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Charts for Estimating the Bending Moments

by Thermal Deformation of Uniform

       Rectangular Rigid Frames

                   By
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          (Received January 20, 1960)

Caused

                               Synopsis

    This paper presents the results of studies on the bending moments in the

beams, footing beams and columns of uniform rectangular rigid frames caused

by the temperature difference between the overground part of frame and its

footing. ･Some theoretical analysis is attempted and 240 examples are computed

by changing the number of spans, length of beam and column, relative stiffness

of beam and column, etc, The results are summarized in several charts for

the convenience of practical estimation of these bending moments.

                            1. Introduction

    Certain bending moments will be caused in the beams and columns of

rigid frames, when some vertical loads or horizontal loads are applied. The

method o'E calculation of these bending moments has already been derived in

the decade between 1920 and 1930.

    On the other hand, another type of bending moment will be caused in

the members of rigid frame, when the temperature of each part of frame is

different. It is named the thermal bending moment in this paper. Some

investigations on this kind of bending moment were established for most

simple cases, for instance, for one storied frames whose footings were perfectly

fixed. However, there is very few investigatlons for muliple-storied rigid

frames.

    This paper presents the summaries of the studies on the thermal bending

moments in uniform rectangular rigid frames of multiple stories. At first,

some theoretical analysea are attempted on the generai features of thermal

bending rnoments. Then 240 examples are computed by a modified "moment

distribution method" and the results are summarized in several charts for

practica! estimation of thermal bending moment in uniforrn rectangular rigid
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frames. The values of the bending moments can be easily derived from the

charts with a sufficient accuracy, so for as the number of spans, relative stlffness

ratio of beams and footing beams against the column, dimension of frames and

the temperature difference between the overground frames and their footing

beams are known.

                           Z. Assumptions

    Following assumptions and conditions are set up:

    (1) The object is limited in a uniform rectangular rigid frame.

    (2) The whole of overground frame is exposed in the same temperature

        and there is a certain temperature difference between the overground

        part of frame and its footings.

    (3) The length change of columns is neglected, because the axial forces

        in the columns caused by thermal deformation are usually very small.

                              3. Symbols

     h: length of column

     l: ,, ofbeamsandfootingbeams
    A: sectional area of beam including floor slabs

    .IL: moment of inertia of the section of column

    c7b: ,, . ,, ofbeamincludingfloorslabs
    J]: ,, ,, offootingbeam
   KL: relative stiffness of column=-Tl,!h; this is taken as a standard K6

   Kb:,, ofbeam::Jbll
   K}:,, offootingbeam:=:.1}/l
    kb: relative stiffness ratio of beam=:KblKh

    kf: ,, offootingbeam=Kf/Ko
    E: elastic modulus of the material of frame

    cr: temperature coefllcient of length change of material

     t: effective temperature difference between the overground frame and its

        footing or footing beam

    B ::= 6Kol!(Ah2)

    C = 6EK6crtllh

   M: bending moment at the fixed end of the member

           4. General feature of thermal bending moment

    When there is some temperature dlfference between the overground frame

and its footing beam, the length of the beam and the footing beam would be
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different. In this case, the beam and the footing beam will be constrained by

each other, because they are rigidly connected to the columns which have some

stiffnesses. Consequently, each of beam and footing beam will be subjected

to certain axial forces. These axial forces would increase with the increase

of number of spans and with the increase of relative stiffness of the colurnn,

and causes the secondary length change of beams and footing beams. It is
easily realized that the axial forces of beams and footing beams in the vicinity

of the central part of frame should be larger than those of the external part

of the frame, and that the "slopes" and the "defiections" of members wouid

be different at each panel point.

              5. Effect of relative stiffness ratio of beam

                     on thermal bending moments

    The thermal bending moments of one-storied uniform frames of 1 to 8

spans, whose columns are perfectly fixed on the ground, are theoretically

derived after the "slope-deflection method".

    For exarnple, the thermal bending moment at the top of the most external

column of a four-spanned frame can be expressed by

  , -:2ill-::-=-ii},I(14k,+lo)+B(14fe,+2))

where,

        kb = relative stiffness ratio of beam

         C =r- 6EKhcrtllh

         D=;22(2k,+1)(k,+1)-kZ+B(42kZ--48k,+6)+B2(28feZ+12k,+1)

         B = 6Khll(Ah2)

    In the case of a frame without roof floor slab, B can be written in the

following form:

- B--6.K,h,i- ,,.,6,liii,,,,,-,6,Kkg,:,==i,1(S4,)2
                         121 d2

where b and d show the width and depth of the beam respectively.

