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§1. Introduction.

The purpose of the present paper is to indicate an extension of
the method of Michell and Love® and to investigate the nature of this
method and the problem concerned as well. The thick plate problem
is far more difficult, being rather cumbersome, than the thin plate
one and researches in this problem, especially those by Michell-Love’s
method, may be said to be very few compared with essentially two
dimensional ones. Thick plate here discussed is supposed to be isotropie,
homogeneous, and of uniform thickness and thus the problem is much
simplified but the last two suppositions would be indispensable in this
theory. The term “plate” means or admits certain approximations,
the author thinks. If exactness is strictly required, though we are
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going to discuss in the scope of the theory of the first order, distinct
differences could not be found between plate and column. Hence, even
if solutions for moderately thick or thick plate are not three-dimensional
in a strict sense and so contain some approximations, it would be un-
reasonable and too severe to say that approximations of this kind
included herein woul!d be unfavourable. When we observe the process
of calculation to-obtain the solutions, regardless of the kinds into which
they are classified, by the use of the method of Michell and Love, the
solutions seem to be accurate -at first sight because .of this method
being elegant and systematic. However, in fact, the solutions are ob-
tained in some approximations which may probably be ascribable to
the way of integration and in consequence of which they can be clas-
sified into the two kindg of plane stress, namely plane stress and ge-
neralized plane stress, and a particular solution. Additionally we are
obliged to impose some restrictions upon the manner in which the
houndary conditions are satisfied, i.e., we cannot but use the reduced
or simplified boundary conditions and apply Kirchhoff’s theorem? re-
garding the boundary conditions. In any way this method of Michell
and: Love may be said to be ingenious and excellent for solving the
thick plate problem, especially because of its easiness and plainness.
It is, however, regrettable that many authors say Michell-Love’s method
is only suitable for or applicable to the case where thick plate is
stressed by a simply distributed load and tacitly assert this method
could not be employed in the case of generally distributed load. Never-
theless, there is no theoretical reason why this method should be of
so limited application and the author presumes sufficient consideration
should be given to this fact. The author has extended this method
pertaining to this respect and the extension presented by him may
not be the best, but it may serve the purpose adequately. The author
surmises that stress problem on the basis of the thin plate theory is,
indeed, much simplified but on the.other hand certain mathematical
difficulties come to be involved, which are avoided in the thick plate
problem, probably because in the latter case all the equations of com-
patibility and equilibrium are considered. The uniqueness of solutions
is guaranteed by the theory of elasticity itself but in the former case
the uniqueness is substituted for a mere mathematical one and so the
thick plate problem is worth being investigated in more detail. In the
case of thin plate it is comparatively easy to solve the problem of plate
under the variable normal load and, taking the initiative, Navier treated
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the case of a rectangular thin plate loaded with variable pressure.
S. D. Conte® and others have recently discussed the problem concerned
with the above, referred to various coordinate systems. Woinowsky
and Krieger®™ treated the thick plate problem starting with the equa-
tions of equilibrium expressed in terms of displacements and positional
coordinates and so dispensed with the conditions of compatibility, but
they did not state in detail the manner in which the boundary con-
ditions are sufficed. We shall discuss their results and method at a
later date. At any rate their method is very suggestive. By the
way FKric Reissner and others have sclved the so-called thick plate
problem using a method differing from those in common use. Then
method is very instructive but its order of accuracy seems to be not
g0 high, though the reason for it, being obvious, may not be stated
here. The treatment of the problem by this approach is not attempted
in this paper. The following treatment depends principally upon the
contents of the paragraphs ranging from §299 to §311, i.e., Chapter
XXII, of the book by A. K. H. Love. The present author adopts nota-
tions as many as possible used in Love’s book suitable and therefore
no detailed account of denotations which are in common use or referable
to this book will be given but, if necessary, they will be explained
without fail. Any historical statement about the researches in the
thick plate problem is omitted here, for the reader can find an account
in books and papers available near at hand., In the present paper only
particular solutions are dealt with and the deseription of the manner
to satisfy the boundary conditions are left for the second report. In
Sec. II we record the results in the book by Love and show the re-
lations between them and the solutions deduced by H. Neuber reas-
sertaining the solutions by Love thus making it possible to utilize the
solutions by Neuber®, whether indirectly or not. In Sec. III we treat
the thick plate, on the upper surface of which the normal load is ap-
plied, loading function being plane-harmonic. In this case we are able
to follow directly the method of Michell and Love without recourse to
the expansion of the loading function. In Sec. IV we deal with the
case where the loading function satisfies the equation of Helmholtz with
a view to making use of the results to obtain the particular solutions
when the loading function is in one sense general. In Sec. V we treat
the case in which the load is tangential and the loading function is
the same ag in Sec. IV. In Sec. VII we shall discuss briefly the cases
in which the normal loading funection satisfies the equation of Helmholtz
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Jeferred to the eylindrical coordinates and the elliptic eylinder coord-
inates respectively. In the following we shall always make the assump-
tion that no body forces are applied and only upper or lower surface
normal or tangential tractions exist and the plate is elastically iso-
tropie, homogeneous, and of uniform thickness as mentioned above.
We shall use the rectilinear coordinates and cylinder coordinates and
let the plate be located horizontally, the origin be on the middle sur-
face, the z axis be drawn upwards, the thickness 2h.

§1I. On the Plane Stress and Generalized
Plane Stress,

For later convenience the results obtained by Prof. Love are quoted
here pertaining to the plane stress and generalized plane stress but
the process of calculation to get them are omitted, though it is of
importance as the preliminary in order to gain the particular solutions.
In the following we snall write down the solutions for plane stress in
the plate and here omit the solutions for plane stress state produced
in a particular way such that @, =5 (const,) and let them belong to
generalized plane stress solutions.

X 4 X

Oy = imy O = ——— ) Ty == = TR (2. 1a)
oYy i X" XY
L o 3 Y 2 o
=" 0de="", 7. o de—=2"" 5 = R =
- oy’ —n ax° - 213y
............................................. (2.1b)
1 v s 1 v s
=X— 20, T =2hA— = —— We,, - 2.1¢)
2 1+v 3 1+4v
in whiech v is Poisson’s ratio,
N1:N3:0, Gi:‘_“GZ:H]:——HL,:O, ............... (2.220
where
N, :5rmdz, N, :Sr,zdz, G = gmmdz,
T e (2. 2b)

G. = Tzoydz, H, = S —2r,de, H,= Sz%,dz ,
Viwzo - @0 = U:u+0-y+”z ’ V.i}@() = 0 ’
t 2 G2\ SO (2 3)

25" oy
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The stress resultants N and couples G, H vanish in this case. @
and ¥, are plane harmonic and plane bi-harmonic functions respectively.

T _8';+ifjn) 2, §=— 2 (2 yu) ............ (2.4)
s’ £ au ay

These are the normal stress and shearing stress resultant concerned

with any curve on the middle plane of the plate and p -denotes the

direction of the outer normal to any curve in question drawn on the

middle plane, s the direction of the tangent to this curve, ¢ the radius

of curvature of .this curve.

The displacements are

U = 1 <$ + X 127 98, ) - l+i Ay, ,
K .2 2% B 5x
1 ( L1, a@ﬂ> 1+ 2%,
V= —-\yp+ g ) - " T (2.5
E - / 2 Y E oy (2.5)
W = — ....L: z@o y <§ et ﬂ — @Oy ;?é‘,: v—..al. .
E. or 3y oY ax J

Excluding plane stress components, though #,=4 (const) is con-
sidered, generalized plane stress solutions are

O =2z6,, VO=0, P =0 e e (2.6)
Op — S 0 + 31_. , 0'7/ b ,,,@ ,,,,, OI a‘,y,j, , )

l—Fv ;Y o1+ 2%

X4

Ty — 77 H z 01 .r'
" RLAY 7 : (2.7a)
e L (g 901 S L

2 (1+v) o 2L+ ay )

_ 1 1 2291 )

u—fw 1+ z——+— 2—

E l( V) 6 (@2 ox |

—1 oYX, 1 36 ‘ -

v=——3(1+v)z 4+ (2 —’} e (2

I {( v) w6 ( V) oy | (2. Tb)
w—% {(1+u))’.+(h __%w Lz>o,_ , -

in which
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v =t 2V e, rit =0 g
6(1+v) (1+v) l @.8)
. =1 (1) j pe :
x== Ode+F,, ViF=0, r=riq 2
Y2 (1) M al (e
The results in (2.7) can be rewritten into the following form :
— Kz -z
g, = Vi, + ——Q/’ = -V +—~—-X’
RIS S Tas T e
Tay = - ¥, = E 2Wy & {hz—~~(2~u)7 Vi, ,
axay (1+v) (1—) @.9)
w, = *’E {hO +(1 4—/)71} i, =0, (Pi=P3. 73
—F ., ” K EW
0, = - —— Piw,, X = w,+ 2 Tihw, Wy = W,y
L=y T 14y g e Vfeca)
The stress resultants and stress couples are:
T =T,=8,=8=0, N= %-D——a—‘V';’w{,, No= — D«é‘l P,
Y
G= —»'D<a Wy g, 20 )+ 842 pie 2w,
oy /0 10 ey L (2. 10)
Gv ’: —‘D( 9 ’L()” a ’LU“ ) + 8+D~ i V%’U)‘, ’
Hy=—H=D(1—») 2% . ﬁﬂﬂhﬂ_..iviwu,
2x3Y 10 By
in which we denote the flexural rigidity of the plate by D= 3(21Eh3)
—V

“Now it will be useful to prove that there exists a complete corre-
-spondence between the above stated solutions-and those which are
derived by H. Neuber. This fact will on the one hand assure us that
the former solutions are accurate to a certain degree and on the other
hand indicate that we can make use of Neuber’s method or solutions,
if necessary, in course of calculation. - :

The expressions for stresses by Neuber are.

LN W AT
oy’ ax’ o ay 3z
—3'F (aw, o, )
Tye = ———+a 4+ ==, ete,
v P— oy aw }. (2.11)
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F=¢,+xt,+ybs+28;, VO="ae=re,=vj,=0,
a=2(1—v).

These formulae may be transformed into the following forms:

o

0= 2 (F-ap)+ 2 (F—ap)+al o
ax” oY %’
_ &
T, = ——"—(F—a¢1~a(pg) +—T(F'a(f3““(p1) .
a* a7
_ & F CH F )
G, = ‘T( ~—06¢1——d¢:)+f?( O 0)
ox oz

tye= 0 (F—ag,—ags), tw= o (F—ag—ag), [ (212)
ayaz 2137

—5°
Cay = (B —ag,—ag)
AT 3Y

where

d"l et EEL y ¢"l = Na(/:’) , ¢'3 = %L .
2% 3y %

The plane stress solutions by H. Neuber can be quoted.

