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Introduction.

The beam of uniform strength which has the variable cross section to keep ‘the maximum fibre
stress a constant, was sometimes studied from earlier time to use most efficiently the material.

This problem is usually solved by the well knwon relation ¢ a:Jl;Ih:const.-”, where ¢ means
the maximum fibre stress, M the bending moment due td external loads, I the moment of inertia
of a cross section and h the half depth of the beami. ’

In this paper the same problem and its related problems are more generally discussed at a

different point of view.

§1. General Theory.

It is the well known “Isoperimetric Problem ™ in Calculus of Variations to find the func-
tio'nal relation: between independent and dependent variables in the integrant, which minimizes (or
maximizes) a definite integral, keeping "another definite integral constant. ‘

In these problems it is general that the integrants contain simultaneously independent ., and
dependent variablés and theii derivatives in themselves. .

But if no derivatives are invo'ved in the integrants the problem is greatly simplified as follows.

Now we take two integrals
A - 73
= S gy de, B = S f (2, y) da.
0 )
Let it be required to make the integral B a minimum (or a maximum), keeping the integral 4

" constant.

Since the integral 4 is constant, our problem is equivalent to minimizing (or maximizing) the

following integral,

1) O. Bolza “ Lectures on the Calculus of Variations,” p. 206, 1904.
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I — Sl {f(m,?/) + Aq (a;’ y)} (1.’1?, ................ e RRRACEIIL RN (1)

0
where 4 is any constant multiplier which must later be determined.
Denote any smal‘l quantity by ¢ and an arbitrary fﬁnction of y vanishing when =0 and
z =1, by 7. _
We can consider ey a variation of ¥, so that 41, a variation of I due to that of v, is repre-

- sented by,
l

‘ AI:?‘ [lf(x,y:_,‘- en) + Ag(fc,,«/ + sv)} — {f(-’v, y) + M(ﬂv‘,y)}] dx

0

’ 122 92
= S - 2(f+49) &+ S &t t@)_ R T vy reerrsereen (2)
0 9?/” . 0 2 ay.‘ v

If ¢ is sufficiently small, it is-obvicus that the sign of 47 will be determined only by that of .
the first term on the right-hand side of this equation.

Therefore if I Is to take a minimum (or a maximum) value which,is a stationary value, it is
obvious that the first term of (2) vanishes for all possible small variéztions of 9.

Consequently, it follows that
S e Ui +4g) de =0,

) dy
it E
Since % is an arbitrary function of y in the above equation, we get from the integral theorem
(42 . '
CAUHA) g e, berrrtee s (3)
Iy ' '

This equation corresponds to the so-called “ FEuler's differential equation.”, and in this case it
becomes a simple algebraic equation® because the functions f and ¢ in (3) contain no derivative,

In the next pluce, from the sign of second term of (2), we can see whether the above obtained
relation minimizes or maximizes the integral- I

On the other hand, if it is required to make the integral 4 a minimum (or a maximum) while
_keeping the integral B equal to a constant, we have

ﬂﬂg‘gﬂl =0, B s (4)

where the constant multiplier must be -determined from the definite integral B.-

Since (4) is obtained by replacing 4 by i in (3), it is the only different point between the
both cases which integral is taken for determiniﬁg the value of A.

If the intégranté f and ¢ contain many independent variables such as y, z, ++-+ree in themselves,

from the same consideration as before we have

9 +ig) _
dy 0,
2+ g,

oz

..................
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Solving these equétions simultaneously, we obtain 7, z, ++oreeeer represented as the function of z.
§2. An Apprication to Beams. ,
Neglecting the effect of shearing stresses, the strain energy of the beam is
1 (¢ M3
W= —1\1 ——dx.
2 'So El

where

M : the bending moment,

E: Young’s modulus of the material,
I: the moment of inertia of a cross section of the beam,
1 : .the length of the beam.

Denote the sectional area of the beam by 4, then the total volume of the beam 7 is represented by

14
V= g ddw .

[} -
Let us consider the form of the beam which has the minimum value of the strain energy W,
keeping its total volume to a constant value.

From the privious discussion, we have

o [ M 24 Co
9?7 ( E]> +4- x,aj =0,. ............. (5) ’
where y stands for ‘one dimension concerning the sectional -area of the beam,

If P denotes a concentrated logid, it follows in an equilibrium state of the bedm that

,;, Pp=W, -

where % is the deflection of the loaded point. i

Therefore we can find that Eq. (5) gives the form of the beam minimizing the deilection of
a loaded point. '

If we d\e_note by ¢ the deflection of any point of the beam, we have

Sl MM

o EI

in which, M means ox and X an actual load acting on the point considered or a virtual load
when there is no actual loads.

Let us now require the form of the beam minimizing &, then it follows:

RO ,
i({_‘@i>+x?/1‘:0, ............................................................... (6)
%y Y

If in the equation (6) we require the deflection of the point under an external concentrated load,
it is obvious that Eq. (6) coincides with Eq. (5).
By the way, we may also consider that the form of the beam minimizing its curvature n in

the meaning of the least square is derived from the condition.

i 1 2 A M 2
) dr = S (——) dv = min.
SO < P) 0 El
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§3. Beams of Uniform Strength.
(1) Simple beams of the circular cross section.