    Thus, the thermal bending moment can be expressed as a function of kb,

dih and C
                                                                      '    Several examples of the relation between MIC and kb are shown in Fig. 1,

by taking d!h as a parameter. The c'ondition of tllh:==O means the specia}

case ln which the length change of beam due to axial force is not taken into

a
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                    frames of 4tv8 spanned.

consideration. In this case the value of MIC becomes the largest for all values

of cl7h, when feb is 1<ept equal. The figure also shows that the value of MfC

increases with the value of kb and that it has a tendency to converge to a certain

value for each frame, when kb becomes comperatively larger.

    Fig. 2 shows an example of the feature of thermal bending moments of

each column of these frames. When the other conditions are equal, the larger

the number of spans, the larger the thermal bending moment of the columns

connected to the most external span.
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                 6. Effect of the numbers of stories

    Another theoretical analysis is attempted for two-spanned frames of 2N4

stories, after the "slope-deflection method". The thermal bending moments

are also expressed as functions of kb, dlh and C, by neglecting the presence

of floor slab, when all beams and columns had the equal dimensions, respectively.

Some examples of the relation between MIC and kb are shown in Fig. 3. The

results of analysis show that;

    (1) thermal bending moments of beams and columns of the first floor are

        the largest and decrease rapidly for upper stories, and they can be

        practically neg}ected in the stories upper than'the third floor,

    (2) in the most external column, the sign of shearing force of the second

        floor is opposite to that of the first floor,

    (3) when kb is larger than about 1.0, the magnitude of thermal bending

        moments of beams and columns at the first and second floors do not

        vary so much for frames whose number of stories is larger than

        three.
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    The other examples are aiso numerically computed by the author's method

described in paragraph 8, for ten-spanned frames with IN5 stories. Some

results are shown in Fig. 4. It is confirmed that the features of thermal

bending moments of multiple-storied frames are approximately represented by

those of the two-storied frames. The error should be very small.
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               7. Effect of fixing conditions of footings

    It is comparatively easy to find thermal bending moments of frames whose

footings are perfectly fixed on the ground. However, the actual condition of

footings se}dom satisfies this ideal condition.

    The authors' survey on the movement of an actual relnforced concrete

building under temperature variations showed a considerable displacement of

footings. Therefore, a theoretical analysis is attempted for four 1<inds of fixing

conditions of footings, i. e.,

    (a) footing ls perfectly fixed,

    <b) footings cannot move, but can rotate according to the stiffness of

         footing beam,

    (c) footings can move in the horizontal direction and can rotate as like

         as (b),

    (d) footings can move in any directions and also can rotate as iike as (b).

    Table 1 shows a result of numerical substitution into the theoretical for-

raulae for those four conditions. It can be seell that the thermal bending

moments would remarkably decrease with the degree of release of the footing

from a rigid fixing.

    The authors have concluded to take the condition (c) for practical eastima-

tion of thermal bending moment by considering the results of the above-men-

tioned field observation.

             [I]ABLE 1. Shearing forees of eolumns of one-storied frame

condition of
  footing

perfectly fixed

semi-fixed

movable in hori-
zontal direction

movable in any
direction

column

center

  1.16
    (1.52)

 1.085
    (1.41)

 O.770
    (1.00)

O.OOOI
   (O.OOOI)

No. 2

 2.39
    (1.45)

 2.228
    (1.35)

 1.047
    (1.00)

O.OO02
   (O,OOOI)

No. 3

 3.75
    (1.44)

 3.443
    (1.32)

 2.609
    {1.00)

e.oo13
   (O.OO05)

No. 4

 5.52
    (1.37)

 5.513
    (1.28)

 4,040
    (1.00)

O.0304
   (O.O075)

external

 5.45
    {1,74)

 4.033
    (1.29)

 3.128
    (1.00)

e.2909
    (o.eg3)

   dimensionofframe: l==6.5m h=3.0m

          column 50×50cm2 E=:210tlcm2
          beam 30×50cm2a:::12×10n6
          footingbeam 30×70cm2 t==loeC
 The figures in the blaekets show the ratios of shearing forces by taking (c) .ease as

a standard.
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& Method 'for the
       of thermal

 numerical cornputation

bending moment

    Generally speaking, it is very complicated to express the thermal bending

moments of mu}tiple-storied frames of multiple spans by the theoretical for-

mulae, For the convenience of practical calculation, two kinds of following
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methods for numerical computation can be deviced under the condition that

each of the beam and thes footing beam has no "deflection", i. e., each panel

point will move only in the horizontal direction.

  <1) After the "slope-defiection method"

        The forrn of a numerical computation by the "slope-deflection method"

    for vertical loads or horizontal loads has already been deviced by Mr. Ikebe"

    and the others. Some additional columns should be added to this form

    to adjust the variations of "slopes" and `Cdefiections" due to length changes

    of beams and footing beams caused by axia} forces.

  (2) After the "moment distribution method"

        The form of a numerical computation for vertical loads or horizontal

    loads was already proposed by Mr, Cross2>, Professor Muto3), etc. Some

    additional columns should be added to these forms for the calculation of ther-

    mal addieffects. Fig. 5 shows an example of this method of computation.

