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ABSTRACT

Dust particles exposed to the stellar radiation and wind drift radially inward
by the Poynting-Robertson (P-R) drag and pile up at the zone where they begin
to sublime substantially. The reason they pile up or form a ring is that their
inward drifts due to the P-R drag are suppressed by stellar radiation pressure
when the ratio of radiation pressure to stellar gravity on them increases dur-
ing their sublimation phases. We present analytic solutions to the orbital and
mass evolution of such subliming dust particles, and find their drift velocities
at the pileup zone are almost independent of their initial semimajor axes and
masses. We derive analytically an enhancement factor of the number density of
the particles from their drift velocities at the outer edge of the sublimation zone.
We show that the formula of the enhancement factor reproduces well numerical
simulations in the previous studies. The enhancement factor for spherical dust
particles of silicate and carbon extends from 3 to more than 20 at stellar luminosi-
ties L, = 0.8-500L,, where L is solar luminosity. Although the enhancement
factor for fluffy dust particles is smaller than that for spherical particles, sub-
limating particles inevitably form a dust ring as long as their masses decrease
faster than their surface areas during sublimation. The formulation is applicable
to dust ring formation for arbitrary shape and material of dust in dust-debris

disks as well as in the Solar System.
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1. INTRODUCTION

An accumulation of interplanetary dust grains at their sublimation zone proposed by
Belton (1966) is now known as a mechanism to form a dust ring. Refractory dust grains
drift toward the Sun by the Poynting-Robertson drag (hereafter P-R drag) and sublime
in the immediate vicinity of the Sun. Because the particles lose mass during sublimation,
the ratio of radiation pressure to gravity of the Sun ordinarily increases. As a result, their
radial drift rates decelerate and the particles pile up at the sublimation zone (e.g., Mukai

and Yamamoto 1979; Burns et al. 1979).

In steady state, the number density of dust grains is determined by their inward
mass flux due to the P-R drag and is inversely proportional to distance from the central
star, irrespective of their shapes and materials. The location of the sublimation zone and
the enhancement factor of the number density at the sublimation zone, however, depend
on the dust shapes and materials through their optical and thermodynamical properties.
Because the shape and material dependences are highly complex, previous studies were
conducted for specific shapes and materials without generalization of the results. These
studies show that the number density is enhanced by a factor of five due to sublimation
for spherical silicate grains and ten for carbon spheres at a few solar radii from the Sun
(Mukai and Yamamoto 1979). The results appear to be significantly different if one deals
with dust grains having highly porous structures (Kimura et al. 1997). Icy dust grains also

pile up at the ice sublimation zone in dust-debris disks around main-sequence stars. The
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number-density enhancement factor is about three at 20-40 AU for L, < 30L: and more

than 20 at 65(L,/100Ls)?AU for L, > 30L, (Kobayashi et al. 2008).

Analytical solutions to the equation of motion for subliming dust in electromagnetic
radiation and weak gravitational fields of a star have not yet been found. Therefore, the
previous studies were carried out by numerical integrations of the equation of motion along
with the mass loss rate by sublimation. In view of the rapid development of observation
facilities to directly image debris disks around main-sequence stars, we need a model
that allows us a comparative study of the orbital and mass evolution (including pile-up)
of dust grains in the disks without carrying out numerical simulations for specific dust
parameters such as material, shape, and structure. This paper presents analytical solutions
to orbital and mass evolution of subliming grains in nearly circular orbits valid to the
first order in eccentricity in the elliptical expansions. We also derive steady-state analytic
formulae for the location and concentration of a dust ring as functions of the optical
and thermodynamical properties of the grains. In §2, we describe equations of motion
and a sublimation rate. In §3.1, we develop a formulation of orbital-averaged temporal
differentiation of orbital elements and masses of dust grains under the influence of P-R drag
and sublimation. Because we are concerned with the orbital and mass evolution of dust
grains with low eccentricities, the orbital-averaged temporal differentiations are expanded
in the orbital eccentricity in §3.2. For the evolution of the orbital elements and dust mass,
we derive analytic approximations accurate to the first order in the eccentricity in §3.3. The

enhancement factors of the number density and the optical depth for dust grains are given
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in §3.4. Our main results are summarized in §4 with a crude application of the formulae to

given systems.

2. BASIC EQUATIONS
2.1. EQUATION OF MOTION

A solid object that is not separable without external forces is referred to as a dust
particle throughout the paper. We do not limit our treatment to compact spherical particles
but deal with any shapes and structures of dust by bearing fluffy dust aggregates in mind.
We consider the dynamical effects of stellar gravity, radiation, and wind acting on randomly
rotating dust particles in orbit around a star. The equation of motion for a dust particle of
mass m at position r with respect to the central star of mass M, is given (e.g., Burns et al.
1979) by

d?r _GM,

are 72

(1 = Biota)? + Bpr (2?73 + U—Ceéﬂ : (1)
where r = |r|, # = r/r, 0 is the unit vector perpendicular to 7 in the particle’s orbital
plane, v, and vy are the 7 and 0 components of the velocity of the particle, GG is the
gravitational constant, ¢ is the speed of light, Bi.a1 is the ratio of the radial force due to
direct pressures from both stellar radiation and wind to the stellar gravitational force, and
Opr is the coefficient of P-R drag from the stellar radiation and the stellar wind. The first

term in the brackets represents the sum of the gravitational force and the pressure force

due to the stellar radiation and wind and the second term represents the P-R drag from the
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stellar radiation and wind. We call the term involving (i in Eq. (1) the pressure force

and the term involving Opg the P-R drag.

The ratio [ita is expressed by

ﬁtotal = 5 + ﬁswa (2)

where (3 is the ratio of the electromagnetic radiation pressure to the gravity force and [
is the ratio of the stellar wind pressure to the gravitational force (e.g., Burns et al. 1979).
Using momentum-transfer cross-sections of particles of mass m from the stellar radiation,
Cor, and from the stellar wind, Cy, the ratios § and g, are given by (Gustafson 1994;

Minato et al. 2004; 2006),

L*Cpr M*T)sw C_(sw

b= AncGM.m’ Pow = AnGM.m’

(3)
where M, is the stellar mass-loss rate by the stellar wind. Here, Cpr is the radiation-pressure

cross-section Cp, (A, m) averaged over the stellar radiation spectrum and is given by

B 47 R?
=

Cou(m) /O T B m)d, (4)

where B,(\) is the stellar radiance at a wavelength of A\ and R, is the stellar radius.

