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Practical Method of Calculation for
Vierendeel Truss Bridges.

By
Fukuhei TAKABEYA.

(Received September 3, 1937)

The proper treatment of frames with stiff connecting joints, com-
posed of rectangular elements, is of constantly increasing importance
in structural engineering. ,

The Vierendeel trusses are an important example of the structures
with rigid connections, especially now a days as the electric-arc-weld-
ing process is of increasing current use and the analysis of statically
indeterminate stresses has become very simplified and practical.

The calculation method here proposed is of three kinds: (A) The
Mechanical Tabulation Method applied to the analysis of Vierendeel
trusses of parallel chords, (B) The Slope Distribution Method applied
to the same, (O) The X-Distribution Method for the analysis of
Vierendeel trusses of polygonal or parallel chords. '

A. The Mechanical Tabulation Method Applied
to the Analysis of Vierendeel Trusses
of Parallel Chords,

The analysis in this paper is based upon the foliowing assump-
tions:

(1). The connections between the verticals and chord members
are perfectly rigid.

- (2). The length of a member is not changed by direct stress,
and the deformation of a member due to the internal shearing
stress is zero.

(3). The settlement of the foundations is disregarded.

According to these assumptions all the verticals and chord members,
in strained state, which intersect at one point are subjected to an equal
change in joint-rotation angle (or slope) and the moment at an end
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of a vertical or a chord member is expressed as a function of the
changes in the slopes and of the deflection of one end of the member
relative to the other end (or member
revolution angle).

Generally if a member AB restrained
at the ends in flexure is subjected to
any system of intermediate loads, the
moments at the ends of the member are
Mo expressed by the well known equation:
Fig. 1. (Fig. 1)

];[ab = ZEI(ab(Qea-l- 01,—3Ra1,)——0ab ............... soss o (1)
In this equation we denote by

M, the resisting moments at A, ,

I the modulus of elasticity of the material,

6., 6, the changes in the slope of the tangent to the elastic
curve at A and B,

Ky = 'ZT"” , in which Jg = moment of inertia of the section
b

of the member AB; I, = length of the member AB,

By = ?“b , in which &, = deflection of the end B from its

ab
initial position,
Cup = 24 {36—1I4), in which A = area of the moment diagram

I3
of a simple beam AB due to the infermediate loads;
& = distance of the centroid of the area A from the end B.

The conventional signs of the quantities used in the equation
require further explanation as follows :

The resisting moment on a section is considered positive when
the resisting couple acts in a clockwise direction upon the portion of
the member considered and by this conventional rule each resisting
moment of the portion of the member considered must always be
indicated by the subseript My .

The moment of an external force is positive when it tends to
cause a clockwise rotation.

The change in slope is considered positive when the tangent to
the elastic line of a member has been turned clockwise, measured from
its initial position.
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The member-revolution angle is considered always positive to the
rotation. in the clockwise direction from the initial position of member.
‘ The intersections of the neutral axes of the chord members with
the neutral axes of the verticals are denoted by 1, 2, 3, 4 ete. for the
upper-chord-panel joints and by 1, 2, 5, 4 ete. for the lower chord
panel joints, beginning at the left and reading toward the right.

The value of K(i.e. J:1) of chord members in the way of reading
are denoted by the subscript of the number of the intersection from
which the member considered begins in the direction as mentioned
above.

The values of K of verticals are denoted by K’ with subscript of
the number of the intersection under which the neutral axis of the
vertical considered hangs, e.g., Ki, K}, K%, ete. (Fig. 2)

T
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Fig. 2.

TFor ordinal trusses, the load term C, vanishes in equation (1),
because all vertical loads are assumed to be applied on panel joints.
Putting in equation (1) '

2E0, = @, , 2L0, = @,, —OCLR., = g , Cup=0
we have :
My = K200+ Po+FHap) veveernnnnennnnns. 2)

For the member which has no member-revolution angle, the term
e vanishes and we have: .

My = Ky (29, + e (3

I. Number of unknowns and number of equations.

Fig. 2 shows a parallel chord truss of Vierendeel type and the
assumptions adopted make the value g equal both for an upper chord
member and the lower chord member in the same panel. That is to
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say, the number of w for all chord members comcldes with the number
of panels.

Thus, the value of for all the vertical members is equal and so
the number of u for all verticals is one.

Therefore, as a whole, the total number of x of a parallel chmd
truss of Vierendeel type is denoted by (n+1), in which n = total
number of panel of the given truss.

Next, the assumptions adopted give one unknown slope at each
panel joint and the total number of ¢ for all the panel joints of the
truss considered is indicated by m, which denotes the total numbel
of panel joints.

Summing up the above two kinds of unknowns we have (n+m+1)
unknowns in total, which are to be determined from three kind of
equations, i.e., from joint-, panel-, and span-equilibrium equations.

II. Joint-Equilibrium Equation.
At panel joint » in Fig. 2, we have from equation (2):
Myopr = K20, 4 Pt it}
M5 = K[{2¢,+@p7+p'),
M,y = K, 1 {20+ @ g+ 1)
From the equilibrium condition
Mypis+Myz+ M,y y =0,

we obtain the following equation :

Py = —(Pr1 P 2)Vr1—(Praa H )0 — (P + 1)y,
= —(Presc+ /‘Lleft)(y(]e;ft_"(q)rjght + /"’right)rY(t;iﬁght ..... 4)
e i
- ((plower + /“’Iowex‘)')/l(ov)ver
o)
where

K. K. , K

Yr—1 = ———, V=TT, T ——
Pr Pr e (5)

pr=AK,+ K, 1 +K])

or



Préctical Method of Caleulation for Vierendeel Truss Bridges. 33

I(left
Veft = - N
B 2x (Sum of K of all the members which intersect at r)
Yright = I(ﬁght

) 2x (Sum of K of all the members which intersect at ») ¢ - ()

>
IX lower

Vlower = N 1> p
)

In a similar way, we have the joint-equilibrium equation at the
lower panel joint 7 as follows:

7 = —(Prete+ Mete) Viett— (Pright + Mright) Vright
) @

f— (@upper + lu’uppe.r)(Yupper ....... (7)
@)

and fgpper 10 (7) is absolutely the same quantity 4s fhower in (4).

We call these equations (4) and (7) “‘ Joint-Equilibrium Equations’’
and there are obtained as many equations as the number of panel
joints.

111. Panel-Equilibrium Equations.

As shown in Fig. 2, imazining two vertical sections very near by
panel joints » and r-+1, we have the equilibrium condition of the
upper and lower chord moments :

Myt Myt Mo it Mob D =0 oovvenn.. (A)

where 9N, denotes the bending moment induced by panel shear for
the rt panel from the left end support;
and '

ﬂ[r'r+1 = 1(7(27}?+q)1*+1+/'l1) )

—Zl-/[r+1, = I{r(2¢1‘+1+¢r+/"’r) .

2
- Therefore M, .+ My, = 3]{,.{q)7.+q2,. +1+§,u.,.} .

Similarly : My i+ My = 3K {sv;? + @+ -%m} .
o

We get therefore from equation (A):
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pr = —Dp—(Pp+ Pp )ty —(P5+ i)tz

D —_ D __ 3K,
TOAKAK)T T AKAKR) feeeees (8)
= 3K; ‘ v
T AKAHKG)

where

Each panel gives one equation of this kind and equation (8) is of
the 7t panel, as mentioned above, and there are obtained as many
equations as the number of panels.

IV. Span-Equilibrium Egquation.

We imagine further one horizontal section near by the upper and
lower panel joints, as shown in Fig. 3, considering each vertical
member as a free body.

v 3
_ N o N T h) R
mr . I
# p »
ey K LKy
<=t NG o
T .
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= JAS
Fig. 8.