@ = - 4—4da+a (z ad, a(!) >+\ G,
a(4—a) o
(2.13)
y 4 ad o Vo 4:+2“ 8‘(/»',
) . d 0 d; _ 2
a{d—a) o% a{d—a)
where 2—a & % in his formula ¢, is omitted, because this and i(/
4—a 12 a2’ 4-—q

term are unnecessary to satisfy the condition +,=0, ¢.=0, r,,=0, and
may be contained in ¢, but the latter term is left as it is for arrange-
ment or later convenience. The symbol d in the former term is the
thickness of the plate according to Neuber’s book. It will be easily
seen that in the plane stress problem there is no reason why thickness

should appear in the formulae, unless the mean is taken.
Neuber’s three-dimensional stress function F' is

P plP a2 30 4 4 |
¢ 4—a o 4—a v
and so ~
Fagy= tralt b gy A g | 214
ax 4—a 4—u
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2,20 prp—29% and g = 0. )l
0[

F—aqp=F+ .
ax”

a—2
i
From the above formulae it is evident that s, ., and ¢, are

identically zero. And hence the plane stresses are expressible in the
forms

_ ?'F -7 T
O'm - - ? (Ty - 5 ! ng/ - ?
2y’ ax” LY
X o (2. 15)
F pe _F'——a'(.{)I = F’-{— L z'l ‘le

4—aq  axt

Then, considering the formulae by Love (2.1), the correspondence
will be easily derived as follows :
Y, = B, §y= P =pF =2 97"
Els
v 1
r=1— " " 20,=F
2 l+ y
In the case of generalized plane stress the correspondence can also
be established with ease. As Neuber’s four fundamental harmonic
functions the following forms will be taken:

s e o o
¢, = B 20 4 A(z-f&_gzx,ﬂ @ = P
o : o ow

or

2.17)

Let the formulae for o,, r,., and z,, be obtained from these expres-
sions by the use of the representations (2.11), and be compared with
the formulae (2.7), then we can determine the coefficients A, B, C, D,

when the relation 0, = a(/, can be obtained,
1a-2) p. K oy, p= 1 | (@213
12 (1+v) ' 2(1+v) 4(1+v)
Therefore we may write
o, = 98F +“z—(F ae), oy= 395 +—;(F~a<p;)
y-r (2.19)
Ty = 9 , F=@,+z0, .
2xdY

By the way an arbitrary plane harmonic function ¢ to be inc-
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luded in the expression for @, in formula (2.17) is left out, since this
may be involved in ¢, of equations (2.13). Now we have

o149 (2. 20)
LA_ F-
oz (
where we put 6, = a;”"fﬁ Then the correspondence will be seen that
I’ x‘
0, =6, ¥ =zali+ “"2 20, =F,
-~ 6 ity - |
where b e (2.21)

But this verification or correspondence is not perfect, for X must
have an indeterminate plane harmonic function F, as indicated in the
solutions (2.7), (2.8).  In order to remove this defect we have to add
Alafz to &, A'f to &, in equations (2.17), where f is an arbitrary plane
harmonic function. In consequence ¥; acquires an additional term A4/
(1+2)f and so the. following’ relation is written:

F, = ~_+_ O+ AN (B—=20)F o v (2.22)

In the above description the forms for the shearing stress c,,
t,. in (2.7) are used in the process of comparison but, if this is to be
avoided, a slight change in verification will be made as follows.

We determine the relations between the coefficients A, B, and D
so as to make the formulae o, z.., and z,, gained from equations (2.17)
satisfy the conditions ¢,=0; z,.,=0, 7,,=0 at z==+h.

2n o2 3
Hence, 2{3 (D+A)—aA} the coefficient of 26, in the expression for
g, Or o, becomes ‘_239 and, if* we put B= —éﬁfb—v) B and 6,=6B, in

A

which 01(~ ) corresponds to 8, in the first proof, then all the other

processes of vemﬁcation will be carried out inthe same way as before.
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§$II. Particular Solutions for the Thick Plate Stressed by
Normal Surface Load, the Distribution Function
of Which is a Plane Harmonic Function.

We shall want to get particular solutions in the case where a va-
riable load whose loading function is plane-harmonic is applied to the
upper surface of the thick plate. Before commencing his study of this
problem, the present author doubted if the particular solutions in the
case of variable load could be obtained by the method of Michell and
Love and so in the first place he investigated the case of harmonic
loading function. We shall take the rectilinear coordinates and let the
z- and y-axis lie on the middle plane of the plate. Tt will be un-
necessary to designate the form of the eédges of the plate for the

present purpose, The author feels sure that the ingenious method
of Love largely depends upon the assumption --aai;i =0-at z=+h In-
deed, Prof. Love states a certain nature of his method in note 312¢
of his book “on the theory of moderately thick plates”. At any rate
the above assumption would indirectly compel him to use a term of
moderate thickness, the author thinks. In his treatise in 1900 Michell
made some remarks about the order of accuracy of his method and
assumed o, to be given or known., In the case of the method of Love,
by virtue of the above assumption, we ean determine the form of o,
explicitly. In fact it is impossible that the normal stres: ¢, be given
or known beforehand in a strict sense. This particular assumption, of
course, leads to assumption with regard to the nature of the stress
gystem. But this assumption regarding the derivative of o, with respect
to z will be very reasonable considering the equations of equilibrium
or from the practical point of view. In other words, if the theory of
elasticity is consummate, it is very natural and rational that this de-
rivative vanishes, passing to the surface of the plate, By this assump-
tion, o. can be obtained comparatively easily and, once o, is known,
other stresses come to be determined in succession leaving some plane
harmonic functions contained in them undetermined till the boundary
conditions are considered. But it is to be regretted that this systematic
process cannot be continued, if we take other coordinate systems than
rectangular coordinates, though this defect can be averted to some
extent,

We write the fundamental equations to be employed ag follows:
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the equations of equilibrium—

30y 4 Bwyy Blwe__ g Ty B0y 4 OTye _(j BTwey Iy 3% (3.1)

ax Ay A ’ax 3y o ax sy A

the conditions of compatibility—

Pt 2 200, p,0 1 20 p 120 (3.00)
1+v ax’ 1+v a2y 14 A%,
Py 4o FO g e L PO g e L3O (3 9p)
1-+ voxay 1+ v oxaz 1+ v aysz
in which O=0,+0,+ 0, *0=0, ([73— T T}, e (3‘3)

and each sttess component satisfies the equation of the type F'f=0
(F'=p*.F*, Now we may put from the boundary condition

o, = —Df (B Y) At 2= bl, oo (3. 4)

Vif (@, y)=0, pf(x,y) is the given, plane harmonic, loading
function. (p = const.) '

Then ‘the following may be taken:

0, = F (@ g)[0.]s e (3.5)

where

L,;z — (z4 hY (4 Q) e R (3' 6)

is the solution in the case of uniform pressure p, for the form (3.5)
may satisfy the equation stated above

[rf]V*f+2!71f Ld]% f [ A=0,(f=f (2, v).)

and the boundary cond1t1ons

o, = —pf(x,y), at z=h; 0,=0, at 2= —h,

T N 3.7
_a_”_ﬂ:: , at z= ih . ( )
1574

Once o, is obtained, we shall be able to determine the form of A,
From the last of equations (3.2a) it follows that

220 (1+u)(l7 " ___) (14 u) zf (@, 5) oo (3.8)

Hence
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(1+u)
4k’
20,+6, in (3.9) can be omitted for the present purpose to obtain parti-
cular solutions. Taking the condition F*#=0 into consideration, g (x,y)

is determined as
( X n x Y
o,m) =2 P [ fa ) do =2 p o o[ Fa). @)
For later convenience we shall take the symmetrical, last form of
(8.9Db) hereafter, though the first form may suffice, in which it is sup-

6 = of (@, 9) @ +g(X, Y)2+20,+6,. e (8.9a)

posed that jlfdoc and jﬂffdy are adjusted so as to be plane harmonic

functions, With this expression for ¢g(x,y), ® is written

f = ~(1+»)_§z{w&g (@ j”fdxwffdy)} | e (3. 10)

where K :2‘1‘)’% . Next we shall obtain the shear stress components

T.o T, Dy means of the last of the equations (3.1), the last two of the
equations (3.2b) and the boundary conditions r,.=r,,=0 at z=+h. We
have with the formula (3.6)

Plew | OTye o B% o Rf(g,y) (—hE), e (3.11)

2% Y ”
and with formula (3.10)

: -1 30 ; 1 v
Pra= :K(z L [rar L wr— L u[.a0),
= (1+u) 32 9% <l Jdw xf 2 s w)
: 1
i vz ! v dy——- T o S dz ),
e (1 w)ayaz (f jf 7 5 I 2 Ty w)
in which f, and f, denote the derivatives 2f %f_ .
o Y

Then we may get the integrals of the above differential equations
after some tedious calculations as follows:

e = K@ —0) X, t,.=K@I)Y, i (3.13)
in which X and Y are
X = A|fdw+Baf+Cf.+Dy Sf d +Eyrfwdy +FE Sy e (8. 14a)

Y = A’J(yfdy +Byf+C'f,+ D' g”fwdw E'n jf o+ F'22f,. (3.14b)
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The coefficients in these formulae are given by

A=Ar=—31 pop-_1 c_@-_
4 4

(D~E 1 pomg— i).
4 4

Concerning the coefficients p, IV, E, £/, they may be taken to be
D=p'=0, =K'= fIl-, since the relation.jlfydm = ——Jyfmdy may be util-

ized. The author expected X and Y to be functions of only z and y at
first, because the shearing stresses .., r,, are supposed to vary according
to a parabolic law in the generalized plane stress solution and par-
ticular solution in the case of uniform pressure, but it seemed impos-
gible to find such solutions and so he was led to add F%f., to X and
2’ f, to Y, In the above calculation we made frequent use of the
relation

Piaf (1) = 2% = 2f (P (@0)=0). oo - (3.15)

Next we shall determine the forms of a, 0, and 7., From the
fundamental equations (3.1), (3.2) and (3.3), we may write, using the
formulae o,, 0, .., and r,, obtained above,

00 | ey . OTas _Kif(z‘zwh‘l) x),
ox oY % a2 | J (3. 152)
......... 15
| Oty ¥+ 90y __ __ Otys _ _Ki[(z‘l_hf) Y1>,
ax 9y o7 az | f
. _ 1 20 _ Kef.r _ 3 . f 1
V’m—”“__‘———“ xz_"—z x T+ u:d oy
T ) e 8 & 2(f+xf vy y)i
. —1 20 _ Kzf, 3 e [ )1
14 v T N e T T o ) v o 2 +1 v/+ wd [ y .
s T (27 2 | .0t J (3, 15b)
. _ —1 9 _ Kz[, 3 L
r Yy ST — Ta ay T TS 1/+7':v ‘o
=T A ewey 3 lzf‘ 2 =/, Jf)J )
e = BT om0 s A (" a
o, to,=0-a, 3 [ 22+ f k3zl 5 (xjfa:
vyl Py )4 R F) 2| (Fm=F) - (3.150)
If we put Ty — a‘lFN, ................. e : (3.15(1)

oxay
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F' being a so-called stress funetion, from (3.15a) ¢, and o, are given
in the following forms:

= zKZj Xdwt+ 2L ﬁz@zhhﬂ) £
; K . (8.16)
0, = — ZKzS Yidy + 9)— A DN
in which

1

Xl = X— %zg./"my K: Y’“?z‘lfﬂ‘

Accordingly we get
out 0= 2Kz (| Xdo+ Vi) —iF— %Ig‘z(ZZuh'Z)f. e (3.17)

Concerning the determination of F function it is regrettable that
the process of integration to be employed to determine the form of
F function is seemingly too complicated to be applied to this case and
therefore we are compelled to proceed by making a slight modification
in the method of Love. Through Kgs. (3.16b), (8.16) the necessary
equations are as follows:

[7‘.7@.._

2 oKD (er,dx) - 1;

rlz(22 —h) f
Kz .. 3 . 20 00
=5 ot Bervoto L) (3.182)

Pa, — 2 PR 2K (zij}dy) Lo {222 —1)f |
' ox 3

— {fz {z‘sz _ __?L(Zf +4f,+ a:j-fwdx) } ............ (3.18b)
P, =2y = K2 ep, o 3 @ uf)l (3. 18¢)
2w oY 2 )
From KEq. (8.15b) and Eq. (3.18(3) we have
— —1 &6
P, = =% (rpy— —1 PP 3.19
e axay( (1 +v) 9w dy ( )
then we integrate the equations (3.19)
pepr— 0 (@, 2) A B, 2) y oveoreeee e (3. 20)
(1)

in which a function of 2 only is not contained for an evident reason.
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Eq. (3.20) being substituted in Eq. (3.182), for example, each term in
F? (y,2) contains f(z,%) function and therefore I”(y,z) may be put equal
to zero. Likewise, we may have F'(x,2)= 0.

