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Abstract

When an electron beam modulated by a microwave signal passes through
plasma in which the plasma frequency is close to the frequency of this signal,
then the electrons agitated thermally in the plasma oscillate with this frequency,
and consequently the electron space-charge wave grows in the plasma. When
this wave and the slow- and fast space-charge waves in the electron beam are
interacted mutually, it may be expected that the microwave signal in the
electron beam is amplified.

The authors analyzed this problem theoretically. First, the propagation
constants and the characteristic impedance of the electron space-charge wave
in the plasma were analyzed. Next it was confirmed that the space-charge
wave in the electron beam can be amplified by mutual coupling with the
electron space-charge wave in the plasma. Finally the amplification action by
three modes coupling between the electron space-charge wave in the plasma
and the slow- and fast electron space-charge waves in the electron beam was
confirmed. As a result of a numerical example, the gain of this amplifier is
considerably high (approximately 38 dB/cm), although its frequency band-width
is very nariow (less than 60 kc/s).

I. Introduction

If the plasma and electron beam are modulated by a microwave signal at
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the input and the electron beam passes through the plasma as shown in Fig. 1,
then the microwave signal in the électron beam is excited and amplified as a
result of the interaction between the plasma and the electron beam. This fact
has been analyzed by Bohm and Gross”, and others, and has been confirmed
experimentally by Gould and others®.

The authors analyzed this problem by means of mode: coupling of the
electron space-charge wave in the plasma and the space-charge waves in the
electron. beam. From the results of this analysis, the physical meaning of the
amplification became still more clear, and some interesting. conclusions were
newly obtained.

II. The Character of the Electron Space-Charge
Wave in the Plasma

Tt is assumed that the ions are at rest and the electrons are agitated
thermally in the plasma. When this plasma is excited by the microwave signal
of O-mode at one end, the components of the a—c electron charge density and
the a—c electron velocity with the same frequency as this signal are- originated
and propergate in the plasma. :

Now f, (v,) and f (v,) respectively beingthe d—c and a—c distribution func-
tion of the electron charge density in which the velocity interval is v,—(v,+
dv,) per unit plasma cross sectlon then the ‘d-c component of the electron
charge density, 0,, i
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po=—e| " fitw) (1)
and its a-c component 0 is ‘ 4

p=—e| " flw) du, (2)
the a—c compohent of the cu'n;ent density, i, is ‘shown as foilows

i= —eji:lvaf(vo)ﬂLvﬁ(‘vo)}dvo (3)
the equation of the current continuity is shown as follows |

Jop —I'i =0 (4)
where '

_aa; =T

From Egs. (2), (3) and (4), the following equation can be obtained :

—er"[ o f(vo>—r{vo Flog+o fo(«u;)} ]d"uo -0

—o0

(Jo—1I"vy) f(vs) = I'v fofv) (5)
Next from the Poisson’s equation, the following equation can be introduced :
—TI'E, = ple (6)

and from the equation of motion, the following equation can be introduced :
. e |
Jwv~]1vuv:——~n—l E, . (7)

By eliminating v from Egs. (5) and (7), then

I fi{v,) e »
SO = P () B (8)

From Egs. (2), (6) and (8), the next equation can be obtained :
_ (=ap LAy e (e filwdo,

Bo=— e j_mf(vn) dvo = — I's ( m)Esz_m (jo—1T"v,)

g " Skt

me —w (Jo—T0,)

(9)

If the condition, I vo/w<1 is true, the (i‘ntegrand of Eq. (9) can be expanded
in infinite series. Usually ['v/w is much smaller than one, so that this
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condition is substantiated virtually. Then

JHO fO('UO)d"Uo - __I‘JHQ f;(vti)d?/n
o (Jo—1"v,) @) <1+£:—0>2

1ot . 2wy, 3%, | AT}
[ (e P ) filw) o,

: 1) 1)

All terms of odd power in this series become zero after the integration, so that

= floddvs 1 (e 300
J( e jo—Tv a,zL,(l o )fo(vo) dv,

Therefore, by considering the condition |IMv,/w| €1, Eq. (9) becomes as follows

2 2,2
[ = Y <1_ 3Fvo)

o° @°

where —ep,/me=w}, and v% is the mean square thermal velocity.
Finally from this equation, I" can be obtained as follows

r:i_ﬂ]/p © _ 48 B (10)

where D,= 302

It can be concluded from Eq. (10) that the electron space-charge wave can
propergate in the plasma in the case of w>w, because I” is imaginary quantity,
but it can not propergate in the case of w<w, because I' is real quantity.
This conclusion shows that the plasma acts as a kind of high pass filter whose
cut-off angular frequency is w,.

