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1. INTRODUCTION

This paper is concerned with the Drapeau theorem for differential systems. By a
differential system (R, D), we mean a distribution D on a manifold R, i.e., D is a
subbundle of the tangent bundle T'(R). The derived system 0D of D is defined, in terms
of sections, by

0D =D+ [D,D].
where D = I'(D) denotes the space of sections of D. In general 0D is obtained as a
subsheaf of the tangent sheaf of R (for the precise argument, see e.g.[15], [3]). Moreover
higher derived systems 9°D are defined successively by

9'D = 9(0"'D),

where we put 9°D = D by convention. We also define the i-th weak derived system
09D of D inductively by

0D = 9~YD 4+ [D,9" VD],

where 09D = D and 0%D denotes the space of sections of 9 D. In this paper, a
differential system (R, D) is called regular if 9’D are subbundles of T'(M) for every
1> 1.

We say that (R, D) is an m-flag of length k, if (R, D) is regular and has a derived
length k, i.e., 9*D = T(R);

DcoDc---co 2 Dco*'Dcd*D=T(R),

such that rank D = m+1 and rank 0°D = rank & '!D+m fori = 1,..., k. In particular
dimR = (k+1)m+ 1.

Especially (R, D) is called a Goursat flag (un drapeau de Goursat) of length & when
m = 1. Historically, by Engel, Goursat and Cartan, it is known that a Goursat flag
(R, D) of length k is locally isomorphic, at a generic point, to the canonical system
(JE(M,1),C%) on the k-jet spaces of 1 independent and 1 dependent variable (for the

definition of the canonical system (J*(M,1),C*), see §2). The characterization of the
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canonical (contact) systems on jet spaces was given by R. Bryant in [2] for the first
order systems and in [15] and [16] for higher order systems for n independent and m
dependent variables. However, it was first explicitly exhibited by A.Giaro, A. Kumpera
and C. Ruiz in [6] that a Goursat flag of length 3 has singularities and the research
of singularities of Goursat flags of length & (k > 3) began as in [9]. To this situation,
R. Montgomery and M. Zhitomirskii constructed the “Monster Goursat manifold” by
successive applications of the “Cartan prolongation of rank 2 distributions [4]” to a
surface and showed that every germ of a Goursat flag (R, D) of length k appears in this
“Monster Goursat manifold” in [8] , by first exhibiting the following Sandwich Lemma
for (R, D);

D c 0D c---c 02D co*'Dc oD =T(R)
U U U
Ch (D)cCh (D)CCh (92D)C- - -CCh (91 D)

where Ch (9"D) is the Cauchy characteristic system of "D and Ch (9"D) is a subbundle
of 9~'D of corank 1 for i = 1, ...,k —1. Here the Cauchy Characteristic System Ch (C)
of a differential system (R, C') is defined by

Ch(O)x)={XeCx)| X|]dv;=0 (mod wy,...,ws) fori=1,... s},

where C' = {w; = --- = ws, = 0} is defined locally by defining 1-forms {wi,...,ws}.
Moreover, after [8], P.Mormul defined the notion of a special m- flag of length k for
m > 2 to characterize those m-flags which are obtained by successive applications of
the “generalized Cartan prolongation” to the space of 1-jets of 1 independent and m
dependent variables.

The main purpose of this paper is first to clarify the procedure of “Rank 1 Prolonga-
tion” of an arbitrary differential system (R, D) of rank m + 1, and to give good criteria
for an m-flag of length k& to be special,i.e., to be locally isomorphic to the k-th Rank 1
Prolongation (P*(M), C*) of a manifold M of dimension m+1 (By construction, P*(M)
contains J*(M, 1) as an open dense subset. See §3). More precisely we will show for an
m-flag of length k for m > 2;

Drapeau Theorem Let (R, D) be an m-flag of length k. If m > 2, then the following
statements are equivalent:
(i) (R, D) is locally isomorphic to (P*(M),C*).
(ii)  There exists a completely integrable subbundle F of O*1D of corank 1 (See
the sentence following Proposition 4.1 for what F is in the case of P*(M)).
(zit) (R, D) is a special m-flag (see Definition in the section /).
If m > 3, then (i), (it) and (iii) are also equivalent to the following statement
(iv) 01D has Cartan rank 1.
Finally, if m > 4, then (i), (i1), (iii) and (iv) are equivalent to the following statement
(v) 01D has Engel rank 1.

Here, the Cartan rank of (R, C) is the smallest integer p such that there exist 1-forms
{mt, ..., 7"}, which are independent modulo {w,...,w,} and satisfy

daANT A AT =0 (mod wy,...,ws) for Ya € C+ =T(CH),
2



where C' = {w; = -+- = w, = 0 } and C? is the annihilator subbundle in T*(R) of C
defined by C*(z) = ({(w1)s, - - -, (ws)z}) C TF(R) at each x € R. Furthermore the Engel
(half) rank of (R, C') is the smallest integer p such that

(da)™ =0 (mod wi,...,w,)  for Va €CH,

Obviously, if (R, C) has Cartan rank p, then (R, C) has Engel rank less than p (cf. II
§4 in [3]).

For this purpose, we will first review the geometric construction of jet spaces in §2
and clarify the procedure of Rank 1 Prolongation in §3. In §4, we will analyze the notion
of a special m-flag of length k and reestablish the local characterization of (P*(M), C*)
by utilizing the Realization Lemma [15], which proves the equivalence of (i) and (i)
in the above Theorem. In §5, we will show the equivalence of (i7i) and (iv) or (v).
In §6, we will show the equivalence of (i7i) and (i) and establish the above criteria
(the Drapeau Theorem) for an m-flag of length k. Finally in §7, we will characterize
the regular part J*(M,1) of P¥(M) by the generating condition for the weak derived
systems.

2. GEOMETRIC CONSTRUCTION OF JET SPACES

In this section, we will briefly recall the geometric construction of jet bundles in
general, following [15] and [16], which is our basis for the later considerations.

Let M be a manifold of dimension m + n. Fixing the number n, we form the space
of n-dimensional contact elements to M, i.e., the Grassmann bundle J(M,n) over M
consisting of n-dimensional subspaces of tangent spaces to M. Namely, J(M,n) is
defined by

JMn)= ] Jo.  Jo=Gr(Tu(M),n),

zeM

where Gr(7,(M),n) denotes the Grassmann manifold of n-dimensional subspaces in
T.(M). Let w: J(M,n) — M be the bundle projection. The canonical system C' on
J(M,n) is, by definition, the differential system of codimension m on J(M,n) defined
by

C(u) =7, u) = {v € T,(J(M,n)) | m.(v) € u} C Tu(J(M,n)) == T,(M),

where 7(u) = x for u € J(M,n).