Denoting by r the rudius of the cross sectiog,y by 4 its cross sectional area, and by I the moment
of inertia of it, and taking the axis of the beam as a—coordinate axis, we have
4 = nr, ) '
1

- 4
= -,
4

Substituting these values in Eq. (5) and writing rbinstead of 9,
2 4
M_@_( 4 >+Z?ﬂ'r“ -0,

E or \ nr or
then .
8 .
B 7 & O PR -
, An'E ’ ‘ ,(7)
From this the maximum fibre stress of the beam is expressed as follows:
M _ AM

Jmax = “‘I’* r 7;'7‘4 r = ‘/QXE:

Since ouax is free of z, it will be seen that the beam with r represented by Eq. (7) has a uni-

_ form strength.

a) The case of a single concentrated load.

- At the load condition as shown in Kig. 1, bending moments is

M:~—};—~x ) 7 when O<m<a,
Pa : - .

M= rr(l——.’v) when o <2 <.

P
\ a b
X
< — 4
Fig. 1

5

Hence by Eq. (7), the form of the beam is represented as follows :

- %[1;32% when 0<a<a.

or
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Then, writing

8PF

b =
we have ,

r=FK (%)3 (?)3 Y ke re st e e e ra et et ra e eerrrae s artrns s ® 1
Moreover .

N3
Vo= S wride

1]

so that we shall obtain

3 o b\ (a3
p=Lar (L) (2

In the same manner, if a<a<J, we have .

r:K(%)% (1 — %); PRSP PRSP TP 8, 2

Writing .
¢
Ve = S wridz
«@

" we have from (8, 2)

3 o f a\% [ B\&
o == ——— R ¥,
. , \_V, 5 nK < l) < l»)

When the total volume of the beam F is given,

e B (VBN (N (BN B (ab\E
V=P Ve 5n1;zl(l) <z> +<1) (Z)J—~57rKl( ) e (9)

From this, we have

HEANEA
K“(snz) (ab :

Sub.stituting K in Eq. (8, 1), (8, 2), we find that the form ‘of the beam is determined by

N ASTEAYEAY INs( V7 \if 2 \s
. A “)2 = 0.72 B - e @ ,
7 ;\(37r l) (a> < l) = 0.7 84’(‘1) (l) (l) WhenO<%<a.
RN ANTEAN 1AL AV ANTAANTR AT .
r-—(Sn_ l> (b) ( ; > —-0.7284<~b) (l> ( ; ) when a<a<l.

At the loaded point it becomes
r = 0.7284 <’C> :
: )
Thié means that r is constant regardless of position of load.
Let us consider now two cases of a beam With a concentrated load; one loaded at (a, &), a4, &
being the distances of the load from the both éhds, and the other loaded at (d’, ¥) as shown in
 Fig-2. For the former case

rl:G(l—)?i (x1>3 _.—'.C,'<3’1>23 ’ when 0<.’L‘]<IZ,
) a 1 a ) -

4;0<2y(k;3?=0(gy>3 when <z <.
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For the later case

: o
= <;;1,—>J when O<ay <o,
l Q/) 3 ’ 4
r =C ¥ ~ when <l <1 .

We will compare these cases concerning the position of the same sectional area of the beams

Equating ry and r/, we have

o
a  d
Similarly from ry = rs |
l—a, l—zy l—2y lémg’
b ¥ oF e T s
from ry=ry ’
E ST Y
a b l—a

And then, we have

From the above relation, we can simply and graphically obtain the form of the beam loaded at any

point by using the form of the beam of a certain load condition.

Denote in Fig. 2 by the curve 0-I-h~II-0’ the form of the beam loaded at 4, by C(or )
any poixg on the vertical through the end point O (or O;) and by I (or II) the point of intersection
of the cuvrve 0-I-l—II-0" and the straight joining the two points 4 and C {or (), then we shall obtain a
point I’ (or IF) if we bring the parallel line to a-axis passing through I (or II) into intersection
with the line CB (or ¢’B), this is the required point on the form of the new beam loadéd at B.

" We have tried above to obtain an exp1essxon of the form of the beam that has the value of
its volume as a numerical factor. .

