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          On Beams and .Colutnns of Uniform Strength Solved

                ' by the Method ofCalculus of Variation.

                                           By.

                                   Muneal<i ' Kurata.

                                  t (1947,1,15.)

                                          '                                               '                                                '                                   '                                      evonten･ts,
                                     '             Introduction･ .
                                    '              1.GeneralTheory. ,. ,
             Z'.",g,eeP.rf'Cgut:'liecR,is]2:e'¥ig'th. ': nv '
         ."'EI,ll'ig,tklt'S:,s]:'Ietitia'Ci,]:ii,LEi::auSkt,,2,l,lsu::ged.O[ig",.tti:",iil.fl':OAiSiiir,.S,ar,rngPoOfii¥s'eamsofunif6rmgtl.gngth. .,

             Congluts{on.. ･, . '                          .t                                              .t                                  t tt                                         t ttt                                                                           '                   '                                                                       '                                              '                                                          tt                     '                                                               '                  ' .-.Xntroduetiop, .,'
                 '                                                                     '                              t t tt . The beam of uniform strength wh{ch has the variable cross section to keep lhe maximum'fibre

stress a constant, was sometimes studied from earlier time to use most effic{ently the material.
    This problem is usually solved by the'well knwo'n relation i`a= Yh =const.i', where o means

the maximum fibre stress, ]4 the bending moment due t6 extern.al loads, ･I the niement of inertia

                                                              'ofacross'sectionandh･thehalfdepthofthebeard.,' ' ..
diffel:ntth;So,iiPttaPoefr vti2Ii.c,iaMe PrObieM and.its reiated pro6iems are more generaiiy discuss'ed gt a

          '                                                                                  '                                                        tttt t                         '                                                                                  '           . gi.Geri"6raiewheorye . ''
    It is the well known "Isoperimetric Problem"i) in Calculus of Variations to find the func--
  '
tional relation between independent and dependent variables in the iiltegrant, which minimizes (or

rr)aximizes) a definite integrai, keeping'"another definite integral constant. . .

depelidneil)ej:rirbOibele!annSditthieSiigdeeiireirvaaititvhe:'tiXhiheiin-tse..g.irvaeisi.tS Contain simui,taneousii. independent,and

                                                      tt tt    ll//(Jf"llieO dtaekrtVattill)[ieSinati'eegliaiiVsO'Ved iii the iiitegrants,the probie.m is gre5'tly simpiified as foilows.

                                                                   '                                  .t       4=S:g(x･y)dlrv,'･ B-S[if(x,y)dx. : . . ,',

Let it be required to make the integr'al B a min{mum (or a maximum), keeping'the integral d

                                        ''

folloSii:aeiXlieeglnatl,egral 4. iS COiiStaiit, OUr problem is equivalent to minimizing (or maximizing) the

                                                                               '                                 '                                                                 '
 1) O: Bolza " Lectures on the Calculus of Variations," p. 206, 190f.

'
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                       '                     .t .   142 MVNEAI<r KVRATA.           '                  '                                 '                                                        '                                                             '                                    '                                                                      '                                                                     '            l = S:' {f(x,y) -e- Zg(x,y)) (in:, ････････････t･k:..･-･･････････････････････.･`-･････;･.･････････.･ (1)

                                                                '                                                              '   whereRisanyconstantrnultiplierwhichmustlaterbedetermined. - '-.
                                                    '       Denote any smal.1. quantity by e and an arbitrary ftinction of y vanishing when x=::O ana

                                     '                    tt                                                                                 '      We can consider'erp a variatign of y, so that idI, a variation of I due to that of y, is repre-

    '

                                               ttt tt          ma                                                                                   ' '                                                                                     '           . idI si' .Si [{f(x, y 4 erp) + zg (x, ny.. + erp)] -- [f(x, y) + zg (x, y))] dte

                          tt t t                       '              '                                                                 '             .=='Sllerp-O-･Cttty--i-g･->-tkv.+S:-El"02-rp-2-.?-2KS;i,i-//)-dx-+-････-･･･････e･･･''''''r''"'(2) '

                   '      If s is sufficiently small, it igeobvious ghat the sign of dl will be dete.rmined only by that of

  the firse term on the right-hand side of this equation. - ,.,.
                                 '      Therefore if I is to take a minimum (or a maximum) value which.is a stationar}r value, it is

  obviousthatthefirsttermof(2)vanishesforalipossiblesmallvariationsofy.' ･

      Consequently,iefollowsthat ･ ..
                                             t tt             isvO(fomfs--Rg-idx==o. ...., , ･..i･            s

                                        t /tt                                                           '      Since rp is an arbitrary function of yin,,,the above equation, we get from the integral. theo:em ,

       '...9...Sftt..6.g..)7 .. Q,, ,.........im....,...,...:..,...........,.......,.,......,;,...'...,,........,. (3)

                                                                              ttt t  This equation corresponds to the so-called `fEuler's differential equation.", and ih this case it

   becomes a simple algebralc equation because the functions f and g i.n (3il contain no derivative.

      In the next plttce, from the sign of second term of (2), we can see whether the above Qbtained

                                                                 '   relationminimizesormaximizeStheintegral･L '. , '･
      On the other hand, if it is required to rpake the integral A a minimum (or a maximum) while

   keepingtheintegralBequaltoaconstant,wehave ' ,
      '                                                    '                             tt                                                        tt            -l?L(gDTSZt)--==o, `･･://.;･･-.･･････'･t･....,....,.,..,......,.,.,....,...,..,.......,,....,...,:.... (,1) ,

                                                                     tt                                                                      '                                            '  where the constant multiplier must be･deterrnined from the definite ..integra! B./. . '.'

     'since(4)isoB'tainedbyreplacingzby---l---in(g),itistl}eonlydifferent6ointbetweenthe ,

  both cases w'hich integral is taken for determining the value of 1. ' ' 'u'
                                                                        '                   '                          '      If the integrants f and g contain many independent variables such as y, x, ･･-･,･･,･ in themselves,

  fromthesameconsiderationasbeforewehave ･,･' . ･ - '･
 .Q.-(t.tt.i.Zg>.==o, ', ' ･ '

                                  '                                                                               /
         '''"t/"'<'fo".'-8g)･--o, .,

                    //                                 '                              '
            ------v---i------}                        '

            teti."---dt-"H--e ,                                   1'                                                    '
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                          '
                                                         '                                                                                '                                    tt                                                 ..                                                 ...                                                                     '
S-o,lving these equations simultaneously, we obtain y, z, ････;,････ representFd as the funceion of x"

                      'g2･AnAppxicationtoxeeamas･ ,
                        '                    '                                                         '    Neglecting the effect 6f shearing stresses, the strain energy of the beam is

         va7 .. ;' s: Ll.itl.7'r d..,,.

                            '                        '    where '- '     '
        M: the bendlng mement,

        E: Young's modulus of the material,
                      '
         I: the moment of inertia of a cross section of the beam,
  '                                                             '         l:.thelengthofthebeam.' ''
                                                                '    Denote the sectional area of the beam by A, then the total v6"lume of the beam 7 is represented by

        .V.-SiA,in.. ., .i.-.
                      '                                     t ttttt/ttLet u.s consider the form of the beam which has the minimurn value of the strain energy nv]

keepingitstotalvoiutneto.aconstantvalue. ' .'
                                                tt    Fromthepriviousdiscussion,wehave '･' '                               - t.   ' -bly('-tl-･-･･--･･-1?)+zt-O,A,-h-r･o,.''';''''''':'':"';'''''''''''''''''''''''.''"'''･'''''l'''1'''''･(e},,,,,

whereystandsforonedimensionconcerningthesectional･areaofthebeam. .

    If P denotes a concentrated load, it fellows in an equilibrium state of the bedm that

                                                    '         rl-po==a7,' ･. ... . ., .....
                                                                            . .l                                                   'where rp is,the deflection of the loaded point. ' .
                                                                        '
    Therefore we'can find tliat Eq. (5) gives the form of the beam minimlzing the deflection of
                                          ttt                                                                         '

                                                                    '                                                     '
 'ifVIIfcde.."Ole,,.ttEAi,i,ihdu'defiertionofanypol,.n,,.,tofthebeam,wehare ･.･ ... .