Similarly, Cg, is the momentum-transfer cross-section Cgy, (vsy, m) averaged over the stellar

wind velocity distribution and is given by

Cow(m) = ! / Fow (Vsw) Cisw (Vsr» ) Vsy A0y, (5)

Us

where 74, is the mean radial velocity of stellar wind, v, given by

Usw = / Uswf swW (Usw)dvsw (6)
0
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with fsw(vsw) being the distribution function of radial velocities of stellar wind normalized

such that

/0 o () = 1. (7)

The coefficient of the P-R drag, fpr, is given by (Minato et al. 2004; 2006)

Brr = B(1+7), (8)
where
M2 C.,
"SI, 9)

is the ratio of the stellar-wind P-R drag to the stellar-radiation P-R drag. The value of 7 is

o) (2) (%) a

implying that the stellar wind drag is important unless L,/ M, > Lg / M., where M, is

evaluated to be

the mass loss rate of the present Sun by the solar wind (Minato et al. 2006). On the other

hand, the ratio of the wind to radiation pressure forces is evaluated to be

ﬁsw . 4 M* L, - Csw Usw
B 5> 10 M, ) \ Lo Cor ) \45x 10" cm st )~ (11)

The stellar wind pressure is ineffective unless (M, /M) (L./Le)~" = 10°.

2.2. SUBLIMATION RATE

Particles drift radially inward from an outer region of a circumstellar disk by the

P-R drag and then sublime at a certain distance from the star. When they lose mass by
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sublimation, the mass sublimation rate for a particle with its total surface area A is given

dm My
—— = AP,(T)4/ 12

where p is the mean molecular weight of the dust material, m,, is the atomic mass unit, and

by

k is the Boltzmann constant. We neglect other mass-loss mechanisms such as sputtering by
stellar wind and UV radiation. The saturated vapor pressure P, at the dust temperature T'

is expressed by

(13)

P.(T) = By(T) exp (—“m“H ) ,

kT

where Py(T) is only weakly dependent on 7" and H is the latent heat of sublimation.

The temperature T of a dust particle is determined by energy balance among
absorption of incident stellar radiation, emission of thermal radiation, and the latent heat of
sublimation in general. However, even in the region where sublimation starts substantially
(Stage 11, see §3.2), the energy released by sublimation is much smaller than the energy
absorbed from the central star and the energy emitted as thermal radiation (Mukai and

Yamamoto 1979). Hence, the equation of energy balance can be approximated by

R\?| L,C _
1—4/1— (== Y T4 14
(7’) 21 R2 CaospT™, (14)

where ogp is the Stefan-Boltzmann constant and C, and C’d(T, m) are its mean absorption
cross-section for stellar radiation flux and its Planck mean absorption cross-section with 7T,

respectively, given by

Cu(m) — /0 T B () Cane (M)A, (15)
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_ 1 o0
CuTom) = — /0 B\ T)Clas (A, m)d, (16)

where Cyps(A, m) is the absorption cross section of a particle with mass m at a wavelength

of A and B(A, T) = 2nhc® X\ 5[exp(he/AKT) — 1]71 is the Planck function at a wavelength of

A for the dust temperature 7" with h being the Planck’s constant.

3. ANALYTICAL CALCULATIONS

We deal with dust of arbitrary shape and structure as mentioned previously and derive
formulae applicable to study its orbital and mass evolution in this section. The formulae

for a compact spherical particle are summarized in Appendix A for reference.

3.1. ORBITAL-AVERAGED CHANGING RATES OF SEMIMAJOR AXIS,

ECCENTRICITY, AND MASS

The osculating elements of semimajor axis a and eccentricity e for an orbit of a dust
particle, which are defined in terms of its position r and velocity v at a moment, are given

(e.g., Burns et al. 1979) by

2 v? ~1

“ - |:; B (1 - ﬁtotal)GM*:| ’ (17)
_ _ r2v} F B 02

© \/1 (1 = Biota)) GM, |7 (1 — Brotal) GM, ) (18)
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Differentiating a and e with respect to time ¢ and substituting the terms on the

right-hand-side of Eq. (1) for v, we obtain da/dt and de/dt (cf. Burns et al. 1979)

da - Btotal a 1+ 2ecos f —+ 62 dm
dt B 771 - 6total m 1 —e2 dt
2or  GM, |
e €P:2)3 ” [1+ 2ecos f + €*(1 + sin® £)](1 + ecos f)?,
de _ ﬁtotal 1 dm
dt N ! 1- ﬁtotal m (e +eos f) dt
ﬁPR GM*

- & [e(2 +sin® f) + 2cos f](1 + ecos f)?,

where f is the true anomaly and

dIn 6t0tal

== dlnm

(19)

(20)

(21)

We note that n > 0 if the dust is larger than the wavelength A\, at the maximum stellar

radiation spectrum because Biota = 3 unless (M, /My)(L,/Le)~* > 10%. In this paper, we

consider dust particles with d3/dm < 0, which is satisfied by particles with sizes larger than

As. The first terms in Eqgs. (19) and (20) represent changes in a and e due to sublimation

and the second ones represent those due to the P-R drag.

When a dust particle drifts radially inward from an outer cold region by the P-R drag,

the timescales of changes in the orbital elements and the particle mass are much longer

than its orbital period Tx. Therefore, we take orbital averaging as

(F) L 2y
- t,
TK 0

2 _2)3/2
= i/ F AT
27 /o (1+ecos f)?

(22)
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The orbital average of Egs. (19) and (20) and the mass loss rate leads to

da T+ 62 n 2e - ﬁtotal a ﬁPRGM* 2+ 362

3, - m m P ) 2
<dt> n(1_62¢ +1_62¢ ) 1 = Brotar m ¢ a(l—e)s? (2]

de n n 6t0tal 1 55PRGM* €

- = m m) 3 5 ) 24
<dt> g (ew +¢ ) 1 — Biotar m 2c a?(1 — e2)1/2 (24)

<2—T> - (25)

with

__— 1 [*dm (1—¢e?)3?

Y = “or Jy dt (1+ecos f)2df’ (26)
- 1 [?™dm (1 —e?)%?
Im = 2, Ecosf(ljtecosf)2 ' (27)

The first terms on the r.h.s. of Egs. (23) and (24) are orbital-averaged changes caused
by an increase in the pressure force of Eq. (1) during sublimation, and, therefore, vanish
without sublimation. The second terms are the changes by the P-R drag of Eq. (1). They
are effective even if sublimation does not occur. Note that the first terms are positive for

1 > 0 with which we are concerned and the second terms are always negative.