But if it is needful to symmetrize the result of rX,dx in (3.16),
for example, with respect to xz and y by adding a function of only ¥,
F,(y,2) will takes the form ZKgiL, where g(y) should be determined
cautiously. And so we may write‘ »

F2(y,2) = 2Kzg (y) +a(2)y +b(z)

Ag ig usual, a linear function of x and y, i.e., the above type a(z)y+
+6(2), may be taken to be zero. Hereafter a function of the type
ZKzg(y) shall be omitted, because it appears only in special case due
to the property of f(x,y), though the calculation to be continued does
not become troublesome, even if we do not exclude it. Consequently
V*F(x,y,2) may be seen to be equivalent to 6.
Now we may write from (3.20)
R 6

o

22 1+y

Then we equate the right-hand side of (8.17) to the right-hand side of
(8.15¢), obtaining the expression for FiF.

ViR 4

ViR = ZKz(erZx + ij»,dy) + %Kz & —W)f +

+ fi['—zs(zw)f 13 /0 dey&?dy) +ief) +zwf]. (3. 22)
3L L2 ) |
Hence we have from (3.21), (3.22), using the expressions for X, and Y,

F= §E$K35f+ %Kz“er Kz% {(u~2)xﬁ“dx +(v—2) ?/jyfdy}

- }é’; Kzzf_{_zE'(q;’z,/) +Ez(a;,y) L et (3. 23)

Next we shall determine the forms of FE'(z,y) and E’(z, ). Sub-
stituting formula (3.23) in (8.22) and equating the coefficients of the
similar terms with respect to the power of z on both sides of the
equation, we obtain ViE' and ViE”.

72 111 — } [(P_l) ¢ 49 v 1) — ""] ......... X
PiE ) = K [ (mjfdx;,/jfdm wrl, (3. 242)
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PR (%,y) = K%hﬁf :%f PP (3.24Db)

Eas. (3.24a), (3.24b) are integrated by the use of the following relations:
PHaf) = 2f +daf.. (Fif = 0)

Pito || Fdvdy) = 2 @ | Fdwry | fdy),

in which and throughout the following, r ‘yfda:mdy” is always supposed
to be adjusted to satisfy the relation, s

i (jjf dody™) = 0. (m, n are integers)

We have
B (@,)= K [(51%1) {o jx ffdm‘-’ + nyr j‘yfdw dy+ yyly jjfdu}
_ % (xj fdefyjyfdy)J RS UR PP (3.262)
B () = %(xrfdx 4_?43‘7{7&-@)’ ........................... (3. 26b)

in which the forms of integrals are symmetrized. So we find, for
example,

B, (@y)=K {%D (—2°f +4°f + b jx fdx+3y jyfdy
+2x;ljrfy da) — *% (—axfutyfy+ Zf)} , (3.27)

E,, (©,y) = f§~(~xfw+yfy+2f ).

Then we have for o, from (3.16)

r.= K[ f e N —afruf) 2200 f

+ 2, } — % Bf 42 + "i% {(5v +3)w Smfdfv +@Bv+5)y ffd?f
+ (1)~ +y*f + 2y fbfydx)%hg(“xfw —2f+yf y)} %
+- ——g'i(—ivf;ﬂ-?/fy’*‘zf)]' .............................. e (3_28)
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It can be shown that this expression for o, satisfies equation (3.18a),
And o, are from (3.16), (3 26)

G ;(y;g) 5 —y . Ny 2 g
o= K[E D 12 (@) @fiuf) 2@ S +arf e
— 7—1— I foc? + —1« ~f(5u +3) -yjyfdy + (Bv+5H)e jzl de+(v--1)x

(xf~—yf+2mz/jfdy) -4z f, —ft/ﬂ,—‘&f)l?wL (wa yf.q/+2f)]-

Also this expression for o, may be shown to satisfy equation (3.18b).
For r,, we have the expression.

ey — K[(p 3)fuz }Aﬁ'ﬁzg_”)(xf .t Z’/fp)"} 2th] ’ ngf*‘yzz

" l(l—»)(a [ 7o+ (Feyro [ Fdary[Fayr2oms
. ’ o ) R |
+ 4 fdxdy)+4h (wf,+yr.) J-Z+—ré-——(ccfg,+yfw) TR (3. 30)
Formula (8.30) can be proved to satisfy equation (3.18¢).

Next we shall want to determine the forms of diplacements, First
we- write down the necessary fundamental equations.

i% = _é’__ {gm—-y(gy -4 ”z)} R LT RTREPE (3' 31&)
g; = 7117“ {f)'yv——y(ﬁw -+ ﬂz)} ) e (8.31b)
2% 7‘727 {g —‘IJ((T +0-7/>} ................................. (3. 310)
s

w oo 1 Tags  rrereeeeeeeeeen (3.32a)
or oY yZ

Bw A 1 (3. 32D)
2% a2 2

ow w1 Typs  ereeeeeeiereeesee (3. 32¢)

oY Iz "

in which p is the shear modulus.
By Eas. (3.5), (3.16), (3.31a) the displacement v may be written as
follows :



On the Thick Plate Problem. 445

w = ]% {ZK z(v [l Jyﬁdx dy — Y?Y,dx‘z) +( rFy_,,le — ")

+ —132(u'—'l)z(2z"~«h‘“')§lfdx——Igiu(z”~3h"‘z~2h"') s'"}”dx‘ L (8.33)

Substituting the formulae for X, Y, and F(z, v, 2) indicated abovc in
thig equation, we have for u

(v+1)(»—38) b+1) : ' d
U = F[» 60 S +‘ " l(p Z)([fderxfﬁ‘-ygfxdy)

Jth IZ F(’ + 1>hft7 4 16 ((l p)(SUE (fdxdzj + (' =)

« j'fdeeryS!fdy ) F(1—) (34 ») Sfdm A1) R (jfdx

+af +y [yfmd‘y)} 24‘(1—2—%) R (—af -r—3rfdx — Y [;‘;dy)] .o (8.34)
In the same way we get the expression for » from (3.31b)

v — é [21@@ { j"’dexd;,- [)[ Yidy)+ (ﬁimdyw V)
VVVVV {( b 2) 2 2ok D)+ 2 h*\jfczy] e (3.35)

This reduces to the form

v = L [erDe=B g o UED 2y [pay+ uf +af fud

o\ (Lfgi). wfe+t 1) (34 j 'f dedy + (4 —a )j ey

J 16 |
+2xqudx) +(1—u>(s+p)[ jfczj A1) B (jfdy tuf

+ a:jws”?,dw)}» Z+ (lTM W(—yf+ Sﬁfd'.%x ff?,dx)]. --------- (3. 36)

The above solutions (3.34), (3.36) must, of course, satisfy equation
(8.32a), together with (3.30), which can be proved after some calcu-
lation. By this proof it is also seen that solution (3.30) and otherg are
correct. ‘

By (3.31c) the displacement w is given the form
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w = g{_ (2! —6h%" —8h%2) f -+ ’(21-21*/) 2 f— Y 2 x

% .lgg'f)(:cyj‘der'y‘['fdy)%—h“f]— 3’ 2 ]+W(oc,'y), (3.37)

J
where Wi(x,y) is an integration constant, the function of only z and .
Incidentally the relation #—o,=a,+0, is easily proved to be satisfied
by formulae (3.5), (3.10), (3.28), (3.29).

In order to determine the form of W(x,y,) we shall use (3.32¢)
or (3.32b). Substituting the expressions (3.37) and (3.36) in equation
(3.32¢), we get the formula of oW (@) and integrate in with respect
to y, proving that the net coefficients of various powers of z are equal
to zero. Then we obtain the following result:

) {(“/)h(xjfd””[fdw 2<13+”1‘f+”(” (o o fi

+ 2:c7/{tj fdde+J “fdy )l +f§(—3 161) { Y g ! dexdu

v 2m| " (F awty—o[ " iy v r—) | jfdu} ------ (3.38)

Instead of substituting Eq. (3.38) in Kq. (3.32b), we shall deduce
the expression for W(x,y) from Eq. (3.32b) in the same way as above.
We have the following result :

W= f‘{CH_D)h (xj fdx+ y§fdy)+%(l+J)hif+ (1gl) x

X (xr x jzfder nyr Syfdxdy + yjyyjyfdyz)] g (ylbm

X {y ST r Y/folxzy + Z.ryr y/fdxdy—wj ” Hfdx + (2 —1p° )S j fdx }

By virtue of the relation J‘\y}”dy‘lz— f“}fdx'-', which will hold as-

suredly, if integration constants of these integrations are disposed of
so that they are plane harmonic functions, the fact that the result
(3.39) is identically equal to (3.38) will be readily observed, this, of
course, indicating the solution obtained to be correct. Symmetrizing
the form of W (x,y) obtained above, we may write
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w — [(J - 2 a2 2 3
() — {(2, + D (x* fdz' 4y fdy ~ngdx +
-y Y JSdy*)+ x[ S dady’ + y [ Sfdx'dy+4(v+1) zy [ félx dy

—( ‘jdm + o [sz J(H )hy+<l+” B (o .[fdij‘fdy)].

I
.......................................... (3. 40)

As a consequence the expression for w is

B u(v+2)+l i (4 v) ;. y , f I PSS T
w = 2 L fe - SO Ef + 2 (o | fdx+gjfdy)} .