                                          tt
iw'

nhlirihitCihe'reM- i's Mneoa:Sc.tuOoaYtlgadans.d X an aCtUal load acting on the point considgred or a virtual load

    LetusnowrequiretheformofthebeamminimizingC,then{tfollows: -,
          oOy ('t"Tit'I-4')'mleA.･'P'oAy7 -6. '''''''''･･･-････････L--･･･-'･･ny･t･･-･･-･････････t･i-････tl･･'･･.(6>

    ttIf in the equation (6) we require the deflection of the point under an ekternal concentrated load,

itisobviousthatEq.(6)coincideswithEq.(5). ' .
    By tehe way, we may also censider th'ht the form of'the beam m'inimizing 1'ts curvature } in

themeaningoftheleastsquareisderivedfromthecondition. ' -･
                                          '         S,1(Lb')2dx-Si(ill,-)2dx-.i.. '.,･'. -

                  tt                                                  '                         '                               '                                     '                 '                                                  '

'
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                                 '
                                             '     . .,t+                         g3･ xeeams of ewniform Stkength･ ,

                       (1) Simple beams of the circuiar cross sectlon.

     Denotlng by rthe rudius of the cross sectlo- by ri its cross sectional area, and by i the moment

 of inertia of it, and taking the axis of the beam as x-coordinate axis, we have

                     /lt t                                       t.                              '         ,A=rrr2, '. ....                     '
                            ' ''Jl;'-Il:-rrr". '.' .'',
                                             /t t
 Substituting these values in Eq. (5) and writing r instead of y,

  ' JzM=,-g,O.'(ft4,,)+A-Og.'/i==o,

                                                   ' then '                                                                '                                                                             '                                                          ttt                                 '          7.8o.E-M.,2='-6' '"''""''H'''''H'''''''''''''''"H"''"'"'"'''''''1''''''''"M"''(7)' ,

                .tt lf.rOrrithiSj],,e.,M=aX-'li}?-"ili.llibT41.]i.sf.,i:ierm-SS,:])f.2tzhEe:.bea!nisexpresse.d''asfollewsi ,.'.,.

                        . tt  t
. fSoi rnmCe
 s{IL"nXgiii.free Of X, it Will be Seeii that the/,.-be£m with r represented by Eq. (7) has a uni..

                               '
                                                                          tt t               ' a)Thecaseofasingieconcentratg.dload.' '
     A{ the[' Io ld rvtLLndjti?n as slioW" in lig'wlh,,.bengi"<gxM<O, Mae,ntS ii 1. .

                 I-
                                                          '           ･ fi..               '          M=-fy--(l-x) .When a<x<l.' '
                                  '                               '                                             tt t                '                                        '                                           '                         '                                                    '                         '           - ,･P                                                       '
                                                                   '    tt   1

                  '

                      't
                       '                                                              '          -                '                                                       tt                                  '                            '           'J . , llig.1 '-,'
                                                            '
 Hence by Eq. (7), the form of the beam is represen..te'd as foilows:

                                                     '        .tr6.==-S;-/.:'IIil-lll!-'..' wheno<x<a..

                                      t tt                                         s
                                                     '                                        '                               '   ''.'"='(:PE.lil",')k(-bl")'3(L{l')E.,.,' .

tt

thrb

.;.

x '2

'

x..
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  '
Then,writing .
     . IiEPrc""li..,K6,' , '

                    '
            '  t r==,Bir(S)g'GT)i･, ･l･･--:--l･r･･-･--･･･････-･･･-･･-･-･･'････-･･-･-'(s,i).

Moreover, ''                                   '                  '     ,･ JIL=S,lrrr2dm,

so that we shall obtain

         p, == -g- .lzpl (Li )g (Lf)g g,.

                             'rn the same manner, if a<x<l, we have .

' ' r==K(-II-)S'(1--;i-)g'. ････････.･････････････････'････････････t･:･･･････"･･･････････ (8, 2)

Writing .,
.. p'it==Sf,rrr2d:v,

we have from (8, 2) .

    . .,..,･i, .,,, -g- .K2i(-f )g (--e･,)･g' ･ .

Whenthetotalvolumeofthebeairltisgiven,. ' '･.''''
                                                                    '                     '         ny == L + L, =: -;sl- rrK?l l(-f )g( 9-) g' + ( f)':' (-3)"3] . -// .K21 (.tbbi7) Z' .,.. (g)

                                              '                                                                   'From･this,wehave' , .
                        ''. K=(35.J'i)}(･-:l>g..･ .'l ....-.･ .
                                                                               'Sub'
stituting K in Eq. (8, 1), (8, 2), we find thq.t the f.orm 'of the beam is determined by

.' ･ ' 1'
;"･k.gll'l8'?(}S)i,2,il-S..11/s)S'J',Z12,8,1(5')･tl,ri'll./i.i/31':h,:;:o.:x.:",･:.･-････'(i¢

       'Et.'.'.fi.t

Attheloadedpointitbecomes ' ''
                                                 ' ･.r=:o.72e4(-tL)S...･.. ..･
This means that'r is constant regardless of position of load.

    Let us consider now two'cases oi a beam with a concentrated load; one loaded at (a, b), a, b

being the distances of the load from the both ends, and the other, loaded at <a', st> as shown in

Fig-2.Fortheformercase . .. ' .'
                                       '                                tt   ･ riii=C(S)g("li)g=c(-X.-')g. /-.' when o<x,<a,

        '                                                                '         r2/:c(S)g(1:i3iL')g==c(-l:i/Z/X2)k whep.a<x2<ie

                             tt
                                                        ,                                                          '                ttt
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                                                                 tt              '      'ri'='C('Xa'ti):' when O<ali'<a',
                                                 ',. r2'.:C(-Z-b92')'g'. ..when,a'LcCx2'`{(l.'

    We will compare these cases concerning the position of the same sectional area

                                        '                                                                      'Eqttating ri and ri', we have '
                  i          .Xl Xl
         .-'s'' = -' 7 e          ad
              '
Similariyfromr2:r2' ,
                                            tt          irmv"xL, lavx2' ltuxL) l-x?.t '.
           b=='bt -Or Ul-a=:-'lana,s.
  '
              'fromrt=f-2. ･.                          '             '          '   t tt      ･ xl l-x2 l-x2.
 '' a::b=:lana"
And then, we'have

                  '    '. T-xm;.r.:.-rp.Lpm.q.2T.rx21 '

                dn# e.       ･a---at･a-at '                              ttFrom th6 above relation, we can simply and graphically obtain the form of the beam

point by. using the form of the beam of a certain load condition.

    '
            '

                                                     -r                            xx    '                             KX                                x                              Xv                                   A'
                              l> -Z):
                                     <

                                    !

                    ' xf .4'ti'
                                ,Xl ).x'×I l-
                            --･-･-..-V. - ->"L - -.mp                         OB                                         'A
                                                 '
                                       Fig.
                            tt                   '     tt                                       '    Denote in Fig. 2 by the curve O-r-h-ZIL-O' the

any poii}.t on the vertical through the end point O (or O')

of the curve O--I-h-JllP-Ot and the straight joining the two points A

point 1' (or I7) if we bring the parallel line to x-axis

                                    .with the line CB (or O'B), this is the required'point on

   ' We hav6 tried above to obtain an expressioR of the

its volume as a numerical factor.

    On the other hand, Iet it be required to obtain another

thestresses. ' .
    If r is giyen at the< osition where the bending momene

can be deter,mined since the numerical factor K is obtained

find the volume of.the beam from Eq. (9).

    Some further calculations give

                     L t･                                         tt･

of the beams

roaded at
    '

any

        /'--
     -- -A ..-?/
       u
   l .'
-

       - - gT'-' O'

 2
                       '
           t/t   form of the beam loaded at A, by C'(ot C')

     ' and by I (or ll) the point of intersect£on

           and a (or cr), then we shall obtain a

     passin.cr through I (or Il) into int'ersection

                                 '                                        '      the form of the new.beam loaded at B.

      form of the beam that has the value of

                                     '

         expression with the factor concerning

                                 tt                                    tt                              '                               '                                    '          is maximum, the form of the'beam
                                 '                        '         from Eq. (8, 1) or (8, ?) and we ca.n

              '    i
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                             it' '    , r=,(##)Sbl(-:)g. when'o<x<a.,.
       '...(#g)iag(liX)g when a<x<le

   .These expiesstions are the ugual formulae of the beam of uniform stirength.

