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Abstract

A class of representations on the Hilbert space L*(R?) (d > 2) of the
quantum plane (Ci and the quantum algebra Ug(slz) is presented. The
boundedness and the unboundedness of the representations are discussed.
A physically interesting example of the representations is shown to appear
in a two-dimensional quantum system with a magnetic field concentrated
on an infinite lattice.
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1 Introduction

In the previous paper [2] (cf. also [1]), the author considered a quantum system
in the plane R? which is under the influence of a perpendicular magnetic field
concentrated on an infinite discrete set D of R? and showed that, in this quantum
system, there appear, in a natural way, representations of the canonical com-
mutation relations (CCR) with two degrees of freedom. Interestingly enough,
these representations are not necessarily unitarily equivalent to the Schrédinger
representation of the CCR with two degrees of freedom and each inequivalent
representation physically corresponds to the occurrence of the Aharonov-Bohm
effect in the context of the quantum system under consideration. Moreover, in
connection with the inequivalent representations with D being an infinite lattice,
bounded operator representations of the quantum plane Cg and the quantum
algebra Uy (sly) with |¢| =1 (¢ € C) were constructed as well as their reductions
to lattice quantum systems.
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From a mathematical point of view, it would be natural to ask if there is
any general structure behind the representations of CZ (|¢| = 1) constructed in
[2]. This is one of the motivations for the present work. In this paper, we show
that the answer is affirmative, presenting a general theory of representations of
C2 on the Hilbert space L? (RY) (d > 2) with |g| not necessarily equal to one.
This general theory, of course, includes, as examples, the previously obtained
representations of (C3 mentioned above. A new feature of the representations of
(C(QJ given in this paper is in that they may be unbounded.

As for work related to the present one, we mention only Schmiidgen’s pa-
pers [6, 7, 8], which may have close connections in theoretical structures and
mathematical methods. In [6] (resp. [7]), *-representations of the real quantum
plane R2 (resp. R2, the real quantum hyperboloid X, and SLy(2,R)) with
lg| = 1 are discussed, while those of U, (slo(R)) with |g| = 1 are investigated in
[8]. We remark that, in the present paper, we do not consider #-structures of
the representations constructed.

The present paper is organized as follows. Section 2 is a preliminary, where
we define a class of closed linear operators on L2(R?) constructed from the
Schrédinger representation of the CCR with d degrees of freedom. In Section
3 we present a general scheme for the construction of a class of representations
of C2 on L*(R%). Here we see that, to obtain an unbounded operator represen-
tation, the constituent operators of the representation are required to have a
common invariant domain. A possible form of such an invariant domain is given
in Section 4 in the case d = 2. In the paper [1], we showed a scheme to obtain
representations of Uy(sly) from a representation of (Cg. Using this scheme and
the results in Section 3, we present in Section 5 a class of representations of
U, (slz) on L2(R?). In the last section, we consider a two dimensional quantum
system with a singular gauge potential determined by a meromorphic function
of which poles are on an infinite lattice and show that representations of (C(QI
(resp. Uy(slz)) of the type discussed in Section 3 (resp. Section 5) are realized
in this system.

2 Preliminary

For each vector a € R? (d > 2), we define a unitary operator V' (a) on the Hilbert
space L2(R%) by

(V(a)Y)(x) ;== ¢(x +a), 1€ L*(R?), a.e.(almost everywhere) x € R, (1)

Let G be a Borel measurable function on R? a.e. finite. We denote the mul-
tiplication operator by the function G on L?(R?) by the same symbol G. The
following lemma is well-known (or easily proved):

Lemma 1 Let G4(x) := G(x + a), a.ex € RY. Then, for all a € R?, the
operator equality V(a)GV (a)* = G, holds, where V(a)* denotes the adjoint of
V(a).



Let
T(a) :== GV (a). (2)
Since the function G is a.e. finite, the multiplication operator G is a densely

defined closed linear operator on L?(R?). It follows that the same holds for
T'(a). But T'(a) may be unbounded. Note that the operator equality

G=T(aV(a)™* (3)

holds. Some basic properties of the operator T'(a) are summarized in the next
proposition:

Proposition 1 Let T'(a) be as above. Then:

(i) The operator T'(a) is bounded if and only if the function G is essentially
bounded on Re. In that case, D(T(a)) = D(G) = L?(R%).