-~ 2 (1 T p)hﬁfz#l* Ve (w g Fdoty| )+ 2 L ronys

+ ig,,_ D fo(t 1>(yjfdJ s (fdx)——(&ﬂrl)(t/‘ Fdy +"vsfdx)

+ (fdcvdy“ﬂr ;z/jfdm?dy+4(u+ l)xygfdxdyj] L e (3. 41)

And herewith we let the stress components c., r,. be rewritten
into the following forms:

— K (b —2) {i(jfdx+xf+y[fmdy)+-—»1-(2hf’wz‘3)fz} (31829

— K2 ){-_ (dewamjfdw) H—<2h ~2)fyf

in which K= _4h*)

Thus we have been able to get the particular solutions for the
problem of thick plate under the load with plane harmonic distribution
function and therefore, if the normal pressure is distributed according
to a given plane harmonic function, however complicated it may be,
its particular solutions can be had with ease. But it is to be noted
that without investigating cautiously the property of a given plane
harmonic function this function should not be substituted directly in
the above final results, because in case where this given plane harmonic
is so simple that in course of calculation to obtain the last results it
may vanish or we are forced to dispose particularly of integrations,

. (3.13Db))

X
for example, | X, dx, in order to symmetrize solutions or integrals, this
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substitution would be erroneous,. In this case we could not but caleu-
late from the beginning following the process as indicated above. At
any rate it may be said that owing to the simple and convenient pro-
perty of plane harmonic function we could manage to solve the dif-
ferential equations, but it will be well-nigh impossible to solve the
equations in the case of arbitrary loading function following the same
manner as mentioned above without expanding this loading function
in series, though, needless to say, it is desirable to avoid expansion.
Further, it will be readily seen that in the case of plane harmonic
loading function o, varies along the thickness according to the same
law as in the uuiform load case, and further, stress and displacement
components have at most five or four powers of z terms, which is
similar to the solutions in the latter case. Though the solutions ob-
tained in the former case certainly satisfy the equations of equilibrium
and the conditions of compatibility, they are not strictly correct because
of their loss of generality, as stated above. Therefore they cannot
satisfy generally any arbitrary boundary conditions and yet, as a matter
of course, they can when the boundary conditions are constrained to
be given by the termsg of the resultant forces and couples. It is to
the author’s regret that he has been obliged to abridge much in de-
seribing the procedure to obtain the solutions.

§IV Particular Solutions for the Thick Plate under Normal
Surface Loal, the Distribution Function of Which
Satisfies the Equation of Helmholtz.

In this section we shall undertake to get the particular solutions
for the case of a given variable load whose loading function is such that

ﬂz:_.pv('x,'y) at 2= +h, e (4. 1a)
Viovkv =0, (v(z,y)= D) e (4. 1b)

in which p and k are given constants. . We shall, from now on, call
a function which satisfies the equation of Helmholtz a v-function. This
funection is seemingly usable because of the simple equation (4.1b)., In
fact, each term of a double Fourier series expressed in the cartesian
coordinates may be a v-function and so the thick plate under an arbitrary
load will be led to be treated, if the double Fourier series associated
with the distribution function of this load exists and the plate problem
for the case of v-loading function can be solved. Inthis section we only



On the Thick Plate Problem. 449

gelect the cartesian coordinates. Now we begin by obtaining the ex-
pression for the stress component o, using equation (4.1b). We proceed
according to the mode of attack as descnbed 1n the preceding section.
For the form of s, we may put

gz:pv(x,y')w(z)_ N (4.2)
From the boundary conditions for o, those for w(2) will be deduced

aw (2)
2

wE=-1 at z=nh, =0 at z=-+h, - (4.3

w(2) = at z= —n,

And the following equation must hold

Pi(a,) = l'”(7)’71) 4927 & w(z) P 73%} 0

Then we obtain by means of equation (4.1b)

9;‘?‘1,1(2,), o PW(Z) FEw(Z) = 0. e (4.4)
% YA

Therefore as the solution for the differential equation we may
have

w(z) = A cosh kz-+ B sinh kz+ Cz cosh kz + Dz sinh kz , (4.5)

in which the coefficients are determined considering the boundary .con-
ditions (4.3) as follows:

A= 4)s, B=Bl, C=Cls, p=DJs,

—1 sinhkh hcoshkh h sinh kh
- 0 —sinh kh —h cosh kh h sinh kh
0 kcoshkh coshkh+khsinhkh  sinhkh-+kh cosh kh
0 kcosh kh cosh kh+kh sinh kh —sinh kh—Fkh cosh kh
= kh{—cosh 2kh sinh kh + sinh kh) + 2k°R° cosh kb —sinh kh sinh 2kh ,
coshkh sinhkh kcoshkh h sinh kh
5 = coshkh  —sinhkh —F% cosh &k h sinh kh $
ksinhkh Fkecoshkh chshkh+khsinhkh sinhkh+kh coshkh *

—ksinhkh kcoshkh coshkh+khsinhkh —sinhkh—Fkhcoshkh
= ginh *2kh — 4°R°..
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B = —-kh (cosh 2kh cosh kh -+ cosh kh)— 2k*h* sinh kh— cosh kh sinh 2kh
O = k (cosh Jh sinh 2kh +- 2% cosh k), |
I = k (sinh kh sinh 2kh—2Fh sinh kh) .

The expression for w(z) may be reduced to

. 1
wE)y=_ .~
(sinh*2kh — 4K°K7)

—kh sinhk (z—h) + 2K°R* coshk (z—h) + kz{ sinh2khcosh k(z-+h)

[~ (kth cosh 2/h +sinh 2kh) sinh & (z-+)

4 okh cosh k (z—*h\) }] L e i (4 6)

Thus ¢, may be put into the following form:
0, = Ko(@, y)[0,], oo 4.7
where
lo.] = —(kh cosh 2kh - sinh 2kk)sinh & (z+ h) —kh sinh & (z—h)
+2°1° cosh kb (z—~h) +kz { sinh 2kh cosh k(z+h) + 2kh cosh k(z— h)} ,
............................................. (4.8)
K=p / (SINI2KkR — AKRY) . e (4.9)

This expression, however, is not so simple as in the case of harmonic
loading function.
By the last equation of (3.2a) we have

10_: — A+ Ko (@) — ko] + 2["] 1 (4. 10)
: l 8z |

Therefore # ig given through integration
6 = —2(1+») K [sinh 2kh sinh & (z-+h) + 2kh sinh s (2—h)} v (2, )
+g(x,y>_§-z@1+@’ ............................................. (4:. 11)
in which
V.]?g(x;y>;é07 73)012[7'13@0:0; VJ@:O-

From the form of @, g (x,y) is obviously taken to be zero and both @,
and @, are omitted hereafter.

In the next place we shall determine the stress components r,, and
7., . The necessary equations and conditions are
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ar ar £l 3
e T = T = Ky (3, )2 e e 4.12
o o (%, y) az [o.] (4.12a)
P, — L 90 o fsinh 2k cosh k(e 1)+
(1+4v)azaw |
+ 2k cosh k& (z—h) } TP (4.12b)
)
e, = 1 B0 ogp sinh 2k cosh k(z - h) -
‘ (1+v)azay l
+ 2kh cosh k(z—h) } B (4.12¢)
oY
Tye == Tpm = 0 at z= ih B (4. 12(1)
Then the solutiqns for these shear stresses may be taken as follows:
I K ale v (4.13a)
kK oz ax
T, = i{ alo.l B0 (4.18b)
’ B o= oy

Solutions (4.13) evidently satisfy Eqgs. (4.12a), (4.12b), (4.12¢) by the
relation (4.1b) and the boundary conditions (4.12d) by virtue of the

property of wz), i.e,, ‘aa& =0 atz= +h.
92

3 Tez

And thereby it will be easily understood that the conditions (a—:
2

Pz~ at 2 = ih) could not be imposed besides the conditions (4.12d).
o2

Now we can determine the expressions for o, o, and r,, from the
following equations :

from Egs. (3.1)

30, -+ ar""y — LTS — —K _a_v_ 82[02] .................. (4. 14&)
2% 2y 2% K ox o
Oty 4 30y _ Ty —K & #[o] e (4. 14b)
ox Yy % kB sy e
from the conditions (3.2)
5. —1 a“’(H{ :szizi, .............................. (4.15a)
(I+v) oz’ Ch
vy = L B0 opg V. (4. 15b)

EE ay’
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. —1 9% v =
Vit = 22 —=2KZ S, 4. 15
- (1+v)azay 23y (4. 15¢)
in which
Z = ginh 2kh sinh k (z+ )+ 2kh sinh & (z—R) , - ooeenree (4. 15d)
also '

Opto, =0 —0,= —2(1+v) KZv(z,y)— Ko |v(z,9). 4.16)
In the first place we put, in the same way as before,

Ty — I (3,9, 2) e TP (4.17)
2wy

where £'(x,¥,2) is a three dimentional complementary stress function.

Substituting formula (4.17) in the equations (4.14) and integrating the

equations thus obtained with respect to z and v respectively, we have

0, — K v (1) 2l [ﬂ+aF, ................................. (4. 182)
i w’ Yy’ )
a, = 1‘%v<x.y) Pl +%F (F(z,1,2)=F) ooee - (4.18b)

Adding these equations, equation (4.16) is written

S22 @) 4P~ Kot {20402 [0 (4.19)

Next we may take for F'(x,9,2) from Kgs. (4.15¢), (4.17)

F (x’ Y, z) — -_@_ +fi"(a;, z) +F3(y’ z) ........................ (4. 20‘)
1+v

For the same reason as in the preceding section F'(x,2) and F*(y,2) can
be discarded. In fact, for example, if we substitute the expression
(4.20) in Eq. (4.18a) and the fromula thus obtained in Eq. (4.15a), we
aF" (y,2) '

ay’

can be abandoned as usual.

get =0, therefore, F*(y,2) is a linear fnnction of ¥ and so

In consequence we have the equation

VR = P2+ 320 0 = QK Z0 () . oo (4.21)
o 1+

Substituting the representation Fif" obtainable from Kgq. (4.19) in Eg.
(4.21), ﬂ becomes
o7
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= Kv(zx,y) “ (2v—3) sinh 2k% +Ekh cosh 2kh} ginh & (z+h)
+(4v—17) si1—1h k(z-—h)—2k°W cosh k (z—h)—kz x
x {sinh 2k cosh & (z-+ 1) + 2Kh cosh & (z— ) }] e (4.22)
Then Kq. (4.22) comes to be integrated as
= ,f v (z, y)[{(Zy —1) sinh 2kh + kh cosh Zkh} sinh £ (z4-h)

+ (4v—38)kh sinh k(z—h) —2E°R" cosh k(z—h) —kz x
X {sinh 2kh cosh k(z+h)+ 2kh coshk(z-—h) }J +2E' (z,y) + E* () .

In order to determine the forms of E'(x,y) and E*(x,y) we sub-

gtitute this expression for F'(x,¥,z) in Eq. (4.19) and get the equation
2B () + TE (2, y) = 0.