The equilibrium condition under the action of the moments at
the two extremities of all the verticals in the given truss gives the
following equation, considering together all of the verticals as a free
body:

’_'il(M,., A M)A Wh =0 oot (B)
where n denotes the number of verticals, W the horizontal concentrated
load applied at the upper panel joint in the direction from left to
right, and % the height of verticals, i.e. the truss height.

If there exist no horizontal loads, the term W7 naturally vanishes.
In equation (B)

M+ M., = K{3p,+3p;+20")

and from equation (B) we get:
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gi](,’.{%-lr%}+2M’(I{{+K§+----+K,{}+Wh=O )

or putting
UK+ Kyt + K =T

3](; ., 3_[{; , 3[(7: IV EREERERE (9)0
= uj B = gy s =y},
T T T
we have from equation (9):
' _Wh N,/ N, ! ’
p o= =T (Pt pu—(Pet P — e~ (Put pul, ... (10)

One span, i.e. one truss, gives one equation of this kind.

From equation (10) we know that the most effective term on u’
is the first term of the right-hand member of equation (10), i.e.
l%” because the numerical values of u], u} etc. are very small

quantities relative to the value of ETh and when there exist no hori-
zontal loads, the value of w/ may be assumed to be approximately
zero, putting »’ = 0 in it, and the true value is obtained by Repeated

Trials.

V. Special Case.

When the chord sections are designed in order that the value of
K for the upper chord member may be equal to that of the lower
chord member in the same panel, the values of @ at both extremities
of each vertical member become equal and the inflexion point of the
elastic curve of each vertical member takes its position in the middle
of its length.

The verification is as follows :
In equations (4) and (7), we put

Viett == Vett 5 Vright = Vright » Viower = Yupper
) @ ) @ ) @)

or in other notations
— —_— - YA 7
Vr—1 = Vi1 y Yo =Y, Yy = ry; .

Therefore (4)—(7) gives:
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Pr—@; = (Pr=i— PtV + (Prri— Pra) Vo + (P — 5]
or

(q)'r — q)q—)(l _"(Yr,/) + ((pr—l “'_‘])'7:‘1)')%_1 + (q)1 +17 ST)TH)% = 0 .

We get such n equations for n verticals and solving those n
equations simultaneously, whose unknowns are (@;—®i), (Pe—@z)-++
(Pn—@5) gives @y = @7, @z = @3, ~@u = @;, because the right-hand
member of each equation is zero. :

In such a special case as mentioned above, the treatment of the
problem becomes very simplified and thus the problem may be solved
only by treating either the elastic deformations for the upper half
truss or those for the lower half.

V1. Mechanical Tabulation Method.

We explain the Mechanical Tabulation Method by a parellel chord
truss of five equal panels, as shown in Fig. 4.

Combining equations (4)
and (5) we have:

Wy fi2 fos fo 4 fos K5

Y A LAl a2 %,
(¢1 l+/‘l1 1) Il+¢)')P7' 3 ,/rz ,/fz //f;’ /‘/‘; /r' /rf
H@rert ) I 1_ '7‘-‘ o ’f‘ P 5 /47“ Wl /3" Hs é
+(pr+p)KL=0... (11) 720 B A AR PR
4 PO A A
At upper panel joint 1, g ': ‘ E :
putting 7 =1 in equation (11) ' AT @ ; ; !
gives: T M2 5 ; i
. 4 e l fg E E
W) Pipr+ (ot ) 0 O PP
+ (@14 p) K, = 0 i, I
i Al
At upper panel joint 2 we ': i
have : i l
Y m m
(2) (p1+m) K1+ @ope l m'”)
+ (Pst+ 1) K, ©
+(<p§+,lb’)ff; =0 Fig. 4.

In a similar way, we get further four joint-equilibrium equations
for the upper panel joints and furthermore six joint-equilibrium
equations for the lower panel joints,
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Table 1.

- LeftHand Member of Equation Right-Hand
A A A A AT AV L s A Il
7| S, ErAml i 0|

AR AN REN
ENAN NN LA G o
(4) JARALA [ AlA A 0
(5) ARANLA IALALA []
() EAAA 514 []
(7 5| 52| A AlA 0
&) LEIRrArY? e s \/s 0
(9) JA YALALA MelHel K 2

0 /G 4% 14 A3 |A5] A 0
YA 55 |5 Kol e f [
BLA ] A5\ #7) 0
791t 17 447 =1,
14 1Ak i5| 2z 7 =D,
5 AR bl 7 -,
76 tl s iy 2y 7 -0,
177, TJ‘?} s &3] 7 =I5 —l
Bl W G Gy g i g ) 7] ~wa/T

Those equations are shown tabulated in Tuble 7, (1) to (12).
Next, panel-equilibrium equation (8) gives for the first panel :

py+H (P @)t + (Pi+ )ty = — Dy

which is shown in Table 1, (13).
For the second panel:

o+ (Po+ Po)to+ (Pa+ o)tz = — Dy

which is shown in Table 1, (14) _
In a similar manner, we have further three panel-equilibrium
equations, which are shown tabulated in Table 1, (15) to (17).
Finally, span-equilibrium equation (10) gives :
Wh

p! (P14 P ug + (Pa+ Palug 4+ + (Po+ Pr)uf = — v

This equation is tabulated in Table 1. (18).

Table 1 shows a quite systematic amangement of coeflicients p,
K, t, w, D and Wh/T.

The coefficient p finds itself in the table on a continuous line
which may be expressed as a diagonal line of a square formed by
columns of @ and rows of general equations, @ being taken horizon-
tally and the number of the equations vertically.

This diagonal p-line forms a quite symmetrical axis of the table
for the position of the coefficients tabulated.



38 T, Takabeya.

We may thus obtain quite mechanically the simultaneous equations
which solve problems of Vierendeel trusses with parallel chords,
ithout starting from equations (4), (8) and (10).

VII. Effect of Vertical Loads.

If the horizontal joint load W shown in Fig. 4 () vanishes, the
term —TWA/T disappears in the right-hand member of the equations
in Table 1, and in the same table, D expresses:

P! My s
D=2 D= Mo opo Wa
VTG HKy) T T MG+ Ky T T 2K+ Ky) 12
= ~——————‘—~9J}4 .D = - 93}5
D AR+ Ky T T AR+ KR)

In equation (12), My, W, ---+ M denote the bending moments
due to panel shears for the panels 1, 2,.---5 respectively and are
expressed by the following expressions :

9.)?1 = AR ) mz - (A."Pz)l s mg = (A’—PZ—Pg)A
ED}4 = (A—Pz—Pa'—Pz;)R ) 93?5 = (A"“Pg—Pg—B—Ps)A = —BZ .o (]_3)

where A = Reaction at the support A.

VIII. Effect of Horizontal Loads.
For the effect of horizontal joint load W, we have:

9%1=9n2=9333=9124=wz5=—1?’%.

(see Fig. 4 (c))

IX. Mechanical Tabulation for the case, when the value
of K is equal, both for the upper and
lower chords in each panel.

In the case mentioned above, the joint-equilibrium equation, for
joint 7, is as follows:
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D1 K1+ P+ P Ko A 1 K+ K = 0 (1)
where ¢ = 2K, + 3K+ 2K, .