Let us describe C' in terms of a canonical coordinate system in J(M,n). Let u, €
J(M,n). Let (zy1,...,7,,2%,...,2™) be a coordinate system on a neighborhood U’ of
zr, = 7(u,) such that dxy,...,dx, are linearly independent when restricted to u, C
T, (M). We put U = { u € 7 Y(U")|dx1]y,. .., dz,|. are linearly independent }. Then
U is a neighborhood of u, in J(M,n). Here dz“|, is a linear combination of dz;|,’s,i.e.,
dz%|, = >, p¥(u)dx;|,. Thus, there exist unique functions p¢* on U such that C' is
defined on U by the following 1-forms;

wo‘:dzo‘—pr“dxi (a=1,...,m),
i=1
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where we identify z® and z; on U’ with their lifts on U. The system of functions
(i, 2% p%) (a=1,...,m,i =1,...,n) on U is called a canonical coordinate system of
J(M,n) subordinate to (z;, 2%).

(J(M,n),C) is the (geometric) 1-jet space and especially, in case m = 1, is the so-
called contact manifold. Let M, M be manifolds of dimension m+n and p: M — M be
a diffeomorphism. Then ¢ induces the isomorphism ¢, : (J(M,n),C) — (J(M,n),C),
i.e., the differential map ¢, : J(M,n) — J(M,n) is a diffeomorphism sending C' onto
C'. The reason why the case m = 1 is special is explained by the following theorem of
Backlund.

Theorem(Bicklund) Let M and M be manifolds of dimension m+n. Assume m > 2.
Then, for an isomorphism ® : (J(M,n),C) — (J(M,n),C), there exists a diffeomor-
phism ¢ : M — M such that ® = ¢,.

The essential part of this theorem is to show that F' = Ker 7, is the covariant system
of (J(M,n),C) for m > 2. Namely an isomorphism ® sends F onto F' = Ker#, for
m > 2. For the proof, we refer the reader to Theorem 1.4 in [16] or §2.4 in [19].

In case m = 1, it is a well known fact that the group of isomorphisms of (J(M,n),C),
i.e., the group of contact transformations, is larger than the group of diffeomorphisms
of M. Therefore, when we consider the geometric 2-jet spaces, the situation differs
according to whether the number m of dependent variables is 1 or greater.

(1) Case m = 1. We should start from a contact manifold (J, C') of dimension 2n+1,
which is locally a space of 1-jet for one dependent variable by Darboux’s theorem. Then
we can construct the geometric second order jet space (L(J), E) as follows: We consider
the Lagrange-Grassmann bundle L(J) over J consisting of all n-dimensional integral
elements of (J, C);

L(J) =] L. C J(J,n),
ueJ

where L, is the Grassmann manifolds of all Lagrangian (or Legendrian) subspaces of
the symplectic vector space (C'(u), dw). Here w is a local contact form on J. Namely,
v € J(J,n) is an integral element if and only if v C C(u) and dw|, = 0, where u = 7(v).
Let m : L(J) — J be the projection. Then the canonical system E on L(.J) is defined by

E(v) = m " (v) C To(L(J)) == Tu(J),

where 7(v) = u for v € L(J). We have OF = 7, 1(C) and Ch (C) = {0} (cf.[15]). Hence
we get Ch (OF) = Kerm,, which implies the Bicklund theorem for (L(.J), E) (cf. [15]).
Now we put

(J2(M,n),C?) = (L(J(M,n)), E),
where M is a manifold of dimension n + 1.

(2) Case m > 2. Since F' = Kerm, is a covariant system of (J(M,n),C), we define
J*(M,n) C J(J(M,n),n) by

J*(M,n) = {n-dim. integral elements of (J(M,n),C), transversal to F},

C? is defined as the restriction to J*(M,n) of the canonical system on J(J(M,n),n).
4



Now the higher order (geometric) jet spaces (J*™(M,n), C**1) for k > 2 are defined
(simultaneously for all m) by induction on k. Namely, for k > 2, we define J*™1(M, n) C
J(J¥(M,n),n) and C**! inductively as follows:

JEHY (M, n) = {n-dim. integral elements of (J*(M,n),C*), transversal to Ker (7}_,), },
where 7§+ J¥(M,n) — J*1(M,n) is the projection. Here we have
Ker (77 ;). = Ch(9C"),

and C**1 is defined as the restriction to J*™(M,n) of the canonical system on
J(J¥(M,n),n). Then we have ([15],[16])

ck  c...c OFCk coFICRC OFCR =T(JR(M,n))
U U U
{0} = Ch (C*¥)cCh (oC*)C---CcCh (0" 1C*c F

where Ch (0"*1C*) is a subbundle of 3'C* of corank n for i = 0,...,k — 2 and, when
m > 2, F is a subbundle of 9*"'C* of corank n. (In case m = 1, F should be deleted
from the above diagram.) The transversality conditions are expressed as

C*NF=Ch(dC*) form=2, ~ C*NCh(0"'C*)=Ch(9C*) form =1

By the above diagram together with the rank condition, Jet spaces (J*(M,n), C*) can
be characterized as higher order contact manifolds as in [15] and [16].

Here we observe that, if we drop the transversality condition in our definition of
J¥(M,n) and collect all n-dimensional integral elements, we may have some singularities
in J*¥(M,n) in general. However, since every 2-form vanishes on 1-dimensional subspaces,
in case n = 1, the integrability condition for v € J(J**(M, 1),1) reduces to v C C*~1(u)
for u = 7F_,(v). Hence, in this case, we can safely drop the transversality condition in
the above construction as in the next section, which constitutes the key construction for
the Drapeau theorem in later considerations.

As for the case n = 2, one of the author recently shows the following theorem ([12],

[13]); Let us consider the set ¥(J*(M,n)) of integral elements;
S5 (M,n)) == | T,
zEJk

where Y, = {n-dim. integral elements of (J*(M,n),C*)at x}. Then we have

Theorem (K.Shibuya) (J¥(M™*" n)) are not manifolds except for S(J?(M'*2,2))
and trivial cases.

Here trivial cases are X(J*(M™*1 1)) = P(J*(M,1)) by rank 1 prolongation and
S(JY MM n)) = L(J'), which is the Lagrange-Grassmann bundle over the contact
manifold J?.



