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Collocation Method for Static and Dynamic Analysis
of Shells of Revolution

Takashi MIKAMI and Jin YOSHIMURA
(Received June 30, 1985)

Abstract

The static and dynamic analysis of shells of revolution using the collocation method is
described. The proposed method in which the collocation points are taken at the roots of
orthogonal polynomial is used to discretize the space-variable. The versatility and accu-
racy are illustrated through several numerical examples. The method appears to be easy
to formulate and simple to use.

1. Introduction

The system of equations for the analysis of shells of revolution are, in general, too
complicated to be solved exactly, except for a particular shell such as cylindrical tank. It
is, therefore, natural that various methods have been developed to obtain approximate
solutions.

The procedure adopted here is the collocation method, which is one method of the
weighted residual techniques. This method has been modified and improved in recent
years, and successfully used in chemical engineering?. However, the application of the
method to structural mechanics, especially shell structures, is comparatively limited.

The subdomain (partition) method, analogous to the collocation method, has been used
to analyze axisymmetric shell problems. This method was used by Langhaar, et al?. for
a bending problem of shells of revolution. Subsequently, a similar method was used by
several authors®” to analyze a stability and static problems of axisymmetric shells.
However, to the lest of the writer’'s knowledge applications to dynamic response problems
are not available.

The main objective of this paper is to show an application of the collocation method
to the static and dynamic analysis of shells of revolution, and to present some important
features of this method. In the present analysis, the collocation method is used to replace
the field equations by a set of ordinary differential equations in time. The resulting
equations are solved by a direct time integration.

To demonstrate the applicability of the method, several example problems are present-
ed, and the results are compared with other proposed solution techniques. This compari-
son shows that the method yields very good results with relatively coarse discretization
patterns.

Dept. of Civil Engineering, Hokkaido University.
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2. Basic Equations of Shell

Let the shell be divided into N elements ()
of arbitrary meridional length [Fig. 1(b)].
Denote a point on the meridional coordinate
by 7, where { varies from 1to N+1. The

\
ent 1\
Shell 2,
Element 1 \
top of the shell is at point 1 and the base is

"""" e |t
point N+1. The local coordinates (v, ¥, z) ~ "y of Shall Bloment 1]\,

are shown in Fig, 1 (a), and x is measured
from the top of the 7 th element as shown in

Axis of Revolution — |

Fig.1  (a) Typical shell of revolution ;

Fig. 1 (b). ‘ (b) Divition of shell into Nele-
Basic equations of the shell will be based ments.

on the linear theory given by Novozhilov®,
Eguations of Motion.—— The present analysis consists of a system of fourth second-

order linear differential equations. Therefore, the three displacement components (U, V/,
W) and the meridional moment M, are used as dependent variables.

Neglecting the rotary inertia tefms, the governing equations of arbitary shells of
revolution are,

e e = [P g e [+ e
ST TP R

# Mo = ron G (S ) v S [
TP ST EH TR A

torgs = mh%z'tgL .................................................................................. (1)

in which k=shell thickness ; p =mass density ; t=time ; Ny, Ny, Nxs Nox=membrane
stress resultants ; Mx, Ms, Mxe, Msx=moment stress resultants ; gx, go¢, gz =€external
loads ; » =distance of point on the middle surface of the shell from the axis of revolution
[Fig.1(a)] ;and #, »n=principal radii of the curvature of the middle surface of the shell
(Fig. 1 (a)] .

"The stress resultants can be expressed as

Nx= K(ex+ veos); No= K(eo+ vex); Nxs = Nox= Ghyss;
Mx= — D(gx + y/ca);Mo = — Do+ vix); Mxo = Mox = — D(1— V) toxg ==++v (2)
in which v=Poisson’s ratio ; G=shear modulus ; K =extensional rigidity ; D =Dbending

rigidity ; ex, €o, Yxo =strains ; and xx, e, £xe=curvatures.
The strains and curvatures are given by
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The displacements, stress resultants, and loads will be expanded in a Fourier series in
the circumferential direction. Let ¢ and ¢ be a reference of length and stress, respectively.
Then we have

