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A Theory for Averaging Anisotropic ESR Parameters

S. MORIUCHI* and J. SOHMA**
(Received July 30, 1973)

Abstract

A theoretical treatment was developed for partial averaging of anisotropic
ESR parameters arising from the Brownian motion of molecules. The Hamil-
tonian is divided into the two parts, namely, the time-independent and the time-
dependently fluctuating part. The latter was averaged by the aid of the proba-
bility density derived from the diffusion equation of the Brownian motion. This
method was applied to obtain the average of the anisotropic ¢ factor arising from
molecular motion. In the present work each principal value of the ¢ tensor was
separately averaged and the results agreed with the experimental findings. And
also the results were expressed by the anisotropic part at =0 multiplied by a
factor 2/r tan™(r,/1";). Our approach is more general than Kneubiihl’s theory
and his results were proved to be an approximation for small anisotropy of the
g factor.

Introduction

It is well known that the random Brownian motion of molecules in liquids
has an important effect on the relaxation mechanism of ESR. The other effect
of the Brownian motion of molecules is the averaging of the anisotropic ESR
parameters of the molecules, such as ¢ tensor and the hyperfine coupling constant
tensor. If we assume a complete hindrance of molecular motion in a solid phase,
the anisotropy should appear in an observation. In liquid, in which molecular
motion is sufficiently rapid, the anisotropy is averaged out and the ESR spectrum
appears isotropically. In the intermediate case, which sometimes occurs in either
polymers or highly viscous liquids, the anisotropy is partly averaged. Hitherto
a few work on ESR study of molecular motion based on observation of averaging
of the anisotropic ESR parameters were published. If the averaging process of
the anisotropic parameters is observable, one can obtain information of the cor-
relation time related to the Brownian motion provided with an appropriate theory.
Although Kivelson® and Freed? published a series of papers on the theories in
which they studied the effect of the Brownian motion on the relaxation mecha-
nisms in liquid phase where the anisotropy is completely averaged out, there are
also a few theoretical studies®~® related to the partial averaging of the anisotropic
ESR parameters for a system in which the Brownian motion is not sufficiently
rapid for complete averaging. It was recently found that the anisotropic ¢ factor
gradually changed with rising temperatures and these temperature variations are
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due to the partial averaging of anisotropic ¢ factor caused by the Brownian mo-
tions in elevated temperatures®. In order to obtain quantitative information on
the Brownian motion a theory, by which the experimental results can be analysed,
is required and Kneubithl’s theory® is most convenient for the analysis of the
experimental results. The authors used Kneubiihl’s theory for the analysis of
their experimental results on the peroxyradicals of polymer® but it was found that
the theory has a few defects which should be improved. At first, in Kneubiihl’s
theory, the averaging is done not on the g factor itself but the square of the ¢
factor. On the other hand, the experimentally observed quantity is, of course,
the average of the ¢ factor itself. The perturbation due to the Brownian motion
is stochastic and therefore the spin Hamiltonian for a molecule fluctuates. Thus,
the fluctuating Hamiltonian should be averaged instead of averaging the ESR
parameters, which was done after the method of Kneubithl. In this paper the
results obtained by Kneubiihl on the averaging of the g-anisotropy will be derived
from more general assumptions ; the time-dependent Hamiltonian and the phenome-
nological equation of the Brownian motion. And also it will be shown that the
theoretical approach can be extended to other anisotropic ESR parameters.

Averaging of the g-anisotropy

For the theoretical approach to partial averaging of the g-anisotropy the fol-
lowing assumptions will be made :

1) Only systems with S=1/2 will be considered.

2) The paramagnetic molecules are randomly oriented.

3) No hyperfine splitting is considered.

4) The line-shape is mainly determined by the anisotropic ¢ factor.

5) The Brownian motion of the paramagnetic molecules in viscous liquids is
independent of the magnetic interaction between these magnetic centers
and their neighbors or the external field.