3. RANK 1 PROLONGATION

Let (R, D) be a differential system, i.e., R is a manifold of dimension s +m + 1 and

~

D is a subbundle of T'(R) of rank m + 1. Starting from (R, D), we define (P(R), D) as
follows (cf. [4]):
P(R) =] P. c J(R.1),
TeR

where

P, = {1-dim. integral elements of (R, D)} = {u C D(x) | 1-dim. subspaces} = P™.
Let p: P(R) — R be the projection. We define the canonical system D on P(R) by

D(u) = p'(u) = {v € Tu(P(R)) | p.(v) € u} € Tu(P(R)) += To(R),

where p(u) = z for u € P(R).

We call (P(R), D) the prolongation of rank 1 (or Rank 1 Prolongation for short)
of (R,D). Then P(R) is a manifold of dimension 2m + s + 1 and D is a differential
system of rank m+1. In case (R, D) = (M,T(M)), we have (P(M), D) = (J(M,1),C).
Moreover

JA2(M,1) c P(J(M,1)) c J(J(M,1),1)

As for the prolongation of rank 1, we have

Proposition 3.1. Let (R, D) be a differential system of rank m+1 and let (P(R), 15) be
the prolongation of rank 1 of (R, D). Then D is of rank m+1, oD = p;Y(D) and Ch (13)
is trivial. Moreover, if Ch (D) is trivial, then Ch (D) = Ker p, and is a subbundle of
D of corank 1.

Proof. Let s +m + 1 be the dimension of R. For x € R, let {=®, 0°} (a=1,--- ,m+
1, B=1,---,s) be a coframe on a neighborhood U of x such that

D={w'=-.. =" =0}
p~L(U) is covered by m + 1 open sets U; = {v € p~*(U) | 6, # 0} in P(R) :
p_l(U) = Ul Jy---u ﬁm-{-l-
For v € U;, v is a 1-dimensional subspace of T.(R),z = p(v). Hence, restricting 6% to v,
we have A
0%, = pS(v)0', for a=1,---,4i,--- m+1
where ~ over a symbol means that symbol is deleted. These p® (o =1,---,7,--- ,m+1)

constitute a fiber coordinate on U;.
Now we put

T =0%—p" for a=1,--- 1, ,m+ 1.

Then we have

E:{p*wlz...:p*wszﬂ'i&:o (a:l)---,fz’...,m_i_l)}.
Since dw”, d§* are 2-forms on M, dw®|, = 0,d0*|, = 0 for u € P(R). These imply that
dw’ =df* =0 (mod ol w T (a=1,-- i, m A+ 1)),
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where we write @®, 0% instead of p*w?, p*6®, respectively.
Thus the structure equation for D reads

dw® =0 (mod w!,..., @7 (a=1,--,4,---,m+1))
dr® = 0"'Ndp?* (mod w!,..., @ 71 (a=1, e, m A+ 1))
Therefore
0D = {w' = - = = =0},
Ch(D)={w' = = =72 =0 =dp® =0 (a=1,--- i, ,m+1)}

These imply that oD = p; (D) and Ch (lA)) is trivial.

Moreover, if Ch(D) is trivial, it follows that
Ch (9D) = Ch (p;'(D)) = p, (Ch (D)) = Ker p,

Then, by the very definition of canonical system D, it follows that Ch (813) is a subbundle
of D of corank 1. O

This proposition implies that, starting from any differential system (R, D), we can
repeat the procedure of Rank 1 Prolongation. Let (P'(R), D') be the prolongation of
rank 1 of (R, D). Then (P*(R), D¥) is defined inductively as the prolongation of rank
1 of (P*"1(R), D*1), which is called k-th prolongation of rank 1 of (R, D). Moreover,
starting from a manifold M of dimension m + 1, we put

(P*(M),C*) = (P(P*(M)),C* )

where (PY(M),C") = (J(M,1),C). When m = 1, (P*(M),C*) are called “monster
Goursat manifolds”in [8].
Here we observe that the above proposition also implies

Proposition 3.2. Let (R, D) be an m-flag of length 1, i.e., dim R = 2m + 1, rank D =
m + 1 and 0D = T(R). Then the k-th prolongation (P*(R), D*) of rank 1 of (R, D)
is an m-flag of length k + 1. Namely, D* satisfies rank D¥ = m + 1, rank 9""'D* =
rank O'D¥+m fori=0,...,k and O**1D* = T(P*(R)). Moreover, if Ch (D) is trivial,
Ch (0'DF¥) is a subbundle of O""1D* of corank 1 fori=1,... k.

Schematically we have the following diagram;
7



DF C ODF C iieeeens c OFDF c 9FDF  c OFTIDF =T(PK(R))

lp’: lp’i lp’i lp’:

Dkfl C v C 6k72Dk71 C 8k71Dk71 C akafl — T(Pkfl(R))

lp‘:* lp jp lpffl

lpi lpf lpi

D! c oD' <  *D'=T(PYR))
[ B
D C 0D =T(R)
where p' : P{(R) — P""'(R) is the projection. Here we note
9"D* = (pp): (D),
where pf : P*(R) — R is the projection. Moreover, if Ch (D) is trivial, we have
D* c 9DF c-..c 91Dk cokDFc OFFLDE = T(P*(R))
U U U
{0} = Ch (D*)cCh (0D*)CCh (8>D*)C- - -CCh (9*D*)
where Ch (9'D*) is a subbundle of 9"~1DF of corank 1 for i =1,... k.

Remark 3.3. By Rank 1 Prolongation, we could ignor the transversality condition for the
integral elements in the process of the geometric construction of higher order jet spaces
in §2. Consequently we have PY(M) = J(M,1) and J*(M,1) is an open dense subset
of P¥(M) and C* has singularities in P*(M). In fact J*(M,1) can be characterized
as the open subset U of P¥(M) where C* satisfies the further regularity condition, i.e.,
0'C* = 9WC* for i = 1,...,k on U. Here 0YC¥ is the i-th weak derived system of C*
(see Introduction for the definition). We will prove this fact in §7.

4. SPECIAL m-FLAGS OF LENGTH k

An m- flag (R, D) (m > 2) of length k is called a special m-flag if there exists a

completely integrable subbundle F' of 3*~'D of corank 1, which contains Ch (9*~1D),
8



and Ch (9'D) is a subbundle of *"'D of corank 1 for i = 1,...,k— 1, such that Ch (D)
is trivial, i.e., if the following diagram holds for (R, D);

D c oD c---c 02D co*'Dc oD =T(R)
U U U U

{0} = Ch (D)cCh (0D)cCh (9*D)cC---cCh (0*'D)c F
where rank &°D = rank 9"'D +m fori=1,..., k and rank D = m + 1.

First, by repeated use of Rank 1 prolongations starting from a manifold M of di-
mension m + 1, we obtain by Proposition 3.1,

Proposition 4.1. (P*(M),C*) is a special m-flag of length k.
Here we note that F' = Ker (pf). , where p& : P*(M) — M is the projection.