2 =3
(U,V,W):G—(Z n;o(ucos nf, vsin nd, wcos nf);

(Nx, No, Nxo) = 0 glo (nxcos n8, ne sin #nf, nxe cos nf):

(Mx, Ms, Mxs) = aazg.‘o(mx cos n8, maesin n6, mxscos nb);

(grr G0, gs) = 0 n%(px cos h@, DoSIN 70, DrCOS ME)  werrerererereaesiennnins . (4)
in which £ =Young’s modulus ; and z=harmonic number. In Eq. 4 the superscript (%) on

the Fourier coefficients has been omitted for brevity.
If the stress resultants are expressed in terms of the chosen dependent variables, Eq.

1 becomes
b +bou' +bsutbv +bs v+bs w +bywt bs mit bemx
— - px+u .......................................................................................... (53)
bio w6+ b1y U+ b12 0"+ b1 V' b v+ bis w” A bie w' - bir w
+ bis mxzmpﬁ_*_;)' .................................................................................... (5b)
bio V' +bag 0+ by 06" Aoy 26" 4 boy 04 bpy W7+ bos W,v+b26 w
+ bar i+ bas Wt bos mx=—pz+1.x)' ......................................................... (5¢)

in which ( Y=a( )/8& ; ( ’ y=a( )/or ; vr=(E/p)"*t/a =the nondimensional time
variable ; and £=x//=the nondimensional space variable. Furthermore, /=the meridio-
nal length of the element, and & takes the values 0 to 1 in the element.

The meridional moment-displacement relation is taken as the fourth equation. Then
this relation can be expressed as

bao u + bay u+ bas v+ bas w”‘*‘bu w’'+ bas wt bas Mx=0 +rreerreeni (Sd)
Detailed expressions® for the coefficients b, ..., b in Egs. 5 have been omitted here for
brevity.
Boundary Conditions and Continuity Conditions. —— In general, the quantities which

appear in the boundary conditions and the continuity conditions are the generalized
displacements U, V, W, and @ and the generalized forces Ny, M., S., and T.. The
quantities S,, 7%, and @ are the effective shear resultants and the rotation defined as
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1 0Mxe

T, = Qx+7 Mxe . u [ aw (6)

80 ; Sx:Nxov s ; @x:71-—|——~é;— ...........................

in which @.=(1/7)[8(*M.)/ o5+ dMsx/ 20 — Ms dr/dx] =the shear stress resultant. Let us
express Ty, Sy and @« as

ga. i PxCOS NG rreeeeerienns (7)

(Tx, Sx) =o0a i‘. (£ cos n6, s, sin #f) ; Ox =
=0 Eh 72

As .done before, the Fourier coefficents for the forces Ny, Sy, T and the rotation @, can
be expressed in terms of #, v, w, and m, as follows :

nx=cru'+csutcsvtciw; sx=csutcet’+crvt+csw’

+cow; tx=Cwutchnv +civ+cisw +ciwtcs mk

T Cro Mx: GxCur U Cig W w+ereerserseseree oot (8)

in which ¢, ..., cs=the coefficients ; and detailed expressions® for these coefficients have
been omitted here for brevity. ‘

For the boundary conditions at the points 1 and N +1 [Fig. 1(b)] , we will prescribe
the appropriate four of the quantities U, V, W, @,., N,, M, Sy, and T Thus, the"
following quantities are to be prescribed at each boundary.

UorNx;Voer"WorTx;oner ...................................................... (9)
In the point between adjacent elements of the shell, the continuity conditions are

U(z‘-l) e U(i); V(i—l) — V(i); W(i—l) — W(z‘); @)gifl) — @)(Ci);

N)(ci_l) — )(ci)' M)(ci_l) — )((i). S;éi"l) — Séi); Hi_l) — T;(ci) .................. (10)

y ’

in which ¢=2, 3, ..., N ; and the {—1 and ¢ superscripts denote values for the i—1 and 7
elements, respectively.