On the other hand, let it be 1equired to obtain another expression with the factor concerning
the stresses. » '

If r is given at the pos1twn where the bending moment is maximum, the form of the beam
can be determined since thc numerical factor K is obtained from Eq. (8, 1) or (8 2) and we can
find the volume of the beam from Egq. (9). '

Some further calculations give :
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r o= <é.P‘>% s (if)i>§ when 0O<2<aq,

, wa l )

= <4P>% a% (11&)% " when a<all,
no ! o

These expresstions are the usual formulae of the beam of uniform strength.
" Next, let it be required to obtain the form of the beam whose volume is a minimum among
the various forms of the beams ha{ring a constant strain energy or deflection at the loaded point.
For thié purpose, we must determine the factor K in Eq. (8) from the integral of the strain
energy. )

By the similar calculations as before, we find the relations - ‘
A EAH LAY EAY I AAYTRANTEAS

=5 VLY () = 09319 ) (4 V(2 e<a,

' (5nE7]) <Z> (l) (z) 0.93 9(&7)(1) (l) <l> when 0<a<a

_ ogaag ((PPNE (a\i ()i (1=2\} ‘ ‘
'“0'9"49(&7) (z) <z> ( 1 ) | when a<z<1.

which represent the form of the beam of uniform strength.
Consequently we know .that the above obtained various formulae represent the same form of
a beam but respectively with the different factor. -
Calculatiwng the deflection of the loaded point of the beam represented by Eq. (10), we have
— 108 = (1> Loy ‘ '

T2 E\V) L. N
The similar deflection of a cylindrical beam with the some volumie is shown as follows :
4 m [ 1\ Pap _ .
—— — e S ek ereesans S R T L T 12
TT 3 g (V> 1 12)
Therefore, we obtain
y = 0.648 3" .

Hence, it will be concluded that the deflection » amounts about 652 of 3" regardless of the posi-
tion of a external load.

Next, the volume of the beam shown by Eq. (11) is equal to

¥ = 1.6475 (£5>%- ab
EyJ.

while that of the cylindrical beam is
7 = 2.0466 (—PL> ab .
. Ey'

by (12).
Equating the deflections for two cases, we can compare their volumes. ~

that is V=0.805V .

. | b) The case of a uniformly distributed load.

In this case the form of the beam will evidently becomes symmetrical about the middle point

of the beam. By similar calc;ﬂations by Eq. (7), we have
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r=K <1-~ J;L)"ﬁ <%~)3 " when O0<e< é— .

where K is a‘numprical factor which can be expressed bv F or gmax and so on to meet a need as
previous exsamples. . ,
¢)” The case of any kinds of load.

In this case w;ve can plot the form of the beam of uniform strength depending on Eq. (7), when
the bénding moment at every point of the beam is given, and we can also represent A by 7, o, P,
7, and so on respectively as before. ' ) -

In the same way, we can easily study a cantilever beam by using Eq. (7).

The form of a cantilever acted by a single concentrated load on its fiee end will coincides
with a half form df a simple beam with a load on its middle point, since the eXternal load in the
former case can be regarded as a reaction in the later.

By this reason we can apply Eq. (10) or Eq. (11)k to the present tase.

(2) Simple beams with rectangular cross section.
Denote ' o
w : the width of a cross section,
2h +  the depth of a cross section,

A=2hw : the area of a cross section,

3, ‘
'—:ﬁlz(—} : the moment of inertia{of a cross section,
Regarding w, I, as independent variables, we have following equations as already explained : -
o /M od
(TN =0, .
oh (El ) + 4 oh .
9 [ M* o4
R Sl S =0, \
Jw \ EI ) + 4 Jw
- Therefore, the form of the beam must be represented by following equations :
9A1?
B S eevens B SN e 13, 1
Fuolt Aw » ’ (13, 1),
3M® , \
. — 4] ........... v s reretiareretsbrr s rarreaesnbans [EEEREERYRTPPRRRRRRTR Taaee 13 2 .
e A 13, 2)

It is obvious that these equations can not be satisfied simultaneously, in other words, considering
w and k as independent variables, we can not determine the form of the beam.

And then, if the width w is constant, We.can determine »fhe hight & by Eq. (18, 1) and vice

versa.
a) The case of a single concentrated load.

Using the same notations as in Fig. 1, we have for a beam of constant width

h= K( ?)2 (%)§ » when 0<z<a, ™

h=K (fl’) (1~ —?)‘ when  a<a<l,
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and for that of constant hight

w-—K( )( ) when 0<ae<a,
w=K (%) (]-— ~—) when a<lae<ly

in which a numerical factor K is to be determined as before.

It is easy to show that these beams have uniform strengthy.

b) The case of a uniformly distributed load.

Since the form of the beam becomes symmetrical about its middle point in this case, it i
permitted to consider about only one half of the beam.
Putting

w = const, 4

Iz—K(l—»——) < > ¢ when O<.’L’<-;~,

while for constant h we have

w = K(l—— %ﬁ) (;) when 0<a< é .

N 2 :
These expressions represent the form of the beam of uniform strength with a factor K which will

we have

be determined later.
In the case where the bending moment due to loads can be resolved into two components M
and M’ acting in the plane of the two principal axes of the cross section, the form. of the beam

of the least strain energy is given by the equations

2 /2
(M* + l‘{ﬁ) + 2 o4 _ 0,
o

|

£ T EF oh
9 M/2 .
\'al? m)“ =9,
or
9 ey 8 M =92,
2hi? Rt
s 18 e (14)
2 _ = 172 _— . .
i M, M= 208

2w
since the moments of ineftia with respect to two principal axes of the cross section are = Tg

\5
and ]’~— 6 , respectively
It follows from this that:

Therefore we find that the magnitude of each side of the eross section is respectively proportional

to the bending moment acting parallel to the corresponding side.
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Using the above relation and Eq. (14), we obtain

Mo iE
Ww 3 !