Conversely, by utilizing the following Realization Lemma, we will show that every
special m- flag of length k is locally isomorphic to (P*(M),C*), which establishes the
equivalence of (7) and (i77) in Drapeau Theorem in the introduction.

Realization Lemma ([15],p.122) Let R and M be manifolds. Assume that the quadru-
ple (R, D, p, M) satisfies the following conditions:

(i) p is a map of R into M of constant rank.

(13) D is a differential system on R such that F' = Kerp, is a subbundle of D of
corank n.

Then there exists a unique map ¥ of R into J(M,n) satisfying p = w1 and D =
Y H(C). Furthermore, let u be any point of R. Then v is in fact defined by

Y(u) = p(D(uw)) as a point of Gr(T,(M),n), z=mn(u),
and satisfies Ker (¢.), = F(u) N Ch (D)(u).

Theorem 4.2. A special m-flag (R, D) of length k is locally isomorphic to (P*(M), C*),
where M is a manifold of dimension m + 1. Especially F is unique for (R, D).

Proof. Let (R, D) be a special m-flag of length k. Matters being of local nature, we
may assume that the leaf space M = R/F of the foliation F' defined on R is a manifold
of dimension m + 1 so that p : R — M is a submersion and Kerp, = F. Putting
p = ¥° we will define maps ' : R — P M) such that Kery! = Ch(0*~*D) for
i = 1,...,k as follows; First, Realization Lemma for the quadruple (R,d*"'D,p, M)
gives us the map ¢! of R into P*(M) = J(M,1) such that (¢})"*(C') = 9*'D and
Ker (¢'), = Ch (0" 'D). By dimension count, we see that 1! is locally a submersion
of R onto P*(M). ¢/ : R — PJ(M) such that KervyJ = Ch (9*77 D) being defined for
j=1,...,i— 1, Realization Lemma for (R, 9*~'D, 't PI=1(M)) gives us the map °
of R into P{(M) such that (41)"*(C?%) = 0*7'D and Ker (¢*), = Ch(9*7*D). Thus,
for i = k, we obtain the map ¥* of R into P¥(M) such that (¢*)"}(C*) = D and
Ker (¢%), = Ch(D) = {0}. Then, by dimension count, 1* is a local isomorphism of
(R, D) onto (P*(M),C*).

For the uniqueness of F', we first observe that, for a special m-flag (R, D) of length

1, ¢! is an isomorphism of (R, D) onto (J(M,1),C). In this case, the uniqueness of F
9



follows from Proposition 1.3 in [16], which gives the characterization of the covariant
system F'. For a special m-flag (R, D) of length k (k > 2), we consider, locally, the leaf
space J = R/Ch (9*"'D) by Ch (0*~1D). Let p: R — J be the projection. On J, we
have differential systems D = *~1D/Ch (0*~1D) and F = F/Ch (9*~'D) such that F
is a completely integrable subbundle of D of corank 1 and Ch (D) is trivial, i.e., (J, D)
is a special m-flag of length 1. Then the uniqueness of F' = p;!(F) follows from that of
F. This completes the proof of Theorem. U

Now we prepare the following Proposition for the map ! : R — P™(M) con-
structed in the above proof, which will be used in §7 and tells us the transversality
of the image integral element "' (z) of (P*(M),C?), with respect to the fibres of the
projection pi_; : PY(M) — P""'(M), in terms of the characteristic subspaces of T,.(R).
Proposition 4.3. Let '™ : R — P™(M) be as above. Let x be a point of R. Then

(1) *(x) is contained in J*(M,1) if and only if 0*2D(x) N F(x) = Ch (0*1D)(x).

(2) ¥ (x) N Ker (pi_,)«(¢'(x)) = {0} (2= i = k—1) if and only if

=Y D(x) N Ch (0F D) (x) = Ch (9* D) ().
Proof. First we recall ¢* : R — P*(M) is a submersion and has the following properties
(WH7HCH =0""'D  and  Ker(¢'), = Ch (0" ‘D).

¥? is constructed by utilizing the Realization Lemma for (R,9*=2D, ¢!, J(M,1)). Thus
we have

V3 (2) = (W1)(0"2D(x)) C (¢1):(0" ' D(2)) = C' (¥ (x)).

By construction of M, we have Ker (p}). = (¢').(F). Hence we see

v () N Ker (pg). = (¥1).(0"*D(x) N F(x)) = {0}

if and only if  9*2D(z) N F(x) C Ker (¢!), = Ch (0 1D)(x). Moreover, since
Ch (0 'D) is a subbundle of 3" 2D of corank 1 and F is a subbundle of 8*"'D (D
9%=2D) of corank 1, we obtain 9*2D(z) N F(x) = Ch(0*'D)(z) from 9*2D(z) N
F(z) C Ch(0*'D)(z)

Similarly ¢! is given by the Realization Lemma for (R,0*~0+VD vt P{(M)).
Hence we have

(@) = ()0 D()) € (). (0" D(x)) = C(W' ().
By Proposition 3.1, we have Ker (pi_,), = Ch (9C?) = (¢*),(Ch (9(0¥~'D))). Hence we
see
Y (@) N Ker (i), = ()0 Y D(x) N Ch (9" D)(x)) = {0}

if and only if ~ O*~(*VD(z) N Ch (9*"*'D)(z) = Ker (¢'), = Ch(9*7'D)(x). This
completes the proof of Proposition. O

Moreover, as the corollary of the proof of above Proposition, we have (cf. Lemma
5.2 and Theorem 5.3 in [15])
Proposition 4.4. Let pf, | : P*(M) — P (M) be the projection. Let v be a point of
P*(M). Then

(1) ph(v) is contained in J*>(M,1) if and only if 9*2C*(v)NF(v) = Ch (8% 1C*)(v),

where F' = Ker (p)..
10



(2) PE(v) NKer (i) (pf(v) = {0} (2= i =k —1) if and only if
P~V (p) N Ch (9F~H1C*) (v) = Ch (9*'C*)(v).
Proof. By Proposition 3.2, we have
(pPHH(Ch = oFo* and  Ker (pf), = Ch (0F'C*).
Moreover, by the definition of the canonical system O, we get

P () = (0 )A(CTH (PFa (v) = (B0 TICH(w)).
Observing these facts, we can prove (1) and (2) in the same way as in the above Propo-
sition. O

Remark 4.5. After [8], P.Mormul first defined the notion of special m-flags of length k
for m > 2 in a slightly different form in [10] (cf. Theorem 6.2), generalizing the works
of [7] or [11]. The above theorem was first observed by him in Remark 3 [10].