Substituting K; = K7, Kz = K- Kz = Kz in the truss shown in
Fig. 4 (a) and from equation (14) we get:
At panel joint 1

1) et K+ K =0
At panel Joint 2
(2) 901](1 -+ P22 + 7)3](2 -+ //«2[{2 -+ /1:11(1 + ,U"I(é = ()

In a similar manner, we have six equations which are shown
tabulated in Zable 2.
And the panel-equilibrium equation gives in this case :

My = ——D,.—I.S(q),.—!— q),..yl) .............. vesee (15)
The first panel-equilibrium equation gives :
(7) = —D1—1.5(p1+@s)

The second panel-equilibrium equation gives :

(8) py = —Dp—1.5(@2+ @s)
Table 3.
1= h n
Table 2. ~§ Left-Hand Member of Equation Rlﬁ;’:ﬁa;d
S |51 % [ % %] 517 | AP A Ml | Coett ¢ 28K
& | Left-Hand Member of Equation Right-Hand (75 |7 7 7 0
A (ZN7 177 717 7 g
711, g, A I# 0 (3) 71717 717 7 0
B a7 1 0
ERIARIA [AAR /AN “” 71717 ! ! g
) /r,n/? FALZ N 7 (5 7177 71717 0
151 e 95| A5 [AIALH 0 (6) :
t6) Hsl % filkel -0 d 715 au g
T8 7 -3, (7177 % — 3y
g J73]75 7 -D ) 2
o NEEE 7 "3 o 1717 % /127
o) 75]75 7 - (9) 707 % 1%}
7l 1575 7 -0 (101 717 25 30
T Ve 7 —w/T 1 .
(1) 7 2 —#s
e 7177171717 %i -wn
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Further up to the sixth panel-equilibrium equation they are
tabulated in the same table.
Finally, the span-equilibrium equation gives :

,__Wh

= 7 — 2@ — 2pgul—2pgul— oo — 2,041,

or putting 2u/ =, gives:

g 3K - 3K}
VT K K+ KL 7 KA K+ K]

etc.

And the span-equilibrium equation takes the following form :

Vi
R S P S S 19

This equation is also very easy to memorize, hecause it has a
very simple and regular form.
Applying equation (16) to the truss of Fig. 4 (a), we have:

! 7 /
Py Py P -

re WD
(12) z 7

The twelve equations calculated above are shown in tabular form
in Table 2, which shows the rules in the tabulation and properties of
the table for the case, when the value of K is equal, both for the
upper and lower chords in each panel.

X. Mechanical Tabulation for the case, when the value
of K for all of the members is equal.

If the value of K for all the members of the whole truss shows
an equal amount, the expressions ¢, K, and » in Table 2 become as
follows :

p=G=5K, pg=q@g=qu=q¢="TK,

Ki=EKy= o Kj=Kj=ww=K
3
ui=Vé=""=Z=V

and from 7Table 2 we get Table 3.
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XI. Calculation of Approximate Value of @.
From equations (4) and (5) we get :
Pupr = (fp,-_I+m_1)K,-_1—(¢,-+1+/»7-)Kr——(¢;+/»’)fff-v ----- (a)
and equation (7) gives:
Prpr = —(Prmi+ b ) Km— (Prsit ) Ko~ (et /)KL ... (D)

Counsidering further ¢, ; = ;5 = @, = @; = @,,; = ;57 and sun-
ming up the above two equations gives:

Bp (I + Ko+ K=+ K+ 2K7) + s (K + K)
+p K+ K+ 20 KL =0 ......... (e)
Panel-equilibrium equation (8) gives likewise :
by = —Dp—2p,(t,+1;) ,
Hpy = — Dy 1 —2p by + t;1)

and from these two equations we have :

ol Iyt ) = =800 (R, 4 1G5

syt Im) = — B0, (Kot Ki)

Summing up these two gives:
s b K) b (B  IGG) = — (o +R,)
—8p K, 1+ K5+ K +K7) ..... (d)

Trom equation (10), putting in it w/ = 0, we get approximately :

If there are no horizontal loads, it may be then assumed
pw=0.

Substituting equations (d) and (e) in (c) gives:
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— 93}7«_1"*‘ 3]},. T/Vh (1,_>
P T3 e oy oy o IIEERRE

When T vanishes, the above equation becomes :

_ m?‘—l + wr

Pr 12K

XII. Calculation of Approximate Value of #.
(4). w of Chord Members.

The approximate value of w, (say p{) is obtained from equation

8): : .
O = —D,— (" + Ot +15)
. _i (C) (0)
= —Di—glefren) L (19)
m
her Dr =
where 2AK,+ K;)

In equation (19) ¢ and @, are to be found by means of equa-
tion (17) or (18).

(B). m of Vertical Members.
We denote by w/'@ the approximate value of verticals and from
equation (10) we get:

Wh
w0 = = T 022D 2900, ... (20)

The value worked out from equation (20) is more accurate than
that from equation (e).

XIII. Numerical Examples.

Example 1. The horizontal parallel chord truss of Vierendeel
type with five equal panels as shown in Fig. 5 carries a single con-
centrated load P at the lower panel joint 5. This truss is assumed to
have equal values of K for all members of the truss.
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It is required to find all the bending moments at each panel
joint.
Looking at Table 8 quite

. 7 2 3 [ 5 6
mechanically we get Table 4
which gives the simultaneous Y A PR A
elastic equations, from which _ - . _ -
7 2 J ¢ J 6
the unknown ¢ and g are to ) ‘
be determined. %p P T%p
Here one has: :
1 %lUlHHHIHUIHHHHG?HlHlHHHHlEHHHIH m .
Py =P =MWy = V== @B dp
1 2 3 4 5 y m,=m=%=m=37_ﬂy A 'fP
’ =-£n i
Wy = — P2 w55 [
” Fig. 5.
(Table 3)
Table 4.
S: Left-Hand Member of Equation & Hand hfeﬁ“‘}z“
S5 %] %] B 1% [ Ml Kol Mol Pl o+ 3
(TH517 7 7 0
N7 717 717 7 0
3 [7]7](7 717 7 0
(41 7177 7 7 0
(5) 71717 71717 0
(6) 708 717 [4
(M7)7 ] -1
&N 1717 Bz -7
9 717 2 -1
(70) 717 %l -7
i71) 717 % ¢
7717171717 2 [

Next we have from equation (18):

_ _ 1
PUTTRR T 5 12K 301((2)’
(©) — Ma+PWa . P /1)

Pa 19K 30K

P2
O — 0 —
97.3 Pd 80_[{ (1) )
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O = M+ _ é ( 4)

12Kk T 19K 301{ “)
4
-Zp
o =D 5 7 o (—2)
12K 12K 30K

Regarding P4/(30K) as a coefficient and disregarding it one has;

PO = 0.5, P =1.0, P =10,
PP =1.0, o0 =—1.5, P = —2.0.

Putting K, = K; = K in equation (19) gives :

T T 5 41( 201( 30K

” _?1)
Da =Dy = Dy = 30K\ 2

1
Ds = 41((_— *) 30[’( 6).

and therefore

P = -—(¢(°)+g7‘°’) = —1.5—1.5(0.5+1.0) = —8.75 ,

) = —DZ—;g(q)gmmg») = —15—1.5(L0+1.0) = ~4.5

M= — D=L+ p?) = —4.5

pO = —0.75, u® =11.25 .
and
o . r_ 8K
UL Uy = Uy = Uy = Uy = U = s 25,

B0 = — 2/ (@ + @ + P + Pl + P + )
= -2><0.25(0.5+1.0+_1.0+1.0——1.5—-2.0) =0.

Using the values of @@ and u® calculated above, we find the
approximate values of @ and p as follows.

From Table 4, (1) we get the first approximate value of ¢ :
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o = %(_¢§o>_p{o»_ﬂf<o>) = 0.2(—1.0+8.75—0) = 0.55 .
From Table 4, (2) we get the first approximate value of @ :
P = %—(-—«;’{L@é"’—#&“’~Mé‘”--#"°’)
= %(—0.55—1.0+3.75+4.5~0) = 0.957 .
Similarly we have from Table 4, (3):
o = 17(-0.957—1.0+4.5+4.5—0) —1.006 .