3.2. ELLIPTIC EXPANSIONS

When they drift radially inward by the P-R effect with small eccentricities and sublime
in a certain zone, the orbital and mass evolution of dust particles is divided into three
stages (Kobayashi et al. 2008). The three stages are depicted in Figs. 1 and 2, for the
sake of simplicity, using spherical particles of radii s and mass m = 4wps®/3, where p is

the material density. Here we adopt physical values listed in Table 1 and v = 0, assuming
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that Py(T) is constant with 7. In Stage I, the semimajor axis of a dust particle decreases
mainly by the P-R drag while its mass gradually decreases as it approaches the central
star. Reversely, in Stage II, the semimajor axis increases slightly while the mass loss due
to sublimation is intensive. The duration in Stage II is determined by the mass-loss rate
whose timescale is comparable to the P-R drift timescale in Stage II. In Stage III, the
eccentricity pumps up to a value larger than 0.1 and the semimajor axis grows while the
mass slightly decreases. The drift rate, which determines the number density, varies from
stage to stage. In Stage I, the drift rate equals to that due to only the P-R drag, leading to
a number density is in inverse proportion to distance. In Stage II, the drift rate becomes
smaller than that in Stage I, because the inward drift is suppressed by an increase in 3 due
to mass loss by sublimation. This results in a pile-up of dust particles in Stage II. In Stage
I1I, the radial drift turns to be outward and the orbit becomes highly eccentric (e 2 0.1).
As a result, the contribution of Stage III to the number density is negligible compared to
those of Stages I and II. Therefore, the following analytic treatment for the number density

will be made for Stages I and II.

Considering dust particles drifting radially inward by the P-R effect starting from small

initial eccentricities ey, say ey < 0.1, we expand Egs. (23)—(25) in e as

_ PerGM, 2

da ﬁtotal a dm 9

dt) T Bgmm dt 2
<dt> 771 - 6totalm dt r—a C a +O(€ )’ ( 8)

de 1 1dlnP,\ dInT [ 1 dm 50prRGM, e )

a/ — a2 — —| -5 +0(){29
<dt> e (4 lenT) dlna 1 — Biopmm dt | _, % a2+ (e7){29)
dm dm )

<E> = | o) (30)
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where dm/dt|,—, is dm/dt at r = a. We can neglect the terms of the order e? and higher if

e (dnP,/dInT) oInT/dna|™" ~ kT/um,H.

For a dust particles in Stage II, its eccentricity increases by sublimation. The terms of

the order of €? and higher in Eqgs. (28)-(30) are not negligible if

e~ (dnP,/dInT) oInT/d0Ina|™". (31)

Then, || around the perihelion is much larger than that around the aphelion. The
semimajor axis and eccentricity of a particle increase around the time of its perihelion
passage without any substantial variation of the perihelion distance because the active
sublimation dominates the dynamics. On the other hand, around the time of its aphelion
passage, the perihelion distance as well as the semimajor axis and eccentricity decrease
by the P-R effect. In one orbital period, the perihelion distance decreases although the
semimajor axis and eccentricity in total increase because of the active sublimation around
the perihelion. Because sublimation becomes more active with decreasing perihelion
distance, the semimajor axis rapidly increases, namely, the particle is blown out. We

defined this stage as Stage III.

From the energy balance equation (14), we calculate the total derivative dInT'/dIna
along the orbital and mass evolution of a dust particle by replacing r by a in Eq. (14). The

result is given (see Appendix B) by

dinT 1 a m
_ O —ca) =24 39
dlna 4+ cp e ) (32)
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where

1 (R.\? 1
A_L(R , 33
2 ( a ) 1 — (R./a)*[1 —+/1—(R./a)? &

B dln O* B Jln Cd B Jln Od (34)
C*_dlnm’ ca= dlnm )’ or = olnT ) =

Note that A >~ 1 for » > R*. For large dust particles that behave like blackbodies, both

and

cross-sections C, and Cy reduce to the geometrical cross-section. Consequently, we see
cr =0 and ¢, = ¢q, and we get the well-known result that dInT/dIlna = —A/2 ~ —1/2 for

a> R,.

3.3. ANALYTICAL FORMULAE OF ORBITAL EVOLUTION
3.8.1. STAGE I

In Stage I, sublimation is negligible because of low temperature. The changes of the

semimajor axis and the eccentricity are given by

da o QGMBPR

e (35)
de . 5GM€ﬁPR
dt 2ca? (36)

neglecting the sublimation terms in Eqs. (28) and (29). This leads to the well-known

relation

a e 4/5
- = (= 37
0 (q}) , (37)
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first obtained by Wyatt and Whipple (1950).

Although the sublimation timescale of a dust particle is much longer than the drift
timescale in Stage I, the mass of a dust particle decreases as it approaches the central star.

The thickness [ of the dust-particle surface layer decreases with time as

- e I (38)
dt 2nkT p

This comes from Eq. (12) assuming uniform sublimation from the surface, where

—dm = pAdl. The thickness [ lost by sublimation during inward radial drift from r = aq to

dl Tr=a) [ roT\
- / L / 7(8—> iT. (39)
dt r=a T(r=ao) a 8(1 m

In Stage I, the sublimation rate is so small that we can approximate @ in Eq. (39) by that

a is given by

due to the P-R drag given by Eq. (35). Hence, [ is expressed as

T(a)
|~ / F(T)e #meH/KT g (40)
T(ao)
where
caPy(T) [Ty ary\
F(T) = —— . 41
(T) 2G M, pBpr(m) \ 20kT\  0Oa ), (41)

Since F(T) is a slowly varying function of 7' compared to e #™H/FT Eq. (40) is integrated

in a good accuracy to be:

T2
l(a,m) =~ —];m (2F(T(a))e_“m“H/kT(“)
(4 + cp)ea® [ pmy P, kT?

AGM, BprA\ 27kT p pmoH

12

(42)



for T'(a) > T'(ap), where we use dInT/0Ina = —2A /(44 cr) in obtaining the last expression.

Once the sublimated thickness [ is known, the dust mass m at r = a is given by

m dm/
-/ ) (o) l. (43)

For a dust particle having the relation between pA and mass expressed by Ap oc mé with &

being a constant, the mass at r = a is given by

podol (| (44)

m = my [1 —
myo
where Ay is the initial surface area, py is the initial density, and [ is given by Eq. (42). For

pngl/mO < 1, m=mgy— pvol.

The relevant formula for a spherical particle is given in Appendix A.2.