3. Collocation Method

The basic procedure is as follows. If we assume that there is a problem described by
second differential equation with respect to time = and space & we have

Lu ({;—', -[)—{»u ({;—', T):O ; O<;’7—'<1 .................................................................. (11)

with two boundary conditions. In above equation, L is a linear operator, and ( . ) denotes
o ( )/ozr. We, for example, seek an approximate solution of the form

ul )= ’ig Aoy (T)-EF71 oot (12)

in which ;- are unknown functions of time. Substituting Eq. 12 into Eq. 11 the residual
R (&, z) becomes
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R(E )= di:(1) Ag‘; L(E“Y) + don (1) Ig E1 s (13)

The residual is eliminated by setting R (&, v)=0 at M specified collocation points, & (j=
1, 2, ..., M) and a set of M ordinary differential equations are obtained. Then, with two
boundary conditions, M +2 equations are obtained for the M +2 unknowns.

The roots of the orthogonal polynomial are frequently used as collocation points with
considerable success. In this paper, the collocation points, & (/=1, 2, ..., M), are selected
to be zeros of the Mth shifted Legendre polynomial Pj (&) defined on 0<£<1. These ¥
points, &, are called the interior collocation points.

It seems convenient to write the ordinary differential equations in terms of u« (&, 7),
7=0,1, .., M+1, 1i. e, the solution of the interior collocation points (&;, j=1, ..., M) and two
end points (&,=0, £s+1=1) rather than the r-dependent unknowns d;_, (7). To this end, two
matrices [A] and [B] given by Eq. 20 are used to approximate the first and second
derivatives with respect to &, respectively. From Eq. 12 it follows that

w(E)e = e, O =8 di (g PEETL| N e de (o)
Drullr) | e 97T 4 S0 L MR e
Dér e, = 2 T e dioi ()5 7=0,1,, M+1 +(14)

These can be rewritten in the matrix notation as follows :

(e = [QUA); ()= [CUAY; (w'he = [DUA} wovvrrmvsmssissiinn (15)

in which the derivative with respect to & is denoted by primes. In above equations, the
(M +2) - dimensional vectors {d} , {u}., {«'}-,and {«"}. are

(0} = {do(7), di(T),, duer (T)}T  wovreeremreemiis i, (16)

and {?/t}z- = {M(Eo)r, teey M(EM+1)T}T; {ul}r = {u,(go)r, Yy u,(EM-H)T}T;

{Z{”}T: {u”(go)‘r,”',u/,(EIVI+1)T}T ...................................................... (17)
The (M +2)x(M+2) matrices [@] , [C] , and [D] have the following components :
Qi = £y Cio =(i—1) €58 Dy =(i—1)(i—2) i} R RS (18)

in which 7, i=1, 2, ..., M+2.
Solving for of {d} in Eq. 15 the resulting expressions are

{u,}T: [A]{u}z., {u”}z,: [B]{u}z_ L R RERREREE (19)
in which the (M +2) X (M +2) matrices [A] and [B] , respectively, are given by
[Al = [ClIQ]t: [B]=I[DIQ]" reeveremmrevenens B AR (20)

In the next section, using the matrices [A] and [B] the formulation for the static
and dynamic problems of shells of revolution is presented.
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4. Formulation for Shell

If we assume that the shell is divided into N elements [Fig. 1 (b)] , the solutions for
the kth element are taken in the following forms :

M+t2
[, o, w®, mP]="8 [d® (2), ¥i(z), FR, (o),

ggli)l (T)] ;_1, ]:0, 1”M_.|_1 ...................................................... (21)

in which d, ¢ f and g are unknown functions of time. Following the procedure as
described previously, the expressions representing the first and second derivatives of Eq.
21, say w'®, are given by the same formulas [Eq. 19] .

(@) = [ANw®) : {0 ®) = [BI{w®}]  cvereerrerreeereeserereeeeerinsessnnens (22)

in which the matrices [A] and [B] are given by Eq. 20, and the vectors {w'®} | etc. are
given by an expressions similar to Eq. 17. For brevity, in Eq. 22 the subscripts with respect
to time, 7, are dropped.