            '
                     9. Numerical computations

    The authors have already suggested that

    (a) the features of main thermal bending moments of multiple-storied

        frame are approximately represented by those of the two-storied frame

        which has the same dimensions of members and the same spans,

    (b) the condition of footing should be assumed to be elastically fixed by

        footing beams and can move only in the horizontal direction,

    After these suggestions, the authors have intended to get further materials

for two-storied frames for the convenience of practical estimation of thermal

bending moments. 240 kinds of rectangular frames of two-storied uniform '

type which have 8 to 18 spans are numerically computed by the above-mentioned

method for various lengths of spans, the heights of columns and the relative

stiffness ratios of beams. The results of calculations are as follows, if the other

conditions be equal:

    (1) The thermal bending moments of the beams and footing beams con-

nected to the most external span show the largest values in the same floor.

However, the value of the thermal bending moment ih the most external column

is not always the largest in accordance with the ratio of kblk.. (See Fig, 2).

In many cases, the second coiumn has the largest bending moment.

    (2) The general feature of thermal bending rnoments of members in the

second floor is similar to that of the first floor, but each of the corresponding

value is considerably smaller than that of the first floor.

    (3) The thermal bending moments of the central beam, footing beam and

column show the smallest values and those of the other beams, footing beams
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and columns, excepting those of the most external span, increase almost linearly

with the distance between the center of frame and. the column concerned.

         10. Charts for estimating thermal bending moments
           caused by temperature difference in the frames

    Next charts show the relation between feb, kf!kb, B and M!C for the beams,

footing beams and columns of the external span of the frames with two stories

of multiple spans of 8, 10, 14 and 18.

                    11. Application of the charts

    If the frame is given, kb, iglkb, B and C can be calculated. Select the chart

of corresponding number of spans and take the value of kb on the abscissa,

and find the coordinate on the group of llnes of kf!kb. Then the corresponding

point will be decided on the group of lines on the right-hand side. The abscisa

of this point shows the value of M!C. And thus the thermal bending moment

M of columns, beams and footing beams indlcated in the figures above the

charts will be estimated. M at the external end of each beam and footing

beam can be obtained from the balance of bending moments at each panel

  .

    For the frames whose number of spans are not indicated in these charts,

M can be estimated by an interpolation between the values of two adjacent

examples.

    The thermal bending moment of the center column in the frames of even

number of spans must be zero. In the case of the frames of odd number of

spans, an imaginary column could be assumed at the middle of the frame, and

this imaginary column should also have no stress.

    The thermal bending moments of an arbitarary column and those at the

internal ends of beams and footing beams, which are placed between the center

6f frame and the third panel point from the end of frame, can be estimated

by assuming that they decrease linearly with the distance between above-

mentioned center column and the panel point concerned. The thermal bending

moments at the externa} end of each beam and footing beam can also be

obtained from the balance of bending moment at each panel point.

    For one-storied frame, the thermal bending moments can be derived by

unloading the bending moments at the bottoms of columns in the second story

of the two-storied frame which has the same number of spans. The effect

of these unloading must be distributed proportionally to the relative stiffness

ratios of the beams and the columns at each l,panel point. The maximum

error of these approxima tion is about 10% for 10-spanned frame.
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　　Chart　z．　10　Spanned　Frame
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Chart　3。　14　Spanned乱Ffame
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Chart 4. 18 Spanned Frame
 kb==reiative stiffness ratio of beam

kf= .B:=:6K,gl(Ah2>

C= 6EKocrtl/h

of footing beam
; 66

3mb
<DQ e,F

-.. - -t-t .tr ttttt
:K!L

Kbg t- ttr - ---
9--- tt

,

as"o- uksim

co
Ii[-

"iillOii

o-''t

ttt- -- ..t. .. tt o
.t

14a'=.

.". ]v' vv 01
.'a'K`
L..t..tt..
e"i

co･,

-tr
IF.'@'/r

･0re ･a
kM....

..tt.ttt.wwtt..

rw
tu. tnv ' -@--･･- t.t.. l fu: it tttttt .. t..t....

1

t---Kli

'

tttttt

tttttttt

t..

,ss,,.

JR.X - ...t..t.t
oo
-t-I

2,4
ttttttt tttttt

s-

-it

cox
r4
2-1-- .t.

.. T.

.t.....

t.-.

'!-
;' :･'･

-,

'x'O

:V---..

t.tt- -@- e.--v.-
.. t..t.

Ve

NiL

tttt t

co
t.. ttt .t....- t.t...