3.8.2. STAGE II

In Stage II, the drift rate |agup| of the first term on the r.h.s. of Eq. (28) becomes
comparable to |apr| of the second term, resulting in |a| = |asu, + apr| < |apr|. Small |
leads to an accumulation of dust particles in the relevant region. For the dust particles to
pile up, 7 = —dIn Biota1/dInm must be positive, implying that the importance of pressure
force increases with decreasing size. With the assumption that the temporal variation of a

is small, the drift rate da/dt|;; in Stage II is calculated (see Appendix C) to be:

@ _ QGM*BPR(m)[l - Btotal(m)]
dt I C(”]ﬁtotal(m) gm(Ta m)

m) 1 - ﬁtotal(m)
nﬁtotal (m)gm<T7 m)

= —apgr/( (45)
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where
2G M,

ipn(m) = — 2o (n) (46)

ca

is the P-R drift rate of a dust particle of mass m and

2A (dlnPV _ l) _9
4d+cp \ dInT 2
gm(Ta m) = dln dlan 1 Y — (47)
L+ 1—ﬁnma1 — PR — (A — dln;ZL - (dlnT - 5) i+cch

with npr = —dIn fBpr/dInm and (4 = dln A/dInm. The drift rate given by Eq. (45) is a
good approximation for |(da/dt)| < |da/dt|pr and d*a/dt* < |{da/dt)| |da/dt|pr/a. Since
(da/dt) ~ 0 (| (da/dt) | < apr) in Stage II, Eq. (45) is also expressed by

lda) 1 1dm (48)
a dt|; g (T, m) m dt

with the use of Eq. (28) (see Appendix C). Equation (45) indicates that a substantial

number of dust particles pile up, if

5total

m > 1. 49
1- ﬁtotal 9 ( )

This is also the condition for Eq. (45) to hold as stated above.

For a large blackbody-like dust (i.e., ¢cq — ¢, ~ 0) with n ~ npr ~ 1 — (4, and
dlnn/dlnm < 1, g, (T, m) reduces to

(1—06)A um,H
2n kT

g (T, m) ~ (50)

if dinP,/dInT ~ pum H/ET > 1 and Siota =~ (. Thus, from Egs. (49) and (50), a large
number of large blackbody-like dust particles piles up, if

2T
myH

< B<l. (51)
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Since (8 decreases with increasing dust mass (or size) in general, Eq. (51) sets an upper
limit of the size of pile-up particles. The upper limit of the dust size is determined from
the condition that § = 2kT/um,H ~ 0.04. For spherical compact particles of density

p = lgem™3, the upper limit is approximately 14 ym for L, = L. and M, = M. For a

star with a larger luminosity-to-mass ratio L,/M,, even larger particles may pile up.

For non-blackbody dust, ¢, — cq # 0 and the last term in the denominator of the r.h.s.

of Eq. (47) can dominate the other terms. Then, g, reduces to

2A

Cq — Cy

9m (T> m) = (52)

since d1In P, /dInT > 1. This situation arises when a dust particle is non-blackbody and
its size lies between the wavelength of the maximum stellar radiation spectrum and a
typical wavelength of thermal radiation. In this case, the pile-up condition is given by
2nABiota/ (1 — Brotal) > €qa — ¢4, but the degree of the pile-up is smaller than that for a large
blackbody-like dust particle. The degree of the pile-up approaches that of the blackbody,

when the dust size becomes larger than the dominant wavelength of thermal emission.

Equating the drift rate (da/dt) in Eq. (28) with da/dt|;; given by Eq. (45), we obtain a
relation between a and m in Stage II as

a pmy  2G M, Ppr _ 2G M, Bpr(1 — Brotal)
1— 5t0tal m v 27TkT ca Canﬁtotal 9m (T, m)

/Btotal a

(53)

Here, quantities other than a and m are functions of @ and m. Note that the r.h.s is much
smaller than each of the terms on the L.h.s. Equation (53) indicates that the drift rate

da/dt|;; in Stage 1T is independent of the initial values of ag, ey, and my.
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Next we investigate the orbital evolution of eccentricity e in Stage II. Eq. (29) may be

written as

4 2dInT

de| Biota 1 dm {(1 1dlnPV) dinT 5}’ (54)

%H—_enl—ﬁmmm dt dlna 4

since (da/dt) = 0 in Stage II. Using Eq. (48), dInT'/dIna given by Eq. (32) is expressed by

dInT 1
= — 2A . — m(T, ) 55
e = T A+ (e = ca)g(Tm) (55)
Thus, we have
1d otal 1 d
Lde) _ - fm 1dm (56)
e dt II 1-— ﬁtotal m dt

with

1 dinP, 1 1 5
= —— =) [A+ s (e— c)gm(T,m) | — = 57
" 4+ar(mnT 2){ oo —ca)gmlTim)| — 7 (57)
We may assume that x is constant during the evolution in Stage II, because dust particles

keep a almost constant in Stage II. Recalling n = —dlIn Giopa/dInm, Eq. (56) may be

integrated to be:

= (=) o

where e; and m; are the eccentricity and mass of a dust particle just after entering Stage II.
Appendix A.3 gives relevant formulae for spherical particles.

Figures 1 and 2 compare the orbital and radius evolutions of spherical particles
calculated by the analytic formulae with those by numerical integrations of Eqs. (23)-(25)
for silicate (Fig. 1) and carbon (Fig. 2). We use the physical values listed in Table 1 and we

approximate B,(A) by B(\, T). Both Egs. (37) and (44) in Stage I and Egs. (53) and (58)
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in Stage II are confirmed to agree fairly well with the numerical integrations for e < 1071,
For e 2 107! (in Stage III), Eqgs. (53) and (58) are no longer valid because terms on the

order of €% cannot be neglected.

3.4. ENHANCEMENT FACTOR

We here derive the enhancement factors of number density and optical depth of dust
particles at the sublimation zone from the analytic solutions to the orbital and mass
evolution in Stage I and Stage II given in § 3.3. Note that the orbital inclinations of dust
particles are kept constant throughout the evolution under sublimation and the P-R effect.
Assuming that the initial eccentricity is small enough, the eccentricities in Stage I and
Stage II remain rather small. In Stage I and Stage II, therefore, we can replace a semimajor
axis a by a heliocentric distance r. In Stage III dust particles have much larger eccentricities
but their contribution to the total number density is negligible. We consider two adjacent
evolution lines starting from two infinitesimally different points (rg, mg) and (rg, mg + dmyg)
in the r-m plane, which pass through (r,m) and (r, m + dm), respectively. The number of
dust particles crossing the line between (r,m) and (r,m + dm) per unit time is constant
along the “tube” enclosed by the two adjacent evolution lines. The number conservation of
dust particles in a steady state can be written by r?n(m,r)a(r)dm = rin(mg,ro)a(re)dmo,
where a(r) is the drift velocity of the dust particles at r, and n(m,r)dm is the number

density of dust particles at r.
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Considering a constant flux of dust particles of masses ranging from mgmin t0 Momax
due to the P-R drift from ry, the evolution lines starting from ry and different masses do
not overlap in Stage I but converge in a evolution line determined by Eq. (53) in Stage II.
However, only the dust particles of initial masses ranging from Minit min(7) t0 Minit max ()
can reach distance r where their masses are distributed from m;, to Mpmay. Using the

number conservation equation, the number density of dust particles at distance r is

Mmax 2 minit,max(T) .
N(r) = / n(m,r)dm = (T—O) / Mn(mo,ro) dmy, (59)

r minit,min(r) |a|

Mmin

where ag = a(ro).