! 2M/> ( AE
Gy

in which 4 is the numerical factor that will suitably be determined in case of need, and  also it

Hence,

is easy to show that these expressions give the form of the beam of uniform strength.

That is, writing

o M, 3 = M w 3M
1 W r 2 0 mt’
we find -
/4
gt = 3M | 8M_ SM 3 WM~§]II“ V BAE = CONSt. , creereensen (16)

Wfw et 2w hw? 2h T Mw “
From this, 4 will be determined, if the maximum fibre stress along an edge line of the beam is
given.

As a matter of cotil'se, if either one of w and I is given as a constant, we must use the cor~
responding one in Eq. (14). - But in this case we do not obtain the beam of uniform strength in

such a meaning as before. . .

§4. Beams with the Least Deflection at Any Particular Point.

(1) Beams of the circular cross section.

a) The case of a single concentrated load.
In the case as shown in Fig. 3, let us consider the form of a beam of the least deflection at

the position G.

Using the formula (6), we obtain

_/1_1?—"" MM == 75, eeermrenirninincenniiens T PP (7)

in which M represent the bending moment due to a virtual unit load acting at G.

Since the bending moments are expressed by

l)/

]chl@a: M= P when O<a<gq,
) é / . : i V
M = ?II—(IZl) M = —bl— @ ‘ when ae<2<d,
(I~
M= 2ellz2) =<0 when & <w<l,

" the required form of the beam, is determined by
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. . 8Py ( )
- ,{En

8PP
AEm?

= () (7

Substituting this in

Writing

= K°,

we have

Vi = Su nridy

o

e L ()

when a <a < o

we obtain

In the same manner,

§ . SPab () L) (1)
r Yo (1 ] ) or
, T »

when

8P ) ( )é
/IET[‘

...............................................................

Substituting this in the expression
at .
Vs =S nridy
Ja

we obtain

in which

Vy = nk? ( ) S’ (1 ) dt:n[@<~al€i>é LS,

8= 0.75 {( ) ( ) ~0.149 857 f( ) ( )g oogggmf( )? <?>,}
~oo14245‘< ) ( )} 007716l( ) ( )}

0<a<ea,

.........

18, 2)

151
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Similarly, when & < @ < 1

-\ % /\L '/ < \1
;o= ifg’:) ( _.ﬁlb 5 or ,.;]{<_%;L)E (1_ ;;;)3 o rereersenens . (18, 3)

Substituting this value of # in

4 :
Vg = S 71'7‘2(1.’1} 9
o

we obtain

e (a7 - o () (0

If the total volume of the beam V is given, we fmd the following relation:

V=I/1.+‘I/:-_,+V;~K“7rlj b”')( > ( ( »»»»» ) (“”’) s\,

Therefore

where

F1C () + (o )(”)5 (5 )

l F l‘ ° °
Accordingly, the form of the beam may be determined by
by )
(ﬂCl) ( ) ( ) when O0<z<a,
~< ) (“”) (1- u) ( ) when @ <@ <d,b o (19)
7Cl ’

,:(ﬂcl) () (1—~> when <<l .

On the other hand, the numerical factor K can be so determined that the maximum fibre stress

in Eq. (18) keeps a given value,

For this purpose, let us investigate the stress distribution in the beam of such kind.
Since the maximum fibre stress is expressed by

M 4M
A Omax &=~ 8 5 0
I 7

we have from Eq. (18, 1) ahd’(18, 2)
d

gy = ?{Z (b’) = const. " when O.<:v<a ,
: 2“2,{2(1/> <l 4 when a<la<a .

From this, it is known that the fibre stress never becomes constant in the interval <z <d’.

tee (l
the condition da # 0 it lies between the limits

w Jimom ()
Kin ( Kr (a’ h

/\JW

By
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Next, from Eq (18, 3)

4P] ‘ ’
= ey ( ) == const. . when <<l

Therefore we find that either gy or o3 is the maximum, where the relation

o= () ()

exists between them.

Requiring the form of the beam with a given deflection % and the least volume, we must

determine the factor K in Fq. (18) due to the following equation :

7 :S MMLd% = const.
, o EI °
Then we have.
‘ 4pPp
=
7= im0

in which the notation C has the same meaning as before, and then

=) (5)

Therefore, we obtain

-~ VNP o]
( >(P13>(“br/)(hi)"(r—ll)" whén < uLd b s 20)
( )(Pp)(”) )i when d<a<l . '

_ The relation between the deflection at the point G and the volume of the beam can be obtained

from the above equations; that is

 4PFC _ AnPPC® _ 4nPP [3 { (gﬁ)‘(bb’ )é (b)( ad’ )& <ab’ )g]
= TrEK T JEr T B Ls N : }

The similar relation of a cylindrical beam  is given by the following equat’ion :

5B ) Y- ]

Equating % and %/, we can compare the volumes of these two kinds of beams. On the other hand

we must equate J and V7 in order to compare their deflection.