The phase velocity v, of this wave is shown as follows

Do
vy =
/@
Vi
@y

so that varying w, by varying the electron charge density, the phase velocity
can be controled freely and synchronized with that of the spacecharge wave

(11)

in the electron beam.
Now the kinetic voltage U= —(m/e)v,v can be obtained from Egs. (6) and
(7) as follows

m m —elm . v, —p
< >°"° jo—Tv, T jo—Twv, I

B — Uy i J . '

= Go—Iw) jo - Go—Tvges ' 12
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Moreover by using Eq. (5),

_ o om o my, (Jo—TI"vg) f(v,)
Us—gww=—7 Tfw)
__—mw, (jo—Tvy) [,
e - o) (13)

As the signs of p and p, are the opposite of each other, so f (vi)/fs (vs)<O0.
Now if it can be assumed that the variation of f (v, is similar to that of
Silw,) in respect of v, (l.e. f (v)/folw,) 1s constant with respect to v}, then it
can be shown from Egs. (1) and (2) that f (v,)/fo(ve)=—p/ps Using thisrela-
tionship, Eq. (13) becomes as follows ‘

e vljo—Tv)E, _ —judjo—1"v) ;

14
epofme whwe (14)
From Egs. (12) and {14), the following equation ban be obtained :
U=—"2 (15)
Wy wE
And the characteristic impedance Z, is
_U_ = (16)
Z e

Therefore it can be seen from this equation that countless numbers of Z, exist
corresponding to countless numbers of v, It is convenient, for avoiding the
complexity, to define one effective value v, instead of considering all of w,.
Then only one effective impedance Z, can be defined corresponding to wv,, as
follows

— UVse

Zo = : (17)

@we

1. The Mutual Interaction between the Electron
Space-Charge Wave in the Plasma and the
Slow Space-Charge Wave in the Electron Beam

When the electron beam modulated by a microwave signal passes through
the plasma, two electron space-charge waves (one is the forward wave and the
other the backward wave) grow in the plasma, and two electron space-charge
waves (one is the slow wave and the other the fast wave) grow in the electron
beam. Now in this section it is, for simplicity, assumed that the coupling
exists between only two waves, i.e. the forward wave in the plasma and the
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slow wave in the electron beam. Then the coupling equations for these two
waves can be written as follows.

da, .

ds -Jﬁlal + C12a2

J (18)
a, o )

dz - Cnaz ]ﬁzaz

where all quantity for the forward wave are shown by subscript 1, and those
for the slow wave by subscript 2. In Eq. (18), a, and a, are respectively
normalized amplitudes of kinetic power, and C,, and C,, are respectively coupl-
ing coefficients. As the signs of the kinetic powers @, and a, are the opposite
of each other, so

Czl = C:I;
Now putting a,=A,exp (—1I"z) and a,= A,exp (—I'z), then Eq. (18) can be re-
written as follows
(P——]BI) Alg—rz_*" Clezenrz =0 ] (18/)
CiAe™™+ (I'—jB) A =0 f

If Eq. (18') possesses non-trivial solutions, the next determinantal equation must
be satisfied :

F’—]ﬁx C12
G I'—jB,

0

I

This equation can be rewritten as follows

("= (I'—=jB)—]Cpl*=0

I = = Lilpy+ 8-+ V(B BF—ATCf] (19)
B:= B, so that
I'=jp+|Cy (19')
where
b=p=p

From Eq. (19') it is seen that the power gain is |C,| neper/m. C,, can be
obtained by the following techniques :
d da,* dal

hadil HY
dz a.al) = a, dz dz

+af = a,Ciaf +afCra,—2 jpa,af
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The real part of this equation is

A
Re[ T )J~a1 hay +alCua, (20)

Two terms of the right-hand side of Eq. (20) are the conjugate complex number.
The left-hand term of Eq. (20) shows the electric power, so that it can be
shown by the currents and the electric fields as follows

_i x| _1_ T s
Re|: g (@ ):| == (i} Ey+ 4, E5) (21)

Two terms of the right-hand side of Eq. (21) are also the conjugate complex
number, so that from Egs. (20) and (21) the following equation can be obtained :