All the dust particles are initially in Stage I. Their initial drift velocity and initial

number density at ry are, respectively, given by

2G M,
b = (60)
CT'o
MOmax
NO - / n<m07r0)dm07 (61)
MOmin

where Biotal(Momin) < 0.5. With an assumption of Mipit min (1) = Momin AN Minit max (1) =
Momax, the steady-state number density in Stage I is obtained from substituting Eqs. (35)

and (60) to Eq. (59) as

Ni(r) = o /mOmax —ﬁPR(mO)n(mg,ro) dmy, (62)

r MOmin BPR (mI)

where my(my, r) is determined by Eq. (43).

In Stage II, the drift velocity a given by Eq. (45) is much smaller than that in Stage

I (apr), if condition (49) is satisfied. The small drift velocity in Stage II leads to the
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accumulation of dust particles in the sublimation zone. Note that the Stage II drift velocity
given by Eq. (45) does not depend on the initial semimajor axis ag nor mass mg, which can
be understood from the fact that all the evolution paths starting from the Stage I region

in the a-m plane are confluent to a single path in Stage II (see Eq. 53). From substituting
Egs. (45) and (60) to Eq. (59), the steady-state number density of dust particles in Stage II

is thus given by

NH(T) =

En(mﬂ)gm<T7 mH)ﬁtotal(mH) \/minit’maX(T) BPR(mO)n<m0 T()) dm() (63)

r Ber(mm)[1 — Brotar ()]

Minit,min (7”)

where myp(r) is the dust particles’ mass at r in Stage II given by Eq. (53).

We also calculate the effective optical depth 7.4(r) for dust particles with the
orientation-averaged geometrical cross section S in a geometrically thin disk so that one
could compare with observations of debris disks. In steady state, the number conservation
integrated vertically through the disk is given by rng(m, r)adm = rons(mo, ro)aodmg, where
ns is n integrated vertically in the disk. From the integrated number-density conservation

equation, the effective optical depth at r is given by

TMmax minit,max(r) A
T (1) = / S(m)ng(m,r)dm = % %ns(mo,ro) dmy. (64)

Mmin minit,min(r)

Here the initial effective optical depth at rq is calculated by

MOmax
Teff0 — / S(mo)ns(mo, To)dmo- (65)

MOmin

In Stage I, the steady-state effective optical depth is obtained from substituting Eqs. (35)
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and (60) to Eq. (64),

_[Mme Bpr(mo)
rra(r) = /m e S o s, 7 (66)

because MMinit,min (7") = MQmin and Minit,max — MOmax-

In Stage II, from substituting Eqs. (45) and (60) to Eq. (64), the steady-state effective

optical depth 7eg 11(r) is given by

mir)gm (1, m otal (M Minit, max (T")
Te(r) = 1(m1) g (T, 1) Brotan ( H)S(mn)/ o

mo)ns(Mo, T dmy.
Ber(mu)[1 = Biotar (mur)] Minit,min (7) Ber(mo)ns (mo, ro)drmo

In Stage II, dust particles pass the region where they did in Stage I as shown in Figs.
1 and 2. In the sublimation zone, therefore, the number density is practically given by
N1 + Np and the effective optical depth is 7eg 11 + Ter1. We neglect the mass loss of a dust
particle due to sublimation in Stage I before starting Stage II, because it is much smaller
than the initial mass mg for Biota(mo) 2 0.1. Then, we can set r Ny = roNy and Tegr1 = Tefro-
We consider the smallest dust particles initially contribute most to the number density and
the optical depth, and we pay attention to the peak of »Ny; and 7eg 11, at which we derive
Ni and Teg 1 by setting Minit min = 71 = Momin 10 Egs. (63) and (67). Assuming that
n(ag, mgy) o< mqy b Brotat(m) oc m~Mmomin) “and S oc ms, the number-density enhancement

factor fy and the effective-optical-depth enhancement factor f, . at the peak are given by

N+ Ny r

N

0 To

n(mOmin) 6t0tal(m0min)

~ m Tsu ) min h , 1, 68
1—5total(m0min) g ( b, Mo ) l(yl ?JQ)+ ( )

Teff 11 + Teff,1

fTeH -

Teff0
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n (mOmin) ﬁtotal (mOmin )
1— ﬁtotal (m()min)

gm(Tsub7 mOmin) h2(y17 92) + ]-7 (69)

where

1 ~_b_77(m0min)d~
g g
iy, ye) = = —, (70)
2 gbdy
Y1 gfbfn(m()min)dg

1
5 d

Y1 = Minit max/Momin ANA Y2 = Momax/Momin- For small eccentricity, we set y; = yo =

o (yh 3/2)

Momax,/Momin fOT Minit max = Momax- The temperature Ty, is determined by Eqgs. (14) and
(53) for the mass momin. We derive the enhancement factors for spherical particles in

Appendix A.4.

We show the scaled number density (rN/roNy) for spherical particles in Figs. 3 and 4
numerically calculated with the method described in Kobayashi et al. (2008). If we set the
initial parameters of ag = 6Rg, ¢g = 1074, b = 11/6, and sy = 1-5 um (Mmomin = 9.9 x 10712 g
and Momax = 1.2 x 1072 g for silicate and momin = 8.1 X 1072 g and momax = 1.0 x 1072 g for
carbon), the number-density enhancement factor estimated from Eq. (68) is 3.4 at 4.3R;,
for silicate and 10 at 3.6 R, for carbon. The sublimation distance is determined by Eqs. (14)
and (53) for the mass momi,. These values are in agreement with the numerical results (see

Figs. 5 and 6) and previous studies (e.g., Mukai and Yamamoto 1979).