From (4), (5) and (6) one has:

o0 =0.82, o) = 0.383 o = —2.33.
And next from (7):

WD = (10— gff) = 3 (~1—0.55—0.95T) = —3.76
From (8):

pop .%(—1_¢gl>~¢gv) = 1.5(—1—0.957—1.006) = —4.44 .
From (9):

pfP = 1.5(—1—gP—gfd) = 1.5(—1—1.006—0.82) = —4.24 .
From (10):

0 = 1.5(—1—0.82—0.383) = —3.3 .
From (11):

p® = 1.5(4—0.383+2.33) = 8.92 .
From (12):

b = =P =g~ — P —g —gf))
= 0.5(—0.55—~0.957—1.006—0.82—0.383 +2.33) = —0.693

The farther calculation with these results gives in a similar way :

45
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P =0.7, P =1.03, P = 1.08

PP =1.01, PP = —0.52, @@ = —1.54,
pP = —41,  pP = —467, P = —464,
pP = —224, p@=9.09, p' = —0.88 .

Table 5 shows the calculation results up to the fifth- approximation.

Table 5.
Coefficient 0E

Approxi- First Second Third Fourth Fifth

mate cal- approx- approx- approx- approx- approx-

culation imation imation imation imation imation
P1 0.5 0.65 0.7 0.79 0.83 0.846
D2 1.0 0.957 1.03 1.11 1.17 1.2
@3 1.0 1.006 1.08 T 115 1.19 1.22
Py 1.0 0.82 1.01 1.02 1.02 1.01
PDs ~-1.6 0.383 -0.562 -0.78 -0.88 -0.93
@6 -2.0 -2.33 -1.54 -1.49 -1.53 - -1.56
pex -3.76 -3.76 -4.1 -4.36 -4.5 -4.57
M2 -4.5 -4.44 -4.67 -4.89 -5.04 -5.13
M3 -4.5 ~-4.24 -4.64 -4.76 -4.82 -4.85
Ha -0.76 -3.3 -2.24 -1.86 -1.71 -1.62
M5 11.26 8.92 9.09 9.4 9.62 9.7
W 0 -0.693 -0.88 -0.9 -0.9 -0.89

‘With these fifth approximate values of @ and g, we find the joint
moments from equation (2):

My = K{2p1+ ot}

P2 -
= ) 1.2—4.57V——2_ = —0.0355
K{2(0 846)+ 2 57) ETe 0.035 P2,
Mas = K{2qz-+ s+ s}
Pa
= . 22513V —2. = —0.05
K{2(1.2)+1.22-5.13) 10 P,

My = —0.047 P, Mg= —0.018 P2, My=+021P.

"In a similar way
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Mpy = —0.04P2, Myp=—0.05P1, My=—0054P2,

My = —-0.082 PA, Mg =019 P2, ,
“and the joint moment at the upper end of each vertical is as follows :

My = K{3p+p'} = K(3(0.846)—0.89) = 0.055 1,

My = 0.09 Px, Mgz = 0.09 P2, Mz =0.071 P2,

Mg = —0.123 P2, Mg = —0.19 Pz .

Example 2. The horizontal 7 2 7
parallel chord truss of Vierendeel
type with five equal panels as AT TAS A A A
shown in Fig. 6 carries a single ‘
concentrated load P at the lower (@ ”
panel joint 4. This truss is as-
sumed to have equal values of m
K for all members of the truss; %7 i

It is required to determine - ) M '
all the joint moments of the W= i ay= £PA ) 3’;’
truss. In a similar way as for My= ty=-3PA I I
Table 4, we get quite mechanically Fig. 6.

Table 6 which gives the simul-
taneous elastic equations from which the unknowns @ and p are to
be determined.

~a}
(%]
on
&
(™
o™

Cajes
-~
)
Jes
b~

Table 6.
E Left-Hand Member of Equation Kight-Hand M‘;“}:’e‘
NARRBIAIAAE RS
(517 7 7 g
2N71717 717 7 0
(3) 71717 717 7 g
(4) 71717 717 7 0
(5) 71717 71717 ]
(6) 715 717 0
(71 7 HZE -2
) |77 % -2
(91 717 % -2
(19 717 % 3
1 77 % 3
27 771777 2 0
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Here we have:
2 3
9)}1=Em2=9ﬁ3=31°2, Ny =M = “‘gPZ.

Quite analogous to the former example, we secure the calculation
results up to the fourth approximation which are tabulated in Table 7.

Table 7. -
Coeflicient : 0K

. First Second Third Fourth

“loation” | | IPBrOT- | appro- | approx- | approx

D1 1.0 1.1 1.11 1.11 1.11
@2 2.0 1.9 1.86 1.85 1.84
w3 2.0 1.8 1.72 1.69 1.67
P -0.5 -0.47 -0.48 -0.,49 -0.49
2] -3.0 -2.7 -2.6 -2.56 -2.65
@6 -1.5 ~1.7 -1.7 -1.69 -1.68
B 7.5 7.5 -7.46 -7.44 ~7.42
u2 -9.0 -8.5 -8.37 -8.31 -8.26
“a -5.25 -5.0 -4.86 -4.8 -4.77
a 9.75 9.3 9.12 9.08 9.06
M5 11.25 11.1 10.96 10,88 10.85
W 0 0.035 0.045 0.045 0.05

With the fourth approximate values of @ and g there are worked
out the joint moments as follows :

M= —0.11 Pz, My =0.11Pz;
My =—0.1 Pz, My = —0.09 Pz, My = 0.19 Pz ;
Mg = —0.06 P2, Mgy = —0.10 P2, My =0.17 P2 ;

My =018 P2, Mg=—014P:, Mz=—0.04P1;
My = 0.136 2, My = 0.116 Pz, Mg = —0.253 P4 ;

Mes = 0.165 P2, Mg = —0.166 P2 .

Erample 8. For the Vierendeel truss shown in Fig. 6, there are
assumed in the problem the following conditions : the value of K for
the upper chord members and verticals is assumed to be equal and to
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be K'; the value of K for the lower chord members is assumed to be
0.5 K. The load condition is the same as in the previous example 2
and it is required to find all the joint moments of the truss.

Looking at Table 7 we have Table 8 quite mechanically, from
which the unknown ¢ and u are to be determined.

For the determination of the unknowns @ and g from Table 8, we
apply the resulting values of ¢ and g, which have been obtained in
the previous example, as the assumed values, because for both trusses
the load condition as well as the stiffness condition are closely
similar,

Table 9 shows the calculation results up to the fourth approximate
values, with which joint moments have been calculated and written
in Fig. 7 in the corresponding places of every panel joints.

Table 8.
§ " LeftHand Membee of Equation Right Hand Membe
g Coeff ¢ LA
AR E A AR AR AR A 1T S
|7 717 7 [
n716]7 71 117 7 []
3 {7]6]7 7 7 7 0
7 71617 7 711 7 0
5| 76171 |7 1717 []
6 714(7 717 0
(7) 713103 0317 [
& AN 05]g3| 7 7
() 7 0514105 asla5) |7 0
10) 7 a5 |4 105 4505 7 2
a7 05| ¢ [as[0s]as 7 [
2} 7 PREACH 7 0
37 |7 a5]as| 7 40
el |7 05105 7 —%0
s 717 05]as 7 —40
7% 717 15]05 7 60
77 7|7 |o3]e5 7 40
w7 77|72 7]7]7]7 177|717 s [
=072 -070 -0,077 0,219 0743
of7 -]z -awr(d -omyl¥  amz]s o6
S § & 8 2 ®
s s ¥ 3 b
\Y>3 by b ;Qg a_. ‘é‘
o 3 hacy <3 < <
b < 3 ] [ )
Sl7 -00817  -0095\F  —-4091)% 011]5 o6
0097 ~009 ~0.063 0,737 073
P Coefficient : PA
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Table 9. »
Coefficient : 0K