Thus E'(x,y) and E*(z, %) are found to be plane harmonie functions but

in determining the forms of ', E* plane harmonic fuuction can be
excluded always. Hence we may write

E'(z,y) = E°(x,y) =0, e e (4. 24)

Finally we obtain the expressions for the stress components o,,
0, 7., from KEgs, (4.18a), (4.18b) and (4.17), using formula (4.28), re-
spectively.

o, = . =K oa] v(x, ) + al: K [(2» ——+ >smh 2kh
Boag ay* k ay*  axt

% sinh k(2 + h)+(4J A._m+3f 777777 >lch sinh & (z— 1)

+ 5~~_~; { —kh cosh 2kh smh k(z+h)+2k*h cosh k (2—h)
A

+ ke (sinh 20 cosh /(2 -+ k) + 20h coshk(z—h))}] . (4.25)
This form of o, is easily confirmed to satisfy HEq. (4.15a).
For o, we have

e o v (z, ¥) + aFﬁ_fIé [ Zv—a—+ o ) ginh 2kh
¢ 7L pr Ay

v ka2 a> K

 sinh (1) + (427 +3 7) I sinh o (z—P) + 9-” %
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x { —Fh cosh 2kh sinh k(z+h) + 2k%* cosh & (z—h)

+ ke (sinh 2kh cosh k(z+h)+2kh cosh k& (zmh)) }] RETRRRE (4. 26)

This solution ig readily seen to satisfy Eq. (4.15b). And <« is of the

following form :
Tay = — o ;Ii [{ (2v-—1) sinh 2kh + kh cosh Zkh} sinh k(z+h)
223Y I’

+ (4v—38) kh sinh & (2 —h)—2k°W cosh k (z—h) —kz %
x {sinb 20 - cosh e (+-h) + 2kf cosh o (z—)} | A4 9m)
%Y

We can verify that Fq. (4.15¢) is satisfied by the formula (4.27)
and further Eq. (4.16) by Egs. (4.25), (4.26). Herewith we rewrite the
formulae of r,, and r,.. _

K & o K 3+ v
= 20 = B 4. 98
i k % i E oy ( 2
in which
Z = —khcosh2khcoshk(z-+h) -+ 2k*h>sinh k(2 —h) + khcosh k(z—h)
+ kz {sinh 2khsinhk (z+h) + 2khsinh k(@ —h) }. - (4. 28Db)

Now we shall want to obtain the representations for displacements
by the use of Kqgs. (3.81), (3.32) and the above solutions for stress oom-
ponents. Through KEq. (3.81a) displacement u is given in the following
form :

auw _ 1 . K 1, ( ™ 3 )
- = , B W :¥*Z/ _— = P ] ,
aw E e v (o0 k* E b o Hho@y)
_ () K 50
E k* ax?
and so

O P 4. 29h
K i’ o ( )

in which
7" = (2v—1) sinh 2kh sinh k (z+ h) +kh cosh 2kh sinh £ (z-+h)
-+ (dv—38) kh sinh k (2—h)—2k*h* cosh ke (z—h)
— kz{sinh 2k cosh k(z+ k) + 2kh cosh ks (z—h)}. - (4. 29¢)
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And in the same way we have for v by Eq. (3.31b)

—(1+v) K v
Ty Zr Y .
v = R _ ‘ (4. 30)
We can make certain that Eq. (3.32a) is satisfied by Egs. (4.27), (4.293)
and (4.29Db).
From Eq. (3.31¢) the form of w can be obtained as follows:

w = (l]j: ¥) %(l' {Z (v—1) sinh 2kh —kh cosh Zkh} coshk(z+h)
dv—3Ych cosh k (z—h) + 2Kk’ sinh k (z—h) +

+ k2 {si_nh 2kh sinh k (z+h) + 2kh sinh &k (z—h) }]v () + W (x,9).

Substituted in Eq. (3.32¢), the expression for w (4.31) yields oW (wy) _ 0

and 80 wé may take Wi(x,y) to be zero. Next instead of subétituting
the formula (4.31) in Fq. (3.32b) we handle Egs. (4.31), (3.32b) in the

aW(w) 0.

sanme manner as before and we obtain = Therefore we can

certainly put the integration constant W(oc,y) equal to zero.
W (x, y) — 0' ...................................................... (4. 32)

Thus we have obtained the solutions for the plate under the pres-
sure with v-loading function. Compared with the case of plane harmonic
loading funection, computation in this case is relatively simple owing to
the property of v-function and hyperbolic funetion of z. Further, for
the sake of simplification the author has heretofore dealt with the
thick plate, to the upper surface of which a given pressure is applied.
But, when the plate is stressed by the load applied to the lower sur-
face or both to the upper aud lower surface, furthermore, solutions
for the lower surface case are needed and in order to obtain these
solutions it seems unadvisable to employ the transformation of the
coordinates, namely the rotation of the coordinates, and we had better
change the sign of h, the thickness, in the solutions obtained above,
i.e., we can attain the object by the reflection of the z axis. TFor the
solutions in the latter oase we have only to apply the principle of super-
position in the theory of the first order, upon which we depend in this

paper.
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In the next place we shall write here the resultant forces and
couples for later convenience to satisfy the boundary conditions.
From Egs. (4.25), (4.26), (4.27) we get the following formulae:

e K . 991)
T, — f 7. = - 2(cosh 2kh—1) (sinh 2kh —2kh) 25, (4.33 )
it Y

~

T, j(r z:%zy(coshzkh-—n(sinhzkh—zzch) % (4. 33b)
i 4

-

‘e __K W . a‘.?,v
S =—8,= j ey de= " 2 (cosh 2h—1) (sinh 2k — 2h) 20
o K 2xaY .
e (4. 33¢)
From equations (4.28) we obtain:
N, = [rude =~ sinbe 2o 22 = 2P 20 (4, 34a)
- I o K ax,
N j‘ﬂrqudz: i e (4. 34hb)
- ooy . »

By Eq. (4.27) the torsional couples H, and H, are

H=—H,= Y~zmd2 - %{ —(2v+1) sinh*2kh A 2vkh x
- G

% sinh 2kh (cosh 2kh —1) 4+ 41°H° (L +v+-» cosh Zlch)} aag -+ (4. 3b)
©ox Y

By Eq. (4.25) the bending moment G, is

G — j%szmdz — E[ 1 2% fo.h sinh 24T (cosh 2kh 1)
- BFLE oy

+ 4 (v+1--(2—v)cosh 2h) kh*—2 (v+1) sinh’2kh |

+ (@, ) {4(1 —2 cosh 2kh) K~ 2sink’ Zkh}] e (4. 36)

7
The expression for G. ::j zo,dz iz obtained from Kq. (4.36) by
- .
changing __ma‘:? into a-‘
e o or
Next we shall want to seek the solutions for the case of tangential
surface load, though in the plate problem this case has been scarcely

treated. It will be of some significance to endeavour to obtain the
solutions for this case.
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§ V  Particular Solutions for the Thick Plate under the
Tangential Surface Load, Whose Loading Function
Satisfies the Equation of Helmbholtz.

We let the given tangential surface load or traction be decomposed
into the two components in z- and y-direction and this z-component be
denoted by Av(x,y). At first we treat the case in which only the
tangential load, whose loading funetion is Av(z,y), is applied to the
upper surface of the plate. The solutions for the case where only the
y-component tangential lead is applied will be obtained by the use of
the transformation of the coordinates.

Then the boundary conditions for the stress component o, v,., 7.
at the upper and lower surface may be written as follows:

o, = 0 at 2z = ih R REEEETR R (5' 1&)
_%:*Aﬂ at 2 =T, e (5.1Db)
o7 or )
a0, , . ‘

%= = (0 at z:_h’ ....................................... (5.10)
oz

qu:() at z = —{;h, .......................................... (5 2&)

te. = Av(z,y) at z=h, e =0atz= —h, .- (5.2b)

in which v(z,y) is a v-function, i.e., a function which satisfies the
equation M+ kv =0. The condition (5.1b) might be deduced from the
third equation of (3.1). Though Prof, Love did not refer to the tan-
gential load case, the author is convinced that the presumption re-
garding this condition will be pertinent.

Now we may put for o, as before,

— av P b 2 T
o, = A.% w(z), @@y =), (5.3)

v . . La
where, needless to say, -~ is a v-function. Considering Kq. s, =0,
o

we get the same differential equation as Eq, (4.4) and hence the solu-
tion of the same type

w(z) = A’ cosh kz+ B’ sinh kz+C'z cosh kz+ p/zsinh kz . (5. 4)

By the conditions derived from (5.1) the coefficients in this equation
are determined in the following forms:
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A" = 2h sinh kh (sinh kh csoh kh—kh) ) &'

B’ = 2h cosh kh (sinh kh cosh kh-+kh) /o',

C' = —sinh kh (sinh 2kh+2kR) [ &/, 3 e (6.5)
Y = —cosh kh (sinh 2kh—2kh) | o', and

Iinally we have for o, .

A @) =K V0], . 3
7 o @ o L] (5. 6a)
in which
K= A/(smh“’erh PR, e (56.6Db)
lo.) = sinh 2kh - (h—2) sinh k& (z4-h) +2kh (z+h) sinh k(z—h) .
............................................. (5_ 60)

Thelewith we can get the form of 0 integzatinw the thizd equa-

Next we shall determine the forms of shear stresses -, and -,
by means of conditions (5.2) and of the following equations :

Ay ATy a0, F)v
4“‘,—}_4# e e O (i (P 3 £ 5. 8&
ax ay % ar oz o L ( )
P = L PO o ¥V g (. 8b)
(1-+v)azox ax
Ve, = =1 80 _ _opdv g e (5. 8c)
(1 +v) Bz a2y Ax 3y

in which H = ginh 2kh sinh % (z+h)—2kh sinh (kz—h) .
By inspection we may put for the shear stress components:

K o 5 5 A 35v .
= o T —— -T2  RCRRCERSREREEERS 5. 9a
T ot e L] kst ®) ( )
K ov 2 ¢ 4, A &v -
Typ = —— — = oV + = L7 R R R ETRETERES 5.9b
o K away az 7 I axay ®) ( )

where 7(2) is determined so as to satisfy the equation " (v(m,y) -7 (z)) =0,

namely 93"@.-—4753?(2'):0, and the conditions 7(3)=1 at z=h; 7(?)=0 at
2 ,
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z=—h, Also it will be readily shown that the solutions obtained above
suffice the required equations .and boundary conditions, 7(z) has the
form

1 .
7 = T hilk(z4h), ~cveeverei 5.9
(@) sinh 24h snh ko (e+h) (59 ¢)
Now we shall solve the following equations:
80u | BTay . e _ ”;K fﬁ ﬂ[ﬂ_+i (@) o , - (5.10a)
T Ay *® k ex* a2 B ez oyt
Pty B0y, By —K W o] A ar(x) o (5.10b)
% 2y o7 k> asxoy A kB oz axay’ T
‘ —1 % —2K d% )
P, — 4 PP AR 9V ) 5.11
” (1+v) az? k ax* @ ( 2)
o —1 9% () _ —2K &%
o, = == EO OR(R), e .11b
v (1+v) ay® k axoy’ @ (6. 11b)
-1 2% —2K 3%
e — . i F(2), 5. 11
e = (1+v) away k axtoy ®), (6.11¢)
Gy Gy = om0, oreeee (5.12)

in which
F'(2) = sinh 2kh cosh k(z+h)—2kh cosh & (z—h) .

We put the same manner asg above

a‘lF ‘ pe N

vy T s F—:—-Fxh,z P 5_13

Tay p— ( (%,9,2)) (6.13)

Then from Igs. (5.10) we may write
0= :K, EEL[’IJ,/Jr:i arz) S CICHP N (5. 14a)
B ox a2t B oz 2" ay :
, = :[g & [(rfll — A ar(z) av. +£ e (5. 14D)
kP ax 37 kK oz ox A

Next we have for F'(z, ?/,z) in the same way as in the preceding:

(z,y,2) = (17—»5 +F'(y, 2)+ F"(x,2) .
Substituting Eg. (5.14a) in Hq. (5.11a), and Eq. (5.14b) in Eg. (5.11b),
we may find that ?85 and %‘Fa are equal to zero. Accordingly we
Y ia

can put F'(y,2) and F*(z,2) equal to zero for the same reason as before.
Therefore we have



460 Kin-ichi Hara

PF (w,y,2) = ViF (=, y,z)+ F(w Y,2) = Z --------- (5.15)
v

Adding IKgs. (5.14a) and (5.14b) and using Egs. (5.12), (5.15), we may
arrive at the following result:

F(x,y,z) =

v-—1) sinh 2kh cosh k(z-+ k) -+ sinh 2kh <
x (h-—z)sinh k(z+h)+4(1 —v)kh cosh k(z—h) + 2F°h (24 h) x

% sinh k(z- h)} A4 aTaiz) (j o —dx - —i%)JrzE‘(w,y)JrEz(x,y) .
.......................................... (5.16)
Substituting the formula (5.16) in the relation obtainable from Kgs.
(6.14) and (5.12), we have
Vil (w,y) = FiE*(%,9) = 0,

and in this case we can also put E'(z,%) and E*(z,%) equal to zero.
Then F'(x,9,2) thus determined yields the expressions for s, a,
and r,, through Eqs. (5.14a), (5.14b) and (5.13) respectively.

