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This paper reports on the evolution of an isolated electron swarm, which is experimentally observed
as spatial distributions at every moment. This observation is assumed to directly correspond to the
conventional time-of-flight theory. We have measured the spatial distribution of electrons using a
double-shutter technique in the drift tube, where a shutter electrode to collect electrons can be slid
along the field �E /N� direction in order to capture a relative electron number at a certain range of
location. As a typical parameter defined by this spatial distribution, the center-of-mass drift velocity
�Wr� is determined for methane gas. The result is compared with the mean-arrival-time drift velocity
�Wm� defined from the arriving electron number at fixed positions. We have also performed a
theoretical analysis in which a Fourier transformed Boltzmann equation is solved to deduce both of
the drift velocities from a dispersion relationship. The difference between Wr and Wm at high E /Ns
�above 200 Td� is clearly ascertained in the experimental and theoretical investigations, which is
attributable to the occurrence of ionization events. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3142322�

I. INTRODUCTION

The term electron swarm is used for a state of the elec-
tron ensemble in weakly ionized gases, which often exhibits
the nature of equilibrium forming a macroscopic steady-
state, i.e., the hydrodynamic equilibrium state. The macro-
scopic behavior of an isolated electron swarm can be de-
scribed by the Boltzmann equation, leading to the continuity
equation by integrating over velocity space. The swarm pa-
rameters, such as the drift velocity and the diffusion coeffi-
cient appearing in the continuity equation, have an inclina-
tion to converge to a set of constant values as time elapses
�e.g., Kumar et al.1�. In this regard, it may be appropriate to
refer to the electron ensemble in this kind of equilibrium
state as an “electron swarm.”

The spatiotemporal evolution of the electron swarm has
been studied since 1969, e.g., by Parker and Lowke,2

Thomas,3 Skullerud,4 Tagashira et al.,5 Kumar et al.,1 and
other investigators. These investigations describe the elec-
tron swarm envisaging the spatial distribution at a certain
time, which accords to the continuity equation �or “diffusion
equation”� derived from the Boltzmann equation. We call
this approach to capture the swarm behavior the time-of-
flight �TOF� method hereafter. Contrary to this, Kondo and
Tagashira6 presented the arrival-time-spectra �ATS� method
in which the swarm is observed at a certain location in the
drift tube and the arrival-time distribution of electrons is
treated to deduce macroscopic parameters emerging in an-
other type of continuity equation. This continuity equation
was obtained by interchanging time and space variables in
the conventional continuity equation �see also Date et al.7�,

where the spatial derivative of electron number is expanded
in a series of time derivatives with higher orders.

The authors have measured the arrival-time distribution
of electrons by a double-shutter electrode technique based on
the ATS method,8,9 demonstrating the ATS method experi-
mentally in order to achieve a direct comparison of the pa-
rameters between the theoretical and experimental. In the
course of the ATS measurement, we found that our apparatus
enables us to measure also the spatial distribution of an iso-
lated swarm under moderate field conditions �see next sec-
tion� by moving the double-shutter electrode to collect in-
coming electrons along the drift direction �electric field
direction� and to deduce directly a typical parameter, the drift
velocity.

The measurement of the swarm using the variable length
drift tube has been reported by several authors. Schmidt10

applied the drift tube to study the electron swarm under the
influence of electric and magnetic fields, and Nakamura11

determined the electron swarm parameters in some gases us-
ing the same type of apparatus as ours. Hegerberg et al.12

measured the ion mobility using the variable length drift
tube. Fletcher13 performed the direct measurements provided
by the photon flux technique with the drift tube. However,
the investigations on the electron swarm with the variable
length drift tube so far are directed to the electron behavior
under low E /N electric fields below 100 Td in which the
ionization events hardly occur. The ionization process is,
needless to say, essential in the gas discharges and the
plasma reactors. It has been asserted, resorting to the simu-
lation, that in the condition with ionization process, the mac-
roscopic swarm parameters, such as the drift velocity and the
diffusion coefficient, of an isolated electron swarm are af-
fected quantitatively depending on their definitions.5–7,14–17 A
typical example is rendered by that the mean drift velocity of
electrons in an isolated swarm is different from the center-
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of-mass drift velocity of electrons “in general” when ioniza-
tion and/or attachment processes occur.5 The knowledge of
this effect may be of great importance in treating the behav-
ior of charged particles with production and annihilation pro-
cesses by external electric and/or magnetic fields.