. First Second Third Fourth
“leuition” | tpprox | approx- | approx | spprox-

gn 1.11 1.34 1.41 1.43 1.44
P2 1.84 2.04 2.14 2.19 2.21
@3 1.67 1.92 2.03 2.08 2.10
Py -0.49 -0.6 -0.63 -0.62 -0.616
Ps -2.56 -2.95 -3.1 -3.17 -3.19
Ds -1.68 -1.94 -2.06 -2.12 -2.15
P -1.68 -0.84 -1.0 -1.08 -1.10
@5 -2.56 -1.7 -1.8 -1.93 ~1.98
[e2ry -0.49 -0.42 -0.34 -0.37 -0.40
(20 1.67 1.02 1.16 1.23 1.25
(2] 1.84 1.22 1.32 1.41 1.46
Pi 1.11 0.64 0.63 0.67 0.69
M1 -7.42 —7.88 -8.26 -8.59 -8.70
M2 -8.26 -8.63 . -9.2 -9.49 -9.63
8 -4.77 -5.48 -5.73 -5.83 -5.89
My 9.06 10.10 10.62 10.88 10.98
25 10.85 11.50 12.29 12.66 12.83
1% 0.05 0.045 0.0565 0.07 0.072

B. The Slope Distribution Method Applied to
the Analysis of Vierendeel Trusses
of Parallel Chords.

'

The assumptions in the present method are the same as in the
Mechanical Tabulation Method or in the Slope Deflection Method.
Namely, (1) the connections between the verticals and chord members
are perfectly rigid, (2) the length of a member is not changed by
direct stress, and the deformation of a member due to the internal
shearing stress is zero and (3) the settlement of the foundations is
disregarded. C

The method is divided into two parts: one of which treats the
problems of different K for upper and lower chord members in a
panel and the other part treats the problems of a Vierendeel truss,
which has the same values of K for upper and lower chord members
in a panel.
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I. The Slope Distribution Method Applied to the Problems
with Different Value of K for Upper
and Lower Chord Members.

With respect to the truss and loading conditions given in Fig. §,
there are worked out the values of p from equation (5):

P1=P6=2(I{+]()=4I(; P2=P3=P4=P5=6](,
pi=ps = 2AK+05K)=38K, pj=ps=pi=p;=4K.

With these values of p we have from equation (5):
at panel joint 1

K K Kj K
i =" =-=02 » ower——‘—l'_—'“"_0251
Vright p1 4:1( 0 04! ; 1 41—{
at panel joint 1
K5 0.56K K K ‘
v =—=—=0_1667’ i er=——l=——~= 0.8833,
[ T TETT B
at panel joint 2
K, K ' K _ K
iant = 2 = —— = 01667 , e = =L = - = 0.1667 ,
Trighe = T 6K YT T T 6K
Vower = 1 = & 0 1667

at panel joint 2

K 0.5 K; 05K
ight = =i = 0125, Yy = 2 = —— = 0,125
T T T T AR e R Ve ’
K} K
=22 = —— =0.25.
Vowper = T AR T
7 2 J 4 ] §

In a similar way, there are » " d /r . #
calculated all the values of v in " LA G (A
every panel joint. 7 0N 12 osn |3 0K (T osn |5 05K |E

Next we calculate ¢ from P

equation (8): Coefficient : P

for the first panel : Fig. 8.
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3k 3K

{y == = =1 s
TG+ K7 2K+05K)

v 8K _ B305K) _ g,
YUK+ K 2AK+05K) T

for the second panel
__ 83K __ 3K _4

2T A+ K;) | 2AK+05K) .
b 3K; _ 3(05K) 0'. 5

T Kot K) | AK+05K)

In a similar way, there are calculated all the values of ¢ for all
the panels.

Further we work out «/ from equation (9):
for the first vertical
3K7 3K/ 3K

T = AR+ K+ Kt Kj)  20EK)

Uy =

In a similar way we have
up = uf = up = uf = uf = 0.25 .

Then we work out 9 in order to find D in equation (8). As
shown in Fig. 6, the value of I is given by the following expression :

9331=5.m2=§m3=2P/1, %4=9ﬁ5=_..3_f7.
5 5

Therefore from equation (8):

W 2P2 _ 2R

D=

K +K7)  bx2K+05K) 16K
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TFor the sake of convenience to compare with the previous example,
we use the multiplier P2/(30K) and the expression of Dy is as follows :

_ 2P _ Py
T BK 30[(

In a similar way

Do= Dy = -T2 4y, D,=Dy=-LL(g).

30K

The calculating operation, in this Droposed method of slope
distribution, is worked out on the given truss-schema, writting down
these numericel values of 7, ¢, v and D, whose writing positions are as
shown in Fig. 9. For convenience of calculation there are considered
always minus signs as shown in Fig. 9 and 10.

SOK

First Calculation of Approximate Values,

The ordinary method of calculation is used to determine the true
values of @ and p by solving elastic equations simultaneously, while
the propesed method is to show, step by step, the approach to the
true values by our special procedure of calculation, which is carried
out on the truss-schema itself, 1t is necessary, however, for the
proposed method firstly to have the approximate values of @ and u,
which are the nucleus, so to speak, of the true values.

As the proposed example has no horizontal loading, equation (18)
gives : :
Merny+ PMpigno

Pr= 12K7
and therefore
2P2 P 2P
(0) — _ 0 = =24 =
P87 j(12K) oD 7 5(12K) 301(( )
4P byl
PPV = g0 = - 0 o ) — A
P2 = 512K) 301(( ) A = = g5 @)
0 — 0 — (—3+2)P2 _ 05
= 5(12K) 3011*( )
6P I
O oo @ == 220 = 2 (o
P =90 = Saar) ~ s0K )
PP = g = —3Pr _ _PL(__1 5)



/‘fﬂ2= [0]
U poog
M -q005

o
=0

yAAEFT]
~162
=020

h= 142 M1=-483

0]/

L)

+381

+116
H=T7055

+378
+478

P05

+5,38

2y 4156
Fs="129%

[
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The approximate values of x are determined from equation (8):

O = —D,—(r+ Pra)to— (@5t Praili
and therefore '
B = —Di—(p +pfM)ti— (PO + PPtz

= —4—(1+2)(+1)—(1+2)(+0.5) = —8.5..
In a similar way
MY = =Dy (o + 20—+ 0
= —4—(2+2)(+1)—(2+2)(0.5) = —10,
p = —4—(2-—0.5)(1)—(2-0.5)(0.5) = —6.25 ,
¥ = +6—(—0.5—3)(1)—(—0.5—-38)(0.5) = 11.25 ,
PO = +6—(—3—1.5)(1)—(—8—1.5)(0.5) = 12.75 .
The approximate value of ' is determined from equation (10):
PO = —(pf) + pPui—(@f? + PPz — (@ + PPhtg—+- -
— (@0 + g = (1+1)(—0.25)+(2+2)(—0.25)
+(24+2)(—0.25) + (—0.5—0.5)(— 0.25) + (—3—3)(—0.25)
+(—1.5—1.5)(—0.25) = (—0.25)(0) = 0 .

That the calculation result gives zero shows that the effect of
vertical loading is negligible upon the value of w/, as we have already
proved in the paragraph on Span-Equilibrium Equation.

All these approximate values of @© are written in the correspond-
ing places under each joint as shown in Fig. 10. The similar values
of p® are written in the corresponding panel as shown in the same
figure, and that of w/@ ig written in the space of the left outside of
the truss schema.

These are the preparatory calculations of the proposed method.
The proposed calculation process will be explained in the following
article. '

Method of Caleulation on Truss Schema itself.

It is required, in this section, to find the statically indeterminate
quantities @ and w. This calculation is not made by solving elastic
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equations simultaneously, but is, in the present method, to be worked
out quite mechanically on the truss schema itself.

We begin the calculation at the lower panel joint 1 and then 2
and so on up to joint 6; from the last lower panel joint the calcula-
tion is carried out along the upper panel joints from the right to the
~ left, i.e. the calculation order for the upper panel joints is of the
joints 6, 5, 4, 3, 2 and 1. Next, the calculation of p{ is worked out
in the space of the first panel and then the calculation of w{! in the
second panel and so on. The calculation of w/® is to be carried out
in the space of the left ouiside of the truss schema. Such calculation
procedure is to be repeated in the same way as mentioned above and
the detailed calculation at each panel joint or panel space is as follows.