= :ch zv { —2 sinh 2kh - cosh k(2 +h)+ksinh 2kh - (h—2) <
7
x sinh k(z+h)+4kheosh k(z—h) + 2°h (z +h) sinh & (zwh)} +
TK Gl { 2(v—1)sinh2kh coshk (z+h) -+ ksinh2kh - (h—z)sinh k(2 + k)
& bray’
+ 4(1—) I cosh e (z—h) + 2T (z-+ o) sinb e (z—Ry} 4~ 2A27(2) 9
N oy’
.......................................... (5. 17&)
a, = K2 (o sinh 20l cosh k (- h) + sinh 20
"k aw
x (h—=z) sinh &k (2-+ k) 4 4kh cosh k(z—h) + 2k°h(z+h) sinh k& (z—h) § -+
;{ {{ il {2(u -1)sinh2khcoshk(z+h) +ksinh2kh - (h—2)sinhk (2 +h)
@’

2407(z) 3
k' sz axay’
.......................................... (5. 17b)

+- 4 (L) khcoshk (z—h)+2k°h (24 R) sinh k(2 — h)_} +

K 2% (9 (1--1) sinh 2%k cosh ke (z--1)+
I aw 3y

+ k sinh 2kh- (h—=2) sinh k (z+h)+4(1 —v)kh cosh k(z—h) --

Ta.‘y/ —
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4 20 2+ ) sinh k(z—h)} f% %ﬁ? (afgx 98;1) o (5.17¢)

It will be easily verified that formulae (5.17) satisfy equations
(5.11) and also the formulae (b.17a) and (5.17b) are subject to the con-
dition (5.12)., Further, if we substitute the formulae (5.17) in Eq. (5.10),
though it is unnecessary, it will be seen that Kgs. (5.10) are satisfied.

Here we rewrite formulae (5.9) into the forms

K av A sinhk(z+h) v :

TZ’Z) P I** e A Bt T IR 5. 9 ’
o B ax? k sinh 2kh YR (6. 9a)
- K v oy A sinhk(erh) ov (5.9 by

foe I ax5y B sinh 2kh  szoy’
I == ——ginh 2kh sinh k (z-+h)-+ & sinh 2kh - (h—2) cosh k(z+h) +
4+ 2kh sinh k (2—~h) - 2Kk (2+h) cosh & (2 k), —oone (5.9¢Y
Now we can obtain the solutions for digplacements u, v and w.
From Fq. (3.81a) we have for u
w = (12;;) [% { —2(1 ) sinh 2kh cosh k (z+h) + ksinh 2kh x
X (h~z)sinh k(z+h)+4(L—v) khcosh k(z-—h)+

20 (- By sinh T (z—h)) ;2 . 2];4 f*’%(@ %”J .. (5.18a)
x* 2 Ay

and for v from Kq. (3.31b)
o = ,(1579 [ f;i {2 (1) sinh 2kh cosh oz 1 1)+
+ k sinh 2kh - (h—2) sinh &k (z+R)+4 (1 —v)kh cosh k (z—h)+

+ 20h (24 h)sinh Je(2—h)| %ﬁ;& + 3;% a;(;) ai’;Z,J .o (5.18b)

It will be confirmed that the formulae (5.18) satisfy Fq. (3.32a).
By the use of Eq. (38.31¢) the displacement w is expressible in the

form
w = LD K2 [ ging 9 (h—2) cosh ke (z-+h) +
E B szt
+ (L —2v) sinh 2k - sinh k (24 1)+ 2F°h- (24 1) cosh k(z—h)+

+ 2(2v—1) kh sinh k(z-—h)] W (@, y) .
Substituting the formula of w (5.19) in Eqgs. (3.32¢) and (3.32b), we obtain

the results
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W@y _q Wy
2y ’ ax ’

Therefore we may take for Wi(x,y)

W (@, 9) = 00 oo (5.19Y

In the next place we shall want to obtain the solutions for the
case where only the tangential, upper surface load exists, which has
no component in the z-direction and the loading function of which is
AN (z,y), by utilizing the transformation of the coordinates as already
stated. That is to say, we shall obtain immediately the results to be
sought from the solutions mentioned above by the rotation of the co-
ordinate system heretofore employed about the axis passing through

the origin vertically by the angle - —% radian, namely change of the

independent variables z, y into o/, %/, which are subject to the relations
x=1 and y= —2’. Then the necessary transformation relation between
quantities and operators referred to the (x,y) coordinate system and
the (#/,9) system will be as follows:

o 2 9 2
T e Wﬁ/' ’ T o T ’ ?
2T Y Yy o
O =20, , Oyr = Oy Tg =0y % (5‘, 20)
Tary'— " Tay s Tarer ™ T Thny Tyt = Taz s
w=—v, vVv=u w=w.

Hence we can immediately write down the required results from
the solutions obtained above by virtue of the relation (5.20), effacing
the symbols of “dash” in the solutions expressed in the («/,%’) coordinate
system and noticing that

Av(z,y) = Av(y/, —a) = Av' (2, y), — A (x,%),
' (x,9) + k™ (2,9) = 0,

o (5.21)
K = Al / Sinh2lh — Ak h? .

For the stress components in this cage from formulae (5.6), (5.17)
and (6.9) we have the following forms:

G, = K’_z_z;j/_ [gz]// y (’()/ = v/(x, y)) R T TPRS (5_ 22&)

in which
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[o.]" = sinh 2k'h (h—2) sinh K/ (z+Rk)+2k'h (2-+h) sinh k' (z—h) ,

g K KOSV g, 24" aT(z) AW (5. 22b)
? sy ooy k' sz ayaxt’ ’

a, = K av gy K 3 g, 24781) AW (522 ¢)
Y K ay k* axay ' oz axtay’

in the latter two formulae
H' = —2 sinh 2k'h cosh I/ (z+-h)+ K sinh 2k'h - (h—2) sinh &/ (z+ k) +
+4k'h cosh &' (z-—h) +-267h (z-+-h) sinh &' (z—h) ,
I'=2(v—1) sinh 2k'h cosh &' (2 Rh)-+ k' sinh 2’k - (h—2)sinh k' (2+-h) +-
+4 (1 )k cosh k' (z—h) +2k"h (2+h) sinh & (z—h),
sinhl(z-h)

(z) =" ,
?) sinh 2k'A
2 2197
Ty == _K;’ v J 4 _A_, ¥ {2) v TP (5. 23a)
k*? sxay k* 2% 9Y
4 R A %0y
Ty ™ %_ %1{ J -+ ’TA, 7(z) 2”0 e (5.23b)
1 Yy (i X

J = —sinh 2k sinh &/ (z-+ k) + & sinh 26'h (h-—2) cosh &/ (z+h)+
+ 2k'h sinh k' (z—h) +2k"h{(z+h) cosh k' (z—h) ,

304/ 4 -/ Say/ S0y/
Fay = g ANy (O A” a1’ (2) (iv wfw?{; ) TR (5. 23¢)
k? o101 k 9z  \2xdy %

From the formulae (5.18) and (5.19) the components of displace-
ment are expressible in the following forms:

u = M[EL p v QAT Ar@ AV (5. 24a)
E Li®  sxay K oz oy ax] '
_ (L4 [IEL 2V o A ') iﬂ] ............... o4
v E LE® gy B sz aw (6. 24b)

and

w = (L+2) K—/ LA [ k' sinh 2k'h, - (h—2) cosh K/ (z+h) -+
E k7 sy L

+ (1 —2v)sinh 2’k sinh &/ (z-+ 1)+ 2k"h (2 +h) cosh &/ (2 —h) -+
+2(2v—1) Kh sinh I (2 -—h)] e (5. 24¢)

The author would add that the boundary condtion 2% —0 at z2=rth
: 2%
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is more redsonable, someone may think, but this condition would result
in non-existence of the stress component o, and, furthermore, it would
seem impossible to obtain the solutions for shear stress components
.. and r,., for example. A discussion of why it seems impossible is
omitted here and, if the reader would calculate, the point could be
easily understood. The boundary condition (5.1b) was inferred from
the equation of equilibrium, considering the stress state in the vicinity
of the upper surface and this seems to the author quite rational. In
addition, to consider the condition in regard to the derivatives of shear
stress components ¢, and ¢,, with respect to z will be unadvisable,
the author thinks.

It will be needless to say that the solutions for the case of tangential
load applied to the lower surface may be determined in the same
manner as described above in Sec. IV. In these tangential load cases
the funection #z-+ 6, to be added to ® has been omitted for the suffici-
ent reason which was partly described above. Though the solutions
for the case in which the distribution function of a given tangential
load is plane-harmonic ought to be sought, we let them be left not
obtained in this paper, because such does not seem to impair the dis-
cussion that follows.

§ VI. On the Particular Solutions for the Thick Plate
under a Given and Generally Distributed Load.

Having been referred to the rectilinear coordinate system, the re-
sults obtained in Sec. IV or V are convenient to satisfy the boundary
conditions for a rectangular thick plate. Therefore as the first step
we deal with the rectangular plate. We take the coordinate system
(%,%,2) such that the edges of the plate are given by »=2¢,0 and
y=26,0. Now a given, general loading function is assumed to be ex-
pansionalbe in a duble Fourier series and hence this funection F'(x,7)
may be put as follows:

Z,Y) = A”mo *m i _%M_ y rrrrtrrereeieeneies 6.1
( j> 71§1§l mn 2a s Zb Yy ( )
in which
1 2 (20 . mr
A = ——Y S F(z,y)sin ™ zsin ™ ydady oo 6.2
ab J, J, @ v) 20 2b Y axay (6.2)

Then each term in this series, for example, has the property
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gimilar to that of pv(x,y) in the foregoing. If we rewrite this term

. B M. .
A, sin M xsin ™ 4 into the form
o b
Don SIN 0, SIN BoY = Dol (T, ) 5 v ovmeeeeseen (6.3)
: : mr ~ N . . .
in which a,, = —", B.= =, Puw=4A,.,, and observe that this partial

2a 2b
loading function p,.v(z,y) satisfies the equation Fif+k%,.f =0, in which
kr.=a,,+ B, , the above similarity becomes more apparent.

Therefore it follows that in order to obtain particular solutions for
the case of a general loading function, be it either normal or tangential,
we merely have to take solutions corresponding to terms in such series
as in (6.1) from the results in Secs. IV and V and superpose them.  Of
course, there are various ways in which general loading function is
expanded into a double Fourier series, but that indicated in (6.1) seems
most convenient. Next we must treat the plate with other forms of
the bounding curve, which is subjected to a general load.  The eircum-
stance is not so simple and yet it seems to be essential to expand the
general loading function into series in such a manner that each term
is a.v-function as stated above. Needless to say, this »-funection is to
be represented in the cylinder coordinates so as to be useful in satis-
fying the boundary conditions. As is well known, for a circular plate
to be treated in the eylindrical coordinates the Fourier-Bessel expansion
gerves the purpose. In the next section we shall discuss some detailed
treatment of plates with other forms of the bounding curve than

rectangular.