As a demonstration of these formulae, we calculate fy, fr., and agy, from Egs. (68),
(69), (14), and (53) for spherical particles of silicate and carbon in extrasolar systems,
where ag,p is the distance at the peak of the number density divided by 1/r, rN, and the

effective optical depth 7.g (see Figs. 5 and 6) and is derived from Eq. (53) for m = momin.
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We set the power-law index of the mass distribution of drifting dust as b = 11/6. We chose
the smallest initial mass monin as the mass corresponding to Biota = 0.5, because a dust
particle with o1 > 0.5 has an unbound orbit just after the dust particle is produced. The
largest initial mass momax is chosen as the mass corresponding to Siota = 0.1, because a
dust particle with a smaller (.. value does not effectively drift into the sublimation zone
owing to its slow radial drift. We set L, oc M3® and T, oc L% for the stellar parameters

(Allen 1976).

We confirm that the enhancement factors and the sublimation distance agree with
those of the numerical calculations for solar luminosity. The distance agy, significantly
depends on stellar luminosity. The temperature Ty, at the peak of /N and 7.4 is almost
independent of the luminosity, which is about 1200 K for silicate and 2000 K for carbon.
The peak distance agy, is determined by Eq. (53) for the smallest dust at Ty, because the
dust contributes most to N and 7.¢. For high luminosity, the minimum size of dust particles
is much larger than the wavelength Ay, at the maximum thermal radiation because small
dust cannot resist against high radiation pressure. The distance ag,, for silicate is larger
than that for carbon in geometrical optics because Ty, for silicate is colder than that for
carbon. For low luminosity, the peak distance depends on the optical properties because
the smallest dust becomes as small as Ayy,. The distance for silicate becomes small relative
to that for carbon because silicate dust is less absorbing than carbon one. The distance agy,y,

for both silicate and carbon are comparable for L, = L, accidentally.
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For high luminosity, momi, becomes large because of strong radiation pressure. The
enhancement factors strongly depend on (0In7T/0Ilnm), ~ (¢, —cq)/(4 + cr) for momin (see
gm in Egs. 68 and 69). In Figs. 5 and 6, the enhancement factors have peaks where the

values of (0InT/0Inm), become minimum.

4. APPLICATION OF FORMULAE

We have derived an analytical formula for the number-density enhancement factor of
a dust ring formed by sublimation of dust particles drifting inward by the P-R drag (see
Eq. 68). Such a dust ring is ubiquitous, because the enhancement factor is always larger
than unity in any stellar luminosities as shown in Figs. 5 and 6. The enhancement factor is
mainly determined by the flux of the smallest dust particles of mass mgm;, drifting into the
sublimation zone. The analytical formula of Eq. (68) can be applied to any given systems as
long as drag-dominated disks are concerned. The enhancement factor strongly depends on
the temperature Ty, through g (Tsub, Momin) given by Eq. (47), where Ty, is determined

by Egs. (14) and (53) using momin corresponding to Siogar = 0.5.

One may expect that a dust ring of subliming particles forms in typical debris
disks around stars such as [ Pictoris and Vega. Contrary to our basic assumption
of drag-dominated disks, these prominent debris disks are collision-dominated. Their
optical depths are so high that collision timescales are much shorter than P-R timescales.

Nevertheless, these debris disks will eventually evolve in drag-dominated disks by collisional
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clean-up. Therefore, it is worth calculating enhancement factors of number densities

at the outer edges of dust sublimation zones in the hypothetical drag-dominated disks
around these stars. Table 2 gives the enhancement factor fy of a dust ring as well as the
sublimation temperature Ty, for icy, silicate, or carbon dust particles estimated with stellar
parameters of the sun, § Pictoris, and Vega. Also listed is the ring radius ag,,, which is
simultaneously obtained during the determination of Ty,,. We predict that dust rings due
to sublimation will be discovered around typical drag-dominated disks characterized by a
vertical optical depth smaller than 107>, on account of progress in observation of such faint

and evolved disks.

5. DISCUSSION

We have presented an analytical model for the dynamics of subliming dust particles
that radially drift toward a central star by the P-R drag. The analytical formulae given in
this paper describe the orbital and mass evolution of the dust particles including their radial
drift rates. Using the drift rates, we have also derived analytical formulae for the number
density and effective optical depth along with their enhancement factors at the outer edge of
the sublimation zone. These formulae are in agreement with numerical results for spherical
dust particles of silicate, carbon, or dirty ice (cf. Kobayashi et al. 2008). They would
be applicable not only to spherical particles but also to fluffy dust aggregates. Previous

numerical studies show that the enhancement factor for fluffy dust aggregates is smaller
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than that for spherical particles (Kimura et al. 1997; Mann et al. 2000). Equations (68)
and (69) indicate that the enhancement factors are in proportion to n = —dInG/dInm. A
dust particle with a fractal structure has dIn 5/dlnm ~ —(D —2)/D unless D < 2, where
D is a fractal dimension of the dust particle (Mukai et al. 1992; Kohler et al. 2007). As a
result, the enhancement factors decrease as D becomes close to 2. This is consistent with
the previous studies, in which fluffier particles having smaller D are less accumulated at the
outer edge of the sublimation zone. This demonstrates the applicability of our analytical

model to dust particles of arbitrary shapes and materials.

When eccentricities of dust particles drifting into the sublimation zone are smaller than
10~%, the enhancement factors are constant with the eccentricities but smaller for larger
eccentricities (Kobayashi et al. 2008). Eccentricities of dust particles grow according to
Eq. (58) in Stage II starting from e;, which is determined by a set of ay and ey according
to the orbital evolution due to the P-R effect (see Eq. 37). When eccentricities become as
large as 0.1, the dust particles are blown out in Stage III. For large e;, dust particles begin
to be blown out even after small mass loss due to sublimation. Therefore, the pile-up hardly

happens for e; 2 0.1 because dust particles spend too short a time in Stage II. Initially

large particles are blown out before they reach the peak values of the number density and
the optical depth. The number density and optical depth become small because of the low
value of Miyit max in Eqgs. (63) and (67). We conclude that the enhancement factors would

be valid as long as e; < 0.1 if the dependence of Myt max 0N €1 according to Eq. (58) is

taken into account.
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We have indicated that Eq. (49) gives the condition for dust particles to form a ring
around a central star. For n0ota1 gm (T, m) > 1 — Biotal, the drift rate becomes small because
of the equilibrium between the inward drift due to the P-R effect and the outward one
due to sublimation, resulting in a dust pile-up at the sublimation zone. The enhancement
factor becomes larger than (2b — 1)/b, where b = —dInnso/dInmg. On the other hand, for
NBiotal gm (T, m) <K 1 — Siotar, the drift rate does not stay small because the temperature
strongly increases during sublimation. As a result, the drift rate due to sublimation
becomes much larger than that due to the P-R effect, so that dust does not pile up at the
sublimation zone. Considering sublimation of dirty ice in the Solar System, spherical icy
dust particles with s < 2um radially drifting from an outer region form a ring at 20-40 AU
from the Sun. However, large dust particles of dirty ice do not form a ring because of
NGiotalgm (Tsm) S 1 — Biotal- We expect that a dust ring of small icy dust particles will be
detected by future interplanetary missions with a dust detector whose mass threshold is

well below 2 pym.
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A. CASE OF A SPHERICAL PARTICLE