(ii) The operator T(a) is unitary if and only if |G(x)| = 1,a.e.x € R
(ifi) Let
Ng := {x € RYG(x) = 0}. (4)
Then T'(a) is injective if and only if the Lebesque measure |[Ng| of Ng is

equal to zero. In that case, G is injective with T(a)~™! = V(—a)G~! on
D(G™Y).

Proof. (i) Let T'(a) be bounded. Then it follows from the closedness of
T(a) and the denseness of D(T'(a)) that D(T'(a)) = L?(R?). Hence, by (3), G
is bounded with D(G) = L?(R%), implying that the function G is essentially
bounded on R?. Proving the converse statement is easy.

(ii) If T'(a) is unitary, then, by (3), G is unitary. This implies that |G(x)| =
1, a.e.x € R0 The converse statement can be easily proved.

(iii) Suppose that T'(a) is injective. Then, by (3), G is injective. On the
other hand, it is easy to see that ker G = {¢ € L*(R?)|{x € Kijly(x) # 0} C
Ng} - (%), where Ky is a null set of R? depending on 9. Hence |Ng| must be
zero. Conversely, suppose that |Ng| = 0. Then, by (x), ker G = {0}. Hence
G is injective, which, together with the injectivity of V(a), implies that T'(a) is
injective. O

For each vector b € R, we define a unitary operator
U(b) := P> (5)

(the multiplication operator by the function : x +— ¢™®*) on L?(R?). It is easy
to see that 4
V(a)U(b) = ¢®PU(b)V(a), a,becR? (6)

the d-dimensional form of the Weyl relation.
Proposition 2 For all a,b € R, U(b)D(T(a)) = D(T(a)) and
U(b)T(a) = e~®PT(a)U(b).



Proof. Direct computation using (6) and the commutativity of G with U(b).
O

Proposition 3 For alla € R?, T'(a)* = (G*)_aV(—a) and D(G) C D(T(a)*).
Proof. By Lemma 1, we have T(a) = V(a)G_,. Since V(a) is bounded, it
follows that T'(a)* = G* ,V(a)* = (G*)_aV(—a). Let v € D(G). Then

/ (G)—a )|V (~a)) (x)|2dx = / G 2l () Pdx < oo.
Rd Rd

Hence ¢ € D(T'(a)*). O

3 A Class of Hilbert Space Representations of
the Quantum Plane

Let w; and wy be linearly independent vectors in R%. Suppose that there exist
non-zero Borel measurable functions F; : R? — C (j = 1,2) a.e. finite and a
constant ¢ € C\ {0} satisfying

Fi(xX)Fy(x + wy) = ¢Fy(x + W2)Fa(x), a.exc R (7)
A simple example satisfying the functional equation (7) is given as follows:
Example 1 Let u,v € R? o, 3 € C and g := efW1v—ow2u_ [et
Fi(x) := e Fy(x) := V.
Then it is easily checked that these F} and F; satisfy (7).
We define
Tj = FiV(w;), j=1,2. (8)
Theorem 1 For all ¢ € D(TY) N D(Ty) and ¢ € D(T1) N D(Tz),
(T7, Tag) = q (1394, T1¢) , (9)
where (-, -) denotes the inner product of L?(R?).

Proof. We have (T7), Ta¢) = [pu F1(x — W1) Fa(x)0(x — wi)*d(x + wa)dx
and

(T3, Tvd) = / Fy(x — wa) Fiy (x)1(x — w)) " (x + w1 )dx.

Rd

By change of variables and condition (7), one sees that (9) holds. O
Theorem 1 and Proposition 1-(i) imply the following result:



Corollary 1 Suppose that Fy and Fy are essentially bounded on R®. Then T}
and Ty are bounded with D(T;) = L*(RY) (j =1,2) and T1 T = qT>Ty.

Thus, in the case where Fy and F; are essentially bounded, the set {T7,T5}
of operators yields a bounded operator representation of the quantum plane (C(QI
with ¢ # 0,+1 ([4, 5]).