§ VII. Particular Solutions for Circular and Elliptical Thick.
Plates under the Normal Surface Load, Whose Loading
Function Satisfies the Equation of Helmholtz.

As mentioned above, it is advantageous to take such a coordinate
gystem as can be utilized to express the boundary conditions in terms
of functions of only one coordinate or variable. As regards the thin
plate theovy which is based upon the well-known equation DViw=
—p(z,y) it may be said that severe difficulties are not encountered
even in the case of general normal load. Solutions for the rectangular
thin plate under variable pressure are due to Navier and those for
thin circular and elliptic plate were obtained by Jen and Perry re-
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spectively. Circular plate with eccentric hole under arbitrary load was
treated by S. D. Conte®. But it seems very difficult to follow the
process of calculation similar to theirs, as is easily inferred from the
fact that in the thick plate problem calculational difficulties to be sur-
mounted in satisfying the equations and conditions may be far greater
and so in the case of thick plate it will be useless to seek some in-
genious method such as available in the thin plate problem. At any
rate, if we begin by determining the stress component o, following
the assumption laid down by Love, we could not but utilize the v-
functions already stated, i.e., we shall have to expand a given loading
function in series, terms of which are v-functions. The equation of
Helmholtz, which v-function is to satisfy, is familiar in applied mathe-
matics and hence the expansion for loading function in terms of this
function may not be said to be unadvisable. Yet it is regrettable that,
if we take other coordinates than the rectangular cartesian coordinates,
it seems well-nigh impossible to proceed from the start, employing the
method of Michell and Love owing to the complication of the forms of
equations of compatibility represented in these coordinates.

Further, some difficulties are encountered, if we attempt to expand
a given loading function in terms of v-functions represented in coordi-
nate systems, except for a few ones, which are suitable for satisfying
the boundary conditions, because in these cases mathematical properties
of the funections which are generated by putting the v-functions in the
product forms using the method of the separation of variables are not
well investigated and numerical tabulations of these functions are in
general not available. But it may be evident that there exists no other
way than to have recourse to the v-function, if we employ the method
of Love, and therefore we are forced to proceed to get over the dif-
ficulties or to make some approximations.

Now we shall undertake to state the derivation of the particular
solutions for circular plate. As mentioned before, in this case it is
inconvenient to follow the method of Michell and Love without making
some alteration of it and hence we here make use of the solutions by
H. Neuber. As well known, his solutions satisfy the conditions of com-
patibility, though he did not in particular endeavour to get the solu-
tions to suffice these conditions. His solutions are, in fact, excellent
and compact and hence usable but the determination of Neuber’s @
harmonic functions is not so easy as is ostensibly expected. Yet in
this case we can determine them correspondingly readily. The con-
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tinuation process between Love’s and Neuber’s particular solutions is
carried out with the particular solutions ¢, obtained by both methods.
The correspondence or continuation between the two kinds of solutions
for the plane or generalized plane stress has been briefly described in
Sec. II. The uniqueness of the ¢ harmonic functions thus obtained by
this process proposed by H. Neuber will be guaranteed by the unique-
ness of the solutions in the theory of elasticity. Then we shall indicate
the continuation process regarding particular solutions.

We may write the stress solutions of H. Neuber in the cylindrical
coordinates as follows :
the normal stresses are

G, — el F+ 2a (cosﬁ o +sin U--?L +<1 »—--f"—) e, .- (7.1a)
ar’ ar ar 2
P (1 317_{_ i ,,ai? +26{(-~sm § o9, L cosf ad,
r ar r* at’ r a0 7 39
(] _i) 2 7 O (7.1Db)
and
g, = ~—7a€7 - 2“ ‘ + (1 —v.w.,>[7 _[4 ..................... (7‘ ].C)
o7 a2 ‘
in which ,
F=F(rbt,2), a=20—v), F=a&+rcos)@+rsind-&,+ 20,
........................................... (7.1d)
and ¢’s are harmonic functions.
., & 1 1 3 )
pr -9 - 9 1 9 2
( Ex =t r ar + aﬁl+ o7
We have the relation as is easily shown
PE = 2(’3(" e Y g (cos p 2S00 g,
Y 9z r 97
+ (Sin g 24 cost _3_> @y + (/)31 e (7.1e)
ar r 2l az
The shearing stresses are
T,g:— 1 9F)4a< smﬁaq’ costl gﬁ+
ar \r af ar r Al
+ cos 2P 4 SIn0 3(1"2) ................................. (7. 2a)
or r ) 4
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Tpy = — _LF -+ a(cosﬁ lf’ +sin @ iI/ él—) ---------- (7. 2Db)
araw 3% % ar
I —ar +a <—sin 027 -+ cos 037 + 1 @/L) Lo (7. 2¢)
roflaz - 2 z r a0

In the first place we shall determine the form of the normal stress
o, produced in the thick plate under the surface normal load, loading
function of which is a »-function, by the method of Michell and Love.
It is easily observed that the equation (4.4) remains unchanged, if we
take the cylindrical coordinates, and, needless to say, the boundary
conditions associated with this equation can be used here and there-
fore the function of only 2 coordinate contained in the solution for o,
can be taken, We shall take the cylindrical coordinates (r,0,2) as is
usual. The boundary conditions for ¢, are as follows:

7,
a2

g, = —wr,0) at z=-+h, =0 at z=-1h

= ) at z——h,

in which p is a constant and v (r,8) is J,,(k,») sinmf, which is obviously
a v-function, and J,(k, ) is a Bessel function of the first kind, & and
m being given and taken as constant. The necessary differential
equation is ‘

4 G
Vie, =0 and therefore 2% 2k aw +kw =0,
oz %"

and hence the solution for o, may be put

0, = K[az] U(T,(?) , e s (7. 3)

where K and [¢,] have the same forms as the formulae (4.9), (4.8).

In order to obtain the form of F function according to H. Neuber,
namely the ¢ harmonic functions, it is to be considered that the ex-
pression (7.1¢) to be determined should equal the solution (7.3) and
the formulae (7.2b), (7.2¢) are to vanish at the upper and lower surface
and further the solution (7.lc¢) is to satisfy the third equation of (3.2a),
the form of which is maintained even when it is represented in the
cylindrical coordinates. Now we separate the expression (7.1¢) into two
kinds, one containing only solid harmonic funections and the other only
solid bi-harmonic functions, and we also treat expression (7.3) in the
gsame manner.

First we have
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z»{r»fwa—r{{—”k 2% 2uf<cos g2 8l 3N, (sinf) ?
- 82 { ar r a0 o

4080 9y }J ~[7‘ cos 2 /’+T Sln0§:2}+ z——a([*J (7.4)
r b : 3z Az ar

And hence, if we put the first part of this expression equal to the
part of the same kind in (7.3) which contains only solid harmonic func-
tions and do in the same manner for the second sort of ones, though
it is a mere trial, we get two relations

Kuv(r, 0) —(kh cosh 2kh+-sinh 2kch) sinh k& (z-+ k) -+

l
— kh sinh k(z—h) + 2k°h* coshk (z — h)} =— -rAa-‘(p“ +a P +
EYS 3%

+ 2y {(cos p2 sing o > @, - <Sm ()-i + cosf i) (1)21 )
ar ro 37

and

Kv(r,0)kz {Sinh 2Ich cosh k(z +h) + 2kh cosh k (z ~h)}

= (Tcosﬁaw‘ +rgind = e +«22> ----------- (7.5b)
2z 22’ 32"

Having examined any and every possibility to choose the ¢ harmonic
functions which are to be inferred from these relations, we may assume
@, and @. to be zero and have for ¢, and @, through integration from
(7.6b)

@y = jl—f(- v(r,0) {sinh 2k cosh k(z+h)+2kh cosh k (z—~—h)} , (7.6a)
and from (7.5a) and (7.6a)
@, = :kK o(r,0)| — {#th cosh 20h-+ (1 a)sinh 2kh}, sink Jo(z-+-h) +
+ (2a—1) kh sinh k (z—h) +2k°R* cosh k (z—h)] RN RTES (7.6b)

Whenece we may write for the three dimensional stress funection
F(F=F(r0,2)

F = by + 20, — :}5 v (r,0) [% { — (kh cosh 21ch-+ (1 a) sinh 2h)
i ¢

x sinh k(24 h) +(2a—1) kh sinh k(z—h) -+ 2k*h’cosh k (th)} +
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- % {sinh 2/l cosh fo(z-+ 1)+ 2kh cosh b (z— ) }] | e, (7.7a)

where _
By == Dy == (. e (7.7b)

It will be easily comfirmed that the formula (7.1¢) with the ex-
pressions (7.7), (7.6a) thus obtained yields the expression in the right
hand side of (7.3). Now we may have for the shear stresses ., 7.
from (7.2b) and (7.2¢)

»”F 3([)_3_1{‘ av(r,6)
arar ar  k ar

+ 2kh sinh o (z—h)} — kh cosh 2kh cosh k(2 h)-+ kh cosh I (2 )+

—— [ kez {sinh 21h sinh %o (2-+h) -+

Tz

+ 2k°h* sinh k(z— h)] e (7.8a)

and
Tpe = —o *F +a 1 o¢y K 1 o0(r6) [/cz { sinh 2kh sinh k(z--h)+
rabaz r a0 k r a0

+ 2kh sinh k (z—h)} —Fkh cosh 2kh cosh & (z+h)+
+ kh cosh & (z—h) +2kh* sinh ke (z—h) | -oreeeeeens (7. 8b)

The boundary conditions for <., ;. are
Tpp = Tpp = 0 at z= —_}:h .................................... (7_ 9)

and the funection of only 2z given in the square bracket of (7.8) is easily
seen to be the derivative of [s,] in (7.3) divided by & with respect to
z and consequently owing to the condition imposed on the formula (7.3)
evidently satisfy the conditions (7.9).

By (7.1a) o, is

b = (@a) 2 T DK g K ?l’(L’ﬁ)M (7.10a)
Pz ar’ k &k

and by (7.1b) ¢, is

39F+ a‘}:«*a 2y o 2VK?)(’)" (?)L 4 ¥__I,_(< 8"2)0 - 91)) M,
a,,.‘? a8zt o2 k k ar-

......................................... (7.10b)

Gy T -

in which



On the Thick Plate Problem. 471

L = ksinh 2kh sinh k(z+h) 4 2F°h sinh & (z—
M = 2 {sinh 20h cosh & (z-+ h)+2kh cosh s (z—h) | +

1 (7.10¢)
o { —(kh cosh 2kh +(1—a)sinh 2kk)sinh k(2 k) -+

14
+ (2a—1) kh sinh k(z—h) -+ 2K°h* cosh k(2 —h) } . J

Hence we find the expression for @, adding the formulae (7.3),
(7.10a) and (7.10b),

) = o,+ay+a,=—2(1+v)Kv(r, 0) {sinh 2kh sinh k(z+h)
++ 2hhsinh (e —h)} = 201+ yylﬁ-v L. e (7.11)
¢

This formula is equal to (4.11) with regard to the form and therefore

the third equation of (3.2a) will be seen to be satisfied by the formulae

(7.8) and (7.11). Thus a mere trial has been shown to be successful,

that is, the appropriate selection of Neuber’s ¢ functions has been made.
From (7.2a) we obtain the solution for ,,

Looyp Koo (1
ar \r af

Ty —

M. = ,0
kE ar \r aﬁ) w=v (o) (1. 12)

in which M was explained in (7.10c).