In view of Theorem 4.2, our task is to characterize the special m-flags among m-flags
of length £, which will be accomplished in the following sections.

5. MAIN THEOREM (m > 3)

Let (R, D) be an m-flag of length 1, i.e., R is a manifold of dimension 2m + 1
such that rank D = m + 1 and 0D = T(R). By definition, (R, D) is a special m-
flag (m > 2) if there exists a completely integrable subbundle F' of D of corank 1
and Ch (D) is trivial. Then, by Realization Lemma, (R, D) is locally isomorphic to
(PY(M),CY) = (J(M,1),C), where M = R/F is (locally) the leaf space of the foliation
F on R.

In case m = 1, it is easy to see that a 1-flag of length 1 (R, D) is a contact manifold
of dimension 3. 2-flags of length 1 have peculiar aspects and were extensively studied
in [5] (cf. §6). In fact, to discuss the equivalence problem of 2-flags of length 1, Cartan
Connections were constructed on the generic 2-flags of length 1 in [5] (cf. [14], [18]).
Thus, in general, for m > 2, an m-flag of length 1 (R, D) may have a diverse structure
different from that of (J(M,1),C).

Now we start with the following characterization of special m-flags of length 1 for
m > 3.

Proposition 5.1. An m-flag (R, D) of length 1 for m > 3 is a special m-flag if and
only if D 1is of Cartan rank 1.

Here, the Cartan rank of (R, D) is the smallest integer p such that there exist 1-forms
{m!, ..., 7"}, which are independent modulo {n',... n™} and satisfy

daANT A AT =0 (mod n',....,n") for Yo € D+ = T'(D?),

where D ={n'=---=n"=0 }.
Proof of Proposition 5.1. First, assume that (R, D) is special. Then we can take
local defining 1-forms {n',..., n™ w}, which are independent at each point, such that

11



Since F' is completely integrable, dp® =0 (mod n',...,n™ w)for 3 =1,...,m. Hence
there exist 1-forms {=', ..., @™} such that

d’ =wAw’ (modn',....n™) for 6=1,...,m.

This implies that D is of Cartan rank 1.
Conversely assume that the Cartan rank of (R, D) is 1. Let us take local defining
1-forms {n',...,n™} of D as above;

D={n'=--=n"=0}

Since the Cartan rank of D is 1, there exists 1-form w, which is independent modulo
{n',...,n™} such that

wAdp’ =0 (mod n',...,n™) for g=1,...,m.
Hence there exist 1-forms {w?, ..., @™} such that
d =wA@® (mod 7',....n™) for g=1,...,m.
Then, from rank dD = rank D + m, it follows that {n!,... " w, @', ... , @™} are

linearly independent. Taking exterior derivative of both sides of the above mod equality,
we get
0=doAw® (mod n', ..., 0" w) for =1,...,m.
Hence, from m > 3, we obtain dw =0 (mod n',...,n™ w). Putting
F={n'=-=n"=w=0},
we have
d’ =dw=0 (mod 7',....,n™ w) for 6=1,...,m.

Thus F' is completely integrable. Moreover

Ch(D):{’]’/lz--:nm:w:wlz--:wmzo}
implies Ch (D) is a subbundle of F' of corank m. Namely Ch (D) is trivial. This com-
pletes the proof of Proposition. O

To witness the diversity of structures of m-flags of length 1 and to facilitate to
construct higher Cartan rank examples, we will give a simple example of m-flag of
length 1, which has trivial Cauchy characteristics and Cartan rank 2 :

Example 5.2. Let R be a manifold of dimension 2m + 1 (m > 3), and let

(2° ..., 2™ y', ...,y™) be a coordinate system on R. We put

n' = dy* +atda® +2tda?, 0t =dy'+aida® (i=2,...,m), ¢ =dx' (j=0,...,m).

Then, for D = {p! =--- =™ =0}, we have
dnt =0 AN +603AN0% (mod n,... ™M),
dnt =0 NE° (mod n',....n™), for i=2,...,m.

Thus (R, D) is a m-flag of length 1 such that Ch (D) = {0} and Cartan rank 2.

12



Remark 5.3. As a characterization of 1-jet spaces, Bryant’s normal form theorem is well
known ([2], [3]). This theorem in 1 independent variable case says that an m-flag (R, D)
of length 1 for m > 3 is a special m-flag if and only if D is of Engel (half-) rank 1 and
Ch (D) is trivial. Here the Engel rank of (R, D) is the smallest integer p such that

(da)™ =0 (mod 7',....0™) for Yo € D+,

where D = {n! = --- =™ =0 }. Here we observe that we cannot replace the Cartan
rank 1 condition in the above Proposition by the Engel rank 1 condition when m = 3,
as the following example shows; Let (y!, 3%, 3, 2% 2!, 2%, ) be a coordinate system of
R. Let us take a coframe {n',n? % 6", (i = 0,1,2,,3)}as follows;

n' =dy' + 2%da?, n* = dy* + 2°dz’, P = dy? + 2'da?, 0" = da’.
Then, for D = {n' = n* = n3 = 0}, we have
dp' =6>AN6° (mod n',n%n’),
d? =P A0 (mod ' n?n?),
dn =0'AN6? (mod n,n?% n?).

Thus (R, D) is a 3-flag of length 1 such that (R, D) is of Engel rank 1 and has non-trivial
Ch (D).

However we can replace the Cartan rank 1 condition in the above Proposition by the
Engel rank 1 condition when m > 4, as the following Lemma implies.

Lemma 5.4. Let V be a vector space over R. Let wi,...,w, € A2V be 2-forms such
that {wy,...,w,} are linearly independent and w; Nw; =0 for 1 <i < j <r. Then

(1) In case r = 2. There ezist vectors vg,v1,vy € V', which are linearly independent,
such that

(,dl:Uo/\Ul, LUQZU()/\Uz.

(2) In case r = 3. Fither of the followings holds
(1) There exist vectors vy, ve,v3 € V, which are linearly independent, such that

wlzvg/\v3, WQ:U3/\U1, u}3::tl)1/\’l}2.
(i7) There exist vectors vy, vy, Ve, v3 € V', which are linearly independent, such that
wlzvo/\vl, WQ:U()/\UQ, w3:vo/\1}3.

(3) In case r > 4. There exist vectors vy, ..., v, € V, which are linearly independent,
such that

w1 =9 ANV, wWe=v9gANAV2, ..., Wp="709AU.