                                      '  " Next, let it be required "to obtain the form of'the beam whose volume is a minimuni among

the various forms of the beams having a constant strain energy or deflection at the loaded point.

           '    For this. purpose, we must determine the factor Kin Eq. (8) from the integral of the strain

                                                                                '                               '                         '                                                          '                                                   '                                         '
                                                     '                                                                           tt  ' By the simila'r calculations as before, we find the relations -

                  '       . ,,. (Il13i:)2(t)-)k(3")}(-9-)g= o.g34g(-EBY-) i] (-f)S(3)t' (-S-)'t'when O<xfa, ...... ･(ii)

       r==g.g,")4g(-PE--//')}(f-)l(g)&(-L:i:la)}1 1 whena<x<l,. .

which represent the form of the beam of uniform strength. ' '

    Consequently we know,that the above obtained various formulae represent the same form of

a beam but respectively with the different factor. '
                                                                              tt           '    Caieulating the deflection of the loaded polnt of the beam represented by Eq. (10), w"e have

                                                                         tt   ' 'op'='-l'8"IvLil"(l,')2-Plaie.2., ･ .,.
                                                                           tt                                                 '                                                    '          '1'he similar deflection of a cylindrical beam with the some voluthe is shown as follows: '.

                     '      . ?/.,,- .4. ..:l.(.L)S,.)2.(.iZi..i'ij.e'..,, ...i,..,.:....:.......,.....,,...,......i.:..............'...,...,(12)-

              .t                  '                                                                               '     '                                                              'Therefore,weobtaip .･ ', ''                                '                                         '                                       tt     '      -･op:=O.648v'･ '' '' ''                                                                 'Hence, it will be concluded that the deflection op amounts about 65% of rp' regardless of the posi-

tlonofaexter,nalload.' ''
    Next, the volume of the beam shown by Eq. (11) is equal to

         7=1.6475(fS-)eab, t

while that of the cylindrica! beam is

                   '         '   ' ny,-2.o466(tth,,)gab.

by (12).

                                      tt    Equat{ngthedeflectionsfortwocase$,wecancomparetl}eirvolumes.' '
      ttt       '        t.    thatis za=O.805Pf.
             '

          , ･b)Thecaseofauniformlydistributedload.
                                                                                    '    In this case tlie form of the beam will evidently becomes symmetrical about the middle point

                         tof the beam. By similar calculations by Eg. (7), we have ' .

'
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    t tt          r--K(1---IL');(-il)Z･ ''whenO<x"<Sv･'.

,W
,i
g:I:.(Y g.S,#.'",",:,7': rlCai `aCtO' 111)1.Cl)i.aan,,b,e, e.X,PI.elSe,d,.b,v, l, o;.,a,r"x ""d so op to ",r,ee.t a "eed.,.as

    Ip this gase ilve can plot the form of tl}e beam of uni'isorrfi strength depending on Eq: (7), when

;']ea/'i,"lol,n,g:lll(iel,l]p:.':;,;vilik;e,V:si,YgePtO/iili,lii,,,Oi,ih,e, bhell'.".:'i,ilV,en,',.a,:d,)Te.:i", ail:.1 (r;)lreSe'itZ.P.r Pi a' A

    The form of 4 cantilever acted by a slngle concentrated load on its free enq. will coihcides

fW.IIL',2 'l:l[ f8.'.M' ,2f S,Ek¥l,P,'8 .b8'{.M,Il.1`:..ft l.Xa2,2",2,tg,.middie poi"t･ si"ce the externai ioad in t,he

    jyentollesreasonwr'c(a2n)apspilmtp?eq'b[laOi:so:Tiihq"r(elclintgourtiecPrroesSsenste'ciloSiel ''''' ''' ''x''

                                                                     '                                                                            t//tttttttt                                                        '     . zv:t,he"Tidthofacrosssection,
                                                                            .t. .             ' 2h :                    the depth of a cross section,
                                                             '   ･ A=2htv:theareaofacrosssection, -1 ' ' -
                                                      tt t.Regardiki'tl.,./i.1.il'i.tlii:il/i.Isd:iX,n:iO;M'iEel/i'atijib,.l se,r/ra6fl(aeeC:iX-S: /:O/1"iuAtions as .i,,,d, ,.,i.,.,d. ･. -'

                                        ttttttttt                                       '
          "b?,-.'(t'E'//')+z-g2-oe'･ x. -- ･

Therefqe,thefoimofthebeanimustbeiepresentedbyfollowingequations: ･ '

. LI-l{7I･l-u4-tt-1;=-i4zTv lt･･-･･････････････-･････it･････t･:･,.･･･････････-:'1'･････････････････････(i3,o,'

                                                   '    '''
il£l.l.,i,:4zh ･･t---･･-････t･･ny･･･････････-･t･--････-･･-･,`････････････････--･･･(i3,2)..

It is obvious that the' se equations can not be satis'fied simultaneously, in other w6rds, considering

:1,i",#Izz,g':l e?;'ldii2"tw.¥Si/i･lbtieis,:･ol･ii//:"ngl, t/t er,:i,:l,Md3,Il･:-: !i;eli//i,M･e,:,l･:IPte'hbg Mfiq. (i3･ i)' and vice

                                                                                '                                           '                                                                               '    "gIi:Mg/.7g;ti-?/ly FgiI.i,,t, ,f?.I// :.,le}..,. t. tWdti '

          t.                                                       r                              '
                                  '



                   ON BEAMS

and for that' of constant hight

         ..,.K(e)(f-)

         w :K (-f) (1 - -Xi)

in which a numerical factor K is

    I.t is easy to show that these

AND COLUMNS

to' be

bearns

OF VNIFORM STRENGTE[

when

when

determined as

 have uniform

                      b) The case of

    Since the form of the beam becomes

                                   '                            'permitted to consider about only one half

                   '    Putting

         w= cOnst.s

we

 a uniformly

symmetrical

of the beam.

       . h-K(idi-7)i-(f)}

       while foT constarit'jt we have

                 . .. K (i -- -Ei{) C)

       ,These expressions represent the form of the

                             '                              ttt       be determined later.

L lnthecasbwherethebending
       and M acting in the plane of the

 . oftheleaststrainenergyisgiven

                 8h ('l3- + 'ni- :-) +z

                 -o-Odi (tEI2 + tEIT2)+z

       or
                 U2h?wi M2 + rho-6.rr4' M2 == 21E ,

                 -dit Ji-th, 7142 + -h-l･£･--4- sw2 == mE.

                     '                 '
       since the moments of ineer'tia with respect
             - hw3-
       and T='6 ., respectively

           It follows from this that･

                 M 2h
                 Mr -- w '

        Therefore we find that the magnitude of each

       to the bending rnoment acting parallel to the

"

beam

when

O<x<a,

a<x<l,
before.

stfength.

 distributed load.

about' its middle

Q<¢<
l

-2- '

pGiht

when O<x<-g--,
                2

  Fts'. 'of'.uniform strength with a

      l moment due to loads

two princlpal axes of

by the equations

..O,Ai. ., o,

g: ..o,

can

the

in this

factor K

case,

which

149

it i#ere

will

be resolved into two components M

cross section, the form, of the beam

                         /
i---------it-i------tt---e-t---ee-t----------------t--

to two principal axes

ttJ..

of the cross    ,sectlon are

(14)

l

   2h"w
I=" '"'
g-',

 side of the 'igross section is respectively proportional

corresponding side.

    e
                       '
        i



s

 X50. . .MUNEAKTKURATA.
       '                                          '
  . Usii"g ltl'lj}fie agov", iEi.l/.s. ti?r and, Eq･ a.4), we obtain

Hence, . ･'
,.'