The approach starts from the Hamiltonian which is fluctuating because of
the Brownian motion of a molecule in a viscous liquid or polymers. In such
systems the molecular motion may be considered to be so rapid that the ani-
sotropy of ESR parameters are affected. Thus, it is desirable and more general
if the average is taken over the Hamiltonian itself instead of the weighted average
of the ¢ factor, which was done in Kneubiihl’s theory. In a similar manner to
Freed’s theory” on the line shape, the Hamiltonian is divided into two parts.

K= o (D) (1)

A part of the Hamiltonian %, which is related to the isotropic part of the ¢
tensor, is time independent and is described as :

S y=gfH-S (2)

where H, S and B represent the applied magnetic field, the spin operator and the
Bohr magnetron, respectively, and ¢, is the average of the principal values of the
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g-tensor :

1

On the other hand the other part of the Hamiltonian % (¢) is a contribution
from the anisotropic part and a fluctuating perturbation, which is averaged out in
a case of sufficiently rapid molecular motion. This part of the Hamiltonian is
given by Eq.(4) in reference to the molecular coordinates, in which the static
magnetic fleld is explicitly time-dependent.

1 (t)=BSG H(t) (4)
9=/lg. 0 O0\=/g.—g, O 0

0 ¢% O 0 g—9 0

0 0 ¢, . 0 0 02— 9o

Since only rotational motion of a molecule is effective in averaging the ani-
sotropic ESR parameters, such as the g-factor, the equation of angular diffusion,
which is the phenomenological equation of the rotational Brownian motion, is
taken as the fundamental equation which
governs the probability density P.(a, 8,7),
which is the probability density to find a
molecule at the time ¢ an orientation de-
scribed by Eulerian angles, «, 8, 7, defined
in Fig. 1.

oP.
ot

— Dd,y P (5)

where D is the angular diffusion coefficient.
Since the two angles, @« and B, defined in
Fig. 1, determine the magnetic energy with
reference to the static magnetic field H
along the Z axis of the laboratory coordi-
nates, the average is taken over the two
angles « and .
With the initial condition

P(“OJ 180: T, &, ﬁ)rzoza(a—ao» ﬁ_IBO) (6)

equation (6) is solved and a solution, which is the probability density P. deter-
mined by Eq.(5), is obtained and expressed as a spherical harmonic function,

P‘r(aO) ﬁo: T, O ﬁ): ; eXp [—*l(l—f—l) T/GTE] L; Ylm(aO) ﬂO) Ylm*(a’ ﬁ) (7)

On the other hand, the average of any function f(a, 8) expressed by the spherical
harmonic function as shown in Eqg. (8)

Fla B) = D an Yi(a B) (8)

Fig. 1. XYZ: Laboratory coordinates
xyz: Molecular coordinates
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is taken making use of the probability density of Eq.(7), as follows,

(Flay Ban= ([ Fla B) Py sin p d da = exp[ ~1(1-+ 1) efbe] flan, o) (9)
or
Y 1y = § [P Y7 (@, B) sin B df doc=Y,*(ay, ) exp| —L(L+1)<f6e,] (10)

One can regard this average as the time average of the magnetic interaction by
the fluctuating molecular motion described by Eq.(5). And <(Y,*), is also ex-
pressed as the Fourier expansion as shown in Eq.(11)

Yo = So_cwa(ao, Bo, v) exp (i2avr) dv - aD

In a similar manner to Kneubiihl’s approach only the time interval which is
shorter than the inverse of the line-width 73’ is taken into account as a good
approximation. Since the time dependent Hamiltonian, Eq. (4), is expressed as the
second rank of the spherical harmonics as shown in Eq.(27) in the next section,
the average of this Hamiltonian can be taken by the aid of P,., which is governed
by the rotational diffusion equation, Eq.(5). And the integration will be per-
formed with the above mentioned approximation, and the following equation,
Eq.(12), will be obtained.