In this paper, the drift velocities determined experimen-
tally with two types of observational principle are presented
and compared with those by a theoretical analysis. The
double-shutter electrode technique with the variable length
drift tube is applied to make the TOF observation of electron
swarms in methane gas. In the theoretical analysis, the drift
velocities are deduced by using a Fourier transformed Bolt-
zmann equation14 to compare with the experimental results.
To our knowledge, the experimental observation presented
here is the first demonstration to directly observe the TOF
evolution of the electron swarm in the ionization regime,
which corresponds to the TOF theory associated with the
effect of nonconservative condition of electron number on
the swarm parameters.

II. EXPERIMENTAL METHOD

A. Double-shutter electrode in drift tube

The experimental apparatus used in the present experi-
ment is the same as that for the ATS method described by
Hasegawa et al.,8 but is utilized differently, where the
double-shutter is moved little by little along the field direc-
tion in the drift chamber for capturing the spatial distribution
of electron swarms. Figure 1 shows a schematic diagram of
the chamber and its internal configurations. The initial elec-
trons are generated at photocathode �PC� and released by
shutter-1 �S1� periodically as a starting electron pulse. A
combination of shutter-2 �S2� and collector electrode �C� to
collect the coming electrons is linearly movable from 0 to
100 mm in the longitudinal direction. Shutter-2 can cut out
the coming electrons of the swarm at fixed locations after a
certain delay from the timing of shutter-1 open, which is
repeatedly performed to collect a sufficient quantity of elec-
tron charge.

B. Experimental condition

We have measured the collected charge at locations from
5 to 60 mm in 1 mm increments along the drift space under
the constant reduced fields of E /N=200–500 Td �1 Td
=10−17 V cm2�. Although the set of shutter-2 �S2� and col-
lector electrode �C� is movable up to 100 mm, the maximum
length was limited to around 60 mm in the present experi-
ment because of the voltage limit applied to between S1 and
S2 �the applied voltage should be higher as the drift length
becomes longer to maintain constant E /Ns, but the break-
down may occur in the chamber if the voltage is too high�.
On the other hand, the minimum distance was set above 5
mm to keep the field uniform between the shutters.

The experimental conditions are summarized in Table I.
Frequency of the pulse onto the double-shutter is 500 kHz,
and the delay time between S1 and S2 is 1–3 ns. Purity of
methane used here is 99.999%.

III. COMPUTATIONAL METHOD

Corresponding to the experimental TOF observation, we
have performed theoretical analysis of the Boltzmann equa-
tion for methane gas. In the present analysis, a Fourier trans-
formed Boltzmann equation method14 was used to calculate
the swarm parameters. The method enables us to determine a
set of the TOF and ATS parameters at once. The methodol-
ogy is presented briefly as follows.

Starting from the Boltzmann equation for electrons as

� �

�t
+ v� ·

�

�r�
+

eE�

m
·

�

�v�
+ J� f�r�,v� ,t� = 0, �1�

where v� = �vx ,vy ,vz�, r�= �x ,y ,z�, and J represents the colli-
sion operator, the equation in terms of z-direction is obtained
by integrating Eq. �1� over dxdy as

� �

�t
+ vz

�

�z
+

eE

m

�

�vz
+ J� f�z,v� ,t� = 0. �2�

Here, f�z ,v� , t�=��f�r� ,v� , t�dxdy and the electric field E is
parallel to z-direction. If we assume the solution f�z ,v� , t� to
be in a form of Fourier integral2,5 as

f�z,v� ,t� =
1

2�
� f̂�k,v��eikz−�tdk , �3�

Eq. �2� can be transformed into

FIG. 1. A schematic diagram of apparatus used in the experiment. The
symbols represent as follows: PC, photo-cathode; S1 and S2, first and second
shutters; C, collector; and G, guard rings.
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�ikvz +
eE

m

�

�vz
+ J� f̂�k,v�� = � f̂�k,v�� . �4�

Here, Eq. �3� is assumed to be integrable under the condition
that the electron swarm is in the hydrodynamic equilibrium
state at a time after a long enough �but not infinite� period
from the initial moment of the swarm generation. It is noted
that Eq. �4� exhibits a form of the eigenvalue problem in
which the solution affords us the relationship between � and
k, namely, “dispersion relation.” The relation described later
is known to correspond to the lowest eigenvalue, which is
given in the hydrodynamic regime.15,18