'･

,:･:E/'Aittl9･`rlo-'),Il[-i,;-lft･: `ie･lL････････i'･･････････J･･････-･････t･･}`;･･････t･･･････i (is)

in which Z is the numerical facter that will suitably be determined iti case of need, and also it

is ea ¥hatOt iSs?OwWritthi,aig theSe eXPreSSiOnS give the form Qf the P.eam of uniform strength.

          a.=t-Z:-(h==S,<ll,{,･ . 'ox.-U7- i;---i/tLl{Tp',

WF'..fi"d' .+.,..;hll,f.{ m}. ;n.fS[' ,.,.'

23

h;l.4. .i--il//-i t"2ill :-lhli?t4, =v'3AE :conkt-t"'"'`'1"'' (i6,)

F.rom this, l wilt be determined, if the maximum fibre. stress along an edge line of the beatn is

    As a matter of cotfrse, if either one of w and h is given as a constant, we mtist use the cor-

sr:Sc?iOiatdll-lganOlineg. ikis Ebqe'fo(rlet)･ ' BUC .lii t}US CaSe We do not ,obtain the beam g.f un!form strength i7

                   '                    +t . .      '1 g4e, waeawaswiththeMeastmeefieetiQnatAn:irwwartieuXargeQixiC, .

                                             '                          '
       ･' H , (1) Bearnsofthecireularcrosssection.
                         '   '           '' 'a)Thecaseofasingleconeentratedlead.
the ploiisi}iioenC[l3S.e aS ShOWii Eii Fig 3, let ug' consiaer the form of a beam of the lea6t deflection at

                   '
    Uslngtheformula(6),weobtain. . ･., . '
                                                                                    '          7E8.TlrMM=:r", -"'''"''"'"'''"""-'･'""'"･･･-''-･･--･-･･･--e･･--･･ o7) '

                                                                                '
i" ,,ws･kck M,

ftiie/i/illiilee111k,?.e siaLg, l.i il,l:,/il.l. ec,li,111"lf, te a,virt"ai "nlty,;,:,il al tlrg:a:t /1. 'i

                                                                tt
         'A{t=:e4-=(C:-X-).,7;2s.;.=-!(-(gllm'la.X) whenat<x<l,

                                                           '
therequiredformofthebeam,iseeterminedby  . . .･ ..', / '

.

                                                                            '                                                                         '
                     '                                                                   ttt       t t ttt

'



               ON BEAMS AND COLVMNS OE, UNIFORM STRENGTII

"l;,,,,., '`f-i.="Inylbt9il･I-g(9)2 gr r=:('/'//{'ll'//g')"(f'-)g whe. oy..,

                      .t                           '                        t t tttttt       -;8IEt'-."L-r:K"',, ,,. -

                      '

s.b,,l,.,i.l';hi,Ki(."bB'i)i(7)S' ' ' (is,v

                 '       P{i-'S:rrrgdh;, '･. .

weobtaiip,l,･,,..tgm.K,(-b:t-/t-)"t(f)i' x' ''

rnthesamemanner,whena<x<a" '' ･.
       r6'= -IIil･ll-.b,r- (i--- -liL)(7) or 2･ ::K(-",9,C)e(i-- Li'ijL)"'`C9-)g.
                                                   ....,.･･･ (18, 2)

       '                        '           ' '''p                                ..1/ /.t/ .
a

Gh-

ra..---.

  -a'" 6
  I. I           tt

l
l]i;S4x M i 217Z(ff-x)

I

t

l

                            /tt                   )
                   l {x

                     '                         tt  '                             '        '                           tt
Substituting this in the expression ' v
 '..p'i!-S:..L･de, ..

                          'weobtain '' ･         tt        ' ai       yl,=.K2(-//･.Y)giS'iMtS g

              ' 'i-'
                       'in WhiChs -mp ol7s ,{(-.f)g-( f.)S];,-. o.i42'ss7

     . -o.o1424s((.tir()!ge,wh.(.f.%g

             '
           tt
      t. ..                         '

    i  M'

Fig. 3

      l
S'Utz) i

(1- t) dt == TK2(alb,! )S l, s,

      (("l')S'--(f-)g)-O,033333(

             ' ) ]-O.O07716Il'(.Y)!b6--.-(f)i,Gl

                         '

(a;..)t/.eL(Lf )i-,9-)

･･･････o･ (18,'2')

15-1

.N.



-

                                    '
                               'Si/liiariy, ,/pa-hSe ,d,,;,,//i<fe,),' iU,igEiE.-r･ :(Yi...i31 <･ ,pm. ,.sg'....L,..,..'.･. ,,,,' g',

                                           '                                                        ' Substitutingthisvalueofrin..' '.'.. '
          "'h=SZ,rcr2d!vs- . .'...
              'We Obtai ? z, ,l. Tg. .k, ("s.,,rmt )'g ,(i..tu -glY ,,. -Lg .K2 (-"i･:')g i (e' )g di

 IfthetotalvolUmeofthebeam7isgiven,w,efindthefollowingrelation: .
                                                   '                                                              '
Th,,,f.,. Y = va.+ PS + VIi =: "i<2rri ('tt ( bib"'C)t,( f)2'+ 'g( Cdg)}(.ll)g+( ai",1)ss} ..

                                     t.
                                   t.       'K==(-.rc7)G, ...･,. .,.,...../.,
                                                '                              '

                                                                         '      ･ , ,,. -g {( b,b' )g (g)g +(s'gl)i (e'-)fl ,tt (-c21-)".s.

 Accer9i"gl.y,,';hcri/.i"),,Of(t/,,,,rl.,ea(M7111#Y,be9eterM.i"ed.-:[.･,...i., .'

          ,:(-.Vcz)g(-aib,,1)e(i---Xi-)k(-lii-)e when a<x<a/, ･･･t････t･,･'ag>

                                   '                                                                      '' ..r==(-.7-o--z)S(-$d--)g(IT-i;-)g whena'<x<i.-

 lnnEtqh,e(10st)hekreelipasnda' gtPveennUvMaleiei.Cal faCtOr K Ca? be so t/etermined that the maximum fLbre stress

     For this purpose, Iet us inveg.tlgate ,,the stress distribtttion in the beam of such kind.

     Sincethepsaximumfibrestressisexpressedby .

                               /t t  ･, .ainax:=;Ui-rtlgltl{,-, ,

 we have from Eq. (18, 1) ahd'(18, 2) '' . ,

 ', ai:=:tt'tLl':'i'm(ib,Y:=const, '''.'4when o.<x<a, /

               '      ''･a,=;t4･i-I-(-ba,)l(iiX-)i..' when'.a<x<a'.. ' ,. .

P'faO":olta'i'l'ir;,i.11.-/ISOi,il;l/iiie'tlil'iiilietlii,E,,,l,1/..'g,i.E.:)S/l .i,k:･il becomes co7sta"t in the f.fervai a<f<.･ ,,

                                                      '                              .t t                                                             '                                                                                '

                      '                    '                                                                '                                                                    '     '
                                           tt            '                                                              tt t                     '

'

'
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                 '                               '                                                                    '                                '               t.                  '                                      'Next,ffomEq.(18,3).'' ' '. . i
                        '          tt         'a3=!2-Ptt-(f,)g :const.' ' . ', wheh'd<x'<i.i

                                            tt
Thereiore we find that either ai or d3 is the maximum, where the relation

exists betwlienatShe--m"-(-bb7)t

                                           tt    Requiring the form of the beam with a given deflection op and the least volume, we rnust

determinethefactorK.inEq.(18)duetothefoliowingequation; ' '-･
                                                     t/                                                                         '       '
         op =' st ME･Y- de't ¢onst.'.

   '                  '               'Then we have

               4rvn
 ' ' op' :-}ittK' ･i'C,

                     'in whieh the netation C has the same meaning as before, and then

              '         K.=(4.CE)}('9"3--1)}/. L', '1' . .. .' ..