We consider a spherical particle with its radius s. We define the efficiency Qq = Cy/7s?

and Q, = C_’*/7r52.
The sublimation rate is given by

ds pmy Py
@~ Vo (A1)

because A = 4ms?.

A.1. ORBITAL-AVERAGED EVOLUTION RATES

The orbital averaged evolution rates are given by

(£) - (e i) e o e
<%> = al(edst0,) 1 ftoﬁt:;alé B 55PIZSM* (1 _662)1/27 (A3)
<%>::—@’ (A4)
with
_ 2m _ 2)\3/2
B2 ], e 4
3, = 1 [*™ds (1 — e?)3/2 " A6)

o Jo at " (1+ecos f)?

where a = —dIn Syoa1/d In s.
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A.2. STAGE I

In Stage I, the relation of a and e is given by Eq. (37). From Eq. (44), the relation of a

and s is given by

pmy (44 cr)ca®  KT?
27kT ANG M, pPpr(s) pmyH

Py (T), (A7)

S =S5y —

where the temperature is a function of a and s, namely, T'(a, s¢).

A.3. STAGE II

In Stage 11, from Eq. (53), the relation between a and s is given by

ﬁtotal a MMy PV . ﬁPRGM*g _ 2GM*ﬁPR(1 - ﬂtotal)

o - — , A8
11— ﬁtotal S 2rkT 1Y c a Caaﬁtotal s (T7 8) ( )
with
2A (dlan _ 1) _9
d4qr \dInT ~ 2
gS(T’ S> = ﬁt 1 dlIlOé lePV 1 * ) <A9)
L +a—apr +ag=g=— — 700 — ( dinT 5) 31+qud

where ¢, = dInQ, /dIns, g = 0InQq/0Ins, gqr = dIn Qq/0InT, and apr = dIn Bpr/dIns.

For a blackbody dust particle (¢, = gq = 0), the function of g5(7', s) is reduced to

2A dlnP, 1
gs(T, S) = (1 _Btotal) {4+QT <d11111T — 5) — 2} . (AIO)

Furthermore, when |q, — ga| > (4 + qr)(dIn P, /dInT)~!, the g, function is approximately
given by
95(T8) = 2/(qa = 4x) (A11)

because of dIn P, /dInT > 1.
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From Eq. (58), the relation between s and e is given by
o <1 - ﬁtotal(sl) ) e
e=\\——7 €1,
1— ﬁtotal(s)

dinP, 1 1 0 — qa 5
s = — = A sTu R
" (dlnT 2)4+qT{ g 8)] 1

where

e; and s; are eccentricity and radius of a dust particle just after entering in Stage II

A.4. ENHANCEMENT FACTOR

(A12)

(A13)

From Eqgs. (68) and (69), if we assume ng o< s2 and Biotal(Somin) o< 5~ %0min)  the

enhancement factors fy and f. , are given by

OC(SOmin) 6t0tal(50rnin)
~ sTsuaSmin hs 21, & +1?
fN [1 - ﬁtotal(SOmin)] g ( b0 ) ' ( ! 2)
A Somin otal | SOmin
fTeff ~ E 0 )ﬁt i 1( 0 ) gs(Tsuba SOmin) th (Zla ZQ) + 1

1- 6t0tal (SOmin)]
with

[7t zpalsonin) g
zZ9 ~ ~
[ Zrdz

lel gfpfa(sOmin)dg

[y

hs1(21, 22) =

hs2(21, 22)

where Sgmax 18 the maximum initial radius, Somin is the minimum one, and z;

29 = Somax/ Somin = yé/:)’. For low ey < 1074, z; ~ 2, (Kobayashi et al. 2008).

1/3
:yl/

(Al4)

(A15)

(A16)

(A17)

and
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B. CALCULATION OF dInT/dIna

Replacing r by a in Eq. (14) and indicating the variables of each function explicitly, we

obtain

In |1-— 1—<&) +InCy(m(a)) = 4InT(a,m(a))

+ InCy(T(a,m(a)),m(a)) + const

Differentiation of each term with respect to Ina yields

2
In|1-— 1—(&> = —2A,

dlna a
- dInC,(m)dInm dlnm
In C, = = Coi—,
dlna nCi(mfa)) dlnm dlna ¢ dlna
where
_ dInCy(m)
7 dlam

and A is defined by Eq. (33). The derivative of Cq(T,m) is calculated to be:

InCy(T(a,m),m) =

d1ln Cy dinT d1ln Cy dlnm
(8111T)m dlna <8lnm>T dlna
dinT dlnm
T ina T dlna’

dlna

where

o — 8lnéd 4 — 81nC’d
=\ omT o 47\ omm o

Note that dInT'/dIna is a total derivative, namely,

dinT(a,m) (0lnT N OlnT\ dlnm
dlna Olna/,, dlnm /), dlna

(B1)

(B7)
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Substituting Eqgs. (B2) to (B6) into Eq. (B1), we obtain

dlnT 1 dlnm

dina 4+ cp Tlna (&~ ca) =20 (BS)

This is identical to Eq. (32).

