-ph)}tl ･

 From (48) we obtain finally

    4el2 sin 2gz'Lz

[Zin=: nTg a2(q?+ltllllh)-b2--
4el2 sin nT-zl e

q2+aL

  P

))tl

-a2
( X/-, +}t )t+b2t

T a2(ttll-l + lllLL)-b2,
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                                          "+ X 4n7, a2  sin-ZV'L z (i +,x, -g-) {biileli2(q2 + LilliL))2

      Il+(b2-a2(q2+2ph)]t)-e{b2-"2(q2+2itLi))t

                  '                '(85) 4el2sin7zrrz 4cl2sinnTz
  ==: nTi a,(q2+?th)mb2ny rri e

      47ra2.T el2t2 .    +sm-z .       212 g(1+ill{l')

  The Iast terms of the right han

(86) 4d2sin-nm7rz 4el2sinLn.Tz
7;,t==Z 7z.Z h,(q,+l2ipeh)nyb2 ng £2(

                 -a2(L7i/-, +Z?t-)t÷b2t

(87) T.=4cl2 1-e
          7r a2(7,2+2,h)-b2

  For infinitely long l,

                                  2h     T"`='ar,2g2'.b,.:O=O,-II-Sin.n7r(ith,-"itus-`"bE`)

            P
                             oo  From Fourier's series it follows >l] ill. Sinnn7rg =..1

                            ot==1

                                      -a2(L:l/}+2it3

                                       .2' 2h                                    a2(7, +T

                                      '

                        d disappear, if t is very small.

                                     -a2($/-., +83L-

                                       .2 2h
                                       L ....+ttww-
                                        gz p

For the first approximation, we have for the ordinary l.

    135

)t+b2t

)Mb2

)t-i-b2t

     d  , ･･g) - b2
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  (88) Zln==ha,(Lz;;LLdii?)(i-e-"tbt+bt)

                           2h                        -a2--t+b!t (89) ='l.P2f:S'2h-.iot,,i2(imue P )

                 6T2p3

 (go) fz'ziz=VEtlllillllllllEi+h.ttf,,:,.i/2Tp'7rio2'

 (9i) `==bi21.hgL2(k.2.-zL)10g{i-Z7'3[i+{SIT(tin2+21111')]zni

             bZ X l2                    P/
              '
   Next, if v!a't is large

from equation (91)

           i;n(t) -= -IZI2 (i/iaG/ i/.B-, ei)

          '  Therefore, '

     S`,,t,(t)'e{b2M"2(92-i=23t'))(t-T)cl.

      o
 (g2) ="22(i/.a-G/i/.B4,6i)e{b,,1".¥,litbli3'i

  From equation (48)

  .,, .. ,,[` sin;7Z. 4y2 -:-(i /.a-6/i/.A, 6i)] i.i(tts' i, -."llill"ltllill,,) it



     Temperature Rise of a Conductor due to the Electrie Current.

 Finally the time necessary for reaching 7be.

(93)

 t- i i,gi- T'na2("Ti'+'31iL--l3/T)

137

      b2-a2(E7tl+211LL) a2[4Sin,,S7Z+4Ez2a2Ll(i/i'6/i/aB-iei)]

  (94) T.=a2[4Sln,,'F7 Z+ 4Y2 -l;(1/i'6/ 1/itiei)] a2(7,2 + ltllih H- £-:7)

   For the strip, the differential equation is

  (gs) a2(ee2.T,+ea2yT,+a62,{)+d2+b2T-aaTt

    ''!T+hT=o atx=o andx=k
         tox
                                    '      - .Q.LT.+hT-o  (96)                                   and y=8                       at y=e
         ay

         T=O att=O
  (g7) GQITL=TeiQ!TL atz=o andz==g
          az ez

  (98) T==ftPn(t,x,y) atz==O andz==l

   In the same way as the above case we can expand u (x, y, z, t) (t as

a parameter) by a series of trigonometric functions, in which each term

satisfies the condition

         al{n +hu.--O
          ax

  (gg) aany"'+hz{.=o attheboundhry

         ezc           nrm =O
          ez

-.

t.
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  (100) u (x, y, z)

  oo oe co-: :z
  oiz-1 n=1 p=1

  l6k
×sss

  ooe

     Y. Ikeda and K. Yoneta.

                  '4(a,neosamx+hsina"zx)(BneosBny+hsinBny)7sin-PITz

                       {a.2+h2)k+2h}</en2+h2)8+2h}

          (antcOsa,nx+hsinantx)(B7zeosBny+hsinB.y)sinZILTz.

                                              g

       zt(v, y, z)elxclyclz .