                                '                      tt                          'Therefore,weobtain ' '
         r==(2CE)3(tt-E)i(bptb')k(;)S. wheno<x<a,

         ,..(-gi[ri)i(lli-3)G(.gpb'-)e(i.....{i!-)e(-7-)" when a<x<at, ･･････････ (2o)

         ,..<gS)e({ii3){(ntapt"C)}(1--Izli)l .whena'<x<i･

          '                    '            '                                                                                 'fl"he relatien between the' deflection at the' point G and the volume of the beam can be obtained

                                                         .t                                                       .t .fromtheaboveequations;thatis''･ ･' '  .-. .'' .- ..         ', ,., -2/{iifoq=ert,PE7,C3 ,. fliri,P,L3.[g(( Sr)g(.lb,' )k t. (3i)gCa,t)Si.(rcb,'.)g,]3.'

The similar relation of a eylindrical beam,is given by the following equation:

                                               g..'. ･ ,,ii.='-4,rr,P,,tJ-g･-[.l,2(f)2(-lb,C)+(-el)2(-//eiC-)--1(-g!)2Cb,')ill. ''...-

                                                                        'Equating rp and rp!, yve c-an compare the volumeg ef these two kinds of beams. On the other hand

                                                                                'we･mu$tequateVandPV'inordertocomparetheirdefiection. ･ '
             ,. 'K,                     .. .la t                         '/.

                           '    Eq.(l-8) are of the sym!netrical form with respect 'to (a, b) and (ai, b') so that the form of the

beam expressed by Eq. (18) coincides with that of the beam under a load'at G which gives the

                                   '                'least deflection at the formerly ' loaded point, and then these deflections in both cases may becbme

                                      'equaltoeachotherbyMaxwell'srecibrocalthe'orem. '-'/･'' '
 '                                                              '    Asanexsample,puttingforthe.loadedpoint '
                       '                      t ttt          a'1 `'b3         L''.-rrt -""t-Hrm  ,,- lT4S,･'･,･lpt4'
                                         '              '            tt ttttt t

.
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 Iand for the position G

                                    ttt           d5 ･ bl3                         '              ku m       --i7---opmg"e ''L2-anfi8Me
  we have-the deflectioti at G '

           rp = o.oos sg(-4Errttl) .

  Requiring the deflection of a cylindrical beam of the equal'"volume at the same

           rpt := o.oi2 4s (-4E-rpi,}i,-i' ) ,

                             ./.. .               ' At the corresponding position of the beam of uniform strength, we have

          .'opn== o.eio go ( 4EffpP,.il ) .,

                '                                           '  The ferms of the beams and the corresponding defelcsion curves 'are shown in

,thecurveArep;esentstheformofthebeamminimixing .'
                       tt               '                    tt                                        '

t..ttt

  i-pQsltton,

Fig.
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B

..v'
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t/tt
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1
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1'
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f

l

l,
l
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1

t t.
I

I

1

,

,

,

l

we haVe

4, in whieh

N
R
.x
x
x
 x  N,   x    ,x      x

ot

l

a

,

l

                                              b
                            N･     . . N.k '..tr                               Mhtue-T-op.rp'e.ptpt''dd- C
               ecaie, v:tsitPi

           o' aol- o.Q2            -
                      ' .Fig.4 ' '.                                               '                                                          '                                                                tt
                                                                       ttthe deflectign at G and the curve a the corrgsponding deflection curve,- the curve C shows te

                                           '                                  'form of the cylindrical one of the equai voiume'and c the defection curve, the curve B shows

             'the form of the beam of uniform strength 6f the equal volume and e. the.deflection curve.

                                                           '                                          .t t                                           '                                                              '                                                                        '                                             '                     .' b) The case of a uniformly distributed load.

                        '                                                                     '                    '                                       '                                                                                 '    Denoting by e the intensity of the load, we o6tain the form of the beani which minimizes the

                  7              SzzZ
            zz

       7'      -'     -    x
.. -

   scfile of r: g

  d -,o 2,o
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                                                           '
llfl:ICIOIili]ll"111{',li`lilllii'ii/kVmllll;Mf,lhm/qa/,11il'ii',I al,lej,II,/]./ili/LM,･i .;:.{le lo?:e keep`"g the d･eze::i?" ae

   -･ K,.,(.ss)e,

for the later case,

i"

 WhiC

,. ".'pmli･f,℃(ii,i'11 'il'11i..illE'lii)lrs,-z,)js/y,>, giii/i2.:,fll)!,!(i,' li3g.iZ"l.i"j,,Si)?'lbii ),]8,ii l,.t]

    ･ .-o.oo,bs5g(("blC)g(.fn)U3't(-af')g(.gl)itiT}op,.,:..,.,...... ., ･.J ..,' .

 Iil?iUaattilsig KiS fOr bOth Cases, we obtain the f.elapon between the defiection ty and the volume L

        '}sl'Lt('t/-.'ilil})Sl2, .or jft.Fi=?zg?-9Enl6Lil;-e. ..

    ' '' (2) Beams of the rectangular cross section...,, '' '' '

    In this case', it is' also impossible, as i'n the case of the beams of uniform strength, to consid"efir

tqOi:i:"311･p£d, e':/Y,1.?'2.1,oi,hi'11/ili:,,g.ie:`/liei,/,C,i,i,:/1.;tlli,i.111il.lli,1:'I'iP;.i"I/¥,:e]/1,:V:e:i,iisbi:Seb. r: seA'i"i d. by `oiioyi"g

･ a
l i.' iilillhi li･illlllillli)111ii 2i･l.r.)1)i.,,.lfig .11ill:Sa1i.,:ilelitl -li.,ea℃tl:,il1i1,.,,iil.,....i,.',4,, .'

     .

'

 .?.
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                     /t      '                             '
gn which, for the beam having the least defJection '
'

                                              '                ?･  .' K=i 2wlC ''' '
                                   '                               ttt twhile for the beam, having'the least volume ' '

. K-:--(-,-3,,P,a-,s)gi..,.i11

               '                         '                                          tt         c ..'..3." I( blb,' )" (f)g' t,,, ( ala,')t (-bll->g:] + (-"le,-1.)t S ,

                       tt
                                                           .1/// .
       s=O.s((S)?-(f)})-o..lt.11111((f)9i--(L7)i"]-o.o2ss46((

                                      '      ''rr,-o.6i2,s6sl[(-fiC-)iJ-({l-)ii"]--:.o.oo7ifs2((.a-z')?:4i･pt(g-)gn4]l

                 '          '                                                         ]Therelation PetweenVandopinthiscaseis i ･

    ' n3..12c4.Le.lfSw2rmIL.. . ,
     ' Erp･･s/･,                           '                 tt tt  ,a.2)..fnthecasewherehisgiven,weIaave- ' .

  ' deiK('//9'C)l('i')..'' '/wh'en,o<,xka,

                                                          '                                                      '   . vv=,.K(-tt･i9･-'-)e(1-L7-)e(-7-)e,･ when a<le<'a',

                             "･
.'
 ' .' av :iK(-t"-X)S (1-L-.-7-) '.' ' when ,.a'<x<l,

                                                   '                                    '                                                  'i".whiCh,.fi}'..l;h:;,iij.ibp},-i:m,havingtheieeF.fdf.fiect/ion .,'.'.,....･.'

             '                                                '                                    .t ltwhileforthebeamhavingtheleast'volume' ''-i           '    ,' K:(-t/-i?-E,h-･)i3,.. 1.. . ..

                             '                          '                                tt
      '''. .c rk .･･li-- [(-b-,S.)g (7)2 t,.(-caS')S (-b,1)2')t <-f{,bf)e s',

                  tt

                                          '                                                       '                            '                       '       5=: O.333 333 ((gl)it'inr-(-f-)g']-. O.2((,iC)S--･(-7)g]-. 9.013 889.11/(

                                                  tttttt         ewrvr o.oo7 lo2((tf-)]f' --( -"i )i?'i'l - . ･･････'"･r-･･`･･･ .