In case m = 1, the Sandwich Lemma holds automatically for every Goursat flag of
length k£ (k > 2)([8]). By contrast, we need some condition for an m-flag of length 2
(m > 2) to be special as the following example shows.
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Ezample 5.5. Let R be a manifold of dimension 3m+1 (m > 2), and let (22, y?, 2°) (o =

0,1,---,m, 8 =1,--- ,m) be a coordinate system on R. For a fixed a € {0,1,--- ,m —
2}, let us take a coframe {nt,...,n™, ¢t ..., (™, 6% ... 0™} as follows;
6% = dx® ) =d2) +yrda® — L@ (y=1,-- m—a—1)
CB:dyﬁ—l-l’Od.%ﬁ ’ 775:d26+y6_1d$6_1 (5:m_a’_” ’m)
WeconsjderD:{nl:...:nm:C1:...:Q’m:O}‘ Then we have
dn® =0 (mod n',...,p™ C'...,¢™) for B=1,...,m,
d¢? =0°N0° (mod n',....n™ L ....¢™) forB=1,...,m.
dn? = NE° (mod n',...,n™) fory=1,...,m—a—1,
dn® =AY (mod nt,...,p™) ford=m—a,...,m.
Hence we get
OD={nt=---=nym=0} , ?D=T(R)
Ch(aD):{nlz‘_‘:nmzcl:.__zcmfl:gozemfaflz__‘zemfl:0}

Thus, (R, D) is an m-flag of length 2, but Ch(0D) is not a subbundle of D. Moreover
rank Ch (0D) is m — a.

In order to get good control over Ch (9D), we prepare the following proposition,
which gives us the Sandwich Lemma for m > 3.

Proposition 5.6. Let (R, D) be a regular differential system such that rank 9*D =
rank D +m and rank 0D = rank D +m. Assume m > 3 and the Cartan rank of 0D is
1, then Ch(0D) is a subbundle of D of corank 1. Moreover the Cartan rank of D is 1.
Furthermore if 9D = 0® D, there exist locally independent 1-forms {m*,n% (% w,05(i =
1,...,s,0=1,...,m)} such that

62D :{7‘(‘1:---:7{'820}’ aD:{ﬂ'l:---:’]‘(‘S:T]l:---:nmzo},
dn =wA¢® (mod 7t ... 7% nt ... ™)

d¢h WA (mod w, ... 7 nt ™ ¢ (™), F=1L...,m.
In view of Lemma 5.4, we can replace the Cartan rank 1 condition by the Engel rank
1 condition when m > 4 (cf. Remark 5.7).

Proof. Let x be any point of R. By the rank condition, there exist linearly independent
1-forms {7, n® (#(i =1,...,s,8=1,...,m)} defined on a neighborhood U of x, where
s = corank 0D, such that

PD ={rt=...=71°=0},
aD :{7.(.].:'..:71.8:771:.._:77771:0}7

drt =0, dn® #0 (mod =',....7% 7% . ...,0™)
dn® =0, d¢® #0 (mod =',....7% 0% ... .., ¢™)
Since the Cartan rank of 9D is 1, there exist 1-forms {w,w',..., @™} on a neigh-
borhood V' C U of x such that

d’ =wAw® (mod =',....7% n',....0™)
14



From rank 92D = rank D +m, it follows that {7*, n®,w, @’(i=1,...,s, B=1,...,m)}
are linearly independent at each y € V. Then we have

Ch(@D)={r'=.=n=p'=-.. =" =w=w'=-- =™ =0},

Thus Ch (0D) is a subbundle of 0D of corank m + 1.
Now the structure equation for D implies

wAw’ = (mod 7',..., 7% 0 . .. o™ ¢t C™).

First of all, we claim: There exists no open neighborhood V' C V' of x such that w
vanishes identically on V' modulo D+. Assume the contrary, i.e., there exists V' such
that wy» =0 (mod 7',... . 7% ' ... p™ ¢! ..., (™). Then we may assume w = (!, so
that

dn’ = P AP (mod 7', ..., 7% 0" ....n™)
Taking the exterior derivative of both sides of this mod equation, we obtain
0=d* AN’ (mod 7*,..., 7% 0, ...,n™ Ch).

Since {7’ n’,(*,@’(i =1,...,5,8 = 1,...,m)} are linearly independent and m > 3,
we get

¢t =0 (mod 7', ..., 7% 0", ...,n™ CY),
which contradicts the structure equation for D.

Now we divide the proof according to the dependence of w, modulo D*(x).

(1) we Z0 (mod =, ... 7t .. ™ ¢l ™).
From w Aw? =0 (mod D), we have

w® =0 (mod x',...,7% 0" ... .n™ . (™ w).

Hence we have

wﬂEZGQCVﬂLbﬁw (mOd 7r17"'>7rs>7717"'777m)'
y=1

Since {7, 7%, w,@?(i =1,...,5,8=1,...,m)} are linearly independent, it follows that
det(af(x));é 0. Therefore, by a base change (¥ = >_" | a®(7, we have

y=1"y

dp’ =wAC® (mod =, ..7% nt .. 0™),

and
Ch(0D)={r'=---=n=pl=-..=n"=('=...=("=w=0}CD.
Thus Ch (9D) is a completely integrable subbundle of D of corank 1 so that d¢” = 0
(mod #', ... .7t ... n™, ¢t ., (™, w). Hence we have

d¢’ =w A0’ (mod =',.. . .70t . . opm ¢,
Since rank 9D = rank D +m, {n',n° (*,w,0°(i =1,...,s,8 = 1,...,m)} are linearly
independent and the Cartan rank of D is 1.

(2) w, =0 (mod 7', ... 7.t . ™ Ch o M.
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Since {Wi,nﬁ,w,wﬁ(i =1,...,s, f =1,...,m)} are linearly independent, there
exists By € {1,...,m} such that @® # 0 (mod DL( )). We may shrink our neigh-
borhood V of x so that w(® # 0 (mod D*(y)) for each y € V. Then, from

WA =0 (mod DY), we have
=0 (mod ', .., 7%t .. g™ ¢t ™ ™).
Moreover we claim:
@ ANw® =0 (mod 7',... 75t ™ ¢ (MY,
hold on' V' for each B € {1,...,m}.

In fact, for each y € V', we consider the following two cases.
(@) wy Z0 (mod 7', ...,7nt ... op™ ¢ C™).

From w Aw” =0 (mod D*), we have w) = Mw, (mod D*(y)). Since A% # 0,
we get wy, = Awl® for A # 0. Hence w) Awl® =0 (mod D*(y)) as desired.
(b) w, =0 (mod 7,... .7t ... g™ ¢ ™).