Eq. (18) are of the symmétﬁcal form with respect to (g, b) and (<, ¥) so that the form of the
beam expressed by Egq. (18) coincides with that of the beam under a load at G which gives the
least deflection at the formerly loaded point, and then these deflections in both cases may become
equal to each other by Maxwell’s -reciprocaf theorem.

As an exsample, putting for the loaded point
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and for the position G

7 _ 5 ¥y _3
T8 ! 8’
we have-the deflection at G
f 4nPP
= 0.008893( ———1}.
7 = 0.0088 ( .
Requiring the deflection of a cylindrical beam of the equal-wolume at the same position, we have
- 4nPP
= 0.01245{ — —1 .
7 e )
At the corresponding position of the beam of uniform strength, we have
‘ 4nPP
7=0.010 30 "
K foZ )

The forms of the beams and the corresponding defelction curves are shown in Fig. 4, in which

the curve A represents the form of the beam minimixing

Center Line

l.

dcale. of 7 : %E[' Scale of r S

< - [+X TR 0.02 o ) 1.0 2.0
»l,.. l....l - L | Ix;.l.:.l d: |

Tig. 4

the deflection at G and the curve a the corresponding deflection curve, the curve C shows te
form of the cylindrical one of the equal volume and ¢ the defection curve, the curve B shows

the form of the beam of uniform strength of the equal volume and b the deflection curve.

.b) The case of a uniformly distributéd load.

Denoting by ¢ the intensity of the load, we obtain the form of the beamt which minimizes the
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deflection at G keeping its volume a given value, or minimizes the volume keeping the deflection at

G a constant as follows: - :
N\ 1 " v\ 2 .
r=K LATFEAY 1— ‘FL,)? when O0<ze<d,
l ) i
a\e [ 2 \& z \3 . ’
r=K{=—){ T when o <a<lIl .
l i l o
ConsiderﬂinQr the former case, we find as the expression of K:

= nlS)’

for the later case,
248\
E'm;_

in Wthh

- (YN )
e (AN oA
~ —0.003 ‘859 f(”') (“’)” (*> (b’)" :

Equating K’ for both cases, we obtain the relation between the deflection % and the volume Z.
That is

V(%S )2 ) - @ 1

Lo (2O p e -

nlS ( : or ve=amE gy,
(2) Beams of the rectangular cross séction.

In this case, it is also impossible, as in the case of the beams of uniform strength, to consider
both. the depth and the width of the cross section as independent variables.

Supposing one of them to be i constant, we find that the other is represented by following
equalions.

Denote by w the width of the cross section and by 2k its depth.

‘ \
a) The case of a single concentrated load.

a. 1) In the case where w is given as a constant, we have

©

h-—K( ) ( ) when 0<.'v'<a s
b= K(*——) (1 )T (»J?‘)T when a<a<d,} v, - (22)
h——K< ) (1 ) whenla’<.’v<l .
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;‘n which, for the beam having the least deflection

. F
2wl
while for the beam having the least volume
3PC. )é ) -
2Ew77
with
=) ( ) () (Y ()

and:

§= 08{<~—> ( ) -o111111f(") --(n)} 0028846f< )( )
—0012868I<-~>” ( ) 0007162f< )5 ( )* ............

The relation between ¥ and % in this case is
Pliy® 1

PP =120
7? E ]

.~ a. 2) In the case where & is given, we have

/ - - ’ 3
w*K(bb> ( —————— ) - when 0 <z2<e,
w = K(“,?r)z (1__ J,A)E <‘m>>v , when a<z<d, SRRITERITPeS e (23
_' 'w-K( ) (1-—« ~—) L when o <2<l ,k

in which, for the beam having the least deflection

-V
Toane

while for the beam having the least volume

= (5mey) " -
=2 (% )%(> (%) (D) ik ()

§ = 0.333 333 t(~~> ( ) 02f<“> ()l 0013889I< )_(%)}
—0007102f("'> ( ) e ,

Int this case the relation between V and ‘g-becomes

1.
7

with

and

PH
y =38 1L
: 3G En?
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b) The case of a uniformly distributed load.

b. 1) In the case where w is given as a constant, we have

1 . \1 s\ ' )

h=K (%)T (i})z (1—— i) . when 0<a<d,
/\ 1 SN2 . of -

Eh=K (%-)T <£ZL)I (1—— ~—> when o < z <1,

~ in which for the beam having the least deflection
14

_f 2uwiS '

while for the beam having the least volume

348 ) l?’
4Ew77 ’

s=oseooos {() sl
—0.026 7Sbf< ) 18 1_ } 001215&( )(Q> _]"( )( ) }
— 0.006 836{(~1~> (f) : +<7>4(1;,’>} T |

The relation between Vand y in this case is
' w1

Vs = 6ct -4 .