1 .

ai“ C,zaz = ———Z Z;kEz . (22)

As a, and a, are normalized, the following relation comes into existence :
N2 Zwiti,

. /1.
afa, =9 e E,=J%
2 we

From this equation and Eq. (22),

L s s 1 ji%,
VT itiCo= =
so that
1
C12 N ——a 23
J 2‘/Z01Z02 we (23)
where
Dy = —2 g Y
0 = w,we 02 = wywe

and v, and @, are respectively the d-c velocity of the electron beam and its
plasma angular frequency. Eq. (23) can be rewritten as follows

_ L W
CIZ - 2 ]/*b (24)

UeUp

The value of v, is small because it is the effective mean value of the electron
thermal velocity in the plasma, so that it can be expected that |C;,] and con-
sequently the power gain can lead to large values.

There is a common point for the amplification action of some microwave
amplifiers, i.e. the traveling wave tube, the double stream amplifier, the amplifier
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using the plasma which is considered in this paper and so on. In other words,
the mutual interaction between the space-charge waves in the electron beam
and some waves (for example, the circuit wave traveling on the helix for the
traveling wave tube, the space-charge waves in the other electron beam for the
double stream amplifier, and the electron space-charge wave in the plasma for
this amplifier using the plasma) has been utilized for all these amplifier.

In the case of the traveling wave tube, the phase velocity of the circuit
wave propergating on the helix and the impedance parameter of the helix are
almost constant over a wide range of frequency, although they decrease
slightly as the frequency increases. Consequently, the dimensions must be
varied if it is required to vary the frequency range.

In the case of the double stream amplifier, the phase velocities of the
space-charge waves in the other electron beam which correspond to the circuit
wave on the helix are /(3,+ B,)=v,/(1+w,J), so that the velocity v, or the
plasma angular frequency w, of the electron beam must be varied if it is
required to vary the phase velocities of these waves or the frequency range of
this amplifier. The characteristic impedance of this wave is v,/w,we, so that
it decreases as the frequency increases.

Now in the case of the amplifier using the plasma, the phase velocity of
the electron space-charge wave in the plasma can be varied by varying w,, as
shown in Eq. (11). But the wave can propergate only in the case of w>w,
and it can not in the case of w<w, The group velocity of the wave proper-
gating in the plasma can be obtained from Eq. (10) as follows

_ ]
dw cUO',/E'_']- o .
Uy == it (25)
a8 2@
»

From this equation it can be seen that v,=0 in the case of w=uw,, ie. the
cut-off frequency. The formula of the characteristic impedance of the electron
space-charge wave in the plasma is similar to that in the electron beam, but
the value of the former is much smaller than that of the latter because of the
small value of v,. Finally it can be seen by considering Eq. (11) that the
band-width of this amplifier is very narrow. The reason for this is as follows.
The amplification action for this amplifier occurs when the phase velocity of
the electron space-charge wave in the plasma is nearly synchronous with the
slow space-charge wave in the electron beam. Now this synchronization occurs
when w~w, i.e. the frequency near the cut-off frequency, because the numerator
T, in Eq. (11) is much smaller than the phase velocity of the slow wave in
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the electron beam so that the denominator in Eq. (11) must become nearly
zero for this synchronization and so @ must be nearly equal to w, In con-
clusion this amplifier using the plasma possesses the properties of high gain
and a very narrow band-width of frequency. '

IV. The Mutual Interaction between the Electron Space-
Charge Wave in the Plasma and the Slow- and Fast
Space-Charge Waves in the Electron Beam

. In the previous section the effect of the fast electron space-charge wave
in the electron beam was neglected. In this section we will consider a more
rigorous analysis not neglecting this wave. The coupling equations in this
case can be written as follows

da, . )

dz - '_"]181(11 + Cuaz -+ Claaa

da, . ‘

T = C..a,— jp.a, (26)
da, .

de 31“1""],8343 )

where all quantity for the forward wave in the plasma are shown by subscript
1, those for the slow wave in the electron beam by subscript 2, and those for.
the fast wave in the electron beam by subscript 3. In Eq. (26) a,, a, and a,
are respectively normalized amplitudes of kinetic power, and C,, C,, C, and
C,, are coupling coefficients respectively. There is no interaction between the
slow- and fast waves in the electron beam, hence C,;=C,,=0. The signs of
the kinetic powers a, and a, are the opposite of each other, and those of a
and a, are the same as each other, hence C,,=C¥ and C, =—C%. '

The values of the coupling coefficients can be obtained by the following
techniques. In other words C,, can be obtained from the analysis of the mutual
interaction between the forward wave and the slow wave, and C, from the
analysis of the mutual interaction between the forward wave and the fast wave.
Accordingly C,, is the same value as that obtained in the previous section, i.e.