In the case where at least one of F} and F5 is not essentially bounded on R,
however, we need some condition for {T7,T5} to give a representation of Cg:

Corollary 2 Suppose that there exists a dense subspace D in L*(R?) such that,
for j =1,2, V(w;)D C D and F;D C D. Then T;D C D (j = 1,2) and
T]_Tg = qT2T1 on D.

Proof. The property T;D C D follows from the present assumption and the
definition of T;. By Proposition 3, D C D(T}) N D(Ty). Hence, by Theorem 1,
we have that, for all ¢, ¢ € D, (¢, T1Ta¢) = (¢,qT2T1$). Since D is dense, we
obtain the desired result. O

Suppose that the assumption of Corollary 2 holds. Then we can define the
algebra generated by T7|D (the restriction of 77 to D) and T|D. We denote it
Ow, wo (D). We define

O,y (D) 1= {B € B(L*(RY)| (B¢, Ty0)) = (T 6, BY) 6,00 € D,j = 1,2},

(10)
the weak commutant of Oy, w, (D), where B(L?(R?)) denotes the Banach space
of all bounded linear operators B on L?(R%) with D(B) = L%(R?).

Proposition 4 Let a € R? be such that a-w; € 2nZ,j = 1,2 and U(a)D C D.
Then U(a) € Ow, w,(D)".

Proof. Applying Proposition 2, we have U(a)T; = T;U(a), which implies
the desired result. (]

4 Invariant Domains in the Case d = 2

In this section, we consider the case d = 2 and suppose that w; x wy > 0.
In this case, a possible invariant domain for 77 and 75 can be constructed as
follows. We first introduce a subset LL; of R? (j = 1,2) by

Ly := Unez{tW1 + nw2|t S R}, Ly := Umez{mwl + th‘t S R} (11)

Note that
LiNLy = Lw, w, := {mw1 + nwy|m,n € Z}, (12)

a two-dimensional lattice. The set

Q:=L$NL§ = (Ly ULy)® (13)



is an open set in R?. Tt is easy to see that
Qxw; =Q, j=12 (14)

Hence 2 has the translation symmetry with vectors £w; (j = 1,2). We de-
note by C§°(2) the set of infinitely differentiable functions on R? with compact
support in €.

Proposition 5 Suppose that each F; (j = 1,2) is infinitely differentiable on 2.
Then T;C§°(2) C C3°(Q) and ThT> = qT5Ty on C§(9).

Proof. We have F;C3°(Q) C Cg°(2). By (14), V(w;)C5°(Q) C C§°(9).
Thus the desired result follows. O

5 A Class of Hilbert Space Representations of
Uq(812>

For a complex number ¢ € C\ {0, —1, 1}, the quantum algebra U, (slz) is defined
to be the complex associative algebra with unit 1 generated by four elements
E,F, K, K~ subject to the following relations [4, 5]:

KK '=K'K=1, KEK '=¢°E, KFK'=q¢?F (15)
K—-K!

q—q '’
where [X,Y] := XY —YX. As is shown in Lemma 4.1 and Lemma 5.1 in [1]
(cf. also [9]), there is a general scheme to construct a representation of U, (sla)

from a representation of the quantum plane (Cz.
Let T and T5 be as in Section 3.

[E,F]| = (16)

Theorem 2 Assume that |[Np,| = 0,j = 1,2. Suppose that there erists a
dense subspace D in L*(R?) such that, for j = 1,2, V(w;)D C D and F;D C
D, Fj*lD C D. Leta,b,a’,b/ € C be constants satisfying

v 1
abg="" = ——— (17)
q (@—q71)
and
E:=Ty(aTy +dTy DT, F =TTy + 0Ty T, 0, (18)
K: =T} K ':=(T,")% (19)

Then the set {E, F, K, K~} generates a representation of Uy(sla) on the vector
space D.

Proof. Apply Lemma 4.1 in [1] to the representation {13, T>} of CZ. O

We denote by Il p.47,1v the representation of Uy(sle) given in Theorem 2.



Proposition 6 There is no finite dimensional subspace M of D which reduces
the representation IL, p.qr 1 and in which the highest weight of Iy p.qr v | M is not
equal to —a’ Jaq?.