     '
where am, B. are the roots. of

                                '                2amh                               2Bnh  (101)tana.k= ,tanBn8= ･                              Bn2-h2               am2-h2

   Againwecalculatethefollowing'equation '

    e2(T+!S?;) a2(T+db2,) e2(T+{li-) '

               + +..tttT.rttttt..t                     ey2        ex2                                  ez2

      'oo oo oo 4(amcosa",x+hsina.x)(B,,coss.y+hsinB,,y)QsinPTz.

   m:-in:･=ip:--i <(a7n2+h2)k+2h}<(rs,,2+h2)8+2h}

× ( // aax2X (a.,cosa.x + hsina.,x)dxj,i,(B.cosB.y +hsinB.y)sinf)l'rz･clydz･

                                    '                        '
 +S,eeZag(B･neOS/8ny+hsinSozy)ayS,S,(amcosa.,x+hsin{z,.x)sint-g7-i"z.dx.clz.

                                    '
 +S,i-giFlll2,t-sin-pul7T"-z.dzS6,Sk,(a.cosa"zx+hsinamx)(B?zcosteny+sinB7iy)dxaly]･

 Consider the integral,

   k, anzS ea2xZ2S cos a7nxdx

   o
                 k k.･
   =a. eZLeosa,.x -ya.2 -aLZ-e/sina.xclx.

        ex o.ax                       o

'
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      --am Zk: cosa.x g+ tz.,2 te sina.x ok-a.3 Skueos a.,xdx.

                                      o

and

     ic
    h S'L6e'2x'tle'' sin amxelx

      o
                        '
     =:h -gk/9e sin a,.x ,le-ha. Sk--ei-Zxe--cos a.,xcix.

                         o

     =h -g-Uie-sinumx ,k-ha., zecosa.,x lr-ha.2izcsina.xelx.

                                      o

   Thus
                         ttt
               '       k  (lo3) Sgag (a.cosa.,x+hsina.x5elr

       o
                                                '
     == ffmhcosamk+a.2usina.le+haZe                                  Sin ff?nic- hffnzZt COS a?nk
                                ox

                            k
       + -a.･g::+ha.zeo-a.2Sze(amcosa,nx+hsiliamx)de･

                             o

   From the boundary conditions, we have

          -.P.V.+hu ..hugL2

            ax o b2
 (104) Le..+h. =.hdZ
          Ox le b2
         ((z,.2-h2)sina.k=2amh.cosa"tk･

   Therefore, .

                                   Jt     ==amh-Z'Z'<cosa.k+hSi.n.amk

                                   e

in

139

+ 1) - am2Sze(am cos amx + h sin a7nx)dx
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(105)

(106)

                Y. Ikeda and K. Yoneta.

                                       k
==
 a.h di2 2eos az;k (cos-a"2t-!Zt + .h.'sin (Xm2k )-am2Su(olm cos a.x

                                       o

  + h sin amx)elx .

                            ic
=amhC

bl2

22eos2-a-Z-sk(1+ah.2,2),-am2Sozc(amcosamx+hsinamx)dx･

                                k･==a.h-clb-?i-2eos2a'5k(1+tan2aM2k)-am2STe(amcosamx+hsinamx)dn

                                o

               k
  ==2a.h@b-g--a.2Su(a.cosa.x+hsina.x)dn.

               o

  k
 S(a cos ax + h sin ax)dx

  o

       .kh th   ==SMaX- COSaX            oa o

   ==sinak--k-(cosale-1)

                           '
   == 2sin a2k (cos a2le +3sin -fz;kL)

   -=2sin2 a2k(: +-!ln)

   =2it sin2 a2k (1+ f, )

    =2 h

       a
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   Similarly it follows for B.

        i
  (io7) S ea2zZ,e sin -31'ZLz･az

        o

                           i         =[e/･sin-n--7ZJ:-2)TS2:/gec,,.3}7Lr,a,

                           o

                                l
         =-puTze{(-!)"-1}ze(O)-Susin-Zl'ZLz･alz.

                               o

and

  (108) ･ te(O)=u(l)

     '
              = H alb22-'a;n(ha, y, t)

   By putting

             6k
             SS(aeosax+hsinax)(x!lcosBy+hsinx3y)ftPn(T,x,y)dxely

 (le9) v(t)=-oo .,
               SS(aeosax+hsinax)(BcosBy+hsinBy)elxaly

               oo
                                        '
 VVre obtain the relation,

         .. .. ..4(aeoso.x+hsinax)(BcosBy+hsiniey)-ill-sin-Pif7."Lz

au -: ZZ
   m-=1n-1 p-1

    × (8h2 -elb-ii

    -(a2 2

               <(a2+h2)h+2h}<(B2+h2)8+2h}

        (a2 + rs2 + q2) i.;'Bl' ;,q + 8 .l3.2Bq. "P"(')

           l6k
   +B+q2)SSS(acosax+hsinax)(Beosrey+hsinxgy)

           ooo .
× sin qz･u･dx ay elz ]
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   -z ::
     m-1n-=1pt=!

       l6 le
     ×sss

       ooo

        eu 1       (
        et Ld2r

  (11i) Putting

        l6 le
    A- SSS

        ooo

        cl
  (112) Ldt

         == 8h2

           t  (113) A-Se

           o

           d2
           b2

                Y. Ikeda and K. Yoneta.

Also we have

 '.. .. ..4(aeosax+hsinax)(BcosBy+hsinBy)3sinqz.