C,, can be obtained as follows

d , .
—— (aai) = a,Cha¥ + af Ca,—2 jRaat

dz
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The real part of this equation is
R[4 aa)] = aCiat +at Cus, -
dz

The left-hand term of Eq. (27) can be rewritten in the same manner with Eq.
(21) as follows

AN BD S, -
Re[dz (a.a; )}_ 1 (2 By + 1, EF) (28)

Two terms of the right-hand side in Eq. (27) and Eq. (28) are the conjugate
complex number, hence

1 .
afCya, = R iy I,

As a, and a, are normalized, the next relation comes into existence :

700y i1 i1
a;kaa — '\/ 01 n2 &1 &3 E3 — J 3_
2 we

From those two equations

V7020 i3,Cs _ jitis

2 dws
thus
Co—i 1 (29)
» Y 2‘/201202 e
where
Zm — Uog 202 — Uy
Wy we W,we
Eq. (29) can be rewritten as follows
— L]/ Wy
Ca=", o (30)

Now putting a,=Aexp (—I'z), a,=—Aexp (—I'2) and a,=A.,exp
(—I'2), then Eq. (26) can be rewritten as follows
(I'—jB) A+ CLA,+ CAs =0
CLA A+ (I'—jB,) A, =0 (31)
—CRA,+(I"—jBs) As=0 ’

If Eq. (31) possesses non-trivial solutions, the next determinantal equation must
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be satisfied :
| I'—jB C, Cu
ce I'—jgp. 0 | =0 (32)
—C} 0 I'—jg,

This equation can be rewritten by putting C,=—C,;=% as follows
Fa—jpz(.81+ ﬁz+ ﬁa)—F(ﬁxﬁz+ ﬁxﬂa+ ﬁzﬁa)
+ BiB:Bs+ j1R|H(Bs—B:) = O (33)
Putting
:J‘Be(l + x) ‘81 = ‘Be(l + 51) ﬁz = ﬁe(l + 52)
Bs = B1—3,) B. = w/v,: phase velocity of electron beam
then Eq. (33) can be rewritten as follows ‘
25—, —Fx+ 8,0t + A =0 (34)
where
A @, 0,0,(1+8,)
20wl w’,—1 @ |wh— 1
Now putting
0= w,+ do : S—‘/A*<<1
Toe ‘ Cl)p

then

3, =—T’—’L,/“’7—1 —1~pe—1

Vpe 1 &

@, 2
0= ~q (1—¢&)

)

_ pg(1—=¢p
A= 22

s A=y -2 [p (14205 o020z ) =

Eq. (34) can be rewritten by using those relationships as follows
Yrayt+b=0 (35)

where



414 ... Teiichi KUROBE and Yoshihiko OGawa

1

3

Y=~

2
1

2___-5_____ 2(1__ 2'___i. _ 2
a= = g (1—28% 5 (1—=£¢)

2 o Lo 2L
751~3 b0+ B= o7 (pE—1) 3 (pE—1) ¢*(1—2¢")

+ gy 126 {p 1207 e—e)—2y7 ]

h—

If R=(b/2)+ (a/3)°>0, then two of the three roots of Eq. (34) are complex
numbers (the remaining one is real), so that the exponential growing wave
should exist. Now calculating the value of R, then

27R 3 N\, .9
(—8p+ o g p)re\—1e8s g5t

+2(1=3¢)+2 (1=} + & {4p—5. 1 p'—1p (1=

—4p (13¢5 P15 575 1) +6{~2(1=g)

3 3 2 2’ _i,
+ WP +2(1—3¢") (1—q )—2\/3[)

45 s 5
“‘2\/7!"1 16 —= P4q J+5l4p(1 @)— 2~/§P

=0y o g P ff; ZfZﬁEZ R
b bt o B g (06 g L (P o ()
25) 5t %PZQZ = 24/% (L—pg) -+ %chzz (36)

where the next conditions have been used for approximation :

pE=1 0<ECT g=0.1
From Eq. (36) the condition of R>0 is
27
—(1—ptf <—= ‘/2 (37)