Besides the transformation above, the solution f�z ,v� , t�
for Eq. �2� can be expressed in a multiterm formula by the
density gradient expansion method �e.g., Kumar et al.1� as

f�z,v� ,t� = 	
K

f �K��v�� · �−
�

�z
�K

n�z,t� , �5�

and the continuity equation of electron density is also given
by

�n

�t
= 	

K

��K��v�� · �−
�

�z
�K

n�z,t� . �6�

Thus, Eqs. �5� and �6� are transformed into

f̂�k,v�� = 	
K

f �K��v���− ik�K �7�

and

� = − 	
K

��K��− ik�K, �8�

respectively. Here, n�z , t�=�f�z ,v� , t�dv� = �1 /2��� f̂�k�eikz−�t

�dk. If we put p
 ik, then Eq. �8� comes to ��p�=
−	K��K��−p�K, and the coefficients in the right hand side,
��K� �K=0,1 ,2. . .�, are found to be corresponding to the
TOF parameters as

− ��p� = ��0� − ��1�p + ��2�p2 − ��3�p3 + − . . .

= Ri − Wrp + DLp2 − D3p3 + − . . . . �9�

Here, Ri is the effective ionization frequency, Wr is the
center-of-mass drift velocity, DL is the longitudinal diffusion
coefficient, and DK �K=3,4 , . . .� are the higher coefficients.5

Contrary to this, if we obtain the inverse of Eq. �9� as

p = 	
K

��K��− ��K �K = 0,1,2,3. . .� , �10�

the coefficients ��K� represent ATS parameters,6 i.e.,

p��� = ��0� − ��1�� + ��2��2 − ��3��3 + − . . .

= �T −
1

Wm
� + ��2��2 − ��3��3 + − . . . , �11�

where �T is the Townsend effective ionization coefficient and
Wm is the mean-arrival-time drift velocity. Consequently, we
can see that once the relation between � and ik �or p� is
obtained from the Eq. �4�, the TOF and ATS parameters can
be determined by curve fitting to this relation with polyno-
mial equations �Eqs. �9� and �11��.

In order to solve Eq. �4�, we used the Legendre expan-

sion technique, where f̂�k ,v�� is expanded as f̂�k ,v��
=	� f̂��k ,v�P��cos �v�. Here, �v is the angle �zenith angle�
between z-axis and the electron velocity. Taking
account of the formulae on Legendre polynomial,
cos �v= ���+1�P�+1+�P�−1� / ��2�+1�P��, � /�vz=cos �v
��� /�v�− �sin �v /v��� /��v�, and sin �v��P� /��v�= ����+1�
��P�+1− P�−1�� / �2�+1�, we obtain

	
�

− ��p�P� + pv

�� + 1�P�+1 + �P�−1

2� + 1

+
eE

m

�� + 1�P�+1 + �P�−1

2� + 1

�

�v

−
eE

m

1

v

��� + 1�
2� + 1

�P�+1 − P�−1� + J�P�� f̂��p,v� = 0.

�12�

The relationship between � and p is given by integrating Eq.
�12� over dv as

��p� =

p

3
� v3 f̂1�p,v�dv −� Nq̄iv

3 f̂0�p,v�dv

� v2 f̂0�p,v�dv

, �13�

where N is the number density of gas molecules and q̄i rep-
resents the ionization cross section minus attachment cross
section. Note that the relation of Eq. �13� is actually deter-
mined for the variable p at discrete points by a relaxation
method to solve the following simultaneous equations:

TABLE I. Conditions of the experiment.