There are 4 (M +2) unknowns in Eq. 21. That is, the total number of unknowns is 4
(M+2) N. However, we obtain 4N equations from Egs. 5. In addition to this, we have
eight boundary conditions and 8 (N —1) continuity conditions. Accordingly, we have 4
(M +2) N equations for 4 (M +2) N unknowns. ‘

4MN Equations.—— For the kth element, Eq. 21 has to satisfy the partial differential
equations (Egs. 5) at the interior collocation points. Then, with the help of Eq. 20 this set
of partial differential equations is reduced to the following set of ordinary differential
equations.

For Eq. ba, we have

316 () Bronst 089 (£0) Avenslu® (&) + B0 (£ u® (20
M2
+ ;1 Y (&) Aiiny 01 (1) + 05 (&) o (&)
M2
+ Zi B (E;) Avrrs w™ (E;0) + B2 (&:) w'® (&)
M+2
+ 2_“{ BY (€:) Airs miP (€;00) + 059 (&) miP (£2)
—_ “‘p(xk)(c,&i)"f_il.(k)(gi); G 1,2, o ve, M wreereerererre et (23)
in which A;;,; and Bi+1,j:60mponents of the matrices [A] and [B] , respectively.

A similar expression can be formed from the remaining equations, and the complete
set of equations, for the kth element, may be written as

[aP{SP) +[afP1{85") = —{pP}+[BPT{EIH) oo (24)

in which the subscripts ¢ and e are used to represent the interior collocation points and end
points, respectively. In Eq. 24, the 4 M-dimensional vectors
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{68}, {p%}, and {6%"} are

{08} ={u™ (&1), -, u™® (€m), v (&), v (&n), w™ (&), w® (&n), m&P (&),
S m® (G} (0P} = (B (60), -, 0¥ (En), P8 (&), -, o (€m), PP (&),
PP (En), 0,017 {8V} ={%™ (&), -, ™ (&n), P&, -, ¥ P (&x), W™» (&),

W (Em), M (£1), oo, P (Ear)}T cemvereenrre e (25)
and the 8-dimensional vector {§} is

(84} = (™ (&), u® (Bwn), v (&), o (Ewn), w® (£0),

w(k)(gM-H), m(xk)(fo) (k)($M+1)] ............................................................ (26)

The 4M x4 M matrix [a¥] and 4M X8 matrix [a®] are composed of the components of
the matrices [A] and [B] , and the 4 M X4 M diagonal matrix [B¥] may be expressed as

[ﬂék)] Zdiag[l,l,"',l,o,"',OJ ..................................................................... (27)

[ S —

3IM M

For the overall shell, we finally arrived at 4 MN equations

[2c] {8} + [ae] (8e) = = {pe) + Bl {Be)  orovmvermmsemmmssinis (28)

in which [a.] and [B.]=the 4MN X 4MN matrices, respectively ; [a.] =the 4MN X8N
matrix; {§.} , {#c} ,and {8.} =the 4MN-dimensional vectors, respectively ; and {8.} =
the 8/N-dimensional vector. A typical vector and matrix, say {§.} and [a.] , are made
up from appropriate subvectors and submatrices as follows :

{8(01)} [ (cl)]
(52) N ]
(6.} = : [ae] = ) L] e, (29)
: (o]
(59 _ ()]

Eight Equations. —— From the boundary conditions at the points 1 and N +1 [Fig. 1(b)] ,
we obtain eight equations. Let us consider the case of a free point 1 that is clamped at
point N +1.

The boundary conditions at point 1 may be expressed as

Mi=0 [ Ne= 0 ; Sx=0 ; Tx= 0 correrroermernie e (30)

With the help of Eqgs. 20 and 8, for example, the first and second equations of Eq. 30 can
be written as
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P (60) = 05 e (6 3 Au u® (£2) + o (60) u (60)

C(Sl)(éo) v(l)(Eo) + C?)(Eo) w(l)(go) ............................................................ (31)

The remaining conditions may be written as an expressions similar to Eq. 31.
The boundary conditions at point N +1 are

U=10 ; V=0 ; W=0 ; Or=( -orreveerearrrrii . (32)