Calculation at Joint 1.

Firstly required the sum of @ and w’ which gives (1+0) = 1.
The numerical value of this sum is multiplied by the numerical
value in the parenthesis which is found above the joint considered,
i.e., (—0.3333).(1+0) = —0.3333.

This calculation result is written under the panel joint 1 as
shown in Fig. 10.

Next, in a similar way, required the sum of ¢ and p with
respect to the right element: this sum is multipled by the value
in the parenthesis to the right of the joint 1. This calculation
is carried out by slide-rule computation as follows: (—0.1667){2
+(—8.5)) = +1.083. This calculation result is written down under
the previous caleculation result (—0.3333). See Fig. 10.

And then required the sum of these two.

This gives: —0.3333
+1.083

Approximately +0.75

This is the first approximate value of ¢g.
Calculation at Joint 2.

The calculation at joint 1 has been of the joint composed of
two members, while the other joints are composed of two chord
members and one vertical ; therefore the summation as well as
the multiplication are to be carried out in three directions.

The numerical calculation procedure is shown in Fig. 10.

Tor upwards: (—0.25)(2+0) = —0.5,

For the right: (—0.125)(2—10) = +1.0,
Tor the left : (—0.125)(0.75—8.5) = +0.97.
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The summation of these three gives 1.47 as shown in Fig. 10
which is the first approximate value of @3, i.e. @P.

In a similar way, the calculation is carried out at each panel joint
in the lower chord member as well as in the upper.

That is to say, as shown in Fig. 10, for example :

PP =141, @ =—-129, @ =—212,

PP =—058, o =1.36.

Calculation in Panel 1.

For the determination of chord-member-revolution angle, the
numerical value in the small circle shown in the midst of each chord
member is to be multiplied by the sum of the values @ which are
found at both extremities of the chord member considered. This
calenlation is carried out for the upper as well as for lower chord for
one panel under consideration; for example

For the first panel or panel 1:

For the upper chord member :
(—1)(1.36+2.29) = —3.65,

For the lower chord member :
(—0.5)(0.75+1.47) = —1.11.

Next, add the numerical value written in the circle above the
upper chord member to the sum of the above two and find the total
of all these. Tor the case under consideration, this total sum results
—8.76. This represents the first approximate value of py i.e. sV,

Caleulation in Panel 2.
In a similar way, in the second panel we have

(—1)(2.29+2.23) = —4.52
(—0.5)(L.47T+1.41) = —1.44

Total sum: —9.96

- This gives .
In a similar way there are calculated
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p = —6.21, p®=1097, p® =13.01.

Caleulation for u' of Verticals.

For the determination of p/ for verticals, we multiply the numer-
ical values written in the double circle at the middle of each vertical
member by the sums of @ which are found at the extremities of the
vertical under consideration. Such product is worked out with respect
to all the verticals and their total sum is found. This calculation
gives the first approximate value of w’.

For the present numerical example, however, each vertical has
the same value for —p/ (i.e. —0.25), and therefore the calculation is
simplified by the sum of total  multiplied by —0.25.

The summation of ¢ is as follows :

For upper chord-joint : For lower chord-joint:
1.36 0.75
2.29 1.47
2.23 1.41
—0.58 —0.30
—3.23 —2.02
—2.12 —1.29
Total : —0.05 Total : ~+0.02

Accordingly there results: (~0.0540.02)(—0.25) == 0.008.
This is, p'® = 0,008.

By the calculation above explained, all the first approximate values
of @ and g have been determined. This calculation procedure is quite

@ —012 =010 @—0.10 ~017 \S/-p08 =077 @ 222 9133 @ 2745 2718 @
Q w a
o~

i S ] ] S
<3 L~ = S < <
i t i
A A A A A
e
* =~ L 3 i; Q
N X <3 = < <
<3| < ' 1 t
Di-0097  —008 |-0,09 —0,096 |-0.06% _ -0092| 0137 011 | 013 015
7N @ ® @ ® ,
Coeft.: P

Fig. 11.
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mechanical and systematic; there is no tedious labour. Next, the
same calculation procedure is to be repeated as shown in Fig. 10,
where we see the procedure twice repeated.

Tt seems necessary to repeat the procedure at least three times,
and for the grade of necessity the number of repetitions is to be
increased. '

Tig. 11 shows the joint moment distribution worked out from
the second approximate values above calculated. The moment values
worked out by using the fourth approximate values are shown in Fig. 7.

II. The Slope Distribution Method Applied to the Problems
of Vierendeel Truss with the Same Values of K
for Upper and Lower Chord in a Panel.

In the case where the value of K for the upper chord is the
same as that of the lower chord in each panel, the joint-rotation angles
take the same value at both extremities of each vertical; namely
Pr =P,

For this reason, it is therefore sufficient only to determine all
the joint-rotation angles for the upper chord joints or for the lower
chord ones. Here in this paper it is required to find all the joint-
rotation angles for the upper chord joints.

As in equation (14), we have at joint »:

QG = 2(I(lefi: + I(right) + 3I((vertical) = pr + I(:-(vertical)

and for the truss shown in Fig. 8§,
putting K in all the values of K for 7 z 3¢

the lower chords, we get: # ‘/fz )
. '_/(’ " »
G=p+K=2AK+EK)+K =5K, d % #
S A S
ge=pot+ K =2AK+K+EK)+K =TK,
Fig. 12.

G=q = q¢G="TK, ¢g=>5K.
In general, for the truss shown in Fig. 12, we have:
g =p+K|=2K+K)+K],
Qo = pot+ K} = 2K+ IG+ K+ K,
gs = ps+ Ky = 2L+ K+ K+ K} .
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i Lo — Bl Ou BTG P d—B— Ol —B—Ed®
[&al i i [l Fed

® 0 @ @ ®

Fig. 13,

At each panel joint we calculate the value of ¢ and then divide
each K, which meets at the joint, by the value of ¢. This quotient
is expressed by e as shown in the following :

at joint 1:
K
e = —1 65(1) = —1;
1 1
at joint 2:
’ ¢ K K .. (21
e = —2 Cye) = =z » = A1 ; @)
Q2 Q2 Q2
at joint 3:
K
€a3) =— =2 s e§(3) =28 ’ Ca(3) = *I—(z .
e gs gs
and so on.

The writing position of e is shown in Fig. 13; it is in a similar
relation with v in Fig. 9.

Next we use in the case in question the numerical constant value
(—1.5) in the plage of (—¢) which has been used in Fig. 9, because
from equation (8) we have:

Py == “"-Dr“'2(¢r+¢r+1)tr ‘
= —D,+(pr+ Pp1)(—2t,)

in whieh (22)
—3K,
== —1.5.
(K,+K,)
In other words, we have, independent of the panel, —2f, = —1.5,

which is written down in the circle in the middle of the upper chord
members.
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From equation (10)
w o= — LVT]L-—(Qcplu; + 2@aus+ o+ oo+ 20,00
—_ _%i—— (¢1y£+ (lezé RRLLD +¢')‘LV;‘L)
in which
3K
K+ K+ + K/

and for the first vertical we have

u,l. = 21(-,’. =

- 3K}
VU K# K+t K]
for the second vertical

L 3K}
2 K+ Kb+ K

“and so on.

These numerical values are to be written in the circle mid-way
in each vertical. See Fig. 13.

III. Numerical Example.

The horizontal parallel chord truss of Vierendeel type with five

equal panels as shown in Fig. 14 carries a single load P at the
lower panel joint 4. This truss is

assumed to have equal values of

7 2 3 4 5 §
K for all the upper and lower g " R T
chord members and K/3 for all [ I [ th [
the varticals. It is required to [T * A A A A
L e o 7o g k15 ke x5 on s
find all the joint moments by the »
Slope-Distribution Method.