Field strength E /N �Td�

200 250 300 350 400 450 500

Temperature �°C� 17.5 17.4 18.7 17.6 18.5 17.5 18.2
Gas pressure �Torr� 1.0 0.6 1.0 0.4 0.5 0.3 0.3
Distance between S1 and S2 �mm� 10–40 5–50 10–30 5–60 5–50 5–60 5–50
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− ��p� f̂� + pv� �

2� − 1
f̂�−1 +

� + 1

2� + 3
f̂�+1�

+
eE

m
� �

2� − 1

df̂�−1

dv
+

� + 1

2� + 3

df̂�+1

dv
�

+
eE

m

1

v
���� − 1�

2� − 1
f̂�−1 −

�� + 1��� + 2�
2� + 3

f̂�+1�
+ J� f̂� = 0 �� = 0,1,2. . .� . �14�

This set of equations is solved by using the Galerkin method
for six-term approximation. The computational procedure is
the same as that in Date et al.14 �there are editorial errors in
Eqs. �8� and �9� of the paper; however, the results are valid�,
and the six-term approximation applied to the present analy-
sis has been validated by Yachi et al.16 The electron collision
cross sections for methane were taken from Ohmori et al.19

IV. RESULTS AND DISCUSSION

Figures 2�a�–2�d� show the collector current by the sec-
ond shutter �S2� as a function of drift distance at 1 mm in-
tervals for E /N=200, 300, 400, and 500 Td �1 Td
=10−17 V cm2�, respectively. These curves represent the spa-
tial profiles of the evolution of electron swarms at every
given moment �Tm in the figures�. In relatively low E /N

values such as 200 Td, the drift distance is large enough to
obtain the entire profile, with respect to space, of an isolated
swarm. Contrary, in higher E /Ns, it was difficult to observe
both-side tails of the distribution as shown in Figs. 2�b�–2�d�
since the swarm moves with high speed drift and diffusion
during a few nanoseconds of time intervals. In order to de-
duce the center-of-mass of the distribution at every moment
even from such a set of short data, the smoothing spline
technique �e.g., de Boor20� was employed to compensate for
lack of data in between and tail parts. We confirmed that the
data points below 5% of the peak value scarcely contribute
to the determination of the center-of-mass of the distribution.
Then, we plotted the center-of-mass as a function of corre-
sponding time and deduced the drift velocity �Wr� as the
slope of approximate line for the plotted points by means of
the least-squares method. The total error introduced by a
series of the procedure was roughly estimated to be 4%. In
addition to Wr, we also deduced the mean-arrival-time drift
velocity �Wm� from the arrival-time distribution of electrons
at fixed positions in the manner same as Hasegawa et al.9

The drift velocity obtained in the present experiment is
shown in Table II and Fig. 3 with the computational results.
The data by other investigators are also plotted in Fig. 3 for
comparison. The experimental studies in methane have been
reported by investigators such as Al-Amin et al.,21 Haddad,23

FIG. 2. Collector current at second shutter �S2� as a function of drift distance: �a� E /N=200 Td, �b� E /N=300 Td, �c� E /N=400 Td, and �d� E /N
=500 Td.
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Schmidt,24,25 Hunter et al.,22 and Yoshida et al.26 Haddad23

and Schmidt,24,25 however, focused on the study in low E /N
below 10 Td. In Fig. 3, the drift velocities taken from Al-
Amin et al.21 and Hunter et al.22 are denoted by W because it
is unclear whether their velocities are equivalent to Wr or
Wm. As is shown in Fig. 3, the present experimental drift
velocities are in fairly good agreement with other corre-
sponding results. Slight differences are recognized between
the experimental and computational results for Wr and Wm,
respectively, at high E /Ns. As to these differences, other than
the error in the experiment, we cannot rule out the possibility
that the computational results have systematic errors arising
from the incorrectness of electron collision cross section data
for methane gas in the code. However, the difference be-
tween Wr and Wm is clearly exhibited and follows the same
trend for both the experimental and computational values.
The difference is up to about 16% at E /N=500 Td. The
relation between Wr and Wm is theoretically given6 by

Wm = Wr − 2��0���2� + 3��0�2
��3� − + . . . , �15�

where the notations are the same as in Sec. III. The differ-
ence shown in the experiment ought to account the sum of
second and higher terms in the right hand side of this equa-
tion.

Figure 4 shows the relation of ik-� that was obtained
from the Fourier transformed Boltzmann equation analysis.