             '                                    x,ki this case the relatlon between V and op･becomes ,

         V=,.3C3't'I''l'''h-;'-ll;nt'e''.', ' ,

                   '                 '             '                         '                                    '                =' r               ttt                                          '                                      '                 t. ttit t                      '                  '                        '                                     )t                                                  '                                    '                              tt t                  tt t              tt .              .                     '                                                          tt                               '                        '

.f......)}3pmin(.f

 --}-----t-t-

)i

-t-;-----tt .ht-----'

s)gua(

e

f)g

t

f}

(23)

}



                ON BEAMS AND COWMNS OF VMFORM STRENGTrr

                    b) The case of k uniformly distributed 'load.

                 t tt   b. 1) In the case where ev is given as a constant, we have '

        h=.K(!l-)f(-7-)S(1--7rliS')t' .wheno<x<a',

        hlK(-cC)i(-g)e(ian{T)e .h,.F,<･f.<i'.,,'"1'"""''･(24)

                                                   '                          tt                                            t.                       -･                                                        '                                        'inwhichforthebeamhavingtheleastdeflection ' ''
                                             '       /. .K2'+l}JwP-IIi-'''" ''' ''
           '                            tt                t.                                     'whileforthebeamhavingtheleastvolume. .
 .,.-'K=(42i,li8op)Slt-,-'1. ..･･ , . ･ .･

                                                         '                                        '                               '                                           '        slo.666666((3-!)t'(t-'-)E3+({X-)'(r3-')#]wh-oh((.r)i(La,C):'4(Lfl)i(t')g)

   . .o.o167s6((3X)i(f'-')2Zt--(-d,-)i(-e,1)g)-o.oi21p.3((e,'-)i(A,()g-h(f)i(e')S-]

        '       ' -o.oo6s3.6((Lbl'.)`i(t]')'2avi'+(uel'-t)i(.bl'-)ii2l--,..r..,,l.,....

            '
Th.erelatio"/1;,t.:ge$,E,.a,nd-//..In,.th`SCaSe`i., ''

   b. 2) In the case Where h is given as a constant, we have '

     '. zv=K(-el<)e(-7-)(1-.i-)e ' ., wthen o<di<le,

      '  .."'.wik(f)S(7)"(i.--7)' wiiend<.xf(i,.'

in ,WhiCli,fiitghEL.;l?}ayhavingtheleastdeflectieti,,.,. ,..

                         t.                                                       'or,forthebeamhavingtheleastvorume' . ･'･
,",,A.'-F=(:Srp:8iii.).i". ,.･ ,,.,.... ,

                                   '                                          '        s - o.s((-"iC)2( bi'-)e+(f' )S(-b-iX )2]..L. i,666 666((.t.i.1)3(t-iL)g+(-fil)}( bi' )3)

                               tt                                     '          :,9'8,3g･.3,?...Iilpm5')(Sgei'?(e/5'),2/ril)i]:,･//.Igi,?.,/,-f(,t;,?ss.-e-t)'+(:')e(3')fi}

                                  /tt ttt             '                   t ttttt t                 '               '                                                     '                                          tt                      '                                                 tt  ..                      '

l57
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theshearingstresses. ,

    In a general way, the effects of shearing stresses are covered by

                                         'a practically siniple 'modification of.sthe form of uniform strength. .

    Bv the fact that.the beam of uniform strength is.6ne that.has the
     .                                                    '                                                            '                        '
leqst strain energy, we may introduce a new modification as follows.

    Supposing that the disttibution"'of shearing stresses on a sectional
                                           ･-:
area of the beam of uniform strei?gth can be replaced by that of, the

                 tt                     ttbeam with a c6nstant sectibnal area without much error in the.total
      '                                 tt                                    t ..-effect, though the fo'rmer is generally different･'from the･later, we dan

       '                                'use the follo'w' ing expression for the total strain energy including the effect

   .1., ･ne==-,M-,,-2-+f.9i･ 'i,.- ･･･i･ ..

                                               '                                       ttt

                     tt                                           '                                                   '                                      '     rc : the numerical factor varying with the shape of the"cross sections:

                            t tt t              1.2 for the rectangular cross section,.

              1.19forthecircularcresssectiQn. ' 1
                                        '                                 '                              ttLet us consider as an exsarnple the beam with th'e constatit width tv and
                                -t
which h is a variable.

          zl:-23}-zvh3,.,.'.a.=2wh;...'･ '

                                   'we have 'as the expression of, the form of the beani having the least stYain energy

                  '                             '                                        '          ..P.et.I..+a..OA-.,o. '' ''

   '           tt               '

 Therefore, ...･,. ' ･                                           '                                             '                     '                                                      '      ' ･･-,--9･E"･tllZ7i+,-9.r'･2me,II'-:2Aeu :Q ,･'

                    '     'inwhichGisthemodulusof'rigidity. ' ,,, ,,'' ,
          '                          '                                 '     '

                               '

                          tt . /t.

Therelationbetween7andrpisinthiscase '

         7=:i.ss2."aiL'j-!. , ,
                   Eh2 op .

                    ttt ttt                                                             '                                                                               '    '       . S5oACorps.ideratienaboutthetwodifieationofthe,
       ','. ,.'WermofmseamsoeWnifoxxxxStrength.
                                                , ･1･           '                                             '                      tt                                                  ;..    Sinde only the effect'of the bending momet' is generally censidered in the practical theory of the･

                                                             tttbeam, the area of the cross section of beams discussed above vanishes at thg, end point where the

bendingmomentbecoineszero.i' ...' ･"'- .
                                                                       '       tt    'IIrhe beams of uniform strength can ng.t resist the shearing stresses at the end point, therefore

                                                             'thesupportshouldbe.constructedasshowninFig.5inordertoresisli ..

                  ,t

--

 <.ssk(tltS$'Lm mz

      su -''2'tll･:ll--z2-.,,,-i-･

                  '                  '             '                 '       '                   '
       Fig. 5

  of the shearing stress:

the variable

s.

depth 2h, in

'



ti/t..

"

                              tt                          '                                                         '
                   ONBEAMSANDCOI.UMNSOFVNrFORMSTRENGTH '159
                                                    '                       '                                                      '                                                        '                                                     /t t                               .t t                                                      '                                                                         '    Usingthewellknownrelation'' . ' s..'.' ' '
         'Gk2(ipt+'mj.E, ･(m:Poisson'snumber.), , ･
                                                               '                                 '                                                            '
 we see that the above equation is transformed into ･-
 ,...deta(-9tt-jlf-2,i-t-o.6(ilil,i;,M)--9trLl-2RLv:oe ･' '''1' .'

              .t tt . Takingm=3forsteel,wehave' '･ ' '･1
                                  tt .  ･' tt-M2''+l4s---e2h2-?REzv2hg=i.･o.. ･･････:･･･:･･-ny:.･t･･････,････'･･r･･････････････-･････(2s)

 Atthepositionwberethebendingtnomentiszero,Eq.(25)becomes ' . '
                 t.         '
･' .-4sg2h-2aEw2h2'=:o,, e.or ,, -l2S-Itrt==(-/g-JaE)g.,. ･･ .
 De"Oi{?glb[i's,T=?'}Ii2ihilMhLSIan(u//l}eAaErisH;.stressonthfcross.sectig.n,wehav, ..'.'.. . .,

           '                           tt                                                    t/.. tSbi'
ynCfiqih(e2sf)a.CtOr .A Can be determiFed from the above relation, the forre of the beam is represented

    In the case where a concentrated load P acts on the middle point of the span of the beam, the

                       . t..                   t tt tttttt                                          '         '                                       '                                                     '                                                             '
                                         .t                                                               .

                                                       '      .r2AEpv,e'giiiT.....K, .･, ' .'.' ' '
                                                  tttt t theformof'thebeambecemg.s /. '''',.'..
       ' 2･2s(9)£'+o.e(C-)2--･4K(-7-)`'==o.･ .,...:......................,,;....:;., (i)'

.-

 sN,e
iliie.C.tid"g,,xe.e -.fi.fCii6iot kOgf!Ltill:, O.",". I,/iig,ht.,O(,,tS,ei behm a"d 6hoosing i =: ,,. 6o cm,. p =r= 24oo kg, u, --

 .'. .grm=-l-Tmax=600kglcm2, .'. 1,.. ･-'.
                                                          '                                                '                                      '                                                                                 '                               '                                                           '
                                '    ','1162oOo-O::2(cm2),.or'h==o.2cm,..'..''1','''･, -.

 forthe･requiredcrosssectionalareaatthepositionwhereMiszero./'' "' . , ,

     Since M== O for x== O, we have from Eq. (i)

     .' o.s-4K(-Q6'o2-)2=o, or "lkrilsooQ.･. .-･

                                                           tt Let us investigate the maximum fibr.e stresg atnaz at the er,oss section on which the maXimum bend-

 ing moment takes place, then it follows from Eq. (i), ･ ,-
                             "tttt                                                                     '      ...2.2s(-i-)2-t-o.s(--7)2-4×isooo(Tll'i")`'=ol 1.''' '''.