Proof. Suppose that there is a finite dimensional subspace M of D which
reduces the representation Il, ./ 5. By a general fact on finite dimensional rep-
resentations of Uy (slz) ([4, Proposition VI.3.3]), The representation Il p.q/ | M
has a highest weight vector ¢ € M \ {0}: Ev¥ = 0 and K¢ = Ay with highest
weight A € C\ {0}. Then

Ty(aTy + d'Ty )Ty ' =0, (20)
Fo(x)Fo(x + wo )b (x + 2wp) = Mp(x), a.ex € RY (21)

By (20) and the easily derived relation ToT; ! = ¢T7 *Ts, we obtain (ag?) +
a )Ty Y = 0. Hence ag?\ + a’ # 0. Therefore A = —a’/aq?. This implies the
desired assertion. (]

Theorem 3 Suppose that the following (i) or (ii) hold:
(i) For a constant ¢ > 0, |Fa(x)| = ¢, a.e.x € RY,
(i) [F2(x)[* > [a'|/|allg*, a.e.x € RY.

Then there is no finite dimentional subspace M of D which reduces the repre-
sentation Il p.qr b -

Proof. By a general fact on finite dimensional representations of U,(slz)
([4, Proposition VI1.3.3]), we need only to show that the representation IL, .4/ 1/
has no highest weight vector. Let ¥ be a vector in D such that EY = 0 and
K¢ = Mp with A € C\ {0}. Then (20) and (21) hold. By Proposition 6,
we need only to consider the case A = —a’/aq® # 0. Then, by (21), we have
B (0l B (x + wa) [ + 2ws)]| = |a[6(x) /|allg-

Let condition (i) be satisfied. Then we have k|¢(x + 2wz)| = |9 (x)| with
k = la|lg|*c®/|a’|. Since ¢ is in L*(R?), it follows that k = 1. Then [¢(x +
2ws)| = [¢(x)|. But this implies [p, [#/(x)|*dz = oo if ¥ # 0. Thus ¢ = 0.

We next consider the case where condition (ii) holds. In this case we have
|¥(x + 2w2)| < [p(x). This inequality and condition ¢ € L?(R¢) imply that
P =0. O

The element C' defined by

gK =2+ ¢ 1K~!
(g—q7')?

is called the Casimir element of U,(sly) and commutes with E, F, K and K.
In the representation Il p.q/ 1/, We have

C = +FE (22)

2

Ha,b;a’.b/ c :a/b“i’ab/* T T 1\2
#(©) (g—q1)?

(23)

which is a scalar.



Theorem 4 Let I, p.q 1 and I g ¢ be two representations of Uy (sla) of the
form given in Theorem 2. Suppose that a’b+ ab’ # /d+ cd’. Then I, .o 1 is
not unitarily equivalent to Il. g.cr a .

Proof. If 1, p.q' 3 is unitarily equivalent to II. 4./ ¢+ with a unitary operator
U, then Ull, p.q p (C)U ™ = U, 4. s (C). Hence, by (23), we have a’b + ab’ =
c'd+ cd'. But this is a contradiction. O

Proposition 7 Let Iy and Fy be essentially bounded and 2, be the x-algebra
generated by E,F, K, K=" in Theorem 2. Then A, 15 not irreducible.

Proof. Let W be the two-dimensional subspace generated by w; and wso
and {f1,f>} be an orthonormal basis of W. We expand w; (j = 1,2) as w; =
wjifi + wjofs (w1, w2 € C) and define a matrix

T .— w11  wWi2

’ wa1  Wa2
Then T is regular. For each n = (n1,n3) € Z X Z, we define (an1,an2) € C? by
(an1,an2) = 27T 'n. Then the vector a, := anifi + an2f> satisfies a, - w; =
2mn; € 2nZ. Hence U(+a,) commute with £, F, K and K~!, and hence all

those of A, (note that U(an)* = U(—an)). Therefore the commutant of A, is
not the set of scalar operators. Thus 2, is not irreducible. 0

6 Representations of C? and U,(sl;) in a quantum
system with a singular gauge potential

In this section we consider a two-dimensional quantum system with a perpen-
dicular magnetic field concentrated on the infinite lattice Ly, w, defined by
(12).

For a vector a = (a1, as), we denote its corresponding complex number by
a=ai +ias.