Following the same procedure Eq. 32 becomes
u(N) (5M+1) = 0; U(N)(EM+1) = 0; w(N) ($M+l) = 0;
C17) (5M+1) u(N) ($M+1)) + C (5M+1) 2 AquJ w(N) (EJ 1) =) ereerererreeciiiieiin (33)

Finally, eight equations can be written in the matrix form as follows :

[ (1)] {5(1)} [ (l)] {3(1)} — {0} at pomt 1 T ..................................... (343)

[ gN)]NJrl {6(CN)} + [ EBN)]N+1 {6(2N)} — {0} at point NATereeeieenaens e (34b)

in which [4]; and [y%]y,1 =the 4 X4M matrices, respectively ; [4%], and [y¥ 1=
the 4 X8 matrices, respectively ; and {§{’} and {§}’} =the 4M and 8-dimensional vectors,
respectively, with components by Eqs. 25 and 26. In Eqs. 34, the subscripts ¢ and e refer
to the interior collocation points and end points, respectively, and the superscript (7), 1=1,
N, is used to represent the ith element. Furthermore, [ ];(/=1, N +1) denotes the point
7°'on the meridional coordinate. ~

8(N — 1) Equations.—— From the continuity conditions at the points 7 (=2, ..., N), we
have.8 (/N —1) equations. Here consider one of the eight conditions (Eq. 10), say @ -v=
0% With Egs. 20 and 8 this condition yields

M+2 .
oy (Enrsr) ALY (Enmrr) + C(l b (Enrer) 21 Az w'ih (&;20)
=
M+2 .
= i (&) u'? (&) + 8 (&) 21 Ary D (&5 1) wremremrrremerie (35)
=
The remaining conditions may be similary formed, and the complete set of equations may

be written as an expression similar to Egs. 34.

[0 (34°0) + [V 852) + [0 (88%)

+ [ (l)] {3(1)} = { } ................................................................................. (36)

in which =2, 3, ..., N; [¥¢-V]; and [7£’]; =the 8 x4M matrices, respectively ; [47"];

and [y¥];=the 8><8 matrices, respectively ; {8~} and { 8"} =the 4 M-dimensional vectors,
respectively ; and {8¢~V} and {8é”} =the 8-dimensional vectors, respectively.

4 (M+2) N Equations. —— Writing Eqs. 34 and 36 together, as a single matrix equation,
we have
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[7e] {86} [re] {8e) = {0} rroevermmmmmiimn (37)

in which [yc] and [ye] =the 8N X4M N and 8N X8Nmatrices, respectively ; and {8}
and {¢.} =the 4MN and 8N-dimensional vectors, respectively. A typical matrix, say
[v.] , is made up from appropriate submatrices as follows : ‘

& |

[r& ] wen |

Finally, combining Egs. 28 and 37, we obtain the following matrix equation for any

time 7 :
lae] | ] | ((8e) (b)) [[81: [01] ((57)
,,,,,,, ] B I G e G TN 1)
[76] [79] {ae} ) T {0} ) T [0] [0] {0} 3T
If the matrix [v.] is nonsigular, the lower half of Eq. 39 can be rearranged
(86} = — [yel ™ [yel (e} wreererememmmmerenenrmeies st e (40)
Substituting Eq. 40 into the upper half of Eq. 39, we arrive at the modified equation
([ac]_ [ae] [78]‘1 [70]),1{56} = = {pc}’r+_[ﬁc] {56},r DS (41)

For dynamic problems, a time integration scheme can be used to establish an algebraic
system of pseudstatic- equations from Egs. 39 and/or 41. On the other hand, Egs. 39
and/or 41 are reduced to static problems when intertia effects are not considered.

5. Numerical Studies

The versatility and accuracy of the present method are demonstrated by several
numerical examples.

(1) Static Analysis ; :
Cylindrical Shell undev Liquid Pressure.—— A cylindrical shell under liquid pressure is
analyzed. Details of the shell are given in Fig. 2. The shell was modeled as one element
with five different values of the interior collocation points, M. Fig. 2 shows the results for
the normal displacement and the meridional moment. Also shown are numerical results
from a closed-form solutions”.