. E 7

b. 2) 1In the case where  is given as a constant, we have

/\4 - 1 -
w == K(l})2 (»?~> <1—— {;)2 ~ when O0<a<gd,
w:K(?)i(‘;f (]——‘;’) when & <z<l ,

in which, for the beam having the Ieast{deﬂection\
' ¥
s

or, for the beam having the least volume

with

\_/\./
+

TN

Q

o)
-y

3¢8
4ER*y

(Y (£
~osmsml( Y e(DC)oomsl (5D}
—000651I<‘ )G<b/) < )(b/)e L

with
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‘The relation between F and % is in this case

; z_glll
V=15¢8 B

§5. A Consideration about the Modlﬁcatlon of the
- Form of Beams of Uniform Str ength.

Since only the effect of the bending momet is generally considered in the practical theory of the
beam, the area of the cross section of beams discussed above vanishes at the end point where the
bending moment becomes zero. ' ’

The beams of uniform strength can not resist the shedring stresses at the end point, therefore.
- the support should be. constructed as shown in Fig. 5 in order to resist’
the shearing stresses. ’ ‘

In a general way, the effects of shearing stresses are covered by
a practically simple modification of the form of uniform strength,

By the fact that the beam of umform strength is one that has the
least strain energy, we may introduce a new modification as follows.’

‘Supposing that the disttibution”of shearing stresses on a sectional
area of the beam of uniform strength can be replziced by that of the

bearn with a constant sectional area without much error in the total

effect, though the former is generally different from the later, we can

use the following expression for the total strain energy including the effect of the shearing stress :

_ M wO
- = orr T oga
in which ~ . ‘ .~

k£ : the numencal factor varymrr Wlth the shape of the cross sections :
1.2 for the rectangular cross section, .
119 for the circular cross section.
Let us consider as an exsample the beam with the constait width w and the variable depth 24, in

which & is a variable.

Putting
T= 2 e
= 5 wh® A = 2uwh ,
we have ‘as the expression of the form of the beam having the least st‘fain energy
oW 94
,,,,,,,,, L.
oh + 4 oh -
Therefore, o ’
9 0.30* -
oL oL 9w =
4Ewht  Guwh? Aw

in which G is the modulus of rigidity.
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Using the well known relation -

«

i
i

m . »
(m ¢ Poisson’s number.)

=" 5,
2(1+m)

we see that the above equation is transformed into

1 [C)M_"_*_OG(1+7" LY oaw=0.

~wE | 4nt K
Taking m=3 for steel, we have
72, M+ g QU2 — 9AEWP i =0 . woevererrrenniniins S (25)
At the position where the bending moment is zero, Eq (25) becomes
Ao -upr=0, oo (é, u«:)
: 2wh

Denoting by T, the mean smarmg stress on the cross section, we have

5
m = E
¢ ) 2wh < 4

Since the. factor A can be determined from the above relatioﬂn, the form of the beam is représented
by Eq. (25). '

In the case where a concentrated load P acts on the middle point of the span of the beam, the

&

bending moment is

P ‘

2 ’ . ‘ @
Putting.

the form of the beam becomes

225( ) + 08<h> 4K(h> —0. ........... e | (i)

Neglécting the effect of the own weight of the beam and choosing ! = 60 cm, P = 2400kg, w=

5 cem and Toax = 900 kg/cm?, we obtain as usual
¢ T == 'g‘ Tmax = 600 kg/cmg ,
and then

1200
600

for the. required cross sectional area at the position where M is zero.
Since M =0 for =0, we have from Eq. (i)

0.8 — 41((;%5*)' =0, or K = 18000 . .

= 2(cm? , or h=02cm,

Let us investigate the maximum fibre stress oma. at the cross section on which the maximum bend-

ing moment takes place, then it follows from Eq. (i),

2.95 (;)2 + 0.8 <;‘)-— 4 x 18000 (%)4 0,



160 ‘ MUNEAKI KURATA.

and then , i
. y
<£l> — 0002 81 s :Or h = 3.175 cm .

Therefore,

omax = 1071 kg/em?
» Compaung this with the beam calculated w1th no mOdlflCd_thﬂ Wthh has the equal depth at the
middle point of the span, we see that the differences are very small at the portion near the support

as shown in table 1. in thch the values of omax for the modxﬁed beam are also shown for comparision-

Table 1.
st rofhe e wthen of the mOBiEd | Gigonces | ook of thE o
0 . 0 cm ) 0.200 cm 0.200 cm 0 kg/em?
1/200 0.318 0.350 0.032 881
1/100 , 0.449 0471 £ 0.022 972
1/16 1123 . 1129 0.006 1059
‘1/8 1.588 " 1592 0008 : 1065
2/8 2.245 o 2247 0.002 1069
3/8 2750 2.751 0.001 1070
1/2 8175 3176 - -0 1071

Let us next consider the ca\séa_of a uniformly distributed load, whose intensity is g kg/cm.