By the curve fitting of polynomial Eqs. �9� and �11� to this
relation, the velocities denoted with “Boltzmann” in Table II
and Fig. 3 were obtained. Equations �9� and �11� tell us that
the slopes of tangential lines at intersecting points on the
vertical and horizontal axes give drift velocities Wr and Wm,
respectively. Note that the curves in Fig. 4 are not linear, and
therefore these velocities are not identical. The difference
between the definitions for Wr and Wm may be emphasized
by following simple formulae:

Wr =
�zi� − �zj�

ti − tj
, �16a�

Wm =
zi − zj

�ti� − �tj�
. �16b�

Here, the subscripts i and j represent different two points in
time or space �z-axis� and � � denotes the mean value ob-
served at a corresponding time or spatial location. Equations
�16a� and �16b� imply that Wr is deduced from the difference
of mean-location of electrons at fixed two moments, while
Wm is from the difference of mean-time of electrons arriving
at fixed two locations. The quantitative difference of these
velocities is attributable to the effect of ionization �and/or
attachment� events.6 In an isolated swarm, the electrons in
forward part of the swarm have generally higher energies
than those in rear part because they gain more potential en-
ergies from the electric field. Accordingly, the ionization oc-

TABLE II. Results of the experimental and theoretical analyses.

Field strength E /N �Td�

100 200 250 282.3 300 350 400 424.2 450 500 565.6

Wr ��107 cm /s�
Experiment ¯ 1.41 1.80 ¯ 2.20 2.69 3.17 ¯ 3.63 4.05 ¯

Boltzmann eq. analysis 0.771 1.45 ¯ 2.07 2.20 ¯ 3.02 3.23 ¯ 3.90 4.46
Wm ��107 m /s�

Experiment ¯ 1.38 1.81 ¯ 2.05 2.44 2.77 ¯ 3.12 3.42 ¯

Boltzmann eq. analysis 0.769 1.39 ¯ 1.90 2.01 ¯ 2.62 2.76 ¯ 3.21 3.59

FIG. 3. �Color online� Electron drift velocities as a function of E /N in
methane in comparison with experimental measurements and theoretical
analyses. In the legend, the drift velocities by Al-Amin et al. �Ref. 21� and
Hunter et al. �Ref. 22� are denoted by W, and Exp. stands for experimental
and MCS for Monte Carlo simulation.

FIG. 4. �Color online� A dispersion relation, ik vs �. Note that the curves
are not linear, and therefore the slopes of tangent lines at the intercepts on
the vertical and horizontal axes are not identical, which represent the differ-
ence between Wr and Wm.
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curs with different frequencies in forward and rear locations,
affecting the spatial distribution of electrons with newly born
electrons. As a resultant effect of the production �and/or an-
nihilation� processes of electrons along with drift and diffu-
sion motions, interchangeability of time and space in observ-
ing the spatiotemporal evolution of the swarm comes to be
impaired. We believe this is an important aspect of the par-
ticle ensemble behavior when the hydrodynamic regime in-
cludes particle production �and/or annihilation� processes. It
should be noted that the difference in the drift velocities does
not arise under conservation conditions of electron number,
i.e., when the ionization and/or attachment processes are
negligible. In fact, the difference was not recognized in low
E /N region below 100 Td for methane gas.

V. CONCLUSION

In this study, we have performed the experiment to ob-
serve the spatial evolution of electron swarms at every mo-
ment, namely, “snap shots,” using a double-shutter technique
and conducted the theoretical analysis to solve a Fourier
transformed Boltzmann equation. The experiment exempli-
fies the behavior of electron ensemble associated with drift,
diffusion, and ionization �and/or attachment� phenomena as a
function of time, in which we intend to make a direct com-
parison with the conventional TOF theory. The center-of-
mass drift velocity �Wr� defined as a typical TOF parameter
was determined for methane gas and compared with the
mean-arrival-time drift velocity �Wm� based on the opposite
observation principle between time and space. The result
showed that the difference between them is significant at
E /Ns above 200 Td, which is caused by the ionization pro-
cess with the evolution of asymmetric profiles at high E /N,
providing a direct basis for understanding the divergence of
drift velocities depending on the observation methods.
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