It is observed that the present solutions are in excellent agreement with the closed-
form solutions. Also, it is found that high accuracy can be achieved with a relatively small
number of collocation points. Based on the results in this analysis and previous results®,
we used in all following analyses 11 collocation points (i. e. M =11) per element. -

Deep Spherical Cap. —— To examine the applicability of the present method to the
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Fig. 5 Dynamic responses of spherical

cap ;(a) normal displacement
at apex ; (b) meridional stress
resultant at clamped end.

differential equations with variable coefficients, and to verify the method sensitivity to
complicated stress variation, a spherical cap under uniform loading is considered. The

dimensions and material properties used are given in Fig. 3.

The same cap has also been discussed by several authors who used conical and curved
shell elements, and it was pointed out that the application of the conical shell element to
a deep cap yields residual bending moments in an area where membrance forces are
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predominant.
For the present study, the cap was modeled by two different subdivisions ; one element
and two elements with equal meridional length. Fig. 3 shows the distribution of meridio-
nal moment. The results using the conical shell element is also shown in Fig. 3 for
comparison. As can be seen the one elememt solution agrees reasonably well with the
curved element solution whereas the two element solution almost coincides with the curved
element solution®, (which is not shown in Fig. 3).
(2) Dynamic Analysis [T g

Shallow Spherical Cap. —— A shallow spheri- 0 RN A Fe

cal cap subjected to a pulse loading, as shown ) 4 q@’htg’ qz?l ’3 _
in Fig. 4, is considered. The same cap was A )*4 4 R ) |
analyzed by Klein and Sylvester'® who used a A

conical shell element, together with an inte-
gration scheme of Chan, Cox and Benifield'".

In the present study, the cap was divided 1ok ~
into 2 elements of equal meridional length.

a2

I0ERW
o
D,D-'
‘Du_b\_h
> -

fundamental period of the cap.
The normal displacement at the pole and
meridional force at the clamped end are

.. . . ) 2 n| FOM _[Thisstudy
The time integration was carried out with the u ol )
method of Chan et al'”. and the time step was 08 (b) ok
taken as A4t=10"% sec (about 7;,/54) to corre- Q”‘% q 3 3? |
> 0 Jb o d N
YIRAT

pond timewise to the Ref. 10), where T is the é 03

003 15 21 27
Time(microseconds)

shown in Fig. 5 for a duration 3x107* sec.
The results obtained are identical to the ones
presented in Ref 10). Additional solutions  Fig. 7 Dynamic responses of cylin-
obtained with time steps of 4#=0.15x10"* drical shell ; (a) normal dis-
sec and 4£=0.05%10"* sec showed no appre- plac_e r.nent at f‘ree end ; (b)

; . meridional bending moment at
ciable differences in the results. clamped end.
Cylindrical Shell. —— A cylindrical shell
shown in Fig. 6 is considered. The shell is subjected to a blast loading which varies in the
meridional direction and is expressed by using the Fourier harmonics for =0 through n=
2.. '

For the present analysis, the shell was divided into three equal-length elements.
Houbolt’s solution procedure!? with the time step of 5x10™ sec (about 7,/88) was used,
where 7; equals the fundamental period of the shell.

The normal displacement at the free end and the meridional moment at the clamped
end are plotted against time in Fig. 7. The results are compared with those obtained by
Johnson and Greif'®, using a finite difference method for the space and employing
Houbolt’s method for the time. It is noted that the present results using 11 collocation
points per element agree reasonably well with those obtained using 90 finite difference
stations.
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6. Summary and Conclusions

A simple yet an efficient solution scheme utilizing the collocation method was pre-
sented for static and dynamic response analysis of shells of revolution. From the numeri-
cal examples studied, it is observed that the results obtained are in excellent agreement
with those obtained from other analytical and numerical studies. Also, it is found that the
proposed method will yield relatively high accuracy using coarse discretitations in space
and large increment of time variables.

The method can handle, without special treatment, a variety of edge support condi-
tions. Furthermore, the method may be extended, with the aid of suitable continuity
equations, to systems consisting of several shells of revolution of different shapes.
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