(). Preparatory Calculation.
Firstly we find ¢ as follows :
K

9
(3]

¢ = qs= 2K +3 >=3K,

G2 = gs = qa = s = 2K+ 2K + s(éi) = 5K

and therefrom we get e,
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‘at joint 1:
’ 1
' —K
K 1 ' 8 1.
W= = A==y
at joint 2:
1
—K
K _ 1 _ K _1 , 3 1
MOEFR T "MT R T 60 TR 15
and so on.

These values are to be written down in the corresponding places
as shown in Fig. 15. Also as mentioned previously, we write down
(—1.5) in the circle at the mid-point of every upper chord member.
If the multiplier P2/(30K) be disregarded, then we have :

—Dy=—Dy=—D3=—3, —Dy=—=Dy= +4.5.

These numerical values are written in Fig. 15.
Next we calculate » as follows :

—f = = = = —h =
1 .
4@«)
1.\ 27
o(5%)

These values are written at the mid-point of every vertical. See
Fig. 15.

(@) First Caleulation of Approximate Values of .
From equation (18)

gl]z(left) + ED’E(right)

Pr= 127

in which we have in the given case

W= WMo =My = 2P2, D= W= —F2,
5 5

Kj=Kj= = Kj= L K.
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Therefore there are obtained

2P/1
0 — —
A (i f) 50[{(3)’
3
2 pa+2 Py
PP = 5 5 — P/‘ )
2 T >\ )
12 —1—K> 0K
3
9. . 3
P = 17 6) q»(w—gmﬂ—gﬂ— Fi 3)
3 = 3 4 - 51
301 12( 1 K) 30K\ 2
3
S pr—2 P,i
12<i1(> B
3
3P
P = i OK 2>
3
19( L K )
(5%

These numerical values are written in the corresponding places in-
Fig. 15. (the multiplier PA/30K) is disregarded).

(b) First Caleulation of Approzvimate Values of p.
From equation (8)
pr = =D, —2App4 i)ty = — Dyt (P Pria)(—2L,)
= —D,+(p,+ Pra)(—~1.5) .
Therefore for the first panel
p? = —Di+ (PP +@pP)(—1.5) = —3+(3+6)(—1.5) = —16.5
Similarly

D = — Dyt (@ + pP)(—1.5) = —3+(6+6)(—1.5) = —21



Practical Method of Calculation for Vierendeel Truss Bridges.

WO = — Dyt (@ +@P)(—1.5) = —3+(6—%>(—1.5) =975,

HO = —Dy+ (P + p®)(—1.5) = +4.5+(—%—9)(~1.5) = 20.25 ,

O = +4.5+<——-9—%>(_1.5) = 2475 .
These numerical values are written in the corresponding places in

Tig. 15.

(1) Method of Calculation on Truss Schema itself.
- We begin the calculation at joint 1 working toward joint 6, from

which we get @ to @,
Next the calculation is continued from the first panel to the fifth

panel, from which we get x{® to u{V.

~012 =008 -009 -072 -007 -019 024 006 0713 077
T z T A) 13 L3
TR P K g T aF K P ¥

0712
- 00%
-078 o,

Lz 7 »4 o L7 ]
1r In Iy n 2 2
A A A A A—s

K

/A’ //r /lr //r L
P Coeff.c PA

Fig. 16.

Then m‘ultiply by (—1/2) the total sum of @ and get p/®, All
the intermediate calculations are shown in Fig. 15 and as the fifth
approximate values of @ and p we have:

PP =387, P =51, ¢P=42, P =-1297,
PO = —6.46 , ¢ = —5.47, pfd = —16.2, uP = —16.95,
pP = —74, pP =161, pPP =224, wO=0,10.

With these values of @ and g there are calculated all the joint
moments which are denoted in the corresponding joints and places as

shown in Fig. 16.
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C. The X.Distribution Method for the Analysis
of Vierendeel Trusses of Polygonal
or Parallel Chords.

The types of Vierendeel truss bridges are generally divided, as
shown in Fig. 17, into four kinds. The curved chord type seems to
be, superior to the parallel chord type, both from the point of view
of the concern of stress state as well as of economy of materials.

Type A in Fig. 17 is completely, from one end to the other,
composed of rectangular elements, while Types B and D are of
trianglar for each end panel and Type C of trapezoid elements.

In the present opinion of
the author, the rectangular

Type A s
P [ I I I I I I I ] element of each end panel for
a parallel chord fruss, as a
Type B through bridge, seems to have
the éxcess materials, compared

with the triangular or trape-
Type C m/ zoidal element of the other
' types, with respect to the aspect
/Kr m of stress distribution, because

Type D the excess construction of end
Fig. 17. posts and end upper chords

seems to cause the structure
to become more rigidly resistant to bending moment and therefrom
the actual stress by joint moments may be increased.

1. Preparatory Calculation.

As in the case of continuous beams or bents, rigid frame problems
require, for all the members, the value of Jfs =K (s: length of
member considered and J: moment of inertia of the section).

The joints, as shown in Fig. 18, are numbered from the left end
to the right and each value K of the upper chord member is assumed
or constructed actually to be equal, for each panel, to that of the
lower chord member; all the values of K are firstly to be calculated,
whose suffix numbers are as shown in the figure. The length of each
vertical is expressed by . with the same ‘suffix as the joint which
belongs to the extremities of the vertical.
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Considering the given span

2 7 L4 Vel Vsl

e A" " " - length of the truss as the total
A A G o . .
;e s A length of a simple girder, we
AEVED TR #T draw, as shown in Fig. 18, a
oo b E/Gﬁ-‘%"- E : bending moment diagram due to
; b A ] ] the given load system and the
’ T, Tip Moty : ' bending moment at the panel
' | ; joint = is expressed by m,. .

Fig. 18. All the values of X, i and m,

mentioned above, are necessarily
to be given as known values and with these numerical quantities the
following calculation is to be prepared for the determination of the
statically indeterminate stresses, to which the problems of Vierendeel
Trusses are exposed. ’

(2). Calculation of t,..

For every panel, it is required to work out the value h,/h..1, i.e.
the length of a vertical divided by the length of the next vertical,
Or

h
i PR R 24

b fp s : 29
@. Caleulation of a .

For every panel, it is required to work out the value {2 K,/K., in
which ¢, is given by the calculation above and K, for the chord
member and K] for the vertical in consideration (see Fig. 18).

a4, = %tg ............................ (25)

(8). Calculation of b, .

For every panel, it is required to work out the value:

br = 2146488 oo, Ceeeienes (26)

4). COdaleulation of ¢, .

For every panel, it is required to work out the value :

----------------------------

Cp = ——
Ko
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(5). Calculation of B, .

From the above calculation we prepare the following summation :

6). Calculation of G, .

For every panel, it is required to work out the following numerical
value :

1
Gy = 7 {m,.(l + Qtr) + mr+1(2 + tr)} ................. (29)

r+1

in which m, and m,.; are to be found from the diagram of Fig. 18.
As in the other method, we express by m, the bending moment, as
shown in Fig. 18, under the centroid of the trapezoid, which is
composed of two verticals h,. and /.1 and two chord members (r, r-+1)
and (r, 7+1). Then G, is expressed as follows :

II. Fundamental Equations.

For the 7t panel numbered from the left support of a Vierendeel
truss, we denote by X, the horizontal component of the resultant
direct stress, which is induced in the upper or lower chord member
in the panel (see Fig. 19) and likewise we denote by X,.; and X,
those for the (r—1)% and (r+1)t* panels respectively. There exists
then the well known following relation between these X,—;, X, Xpn
and the numerical values a, B, ¢, G above calculated and prepared :

X w,~ X, B+ X p10r=—G, ...... eereeen ceeeen (Iy*

For a trugs which has n panels, substituting » =1, 2, 8 «--- n for r
in equation (I), we get n equations from which n unknown quantities

are to be determined. These n equations are given in tabular from
in Table 10.