Let f be a meromorphic function on C\ {nwy +mws|m,n € Z} with possible

poles on the points nw, + mws (m,n € Z) (w; = wj1 + iwjz). Then one can
define a gauge potential A on

M := R*\ Lw, w, (24)

by
A(x) = (A1(x), 42(x)) (25)

with
Ay (x) =S f (21 +iz2), Ax(x):=Rf(z1 +izr2), x=(x1,22) € M. (26)
The magnetic field B is defined as a distribution on R? by
B = Dy Ay — Do Ay, (27)



where Dj is the distributional partial differential operator in z;. Each compo-
nent A; (j = 1,2) is infinitely differentiable on M. By the Cauchy-Riemann
equation for f, we have

8A1(X) + 8A2(x)
81‘1 6$2

=0, xeM. (28)

Hence the magnetic field B is concentrated, as a distribution, on the set Ly, w,-
Let

FAx) =A™ xeR2\L, (29)
with o € C\ {0} and
. xX+w;
19 (x) = / AX) - dx', xeR?\L;, (30)

where the integral f:erj means the line integral along the straightline : t —
x+tw;,t € [0,1].
Let
Q1= Mwy + nws. (31)

and Res(Qy, », f) be the residue of f at z = Q.
In what follows, we assume that

cg = R(Res(Qmn, f)), (32)

the real part of the residue Res(Qy, p, f), is a non-zero constant independently
of (m,n) € Z%. A class of such meromorphic functions f is easily constructed
1, 3].
We introduce a constant:
(o = €27 (33)

Lemma 2 For all x € €,
F ()3 (x + w1) = qo Ff (x + wa) B (x). (34)
Proof. 1t is sufficient to show that, for each x € €,
1D (x) + 1) (x + w1) — I3 (x + wa) — 1Y) (x)) = 2mey. (35)

Let L be the left hand side of this equation. It is easy to see that L =
R fc f(2)dz, where C is the closed curve starting and ending at x which is
a composition of four straight lines going as * — x + w; — = + wy + we —
T 4+ wy — x, forming a parallelogram. There exists a unique (m,n) € Z? such
that €2, is in the interior of C. Hence, by the residue theorem, we have
Jo f(2)dz = 2miRes(Qp i, f). Thus L = 2mcy. O

We define
TH = FAV(w)), j=1.2 (36)



Theorem 5 Fach T]A leaves C§°(QY) invariant and
TRTS = g T T (37)
holds on C§°(2).

Proof. Tt is easy to see that the function F JA is infinitely differentiable on €.
Hence we can apply Proposition 5 with F; = F f‘ to obtain the desired result.
O

Thus {T{*, T5*} gives a representation of the quantum plane C2_ on C§°(9).
We next consider the boundedness of this representation.

Theorem 6 Let ' = 0. Then each TjA s unitary.

Proof. If R = 0, then |[FA| = 1. Hence, by Proposition 1-(ii) T/ is unitary.
O

In the case where Ra # 0, for each j = 1,2, we introduce two real-valued
functions R? \ L; as follows:

z+wj
K;(x) := (é}ta)%/ f(z)dz, xeR*\L;. (38)
€T
Proposition 8 For each j =1,2, T]A is bounded if and only if the function K;
is bounded above on R? \ L;.

Proof. By Proposition 1, T and T#* are bounded if and only if FA and Ff*
are essentially bounded on R2. Note that

rt+w;

19(x) = %/ f(2)dz, xeR2\L,.

Hence |FJA(X)\ = eli®) | x € R?\ L;. Obviously each K; is continuous on .
Therefore F ]-A is essentially bounded on R? if and only if K; is bounded above
on R?\ L;. O

We can apply Theorem 2 to the representation {77, T} of the quantum
plane (Cga to obtain the following result:

Corollary 3 Let a,b,a’,b' € C be constants satisfying

abge = 2¥ — IR (39)
o (¢a — aa")
and
Ea = TMaT +d (T8 )(Th) (40)
Fa =TT + 6T HTd) (41)
Ka:= (T8, Kxt= (T80 (42)

Then the set {Ea, Fa,Ka, K;l} generates a representation of Uy, (sla) on the
vector space C§°(£2).
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