Assume the contrary, i.e., there exists v € {1,...,m} such that @] Aw® # 0 (mod
D+(y)) Then we may take a neighborhood Vy C V of y so that

@) Aw® £0 (mod D*(2)),

for each z € V. However w cannot vanish identically on V as shown above. Hence
there exists a point 29 € Vj such that w,, Z0 (mod D*(2y)). Then, as in (a), we get
@l Aw® =0 (mod D*(z)), which is a contradiction.

Since {7, 7’ w,@?(i =1,...,s, B=1,...,m)} are linearly independent, we obtain
:{7‘{'1:...:7‘('5:771:...:nm:Clz...:Cm:wﬂo:O}CD.

Thus Ch (0D) is a completely integrable subbundle of D of corank 1. Moreover, as in
(1), the Cartan rank of D is 1.
Furthermore, in this case (2), we have w, = Zg;l bs¢? and for 8 # [y,

o’ = iaf@ + A (mod 7, ... 7t 0t ™),
y=1
on V. Then we have, for 3 # [y,
dn® — PPy =w A (0 — Po™) =0 at 2
(mod 7', ..., 7% n° . (P A (1 LBy <m)),
This implies (see p.37 [14] and §1.3 [17])

OD()={r"' = =7 =0’ =" =0 (1<B#5 =m)},
Thus, if 92D(x) = 0P D(z), case (2) in this proof does not occur. This completes the
proof of Proposition. O
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Remark 5.7. We cannot replace the Cartan rank 1 condition in the above Proposi-
tion by the Engel rank 1 condition when m = 3, as the following example shows; Let

(21 2223yt y2?, 20, 2t 22 23) be a coordinate system of R. Let us take a coframe

{7717 7727 773a gl’ 627 Cg, 00, 01, 92, 03} as fOHOWS;

nt =dzt + ytdx®, n? =d2? +yPidyt, 0P = d2d + 2dy?, 00 = da®, 0 = dat,
¢t =dy' —2tda®, (% =dy? — 2%da®, 3 =dy? — 23da®, 0% = da?, 63 = d2B.

We consider D = {n' =n* =n* = (' =(* = (> = 0}. Then we have

d¢PF =60°A60° (mod n',n* n3 (3 for f=1,2,3.
dnt = A (mod n',n% n?),
d? = (2 +220°) A (CH+210%) (mod ', n? 0P,
dp* =60°N¢? (mod 7', n* n?)

Hence we get
OD={n' =n*=n*=0} , 0°D=T(R),
Ch(@D)={n'=n*=n"=¢"==0"=0}.
Thus, (R, D) is an 3-flag of length 2 such that the Engel rank of 0D is 1, but Ch(9D)
is not a subbundle of D.

However, by Lemma 5.4, we can replace the Cartan rank 1 condition in the above
Proposition by the Engel rank 1 condition when m > 4.

By utilizing the above proposition repeatedly, we obtain

Theorem 5.8. An m-flag (R, D) of length k for m > 3 is a special m-flag if and only
if 9%71D s of Cartan rank 1. Moreover, an m-flag (R, D) of length k for m > 4 is a
special m-flag if and only if 0*~'D is of Engel rank 1.

Proof. Only if part follows from the existence of the completely integrable subbundle F
of 0*1D of corank 1 for the special m-flag as in the proof of Proposition 5.1.

For the if part, first, the proof of Proposition 5.1 shows the existence of a completely
integrable subbundle F of 3*~!D, which contains Ch (9*~1D). By repeated application
of the previous proposition, we obtain that Ch (9*1D) is a subbundle of d'D of corank
1fori=0,...,k—2. Thus we are left to show that rank D = rank Ch (D) + m + 1.

Let us take defining 1-forms of D, 9D and Ch (9D) such that

aD :{7‘[‘1:---:7]"3:0}’ D:{ﬂ'l:---:ﬂ'szclz---zcmzo}’
Ch(dD) ={rl=--=n=('=--.=("=w=0}.
where s is the corank of dD. Since Ch (9D) is completely integrable, we have
d¢*=0 (mod «',....7% ¢! ... ("™ w), fora=1,...,m.
Therefore, there exist 1-forms {#',... 0™} such that
drt =0, (mod = ... 7. ¢t ... (™) fori=1,...,s,
d¢* =wA0*, (mod 7' ... .7 ¢ ..., (™) fora=1,...,m.
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Then, from rank 9D = rank D + m, it follows that {7’, (*,w,0%(i =1,...,s,a =

1,...,m)} are linearly independent. Hence
Ch(D):{ﬂ'1:~-:ﬂ'8:C1::Cm:w:91:~-:9m:0}
Thus rank D = rank Ch (D) + m + 1. This completes the proof of Theorem. O

Hence, by Theorem 4.2, we obtain the Drapeau Theorem for m > 3

Corollary 5.9. Let M be a manifold of dimension m+1. An m-flag (R, D) of length k
for m > 3 is locally isomorphic to (P*(M),C*) if and only if 0*~1D is of Cartan rank
1, and, moreover for m > 4, if and only if 91D is of Engel rank 1.

6. INTEGRABLE SUBBUNDLE OF CORANK 1

Let (R, D) be a 2-flag of length 1. Then it can be shown ([5]) that there exists a
local coframe {n*,n%,6° 0%,6?} such that D = {n' = n? = 0},
dnt =60°A60"  (mod n',n?),
dp* =0°A0  (mod n',n?)
Thus the Cartan rank of (R, D) is always 1 and we have the covariant system F' = {n' =

n* = 0° = 0} of D of corank 1 (cf. §2.3 in [16]). As is well known, F' is not necessarily
completely integrable.

As for a 2-flag of length 2, we observe that, in Example 5.5, putting m = 2, we
obtain the following structure equation for D = {n! = n?> = (! = (* = 0}, where

Nt =dzt +ylda® — L(a0)’dat, n? = d2® + y'da!
Ct=dy' + 2%z, P =dy? 4+ 2%x?, 00 =d2®, 0' =dzt, 6% = da?,

dn”®
a¢h

0 (mod n',n% ¢!, ¢?) for B
0° A% (mod n',n? (', (%) for 3
dn' =¢' A% (mod n',n?),
dn? =" A0Y (mod n',n?).

Thus 0D = {n' = n* = 0} and the Cartan rank of D is 1, whereas Ch(9D) is not a
subbundle of D. This shows that the statement of Proposition 5.6 is false for m = 2.

1,2,
1,2.

To cover the case m = 2, we strengthen the hypothesis of Proposition 5.6 as in the
following.