From Eq. (37) the frequency band-width of this amplifier &= do/w,~dofe is



Microwave Amplification by Interaction between Electron Beam and Plasma 415
dw 3 po*\*
( : Pi) - (38)
7 V2 :

Next it is neccessary to calculate the value of & for the sake of obtaining
numerically the roots y,(i=1, 2, 3)

= (1—p— Z(I%H—ﬁHf%wﬂﬁMhﬁ

v
oS el o) ss (G o

1 . 2 2 ., 2 2, 1 .
—2«/’2—PQ>+E<—?P+¢PQ>+<27— 3 4 +2«/”2“Pq>

: 2
o g (08 + o (P (P4 5 2

2 .
:W(l —pEf+ 2«/2 re ' (39?

In the last equation of Eq. (39), the term (1/y2) p¢°%" was ignored because of
the very small value. ‘ ' ‘
Now the three roots of Eq. (35) 9, 4. and y, are

y,=C+D '
¥, = 0,C+ w,D - (40)
yaza)lD‘-i—a)zC
where

LAt S G — :
C_(—2+JR) =\ o7 LpE g e

5y et i—per e 2| (41)

b 1 (1 Sy T g2
D=(5 +4R = g7 =28+ g5 e
1 22l |5

w5 ey e gy e )

= (1+j/3)/2 | -
W, = (—1—jy 3)/2 (44)

and z,, x, and z, are
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Z, —51——!—
1= 3 Y
0, .
&T, = 3 +9, (45)
X, = 5 +
3 3 Ys ’ ‘ 7 )

Introducing the following numerical example for the calculation of the
frequency band-width and the exponential gain of this amplifier,

the electron beam currents = 10 mA

the radius of this beam = 1 mm

the current density of this beam, J=0.32 A/cm®
the accelerating voltage of this beam, V= 1000V

@, = 1.85 x 10/ J/V'F = 1.86 x 10° rad/sec

the plasma frequency of the main discharge (~ the input frequency)
£, = 4000 Mc ,

@, =2rf, = 2.52 x 10" rad/sec

q = w,jw, = 0.0738 o

the beam velocity v, = 4/2¢V/m=>5.93 x 10" m/s

Voe = 10° m/s

P=+ 2 v/0e = 8.39 x 10°

In the above case, from Eq. (38) the frequency band-width is

0<22 1 48% 10
w

hence

0<d4w<3.73 x 10°
0<4/<60 ke/s

The maximum gain occurs when £=0. In this case, the values of C, D and
the imaginary part of x are respectively 0, 1.19 and 1.03 so that the value of
maximum gain G is :
G =41, (x)=4.25x10*x1.03 = 438 Nep/m .
= 38 dB/cm :
As may be seen from this numerical example, this amplifier has the very

high gain (about 37.8 dB/cm), while being very narrow with respect to the
frequency band-width (smaller than 60 kc/s).
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The numerical value of the gain when the two modes are considered is
121 dB/em, so the above value of the gain is slightly smaller than one third
of that obtained in the two modes. This fact shows that the fast wave in the
electron beam acts as an impeding force against the exponential grow of the
signal wave.

V. Conclusion

In this paper the amplification action in the presence of the electron beam
modulated by a microwave signal passing through the plasma was analyzed.
The processes of this analysis are as follows. First the propagation constant
and the characteristic impedance of the electron space-charge wave in the
plasma excited by a microwave signal was obtained. Next it was analyzed
that the amplification action occurs by the mutual interaction of two modes (the
electron space-charge wave in the plasma and the slow space-charge wave in
the electron beam). At the same time the coupling coefficients between those
two waves were obtained. Finally the amplification phenomena as a result of
the interaction of three modes (the electron space-charge wave in the plasma
and the slow- and fast wave in the electron beam) was analyzed. At the same
time a numerical example was shown. The physical meaning of this amplifi-
cation phenomena may be interpreted reasonably by the two mode theory, but
the three mode theory must be used for the sake of obtaining accurate values
of the gain and the frequency band-width. According to this theory, though
the angular frequency @ of the microwave signal is very close to the plasma
angular frequency ,, @ must be larger than w, With respect to this point,
this paper greatly differ from the paper written by Bohm and Gross®, and
others in which the amplification action occurs when w<w, in spite of the
fact that @ is very close to w,.
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