* This equation is given in another form of representation in Bleich, Theorie und
Berechnung der eisernen Briicken, p. 613.
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Table 10.

g Left-Hand Member B oo
.= D‘; 2
§ of Equation & 8
Q = 9
) & =

KKK Xe | -] -] - P &5

( 7) ‘B, Cy — Gl
21 a, 2 ¢ ' =G,
(3) @4~8; & — G3
(4) Q[ _4‘ 6“‘ — G4

i N NS A ]

] NN i

I SEN S {

i AN NS BN 1}

I SN i
() Qpl-By| — Gn

In Table 10, each coefficient B which is found on the diagonal
line of the table is very much greater than « and ¢, when compared
with each other; we can therefore easily determine the unknown X
by the method of iteration.

From equation (I) we have:

X =t X A+ X1Cr et iiiana (II)
in which

Ty = G,

r _BT
é A= | L NPT IIT
=t ()

— ("T

Q_Br J

If we had by preparatdry calculation the numerical values of a,
B, ¢ and G, we can easily determine, from equation (IIT), the numer-
ical values =, 4, C.

II1I. X.-Distribution Method.

For n panels, n equations contain n unknowns Xj to X,,. X-
Distribution Method is the method of determination of X, bringing
to balance the unknown X, which finds itself in unbalanced state,
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step by step by the process of repetition, distributing the amount of

unbalance.

For each panel, we write
down the numerical values =,
A, C in each definite place as
indicated in Fig. 20 and the

)
~f
S
&
! }L
---4-0 |
FEs 8

calculation of X is worked out
on the truss schema as shown
in IMig. 22 whose given conditions
are Indicated in Fig. 21.

_______.__y‘I

AT~
(G (’ @ 4,
g :
i -
Fig. 19. Fig. 20.

The calculation of X is as follows:

On the scale of slide-rule, we put the value of C; and multiply
by s (because at first we assume o, as the approximate value of Xp)
and the product C)xar; 1s to be written down in the space of the first
panel and then add = to it. This calculation gives the first approx-
imate value of X; and we denote it by X®.

This calculation is worked out in the first panel.

Next, we shift the cdlculation to the second panel and find, by
slide-rule, the product 4zx XV, where 4, is given in parenthesis at
the left end of the upper chord member of the panel, while X is
given by the previous calculation in the first panel. This product is
written down in the space of the second panel and the product
Cyx g is worked out too. We write it down in the space under the
last product, then add #» to it and find the sum of them. This
calculation gives X§' .

Similar calculations are to be continued up to the last panel.
After completing such calculations one time, the similar procedure by
multiplication and addition is repeated and so on.

The following numerical example shows the calculation process in
Tig. 22. '

When we compare the above procedure on truss schema with
equation (IT), the mathematical meaning of the method will become
obvious.
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IV. Joint Moment in terms of X and m.

We make an imaginary vertical section near to joint r as shown
in Fig. 19 and cut the upper and lower chords very near to the
vertical %,.. Equilibrium condition for the bending moment then
gives :

My s = %(m,.—X,.h,.) ......................... (IV)
In a similar manner we have for panel joint »+1:
1
]l[r-fl-r = '—2-()(,]2',‘4_1_"77%-4.1) ................... Vees (V)

These two equations of joint moments are given in terms of X
and m.

V. Joint Moment in terms of X, and X, ;.

There are made two imaginary vertical sections near the panel
joints »# and 7, at both sides of the vertical member %,, and the
equilibrium of forces acting on the vertical member %,, considering
M, s+ M, + M, =0, gives:

M, ;= -%—(XT—XT_I)h,. ........................ V1)

The equation of the joint moment at the extremity of the vertical
is thus given in terms of X, and X,.;.

VI. Numerical Example.

It is required to find the joint moments of a Vierendeel truss,
whose stiffness relation is as shown in Fig. 21, carrying a single
vertical load P at the panel joint 4.

Firstly we determine X by X-Distribution Method and then joint
moments by equations (IV), (V) and (VI).

Table 11 shows the results of the preparatory calculation for ¢, a,
b, ¢, B, m and G. With these numerical values of @, B, ¢ and G,
the coefficients #, A and C are worked out as shown in Table 12;
these values -are written down in the definite places in the truss
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schema as shown in Fig. 22, on which the X-Distribution method is

carried out. Thus we get from Fig. 22:

X, = 0.362, X,=0.638, st

A 14 - 4
Xy =0.867, X;=0.828, ol | /|z i
Xy = 0.498 (Coeff. : Pa/h) . B e S ]

These values X; to X; are
obtained, as shown in Iig. 22
by six repetitions of the X-.
Distribution Method.
Table 11.
Panel r=1 2 3 4 5
0.6h 0.9h h h 0.9h
=" 0.67 0.9 1.0 111 1.5
fir+1
< 0.45 0.81 1.0 1.23 2.25
1+tr+e2 2.12 2.71 3.0 3.34 4.75
b 4.24 5.42 6.0 6.68 9.50
ar 1.85 2.43 3.0 3.69 6.75
er 3 3 3 3 3
Br 8.59 10.85 12.0 18.87 19.25
e 0 0.4 P 0.8 P, 1.2 P 0.6 P
Mr+1 0.4 P, 0.8 P 1.2 P 0.6 P> 0
P P, P. P P
. 19— A4=— 0 B37T== O
Gy 119 8.44— 6.0~ 6.37 4.0
A
Table 12.
Panel r=1 2 3 4 5
P P ) D P
. == SR = — 908>
Ty 0.139 7 0.817 % 0.6 n 0.476 7 0.208 3
Ar 0.157 0.224 0.25 0.276 0.351
Cr 0.35 0.277 0.25 0.224 0.156
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Next we work out M, .. and M,y ,, substibuting X; to Xj in
equation (IV) and (V). The results of this calculation are tabulated

in Table 13.

Table 13.
Panel No. 1 3 4 5
Xohr 0.2172 P 0.5742 P 0.867 P 0.828 P 0.4482 P».
Xophri1 0.3258 P 0.638 P 0.867 P 0.7452 P 0.2988 P
Mye 0 0.4 P 0.8 P 1.2 P 0.6 P
mr—Xohy | —0.2172.P). | —0.1742 P —0.067 Px +0.372 P) +0.1518 P
Myro+1 | —0.1086 P) | —0.0871 P —0.0335 P +0.186 P> --0.0759 Px
Xphr+1—me+ | —0.0742 Pr | —0.162 PX —0.333 P +0.1452 P +0.2988 Pa
Mystr —0.0871 P | —0.081 P» —0.1665 P> +0.0726 P +0.1494 P).
Table 14.
Verticals 1—1 2-2 3-8 4—4 5—5 6-—6
P .| P P, ) )
Xp—Xp1 +O.362—’ +O.276—; +O.229*P— —0.039—13— —0.3301)-~ ~0.498P—
h 3 h h h h
(X =Xp—1)he| +0.2172 P | -0.2484 P> | +0.229 P | -0.039 P> -0.297 P~ |-0.2088 P
Myy 40,1086 P | -+-0.1242 P | +0.1145 P | ~0.0195 P» | -0.1485 P {-0.1494 PX
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The joint moment at the extremity of vertical member is found
from equation (VI). The results of this calculation are shown in
Table 14. All the joint moments, thus worked out, are written in
the corresponding places in Fig. 23, to facilitate the location of each
one and also to check if the calculated moments satisfy the equilibrium
condition XM, = 0.

At joint 1, the positive moment is 0.1086 P2 and the negative
moment —0.1088 P1; the equilibrium condition here is satisfied.

At joint 2, the sum of the negative moment is —0.1242 P} and
the positive moment 0.1242 P2. ,

At joint 3, the sum of the negative moment is —0.1145 P1 and
the positive moment 0.1145 P2.

If there occurs a certain amount of disecrepancy of equilibrium
condition, the number of repetitions should be increased, corresponding
to the required necessity.