Proposition 6.1. Let (R, D) be a regular differential system such that rank 9*D =
rank 0D + m and rank 0D = rank D + m. Assume that there exists a completely inte-
grable subbundle F' of 0D of corank 1, then Ch(9D) is a subbundle of D of corank 1.
Furthermore if 0D = 0® D, then Ch (0D) = DN F.
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Proof. Let x be any point of R. By the rank condition, there exist linearly independent
1-forms {7%,n® (#(i =1,...,s5,8=1,...,m)} defined on a neighborhood U of x, where
s = corank 0%D, such that

PD ={rl=.-..=7=0},
D :{7‘(‘1:---:7['8:’)’]1:---:nm:clz---zgm:(L }

drt =0, dn® #£0 (mod =',...,7% 0% ..., n™)
dn® =0, d¢® #0 (mod =',....75 0. .. o™ ™)

Moreover, since F' is a subbundle of 0D of corank 1, there exists 1-form w such that

{m,.. . 7% nl, ... ™ w} are linearly independent and
Since F is completely integrable, we have dn® = 0 (mod =',....7% n',...,n™ w).
Hence there exist 1-forms {w@?,..., @™} on a neighborhood V' C U of x such that

1 s 1 m
yeeesy T My, 7] )

From rank 82D = rank 9D+m, it follows that {7, n°, w,@’(i=1,...,s, B=1,...,m)}
are linearly independent at each y € V. Then we have
Ch(OD)={r'=-.=n=p'=-..=g"=w=w'=-.. =™ =0} CF,
Thus Ch (0D) is a subbundle of F' of corank m.
Now the structure equation for D implies
wAw’ =0 (mod ', .., 7% 0t ™ ¢ ™).

First of all, we claim: There exists no open neighborhood V' C V' of x such that w
vanishes identically on V' modulo D+. Assume the contrary, i.e., there exists V' such
that wy» =0 (mod «t ... 7 nt ..., n™, ¢t ..., (™). Then we may assume w = (! on
V'. Since F is completely integrable and FF = {7l = --- = =pl = ... =gym = (! =
0 }, we get

dn’ =wAw’ (mod =

act=0 (mod 7', ..., 7% 0", ...,n™ CY),
which contradicts the structure equation for D.
The rest of the proof is quite similar to that of Proposition 5.6 and we see that
Ch (0D) is a subbundle of D of corank 1.
Furthermore, if 32D = 9®) D, case (2) in the proof of Proposition 5.6 does not occur
and, by a base change of {¢1,..., (™}, we have
dp’ =wA¢® (mod .. ..7% nt . ..p™) for B=1,...,m.

Thus Ch(0D) ={rl = =7 =9 =P =w=0 (1<B3<m)}=DnNF. O

The first part of the above proposition is also obtained independently by Adachi [1].

By utilizing the above proposition repeatedly, we obtain

Theorem 6.2. An m-flag (R, D) of length k is a special m-flag if and only if there exists
a completely integrable subbundle F' of 0* 1D of corank 1. Moreover, F is unique for
(R, D).
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Proof. Only if part is trivial. For the if part, by repeated application of the above
Proposition, we obtain that F > Ch (9*7'D) and Ch (0°*'D) is a subbundle of 9'D of
corank 1 fori = 0,...,k—2. Thus we are left to show that rank D = rank Ch (D)+m+1,
but the proof is the same as in Theorem 5.8. The uniqueness of F' follows from Theorem
4.2. O

Hence, by Theorem 4.2, we obtain the following Drapeau Theorem for m > 2.

Corollary 6.3. Let M be a manifold of dimension m + 1. An m-flag (R, D) of length
k is locally isomorphic to (P*(M), C*) if and only if there exists a completely integrable
subbundle F of 8*'D of corank 1.

7. GENERATING CONDITIONS

In this section we will characterize the regular part J*(M, 1) of P¥(M) by the gener-
ating condition: "D = 0WD for i = 2,...,k for the weak derived systems(cf. Remark
3.3). First we have

Theorem 7.1. Let (R, D) be a special m-flag of length k (m = 2). Then (R, D) is
locally isomorphic to (J*(M,1),C*) if and only if 'D = 09D fori=2,...,k.

Proof. Only if part is well known (see §2.3 [15]). For the if part, we first observe that
by the generating condition, 'D = WD for i = 2, ..., k, we have

PO'D) =02 (D) for i=1,....k—2.
as follows: By the definition of the second weak derived system for 9’D, we have
0P (9'D) = 9(0'D) + [0'D, 0(0'D)]
= oD + [81'1),8"“7)] C ai—i—lfD + [8i+1rD7ai+1D] — ai—i-sz’
where 0'D = T'(9"D) denotes the space of sections of 9°D. Here we note 9(9'D) =
OW(9'D) = 0" D. On the other hand, from 92D = 9%*+2 D, we have

oD = 9UID = 9t+I)D + [D, 9 HVD)| = 0"+1D + [D, 0"+ D]
C 0D + [0'D, 0" D] = 0P (0'D) C 9D,
Thus we obtain A A A
02 (0'D) = "D = 9*(0'D).
Then, starting from 0*~2D together with the existence of completely integrable subbun-

dle F'in the definition of the special m-flag, we apply the last part of Proposition 6.1 to
08D (together with Ch (9*~"*2D)) inductively for i = 3,..., k and obtain

Ch(0F'D) =0 2DNF,
Ch(0*D) =9+ DNCh(OF*'D)  for i=2,....k—1.

Now, as in the proof of Theorem 4.2, we may assume that the leaf space M = R/F

of the foliation F' defined on R is a manifold of dimension m + 1 so that p : R — M

is a submersion. Moreover we can construct the submersion ¢ : R — P*(M) satisfying

(W) HCY) = 8D and Ker (¢'), = Ch(0*7¢D) by utilizing the Realization Lemma

step by step.In this process, by the above equalities and Proposition 4.3, we see that,
20



at each stage, the image v‘(R) is contained in Ji(M,1). Thus finally ¢* is a local
isomorphism of (R, D) into (J*(M, 1),C*). This completes the proof of Theorem. [

Now we have (cf. Theorem 1.1 [11])

Corollary 7.2. Let M be a manifold of dimension m + 1. J*(M,1) coincides with the
open subset U of P*(M), where

U={vePYM)|dC*=0DC* for i=2,....k on a neighborhood of v}

Proof. By the proof of the above Theorem, putting R = U, we have

Ch (0 1C*)(v) = 9*2C*(v) N F(v),where F = Ker (p}):,
Ch (0F7iC*)(v) = O*=HDCk(v) N Ch (OFH+1Ck)(v)  for i=2,.... k—1.

at each v € U. Then we see pF(U) C JY(M,1) for i = 2,...,k and finally we obtain

U C J%(M,1) by Proposition 4.4. O
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