                   <(a2+h2)k+2><(B2+h2)S+2h>

         (aeosax+hsinax)(vecosBy+hsinrsy)sinqz.

             T gZ ze)elxelyclz

               '

          (a cos ax + h sin ax)(B cos By + h sin /ey) sin qz. uelxdyelz ,

                                           '
we have the Iinear differential equation:

' A"Aa2(-21Fr¥am2-Bn2-q2)

             .SIZ2Ig.-2- (a.2 + Bn2 + q2) 'hr,.'IB.q + 4 2,2,g,e".2 't;"(t) '

   Solving this equation, we have: ･
                                        '
            -a2(am2--p?z2+q2---iilll)(t-T)(s.fi!Zs3(a2+B2+q2)'.hB2q

          +s h£qBa2"(.)]d. '
         8anaiS(al'.Bi;.q2,iili-tle?,,")-Zl)rEhA,3a(,lh,-a2(oc2'p2+q2'Lli;7)t)

                          '
        +4h:qBa2i`e-"2(ct2+P2+q2-:iil)(tMr)v,(.)cz.,+cemag(ct2+P2+q2-Z÷'),t

               o

-



,

,

(114)

  '
T==- sr･ 'Z X :

         m-'1n-1ptt=1

      s-glt12 a2(2

   ×
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                                       '

    . .. . 4(amcosamx+hsina.,x)(B.cosB.y+hsinB.y)asinqz

           a2(a2+B2+q2--21FI) aBq(1-e )

       +s h2.qBa2 S` ,-a2(ct2'B2'q2-H2Il)(t-T) ,th(.)al.

               o

           -a2(ct2+p2+g2'-ISI-)t

       +Ce ･
                      '
   The arbitary constant C is to be determined so as to vanish at t=O
    el2
      can be expanded by the series of (100), to getand
    b2

         oo oo oo4(acosax+hsinax)(BcosBy+hsinBy)-2-sinqz
                                              l  (115)

          <(am2+h2)k+2h}{(Bn2+h2)S+2h}

a+ie2+q2----liFlr+-I:FT)h, -a2(ct2+p2+a2-il)t

:::
m=1 n=1 ?) ==1

   8-ofZ

    a2
×

       <(a2 + h2) k + 2h} <(B2 + h2)S + 2h}

h2

(1fie-"2(ct2+P2+q2--abk)t)

             (a2 + B2+ q2 --i IP )ax3q

       +sh;qBa2ie-a2(ct2+P2+92-`li'}i)(t-T)"(.)a. .

              o

 We will caleulate the mean temperature by the formula

                      6 le
                     SSTdeel,

(116) T.=O,Oic .
                      SSclxel,

                      oo

:

'



144. ' Y.IkedaandK.Yoneta.

   Again we neg]ect the terms a., B. (m>2, n>2), as the

containing them are very small compared with 'the first term;

     TrrL-- .S, X,#,,,12.4kl'?l'2,ql',,lstl/,,'

         .I8-cl.･gh2(1-,-"2(ct2+B2w2-{lll),)

          IL' (a2+B2.+q2--21FIT)q '

          +sh2xa2Ste-'92(ct2+P2-Y92M£il)(t-X).",(.)el. .

                 o

       -tep.,,,`,it',/r",q>(,×,8.h2,> -ili(i-,,,e.-:l(l2,',!i"tllllIi:iii)t)

          +q.,S`,-"2(ct2r"P2+g2-'iill)(t-T)v(.)aj.

              o

 (n7) ==l.),-{I-sinqz "cl22((i.l+e;,"+(i,IP2z+,,92)Lq£;)`)

          +q.2 S` ,""2(ct2+92+92-`k';-i)(t-T) ,p,(.) el. .

              o

   Since k and 8 are small,

 (ns) a2=-ak,la, B=2sh

terms



(119)

                   .                           eross section

Compare this result with the ease of wire, and substituting

      2 R2(h.peripheryoftheeylindricalwire
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    di + B2 ., 2h(-l; + -ll)

          ..h periphery of the cross section

)

145

     a+B2 for
                 p2 crosssection '
it is easily seen that these two formula reduce to identical forms,

therefore, we can obtain the following result in perfectly similar way･

   For the infinitely long l,

  (120) TM==a2(2h(it[IZLII)-b.221'

  (121) I;n=Va+h.T7'L.G)r,,'/2(k+8)k8

   For the first approximation, the time neeessary for reaching the

mean temperature T..

  (i22) t=--g--2- ," x:(7,2 .i,,(i,g))iog (i+Z ZZ

            (i- $(7,2 +2h(i+g))]z.].

.