=

Taking Eq.(4) into account the average of the anisotropic ¢ factor is obtained

VT
" alan, Boy ) exp (i260e) dv = 2, (0) = tan (e[ Ty (12)

- 1/sT,

2
(A1) a0 = Blos) Hatg,) Hy+ 9. Ho) - tan™ (@] T4) (13)

Therefore the average of the total Hamiltonian is expressed as
<‘/"§(/>Av = eﬂo+<=j(/1>,4v
= {o0 0./ (2/m) tan™ ./ T} PEL
+ {go+ 9,/ (2/m) tan~" (c./ T¥)} BH, (14)
+ {go+ 0. (2/) tan™" (e, T)} L.
= <gm>Av ﬁHz_I_ <gg/>Av ﬁ‘[{y + <gz>Av ‘BHz
where
<g-”C>Av = gO+ gl‘l (2/”) tan‘l (Tc/T,Z)
(gD an = o+ ¢,/ (2n) tan™" (z./T",) ' (15)
{geyav = G0+ 9. (2m) tan™ (z,/T",)

Eq. (15) indicates that each principal value of the ¢ tensor is separately averaged
and this theoretical conclusion of the separate averaging agrees with what was
found in the experiment”. Comparing one component of Eq.(15), for example
{g.y, with the experimental values of g, at various temperatures one can estimate



A Theory for Averaging Anisotropic ESR Parameters 339
the correlation time z, at the temperatures provided with the known line-width
170,

In the orientation shown in Fig. 1, ¢* is expressed as follows.
g% = ¢% sin? B, sin® o, -+ g%, sin® B, cos® o, + g2, cos® B,
In a similar way, the square of the averaged ¢ factor is obtained as
gD = {go+ g. (2/z)tan™* (z-c/T’z)}2 sin? B, sin? a,
+ {go +g, (2/r)tan™! (TC/T,Z)}Z sin® B, cos® (16)
+ {g0+ g, (2/z) tan™! (rR/T’Z)}Z cos® 3,

On the other hand the average of the square of the ¢ tensor was derived by
Kneubiihl [3] in the following expression.

g 4w = {S-l— (g2—s)(2/x) tan™" (TC/T12>} sin® B, sin? ay
+ {s-l— (g,2—s)(2/z) tan* (TG/TIZ)} sin® 8, cos® ay

+ {s+(g2—9) (2/r) tan"* () T",)} cos? f,

1
s=-5 (049, +0.) (17)

If the difference of the principal values are small enough in comparison with g,
that is dg<yg,

Je—S= 92— 90 = (02— 00) (0 90) = 0./ 200
and

(go+ g 2/m tan~ 2 )T, = s+(g.2—s) 2/m tan™* (¢,/T",) (18)

Since each component of Eq.(16) is equal to the corresponding one of Eq.(17) in
the case of small anisotropy, it is verified that the Kneubiihl’s result is an ap-
proximation of the average obtained from the averaging of the perturbing Ham-
iltonian in the case of a smaller anisotropy of the g factor.

Averaging of other anisotropic ESR parameters

The method of average, developed in the last section, is readily extended to
averaging other anisotropic ESR parameters, such as hyperfine coupling tensor
and the quadrupole interaction, if one takes the Hamiltonian which includes these
interactions. The total Hamiltonian is also divided into the two parts, the time-
independent part and the dependent one.

The time-independent part %, consists of the Zeemann term and the isotropic
hyperfine interaction term.
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o= goBH-S+ 2}1%[@-8 (20)

The anisotropic parts of the interactions contribute to the time-dependent Hamil-
tonian which stochastically fluctuates, because only the anisotropic part of the
interactions are influenced by the Brownian motion of a molecule. This time-
dependent Hamiltonian is divided into three different interactions

() =P+ P () + 8D (2) (21)

where %% is the Zeemann splitting related to the anisotropic part of the g¢
factor, which was discussed in the last section, % ® is the anisotropic hyperfine
splitting, and & is the quadrupole interaction. The spin Hamiltonian is ex-
pressed in general form as follows with reference to the molecular coordinates
system. [7] J