Conside-ring'the following relations :

M=t (%), ,Q:ﬂ(;_ﬁ),

we find, from Eq., (25), that the form of the beam is represented as follows:
@ @ h ) —_— 0 .
16 (“) (=27 ) ( T l)( )=k () =0

Put .
¢=40kg/em,  F=60cm, w=0b5cm,  Tuux= 900 kg/em?,
then we have '
Tp == 600 kg/cm? , ’ . 4
It follows from i) for h=02cm at =0 and x =1,
K= 18000 . »

For the special value - ;= I and the maximum fibre stress ouax is respectively calculated as

1
9
follows : - .
h= 92943 , G = 1078 kg/em? |

The effect of the own weight may Commonly: be neglected in problems of the beam of uniform--
strength, but th'e cases wheré ‘t,he own weight must be especially considered were studied by

Dr. K. Aichi®.

2) K. Aichi, Jour. of the Nippon Mechanical Eﬁg. Society. Vol. 22, No. 54,4 J. Prescott “Applied Elasticity.” p. 67.
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§6. Columns of Uniform Strength acted by Axial Loads.

" Let ushow@gonsider the column acted byﬁthe axial load from the same point of view as before.
As an exsample we take a cylindrical column with one end free and the other fixed.
The deflection curve must be initially assumed in order to fmd the critical load by means . of
energy method. If we use for this purpose the deflection curve corresponding’ to thc; slight buckling
of a ordinary column of constant cross section as the curve for this case, wé have, "referring the

rectangular coordinate axes havmg the fixed end as their origin, the followmg expression :

y = 3(1__003 _.,._> ..................... ................... FTTRR JEres ( 26)

where ¢ denotes the maximum deflection at the free end and ! the length of the column.

Since the bending moment M at any point of the column is represented by

. M, = P¢ cos 23: .
The strain energy becomes
(%)
. ! .M 2P 0% ¥ cos®\ 21
— "2 dr - B A PA
S 2EI En SO 4 ( L
Now the volume of the column is
. et : o
[ V= S 8 a7 o e erserencrense (27’)
U B
b \
Considering § as an arbitrary constant, we have for the condition that the strain energy becomes
minimum _
,9 Iics( )+;m =0, e PP (28)
-y f ‘ ‘ v
containing in 4 all factors of the integral (27). 2
‘When the column is slightly buckled by an axial load P, the work done by P is®
Py’
]7
161’
Now by the principle of energy
T=Ww,
from which .
N (7”:1;7) } .
Ln® t cos®\ 2
T 08 e e 29
32Ip S() 4 o ' ( )

It is seen from the precequ consideration ‘that Eq {28) represents the form of the column mini-
mizing the quantity expressed by (29), in other words it is the form of. the column bearmg the -
maximum critical load.

From Eq. (28) ‘we obtain as the first approximation for the form of the column

3) S.> Timoshenko * Theory of Elastic Stability.” p. 79. 1936

-
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r_( ) (COS ) ) ........ RN sy ,@)

Substituting the above expression (30) into Eq. (27/), we have 4
)
)

nw % 2N —, T
r=( ) So(c°sa,21> "“(m) MR

Using the notation
2\
V=K,
( A ) '

k= _ VLG _ 4450 V

Iz () ’ -
and accordingly

=K (CO ,ﬁ) = 0.667 23 <R*) (COSV*) o e SR ROTUNT '(31)

Since the deflection curve is originaly assumed roughly, a better approximate critical load must be '
found. '

we have

For this purpose, the method of successive approximations can be applied, but it is tedious and
difficult to obtain the second approximate deflection curve by the numerical calculations, and then

a graphical method can conveniently used®.

Now assuming the deflection curve to be expressed by

y= J . f 1__f<.z>1 .

we find that Eq (30 ) becomes

7__( ) ;‘( >*K L e R ( 35)‘

The elastic load is in this case

. Pof
W=
Denote I=1y, r =1y when le =0,
“then ‘ . , :
» P /f I o r\*
— e f 1 - = = = — == . Cretreerarereneaan 33
El <ﬂ> ’ where I 71"’3 ' ("0 “ ( )

I we show the new deflection curve by drawing, and measure f at different points of the curve,

we can find values of » corresponding to these points.

The factor K must be determined from the condition that the value of ¥ is given,

Since

y= Sl wride :SZ Ak do = nk )’ {ff - Am} :

4) S Timoshenko “ Theury of Elastic Stability.” p. 132.
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we can calculate K from the following expression:

K= __7\7' 08183 V. e e (34)

R 3
DATEES {( }

In order to obtain the higher accuracy of the value of K, it is advantageous to apply Simpson’s one

‘third rule since the ordinary summation in the denominator is used instead of the integration.
Thus making the second approximation, ' we get the new deflection curve and obtain a higher
accuracy. ‘ » ' ,
The auther concludes from his experience, that the third approximate form of the beam is not
neccessary since the third approximate deflection curve drawn from the second approximate form
coincides actually with the second approximate deflection curve.

These procedures are shown in Fig. 6 and Table 2.

h
J%ﬂ

sente of Digmster .

15t enfraagtats deflesticn surve
SO o

S~

~=

/
/
s
A[—{]—.—J o G bz oas os .