.....

k -tttt H-
ttt-ttt-4-

m2
tt

-t

t-t

-

-... tt ttttttttttttttt

t7....

tttt

ttttttttttt

... t... ttt - --' Iww'

.t..t..tt-..t. tttt tttttttt ttttt ttttttttt ttttttt -t-t - ttttt

1
tt

- .S .7 1 2 s -s --4 -3 --2 --e o g 2
.KL,1 [l!] rg,l?

KL L .. r.t.tt.t tt-
co .

.

t)>va
.A

1 -t ..

--
24L..co.

...... tt tttttttt ..t.tt. .t.t.tt. t.t.t.t. .. tt.ttt.t ttt.. tttt tt

-B-- tttttttttttttttttt t....tt...tt. ttttttttttt tt-tt tttttttt t.t. ....t.

tttttttttttttt tttttttttt

Lt
l tt.r.

tttttt

'J.I. II .g.'

2
tttttttttt ttt ttt ttttt ttttttt

4 m- -tttt tttttttttttt ..

tttttt

XL
I--

t.ttt. .t......

N lt

ttttttt tttt-

tt...t..

Tttt.-co -[IIF s:ar -l .o,z-"'
ts].

"o

-bo
:StE

E--
'

t.tt.tttttmut tttt t-- ttttT.tt. tttt tttt.t

".tttttttt.

.t

.¢---

l
tr. ..t..tT.t...t sO-.''

t..2

4
--fi-

-- tt- -t `

,5 .7 l
     Kb

2

l'

[i

e

B

-st-

g-
 1
-ki]

lj

i

-E

s
--m
s

gll},,

5 -1 O123          M/C
45 es



Charts　for　Est量ma七ing　tl｝e　Bending　Momen七s　Caused　by　Thermal　Deform批tion　　143

「凶r闇 　ヒ．

L
一 ① 吊．L．．

一一
＿．．．．」而 認露一①

co
．一 瓢“

．雨……「L－一．r．．．． 一 ．一． 恥 一．．．

」　．

②
7

②
曜←・・

i
争．層

瑞 蜜 亀
一．

二 一㎜

③
、、、、

、、 一 ゴ…
マ

「　　、亀

k 橡

ノ 面…國
卜、
A

、9、、

、、ミ

③
胃F 一甲

．　、、

黛 ＼、　　　　、、
．ρ2騨
1

／
，肉

_ ㌧　圏

、』、・。

．　　、

！

黙
、、、

1
一『．

k

一 一㎜

⑧フ 三 ζ

■
一一一u一 ヨ

τ〔＝

＼

‘

一 1萄二 ρ一曝》一
＝1 一－雨i．．． 一一一

→

く．＿一
．」一

一　 一n」目「■■．「．「．－L 一
一⑧

＝二 1
一．國幽i・

ユ ’

．『 1
．「…」へ「．ヒー－胃

昌
2『

・ト

一Fゴ 1 閏圃

一竃…
．－圃曲一

一一 一 一

⑤
」「醒

奮．．＠ ⑤
診 二

一．．． 黶D…E
一 P

一
．．一． 一一．．．

や・

磁
一一一 一 酌…一

’
r．．写

汐岬1
u鷲

．π．．一 一．一 一 一⑥

』1一
汐’

⑫
OD 井 姦

一
｡一

＿⑦一多 二…駆 一》
｝．階 國m．…L－－…一ぼ．「 h閏内國ri …m

’　　」 7ノ

葬．．閲．㎝耐． 豪一一 ｝一

．三 一． ｡．一一．一

D一一一．．

宝、N

玉
三餐 i、欄

K「
一⑦

CQ一＿．．

一丁一 ．π－．．

」　　　　、

D　、

、

ll

訳
男一響一

一 一一i
P

．．． A巾．一．． ．．一． ．．．r．7一■ゴ

＼

⑧一 嚇三

’

F琴
凹．一 一一． 一一 鼈

診一 －紬… 一移

、乱

一あ… ラ ，／

一一
ｷ一．一

一一

_
．．．一「．．一． 罰　一「 一一 Sー．．1T

一．一． k　 一 ⑧

耳 ∴．
一國．L ．「　h

2
一一

一．．

x一

黶D一

一＝

一．．一一

P．＿．　i　l

L．．

1 『
■“一．

］

工二
｛

『■ ｝π・ ．．一－ ｝一 一

，騒．7　1　　盤

　　　監ち
5　－7一㊧一5一鴫一欝一藷一書　⑪　1　鶴
　　　　　　　　即



144

1)

2)

3)

                   Kazuo OHNo and Mamoru OBATA

                            Literature

M. Ikebe: Practieal Method o£ Calculation of Rigid Frames, Proc. of Arehi,teetural
Institute of Japan, 1936 (in Japanese)

H, Cross: Analysis of Continuous Frames by Distributing Nxed End Moments,
A.S.C.E. May, lg30

K. Muto & S. Tsujii: "The Theory of strueture": 1932 (in Japanese) Textbook

'