                                                                         '                                                            '                                          '                                                                   '                                                                        '               tt
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                  '
                                     '                                           '                                ttt

                            .t t rE･A,,,f,,',,(?)2='O'O028i.''"''or, h:i=3'l7s"lrp..r'. . ..

        ･･anm'x'==1071kglem2. .･ .' Cbmparing this with the beam calculate'd with no moaification which has the equal depth at the

                                                                                        ' :niddle point of the $pan, we see tliat the differences are very smali at the portion neELr the suppbrt

 as shown in table 1. in which the. values of amA[ltiebrlethel.moC.i{igd .beam are also shown for Cofl.iParisiOn"

x/l

 tt

h of the beam without
  the mod'it'lcation

-" hofthemodified
      beain differences

OmaxOfbtehaelsnodified ,

           o ,,Ocm'O.20ocm 'o.2oocm                                                                           O kg/cm2

                    .o.31s e.3so 6.o32 ssl'
                                  tt                                               tt         1!100 1. 0.449 O.471, --O.022                                                                          '972

          1!16 1.123i･1.129. 'O.O06 .1059
                                       '          '1/8.. 1.588 L592 .0.003 ' 1065 .-. ..
                                                                '                                                           t.     ,218 2.245'･2.247 O.Q02 '1069. ,.                                                                     '          318 ',2.750 2V51 O,OOI .1070.･..
     ' 112 .3,.175 . 3.175･' ･O' 1071 ' .
                                                                       '               '                     ttttt t tttkg;s:･:e#,;Xgl,l:nvll･Inl/i/ii.;..:,/iZtmlj,./i.;11,O'2,hS,""ifO'MU' :ll's:?"-,:ed:r;ds yhose !"tensir.y is ekg!fim.. ...,-

we. finq, from Eq., (25), that the form ef the beam is represented as foilows: , ･ '･

'' ' .'･-
iilll'(L9-)2(i-27-+-'1･-;->+-l;(-kL-7-+7;,-)(-7-)2-K(--7･)"ijo.･･････ (ii)'

                                    '                 L
                                              '                                                       '
  ' e==40kglcm,.'l,F=60¢m,/w=5cm,'ema.:i:900kglcmL','' ..
                                                                                   '

          Tm=:600kgfcfn2,- .. '. '
ItfoliowsfromXil)f6rhti=O,2cmatx=Oandx=IJ , .･ '.. ' '.
                                                               . t...

         'For the special .value -7,-l= -ll-, h ang th.e fugximurp fibfe'strgss a,na'x is.respectively calculated as

fOllOWS:
h...2.243,' '''if' .,.==107'3kg'6ma2･ ''"' ''''

    J he effect of the own weight may commonly be neglected in problems of the beam of uniform-'

Spmtrre.nft!hisieLii,).the CaSeS Whfre the gwn yeight must,be espgcia}ly fonsidered were studi.ed by

2) K. Ai¢hi, Jour. o.f the Nippon Mhchani'cal E{ig. Society, Vol. 22, No. 541. J. Ptescott "Applied Elasticity." p. 67..
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                                                                                    'N                                                                                    t.                                                            '                                                                                         '                                                                '                                    -t                                                      '                                      '
                g6` CalumngofewniforuaStrengthagtectb..yAxiaXwaoadis" ' ''

                                           tt/      ` Let us nowewconsider the coluinn acted by"l'he axial load from the same point of view as befere.

       As an exsample we take' a cylindrical column NKTith one end free and the othg,r fixed.

                                                             ei   ' The deflecti6n curve must bf,initially assumed in order to find the crltical load by means of

   energy method. If we use for tbis purpose the def!ection curve corresponding' to the slighe buckling

   pf a ordinary column of constant yross section as the curve for this casel we have,'referring the

   rectangular coordina.ge axes having the fixed end as their origin, the follgwing expressien: ., ' ･.

             y = 6(1-cos-//X-l ), ･･･-:･･t･････････････L･･:･:,･･･････････････････.t･･1'7･･`･･････-･:.･････ (26) ,

   where o" denotes the rnaximum dgflection at the free end and l tlie lengtk of the co!umn.. ,.'

    ･ Since the bending moment M atiny point of the column is represepted by

      .･.Mx==p6cos-//7Lf'.''1･','' ' '''''"'.
                                                      '                               tt tt   'TheStrainenergybecomes ''.. ･'･'. ' ., -
                                                                '                                                             '                                                                         '   '1 ,gnvrs:-t･i:l'ii-:v,th--,tt.#.d･r'-.sepo.sr.S./1./Zl-)undx. i･･･-...･....,..･･.･･･,,･t,･,;･.....･. e27) ,

                                                           '   Nowth.evolurp.eofthecolumnis .' ･.'.
                                                  '                                                                  '

''

i.:liSlli.ii,:"11L･-llLiiii.1ff,g'1;,lc'//iili.'1/II}llli'Hl,iiS',i,iil/i,l','1.iiditi'ifii'ai'itl,Wiiiiiiili'ii'Igi.2i,:,'cof"Lr

.t,g, 1:･:,,tigTe,i/Eny,,g////Ii;p/il/;o,/[.,rg-ilil.{h,/:.,illb,.ii. q, ],i,.......,i.I...1,.i':'11,.1...I..1,,it).1.i...,,.. ,,,;

   It is seen from the preceding corisideration `that Iilq. (28) represents the foTm of the column mini-

   mM. aZxEf".,g,u.mt.hec//1,.iacFlki):.a.edl P:iS,Ze,: .b,Y ,C,2,")i,,g,i' ,O,t,h,e.r., I:i,1.S. `i.ilee,j.:.rM,,Of,,`,he,.i:11:in bl"i`"g the

    3) S. Timobhet)ko "Theory of Elastic Stal}ility7' p. 79. t936

                                                 '
                 -'



di

&

16Z . '' '.MUNEAKI'I<IURATA.' '                                                           '              tt '                                                                ttt                                         '                                    '                     '                                             '   t tt            '
          r =(-a2h-)&(c'os-rr2Xi-)g･ ･･･-･･････････････････････････････････････t･････}･･････-･･e････ (3o)

                                               '                                      ttSubstitutingtheaboveexpression(30)intoEq.(27i>,we.have ' '･.
                                                            .t6,,.,,,,(,i;ii.:2rrl:)X;Sg(6os-"2g)&`kv=:(g)"･.t-,,,f23 ･

          K=i,vltii{l.T //)(g) =: e･ks2 -Y-, x

          . =Ke (,,, !2-s)g =:o.66723(Y.)S (,,,tbu.)g. ,,..,.,,.;,...,..,......,,,,.. (3o

      'Since the deflection curve is originaly assumed rbughly, a better approximate critical load must be'

                        t i'                                                   '                          '                                                  '

                                  t ttt                    '                                                       '                                               tt    For this .purposg, the method of successive approximations'can be applied, but.it is tedious and

                                                 'difficult to obtain the'second'approximate deflection curve by the numerical calculatio,ns, and'then

                       '                                                                             '                      tt                          tt                     '                                                                     'agtaphigalmethodcanconvenientlyused4).., '' . ,
                            t tttttt                                           '                    ･･. L    Nowassttmingthedefiectioiicurvetobeexpressedby, - . "

     tt tt          y==iS･(i-f(C:)] .

wefindthatEq,(30)becomes . ',
          i = (-a2.-)k ･ fei ( 7) == KS ･ f} . i･･････ee･････t･････････････････････'･'-'''''''''' (32)

Theelasticloadisinthiscase ' . '
               R6･f ''+          tv=･ . ･,.                nt - '                                                    '
Denotel=L}sr='rowhenL7'=O,'. . -''i. ''
     '                               '
                               .                                                               '                                   '         w!=-PE'4i(2-), where 1=:'iilj=(tr.,)"=pt.････,･･･････････(32)

If we show the new deflection curve by drawing, and paeaspre f at different points of the curve,

wecanfindvaluesofrcorrespondingtothesepoints. . . t'
                                                                                    '                                                           .    ThefactorKmustbedeterminedfromthecondltionthatthevaiueofVisgiven, '

                            ･;t
         v :Si rr, L)d2u == Sg rrKfg tla; == rrK 2i,) (f#-`:ix] ･

4) S)･Timushenko "Theory of Elastic Stability." p. 132.
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                          L- .-
                                                               tt                                          .t                                                                        ..' W r..f.?l. CriC,',,illell//1.flO.,r".s., :ttle{}f,Oii-pm.OW/il.li,g{ioli,/i.l/sSl,.On)Y?.,','. T.1.'i･.il.･･-;･1rr''''''"''''''' (3`'

                                 '                               .t   In order to obtain the higher accuracy of thg value of Kl it is advantageous to apply Simpson's one

                                                                     '   third rule since the ord{nary summation in the denominatof is used instead of the.integratiori':' '･ .