~ 3r9 eppraximate deflectian wrve
'

~—.

o~
—

13t elastie scaa €13 approxivate daflantion srve S
3 slasvic taae

\
N

- Fig. 6. .
Table = 2. =
Ist. approximate / . 2nd. approximate

xfl calculated by Ist.approximate # | measured on the 2nd, approximate » -
' Hq. (24) Draw. i

o ‘1 10008 o7 [T 1.000 8 0.649 \/_c
1/8 0.980 0603 ¥ ¢ 0.985 0.646

2/8 0.924 0.¢50 i 0.944 0.637 .

3/8 0.831 0.627 0.875. 0.621

4/8 0.707- 0.594 ‘ 0775 0.596

5/8 " 0bbt 0.548 0.640 0.560

6/8 0.383 0.484 0.470 .~ 0.506

7/8 0.194 . 0.386 0.2656 0.417
39/40 0.038 0.224 ©0.080 0.254
79/80 0.019 < 0.178 . 0.030 0.202

1 0 0 ’ 0 ; 0 -
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’

In the method explained above, the drawing becomes difficult near the top of the column
because the elastic load w-is infinite when ;’ =1, and therefore the moments of mema I near the
top - in the interval % = 9;,< 1 in this exsample - were replaced by the mean value of I

- Then,” measuring the pole distance in the ray polygon with respect to the second deﬂectlon

curve, we have

P\
. 214_7~a._214
() (E)=omms( 1) .

Therefore we can find the value of the critical load by the equation

Pr
0636 ——~0=290.
535 o

‘g
From this »
. = 1871 fE-l‘L
But
L= o — 0044 FK
4 -
and We*have
= 0.083 T"lle . ......................... ST s (35)
Taking the critical ioad of the ‘cylindrical column for a comparison, ' %
Py = .”,.L{ = 0.0625 - Tl e (36)
_ 4 I3 ,
We will compare the volumes of the columns of the both cases for the same critical load.
Putting Pw, =Py, or  0.08 —’?-‘?ﬂ 0.0625 - ”EV ,
we get
- )
~ - = 0.867 . »
- V ) et = .
The above obtained figure actually comc1des thh the figure : —1\14— = 0866 found by Clausen®,

2

On the other hand, when P is given, r is required by proceeding such the same procedure as
explained before since ¥V or \/V‘ is determmed with Eq. (35)..

Next, the fact that the columns obtained above are thosé of umform strength can- be explained
as follows. - '

A bepding moment due to the deflectic;n curve y == 0+f is
M=P. 6 -f '

8) 1. Todhunter, K. Pearson, “ A History of the Theory of Elasticity and of the Slrencth of Materials”” Vol
2, Part. 1, p. 327,
S. ‘Tinoshenko * Theory of Elastic Stability.” p. 132 )
A. Ono “On the Stability of Long Struts of Variahle Cross Section.” Memoirs of the College of Eng.,
Kyushu Imp. University. Vol. 1, p. 404.
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From FEq. (32}

. - X Table 3.
7y ” ‘
J="T" - " g, .
) 4 4 ' x/l ) " Omax
“and then the maximum fibre stress at any position of the beam i :
‘ - s 0 366 [ /()] [ﬁ]
M 4P8f 4P-0 18 © .05 t G
Omax == —— T 2t I( f T e B Lo . :
Therefore, since Ty 1s free from f or s we find that the ZS 3.66
. 8 3.66
above obtained column is of uniform strength. . 5/8 3.64
The results of the actual calculation are shown in table 8 in 6/8 3.64
which we see that the error is about 3% in the portion near the 3;;20 Zg?
; : § : i 3.75
top of the column because we used a mean moment of inertia. " 79/80 305

Finally, putting =F’, we have from Eq. (85) and Fq. (36) 1 o
o Py, = 1328 Py, . , .
Dr. K. Aichi found that at the point ?':0 the width of the ordinary column is three fourth
times of that of the colum of uniform strength with the same maximum fibre stress as the former,

and the proportion of the critical loads of these two cases is® )
Pc; N ‘ ‘ C .
=2, 37 : @
Po. , v , ’
Now, in table .‘2 we see that.r is equal to 0649\/1/ ‘r;» == 0, and therefore the volume of the
ordinary column with the radius of i times of tllat is

N4

2
V’:m?l—ﬂ(—~x0649 AT
or . ’
l-_1343.'
%

From the above relation: with Eq. (35) and Eq. (36)
P, 7\
| =189 (V) =239 |
Therefore we find that the both figures actually coincide with each other.
1t is obvious that the method explained above Vcan also be applied to beams of square, rectangle
and orther cross section, -and it w ill be seen that the errors are negligibly small in practice.
In the case of the column hmged at both ends, it is evident from symmetry that each half of

the column is in the same condition as the foregoing case.

Conclusion.

In this paper the auther have generally discusséd the old problems concerning the most effective
form of the beam and the column by the application of a simple theory of “Calculus of Variations
and made it clear that the beams of the least strain energy, of the least deflection or of the least

volume. are quite the same ones which have the'uniform cstrength throughout their lengths.

6) IX. Aichi, Jour. of the Nippon Mech. Eng. Society. Vol. 22, p. 04