In general the determination of the ¢ functions of H, Neuber in
the three-dimensional problem cannot be easily treated but fortunately
in this case we could obtain these functions under the idea basic in the
method of Love for solving the thick plate problem. As mentioned
above, the results thus obtained satisfy the equations of equilibrium
and of compatibility by the property of Neuber’s solutions and also the
boundary conditions for a,, r,.,, and z,, and in this way all the necessary
equations and conditions to determine particular solutions are satisfied.

Then the displacements u, v, w are given by means of Neuber’s
solutions in the fo]lowing forms: '

1 f— 1. —1 aF 1 K av
U= ,‘ 2a (@, cos 0+ ¢, 5ind T = = T M,
2/1\ ar ( )I 2/1 ar 2/1 k or
.......................................... (7_133)
v = B ) +2a (— ¢, sin 04 @, cos 0) 7“1»_1_{ % ol M,
20l v 2 1 30
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w = 1 Zi£+ Za(/)g) K v(r,d) «{ 2l (kh cosh 2kh -
2/1 22 k i

+a - sinh 2kh) cosh k (2 +-h) + (1 —2a) kh cosh k(2--h) -+
+ 21k sinh lc(zwh)}. ................... O (7.13c)

In a later report we shall have an occasion to solve the problems
considering the complementary solutions pertaining to plane stress and
generalized plane stress and the boundary conditions, using the results
obtained above.

Next we shall describe briefly the derivation of the particular
solutions for an elliptic plate under the surface normal load. As usual
we take the elliptic cylinder coordinates («,3,7) such that the origin
lies at the middle point of the plate and the major axis of the ellipse
is the x axis, the z and ¥ axes being on the middle plane of the plate.
The relation between the two coordinate systems (a, ,2), (z,%,2) is

x = ¢ cosha cos 3,
Y=c sinh « gin ﬁ’ .......................................... (7_ 14)
=2z, '

in which 2¢ is the interfoecal distance of the ellipse. We let the para-
metric curve which deseribes the elliptical boundary be a=a (= const).
Then, if we take such regions as a=a>0 and =8> —n, the one-to-one
correspondence between each point in the rectangular coordinates (z,
¥, 2), and elliptic cylinder coordinates (a, 5,2) will be established. Aec-
cording to H, Neuber, when expressed in the orthogonal curvilinear
coordinates (a, 3, 7), the stresses are of the types:

27 ] /] iR !
L | 24 (a¢1ix_+_a_<’za_y+ aft_az_)_k(k UN 4,

Oy — —

ani K. \oa sa  aa sa  aa da 2
e, (7.15a)
K ' g @, 3 @, Dy D
R ¥ T i R A
4 2% 22 | o _aﬁ) VPR PP (7.15D)
aa 3 9B 2a
in which

hs p ap Wk T a7

ans he 2a \ h, 5a

¥ 1 3 1a> 1 oh. s, 1 5h 3
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a = 2(1_1/)

1 ok, b >
- s 2 2 (7.16b
anaanB hB 99( he 9a/ b, hy 2a 33 angamn. ( )

NN S ey

.......................................... (7_ 160)
ete,

Therefore in this case we have
ey Ry i‘ (cosh 2a—cos 28), K =1, «ormre (7. 172)
7? = - _) 73 ;E);’ =P (7.17h)

sa®  af 22"
o ﬁF,; %4. 9(/ k(l ,7)[7]1 ........................... (7.17¢)

2z’

(ror — z_—«a‘“).
o

Now if a given loading function F(«,) is such that it can be ex-
panded in a series of the type

F(“!{?) = Z Pmncem (a QnHz) Cem (B me)

m N

+ 22 Qmﬂcem (6(, q;nn) Sem (fg! (I;m)

m B I BRI (7.18)
+ 2 Z ‘RWL?LSCWL (a” q”n?l) ce')b (‘{?’ qu71>

w2

+ ZE TmnSmn(ar (:];7L7z) Sem ([Q! 6;nn) ’ J

where the functions ¢, s., are Mathieu functions of the m-th order,
and the functions C.,, S.. are modified Mathieu functions, then we can
get the particular solutions for the elliptic thick plate under the general
load, whose loading function is F (a,8), when we determine the solutions
for each single term of the series (7.18), which is a v-function, in the
same manner as explained before. :

And here we shall seek the particular solutions for the elliptic
plate under the variable load, the loading funection of which is pv(a,B)=
DusnCon (@ Quun) Com (Br@mn)s for example, As is well known, we have the
following relations :

7o (a, B+ kv(a, ) =0

aaCcm (a] { 16(]7)”1 COSh 2a> Cem o 0
a

.......................................... (7.19)
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#a—;;% + (al’+‘ 16 QMn cos 2/:))> Con 0 ’

in which

'k’ Yol
, o= A-- 72

32 2 7
Cem E CC?)L("X.' Q7nn> a‘nd Cem E C(WIL(/?’ an) .

In this case we get the solution for e, the same form as (7.3),
because we employ the same forms of the boundary conditions and of
the differential equation for o, .

ag, == Ki:{)‘z]z)(!a:’ﬁ) P R R R R TR R (7. 20)
in which

Qun =~ —

K = p,, | (sinbe2leh—460)

Ag the fact that the equations (7.1¢), and (7.17¢) are of the same forms
is suggestive of the applicability of the equations (7.6), we shall take
their forms also in this case and examine their legitimacy.

From (7.152) and (7.156b) we have for the forms of ., a4

~ 12 ,l_,i)ﬁ_M_a_l 7 +<1_#gi> -

Ty l 7), P4 ﬁ o 2h4 8‘3 J (a,ﬁ;z) 2 ,
.......................................... (7' 21&)

_ (1 3 (1 ) dsinh2a o)y LY

’e | & f h aﬁ) F on! aa | (“,B,Z)-{-( 9 s

(FE F(a,[?,z)) .................. (7.21}))
and for z.., 4.,

_—1 7 g2 et

Tay = e (7. 22a)
h  oz3a h oo

- :__1 _a;_F-FZ_(L_.__”) By (7.22b)
no 8238 h ap ’

Hence we obtain #, adding the formulae (7.21a), (7.21b) and (7.20),
A =a,+0,+0,= —2(1+v)K{sinh 2kh sinh k(z+h)+
+ 2T SInh o (2— )} (@, ). <veeeeee e (7.28)
We can find the expression of the above form for # in Seec. IV and so

it is readily understood that the normal stresses obtained by the above
continuation-process satisfy the third equation of (3.2a). In addition,
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by comparison between Egs. (7.8), (7.22) it is easily shown that
_ K 1 w@p) 1l 2ls]

Ny = e TR 79
o k n sa k oz (7.24a)
K 1 aw(a,p) 1 sle.]
L= e 2GRS 2 N .24
Y S RV (7. 24b)

where {o.] was explained in (7.20), (4.8) and so the boundary conditions
concerning these shear stresses are satisfied.

And hereon we would point out that the solutions indicated in Sec.
IV ecan also be obtained by the method of Neuber using the continuation-
process explained above in thig section. Indeed, it is in a certain degree
tiresome to follow the method of Michell and Love and it will be con-
venient, if we could use the method of H. Neuber as much as possible.
At any rate the above fact which we pointed out will assure us that
this continuation-process is correspondingly reliable. The fact that in
a good approximation of Michell and Liove in the thick plate problem
the expressions for the ¢ harmonic tunctions in (7.6) and (7.7b) can be
used in general, namely when it is necessary to take general orthogonal
cylinder coordinates, will be easily inferred.

In this case, noticing the relation h,=h,, this remark may be
confirmed in the same manner as in the case of elliptic plate and so
the verification concerned shall be omitted herein, In this way, if the
boundary of the plate in question is desceribed by a papametric curve
expressed in the orthogonal eylinder coordinates properly taken, a treat-
ment of this thick plate problem may be said to be theoretically feasible,
once some other mathematical difficulties are surmounted.

We shall continue to state a little more regarding the elliptic plate.
According to H. Neuber the form of displacement is of the following
type :

U —=U, =
2ph.

in which x is shear modulus.
- Hence we have for displacements u=u,, v=u;, w=1u,,

o = 1; (:?E>, v :wl”<—aF>’ w— 1 (~aﬁw+ 2a/¢3>’
2uh N Ba 3p 2u N\ a2z

1 {:iﬂzal((/)‘aiw;gﬁ”—ws?i)}, . (7.25)
o224 o o o

in which F'(a,(3,2) is by (7.6); (7.7¢)



476 Kin-ichi Hama

Fla,p,2) = F = %v (o, B) [ — (lh cosh 2l -+ (1 —a’) sinh 2%eh)
x sinh & (z+h)+ (22’ —1)kh sinh & (z--h) -+ 2k*h* cosh k (z—h) -+
-+ lcz{sinh 2kh cosh k (z+ h) 4 2kh cosh k (z-— h)} | =@z, (1.27)
and from (7.15b)

o= — 2 (1 F —_?;<sinz/9_a_+sinh Zai-y, F. (1.28)
M BN | B2a3B 2 2a B/l

Next some remarks shall be offered for the case of tangential sur-
face load concerned with the continuation-process. The present author
has attempted in vain to apply the continuation process also in this
ease. It will be apparent that the results described in See. V cannot
be obtained by the method of H. Neuber through this continuation
procesgs utilizing the @ harmonic functions to be determined in a similar
manner to that described when we obtained the expressions in (7.6).
This is true since the shearing stress solutions (5.9) have the second
terms, of which the expressions (4.18) are void. Furthermore we can
decompose a solid harmonic function of the forms z@, y@, 2¢, r*¢, where
r=g'+y +# and ¢ is a harmonic function, into harmonic and bi-harmonic
functions to some extent arbitrarily. Therefore we shall be obliged
to obtain the required solutions by the transformation of the rectangular
coodinates (x,%,2) to the desired cylinder coordinates from the solutions
in Sec. V, if we want in this case such results as in that of normal
surface load as described above.

§VII. Conclusion.

The author has the intention to deseribe the ways to satisfy all
the boundary conditions i.e., how to solve the problem prefectly, con-
sidering hoth the complementary and particular solutions, in a later
report. In the present paper particular solutions were obtained for
the thick plate under the variable load by the use of the method of
Michell and Love and, when some mathematical difficulties occured, by
the aid of the method of H. Neuber. The above obtained solutions
are accurate in the approximation of Michell and Love. At some future
time the author proposes to describe the solutions with a higher degree
of accuracy, In order to investigate the thick plate problem in this
respect it is necessary to remove the restriction imposed on the de-
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rivative of normal stress component o, with respect z. As a matter
of course, in this higher degree of accuracy we shall be unable to get
plane stress and generalized stress solutions, since these two kinds of
solutions may be said to be begotten in some approximation. The
results in Sec. IV will be suggestive of the direct extension of the
solutions by Navier. At any rate the author believes that the results
obtained in this paper may be of some significance in investigating the
thick plate problem, though it is to his regret that he could not give
the complete and pertinent description.
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Prof. T. Ohga and K. Akutsu for their warmest encouragements and
to Prof. R. Kuno and Assist. Prof. H. Hanzawa for their having read
the manuscript.
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