                    '. accurTtchyYS Making tlie SeCOnd aPProximatiQn, wg get the new deflfcti,oi cu.rve andi obtain a higher

                            '       The auther concludes from his experience, that the third approximate form of the beam is not

                                      .y'
 . neccessary since the third approximat-e deflection curve dr,awn from the second approximate form

                                                                '
. coincidesa¢tuallywiththesecondapproximaterdeflectioncurve., ' '
       Theseproceduresareshown'inFig.6andTable.2. ･･ .
                tt                                                                                 '                                                      x                                        '

'
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  Fig.6. th

Table 2.""

'

x!l

     o'
    I/8
    2/g
    3!8
    4!8
    518
       eq･
 - 6/8
    7!8
    39AO
    79180

･ 1'

lst. approximatef
  calculated 1)y
    Eq. (2!;)

-..

l.OOO' 6
 L.

e.gso

O.924

O.831

O.707-

O.55d

   'O.383

O.l94
   'O.038
O.O19

 -o

lst.'approxhllate r

gigg,gY

  O,C50

  O.627

  O.594

  O.548

  o.4se

  OL386

  O,224

. O,J78

   o'

V.
I

2nd.approximatef
 measured on the

    Draw. ･

     1.ooo a

     O.985

 ' O.944
     O.875.

     0.775

    'O,640

     O.470
      t'
     O.265

  ･ O.06Q.

. O,030
      o.

2nd.approxlmate r ･

8IgS9, V[･l ir-

O.637

O.621

O.596

O.560

O.505

0417
O.254

O.202

   tt o･
x'

ge

t
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       In the method explained above, ･the drawing becomes difficult near the top of the coru'mn

   p.esae. s.r tlke ,zigsl:,los.t w26isg"/gilit.N-' r",:-, ",,',Z-:.g.･s,"s, tle.?fegoJ,e,t)g,y.g,:eecs ,:,t ikeg.tst.7.ggr.;h;i

' i"r}/3r t12' :.aMia:.lll"glh;.,iO:-?.f.iS(ln,i./r:3n;U.,!IY(i.tl...11,-3o", witP' r:speft tg the second eefiection

   ,,..'h,il:f//le: /IV-e//.iil6ii.il,r,,7,IPe.Vai"e Of the c"ricai ioaf br the equa:ro.' ,,., ,/ ,/.., ..,

                   '                                                                   tt   aiid.,,h..k.=:.t,'4ig'M,=O"044'it-iif)'i,IT. L.,,.,....,t.

Ta'E･･･ri'g, i}'eIE,lriiitlh}9i'Si/li re,il'11'is,]w'//ri.g),11/i ･1'11'ii[ilep.If/1'.,.i.,r.i1?i'iisloiri':I,li.iliI.[,li,iiIiIIIiii (#,5jl

                     '
tt･, ,F,g'Ei'fii:.,.,/ill/l iili,z.l･9irMij' Of.th.8s, gOl}" '/i,2i.ttf :s,Sgt//.E.,7/;.r ,fo' fhe sa.me critica'ior.de '.

  '[i'he above oljtained figure actualiy coincide"g with the. figure: t-2-t/L ==.O,866 found by Clausen5).

      ･On the other hand, when P is glven, r is required by proceeding such the same procedure as
:ri.iiliseSg:,il/l`i',li/i.i.iill/L#,f ,:lie, 1./11m,IXs:,g,ii'iMl ae:a:W:.ljehiW'3ffo?/ij'o.f "tiforr .strrirfth.can be dxpia,.,d.

    5) l. 11]/iil･1'.'i!ilT[ilaKp,,..P,i, la[7Z.1,n'.`,` ".,lil,lliO',Y,.Zl,,lil?.'Ii,`.ie g;I ?f "iasiicity and of.,.the strengtit ofreAfateri.i,･･ y.l.

       " Oli.gl,?,"i,X'be S.`,l.l;'ik',,,OfJgli'Eimps,xf .V".rt,r ]'e Cross Sectror" MemTirs of tKe coiiege of Eng･

                                                               '
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F,,.

. Eq. 132--mp)1-ti:L, =OLN4.-BKE
:"1; ,ANi.)10LYMN'S OF UNTORM STREII!llTH T,b-I,,.,3.1.i. ･.,･l6s

'kil:,,,1.2i.li,jlil/lkizik,11i,illil,lliiil,/111kllaS'il///i'11.-lll/rlrr'':,ili.'19p:.'/X` f,/;khe,:.e#'il,i '. ,ls/;g･' ''.･t･ii.:#6[gie'g"3Ffrrp?,

    Theresultsoftheactualcalculationareshownintable3in 618 3.64 ･
                                                                   '                                                            778                                                                     3.63whichweseethattheer.rorlsabout3%inthe'pOrtiOniiearthe 3g14o 3.7s .'

gOPO.C･,i,h,i,fOS".P,:,,be,'21iil]ftSXZIiS,Zd,2,,M.eag,V7,M,;n;.:fecka,',-j79i80.'3'z.7:6 .'･,

                                                                                   'isr. K. A'iciti?i'-'fo':ilt1'3t2iatRa"'{ ihe p6int'7･' =o the width of the ordinary coiumn 1's three fourth

times ef t'ha"`t of the coium of unifQ'rm strength with the same maximum fibre $tress as the former,･

        ..                                                                   t.tand the p ft,Rt,/L/E,ti//L ;//,lh: cr:tic7i ioals of these t-4'e..,asg.g is6' ･, ., .. ...s . . .･,

lll,Od' ]i.:[.'.,ili'  ,t.aibilf.,i' t//,ehS:fi,th,a,Gi:,iS.feqL451a. itit.O ,g'6.4f9;;(/,-.7it ia,t 'i7N == O, g"d therefore the vgiun}e of thg

                                                        '  ''w==rrr?i=mp({}xo.64g)21･Y-･i, ..' '''･.,' ',

                          tt                                    '       .hn7---ml.343p''' '' '' '
1:ol,,;e,.eot;ii,:.,,/,;/e{,ai/k02,ns,//i'i);':-'llz5i,:":'

,,ili,j311,,i,'
,,L.,,,'-,L,1,.A',,}.1' 1' '''

     It is obvious that the method explained above 'can also be applied to beams of square, rectangle

           'f and orther cross section, and it ":ill be seen that the errors are negligibly smali in practice.

   . In the case of the column hinged at both ends, it is evident from symrnetry that each half of

 thecolumnisinthesameconditionastheforegoingcase. ' '..,
                          t.                                                                    '                                                                            '                         tttt t t                    '                                                                                    '                            '               '                                  'C6ncXugion･･･ , ･･
' InthispapertheautherhaVegenerallydiscussedtheoldproblemscoA'cerningthe'mosteffective

 form of the beam and the column by the application of a simple theorY of i`CalcUlus of Variations"

 and made it clear tbat the beams of the least strain energy, of the least deflection or of tl}e least

VO,i,UM,,e .a
,les,,qXii il'e,,i,a::,i,O.l,eS.il,llliCki.gaV,e., ,'II,"'". i,`o;: ,st: nF.th throughout their iength,.

'