For comparison, let us calculate partial derivatives of InT". Setting m = const in

Eq. (B8), we obtain

OlnT 2A
= _ ) B9
( dlna ) " 4+cr (B9)
The partial derivative (0lnT(a,m)/0Inm), is obtained by partial differentiation of
Eq. (B1) with a fixed a:
or O0ln Cd
* — a_ ) Bl
‘ <8m)a+(8lnm)a (B10)

where

d1ln Cy B d1lnCy olnT J1lnCy B olnT
(8lnm)a B <8lnT )m <8lnm)a+ (alnm)T T <8lnm>a+cd' (B11)

Thus,

OlnT Cy — Cq
(31nm)a— d4cr (B12)

C. DERIVATION OF da/dt|i1

The orbital-averaged drift rate (da/dt) equals the drift rate da/dt at r = a if the terms
of the order of €2 and higher are negligibly small. From Eq. (28), the drift rate in Stage IT

is given by

da Brotal @ AP, [ 2GM*ﬁPR’

- C1
dt 771 — Brotal M 2rkT ca (CD)
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dm My
o A \ 2rkT (C2)

is the mass sublimation rate given by Eq. (12). In the zeroth approximation, da/dt = 0.

where

To obtain da/dt in the first approximation, we differentiate both sides of Eq. (C1) with

respect to time t:
d2CL ﬁtotal a My
— = — AP,
WTE N Beem \ 27kT
dlnm | dlnn n dlnP, 1 olnT
_ ~1 _
X { ar Lunm 1= B LT (dlnT 2) (81nm)j
+dlna - dlnPV_l OlnT
dt dinT 2 Olna /

QGM*ﬂPR ( dlnm dln Cl)
——— | 7TIPR )

ca

dt dt (C3)

where (4 = dIn A/dInm. The factors of the two terms outside the brackets on the r.h.s. are
the same as the terms appearing on the r.h.s. of Eq. (C1), and can be set equal by using
the result of the zeroth approximation da/dt = 0 to obtain da/dt in the first approximation.

In addition, d*a/dt* in the Lh.s. of Eq. (C3) is also approximately zero. Then, we obtain

dlna 1 dlnm
s A
dt gum(T,m)  dt (C4)
with
dln P, 1 OlnT
v o = +2
gm(T; m) =4 (dlnT 2) <61Ha)m (05)

In n n Py n
dinm ~ 1-Biotal 1+ CA + (Cidlln]; - %) (gllnrj;z)a + PR
from Eq. (C3). Substituting Eqgs. (B12) and (B9) into Eq. (C5), we obtain Eq. (47). By

approximating da/dt = 0 in Eq. (C1), Eq. (C4) is written as

@ _ QGM*ﬁPR<1 - ﬁtotal)
dt Canﬁtotal Jm (Ta m)

(C6)
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with the use of Eq. (C2). This is identical to da/dt|;; given by Eq. (45).
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Table 1: Material parameters: p is the material density, p is the mean molecular weight, H
is the latent heat of sublimation, and F, is the saturated vapor pressure in the limit of high
temperature.

plgem™@]  u  Hlergg | Py[dyn cm™?
silicate 2.37 67.0 7.12 x 109 1.07 x 10
carbon 1.95 12.0 7.27 x 10" 4.31 x 10'°

Reference Kimura et al. (1997)

Table 2: The sublimation distance ag,,, temperatureTy,, and the number-density enhance-
ment factor fy around each star.

Sun® B Picb Vega®
icy silicate carbon icy silicate carbon icy silicate carbon
Agub 22 AU 4.9 Rg 3.6 Rg 31AU 29 Re 11 Re 40 AU 73 Ro 24 R
Tsup || 1.0x 102 1.2x 102 2.1 x10% | 1.0x 102  1.2x10® 2.0x10% | 1.1 x 102 1.2 x 103 2.0 x 103
N 2.7 3.3 9.2 2.2 6.5 27 3.4 7.3 19

3 Ly = Lo, M, = Mg, T, =5780K
b Ly=87Ly, M, = 1.75My, T, = 8200 K
¢ Ly =35Le, M, = 2.3M¢, T, = 9988 K

T Icy dust particles that contain of both ice and organics with set of the ice volume fraction of 0.9.
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Fig. 1 — Orbital eccentricity and radius of a silicate dust particle as a function of
semimajor axis of the particle. Initial semimajor axis, eccentricity, and radius are 10R,
10~%, and 1um, respectively. The solid lines show the orbital integration through the
numerical integration of Eqs. (23)-(25). The dotted lines indicate Eqs. (37) and (44)
from (agp, so) to (a1, s1) and Egs. (53) and (58) from (aq,s;), where a; and s; are at the

intersection between Eqs. (44) and (53) and the ay, s1, and e; are shown by the crosses.
Fig. 2 — Same as 1, but for carbon.

Fig. 3 — The number density N, for silicate divided by 79Ny /r as a function of distance
from Sun in the solar radius, assuming a constant dust flux due to the P-R drag from 6 R.
The solid line indicates the numerical simulation. The circle represents the number density

and the distance at the peak, respectively, given by Eq. (68) and Eq. (53) for momin.
Fig. 4 — Same as Fig. 3, but for carbon.

Fig. 5 — The number-density enhancement factor fy and the effective-optical-depth
enhancement factor f, . for silicate dust calculated from Eqgs. (68) and (69), assuming that
dust particles with 5 = 0.1-0.5 radially drift into the sublimation zone by the P-R drag (top
panel) and the sublimation distance (bottom panel) given by Eq. (53) for the silicate dust
with 8 = 0.5. For L, < 0.8Lg (in the grey zone), the maximum value of (3 is less than 0.5.

Characters on the top of the figure indicate spectral classes of central stars.

Fig. 6 — Same as Fig. 5, but for carbon.
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Fig. 1.— Orbital eccentricity and radius of a silicate dust particle as a function of semimajor
axis of the particle. Initial semimajor axis, eccentricity, and radius are 10R, 1074, and 1um,
respectively. The solid lines show the orbital integration through the numerical integration
of Egs. (23)-(25). The dotted lines indicate Eqgs. (37) and (44) from (ao, s¢) to (a1, s;) and
Egs. (53) and (58) from (ay, s1), where a; and s; are at the intersection between Eqs. (44)

and (53) and the aq, s1, and e; are shown by the crosses.
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Fig. 2.— Same as 1, but for carbon.
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Fig. 3.— The number density N, for silicate divided by rqNy/r as a function of distance
from Sun in the solar radius, assuming a constant dust flux due to the P-R drag from 6R.
The solid line indicates the numerical simulation. The circle represents the number density

and the distance at the peak, respectively, given by Eq. (68) and Eq. (53) for momin.
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Fig. 4— Same as Fig. 3, but for carbon.
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Fig. 5.— The number-density enhancement factor fy and the effective-optical-depth en-
hancement factor f,, for silicate dust calculated from Egs. (68) and (69), assuming that
dust particles with # = 0.1-0.5 radially drift into the sublimation zone by the P-R drag (top
panel) and the sublimation distance (bottom panel) given by Eq. (53) for the silicate dust
with § = 0.5. For L, < 0.8Lg (in the grey zone), the maximum value of (3 is less than 0.5.

Characters on the top of the figure indicate spectral classes of central stars.
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