H(t)= 1 FE™ AP (22)

my %

where g specifies the specific interaction, 7 specifies the different nucleus, A,% ™™
is the irreducible tensor with the rank 2, and the component of —m. F,; can
be calculated by the electron wave function and remains unchanged while the
Eulerian angles (af?) change due to the Brownian motion. On the other hand
A,; depends on the Eulerian angle (afr). F,; is expressed in the coordinate
system of the principal axis of the ¢ tensor, and A’,, described in a frame fixed
in space. Taking advantage of the Wigner matrix, D_,,., the equation expressed
with the molecular coordinate system is transformed to those with the space
coordinate A’, %™

A8 = DD (a, B T) ALY (23)

m’!

where a, B, 7 are Eulerian angles.

Thus
()= 2 LD R (a, B, 7) A0 FL G0 (24)

The concrete descriptions of A’, %™ and F,?™"? for the three interactions are
given as follows
1) Anisotropic g effect (u=1, L=2)

A’l gz,m)
m =0 —2(2/3)" H, S,
m==+1 =L+HS. 25)
m=+2 0
F0 = _—é— (=167 [292—(0x+ gy)]
Fl(z,il) =0 (26)

1Y ”
Fo) — _<_2_> (—1)”” ﬁcﬁ“l(gm—gﬁ
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2) d-d interaction (p==2, L=2)

Alz’éz,m)
2\ 1 '
= O _2<?> [I/szz'—Z(Iz_*.SA“'.IZ_ S+)]

m= *1 i(l‘zi Sz+Iiz S—;__.) (27)
m=+2 —I[,S5, :
By = (— 10T 17 (675124 p |7 Yo (02, )

¢

3) Nuclear quadrupole interaction (p=3, L=2)

AISJ(;Z,m)
- 2 1/2
m =0 —<§‘> {31¢ZZ—I¢(Iz‘+ 1)}
m=+2 —1,°
Faﬂ(;Z,m)
(— 1y [eQifi{aL (2L, — 1)} | (Fe)
(7e)® = —(3/2)*{p| Vo.(0)| ¢ (29)

(Pe)* = (| Vaald) £V, ()] 6
(P = = (p| Viali) = Vi (0220 Vo 5] 8

Since the directions of the principal axes differ from one interaction to the other,
the Eulerian angles of the principal axes of each interaction are specified with
suffix, 2. In the above expression term D_{2,., fluctuates time-dependently and is
expressed with the second order of the spherical harmonic function. This fluc-
tuating term is averaged by the aid of P,,

5D—§£?77L' (a', ‘83 r) Pr(aoﬁoro, Ta Gf, ﬂ! T) d‘Q

=D -—51%37)# (ao Bs 7‘o) €xXp ( - T/ Tc> (30)
Therefore,
H = T T D-Dlanfult), A8 B8 exp (—cl)
= % 1(0) exp (—7/z,) (31)

:Sm alay, Po, To, v) eXp (12mv7) dy

In a similar way to the averaging of g developed in the last section

/=T,

(D =S alew, fo, To) exp (i2av) dv (32)

~1/aT7,

Te

(= 02 tan (5 39
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(Y gy = & o+ %1(0) 2)m tan™" (z,/T") (34)

That is, the average of any anisotropic ESR parameter is given as a product of
< 1(0) and tan™! (¢, /1",

Conclusion

The averaging of the anisotropy due to the rotational Brownian motion was
considered. Starting from the separation of the time-independent part and the
dependent one of the Hamiltonian it was deduced that the average Hamiltonian
is obtained by adding the isotropic part to the anisotropic one at z=0 multiplied
by a factor 2/ztan~'(r,/7";). This result involves Kneubiihl’s result as the ap-
proximation permitted for small ¢ anisotropy. Our result can be applied to the
anisotropic ESR parameters, such as the ¢ factor, hyperfine coupling, which have
an even larger anisotropy.
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