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NONEXISTENCE OF HIGHER DIMENSIONAL STABLE TURING
PATTERNS IN THE SINGULAR LIMIT*

YASUMASA NISHIURAT AND HIROMASA SUZUKI#

Abstract. When the thickness of the interface (denoted by ) tends to zero, any stable station-
ary internal layered solutions to a class of reaction—diffusion systems cannot have a smooth limiting
interfacial configuration. This means that if the limiting configuration of the interface has a smooth
limit, it must become unstable for small €, which makes a sharp contrast with the one-dimensional
case. This suggests that stable layered patterns must become very fine and complicated in this singu-
lar limit. In fact we can formally derive that the rate of shrinking of stable patterns is of order /3.
Using this scaling, the resulting rescaled reduced equation determines the morphology of magnified
patterns. A variational characterization of the critical eigenvalue combined with the matched asymp-
totic expansion method is a key ingredient for the proof, although the original linearized system is
not of self-adjoint type.
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1. Introduction. Dynamics of interfacial patterns attracts much interest in
many fields such as population dynamics, combustion, chemical reaction, solidifi-
cation, and so on. One of the pioneering works in the pattern formation problem
can be traced back to Turing [9], who found that spatially inhomogeneous patterns
can be formed by diffusion-driven instability if the inhibitor diffuses faster than the
activator. A typical model system is of the form

Ut :€2Au+f(u,v)a
(z,t) € Q% (0,00),

(1.1) vy = DAv + g(u,v),
ou v
%—O—ain, (a:,t)E@QX(0,00),

where v is the activator, v is the inhibitor, Q is a smooth bounded domain in R
(N > 2), and ¢ is a small positive parameter. The nonlinearity f has at least two
stable branches for a fixed v, and the signs of g are different on these branches,
typically (f,9) = (u(l — u)(u — a) — v,u — yv), where 0 < a < 1, v > 0. More
precise assumptions for (f, g) are displayed at the end of this section. Although (1.1)
exhibits a variety of patterns depending on diffusion and/or reaction rates, we focus
on the stationary ones in higher space dimensions; we are especially interested in
layered solutions which have internal transition layers from one stable branch of the
nullcline f = 0 to the other one (see (A.4)). The basic issue asks, Does (1.1) have
nonconstant stable stationary solutions up to ¢ = 09 And, if it does, what are the
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asymptotic configurations of them as € | 07 As we shall see, this is closely related
to finding the location of free boundary called the interface separating two different
states. Numerically as well as experimentally, for a fized ¢ > 0, a variety of stationary
patterns have been observed such as spots, stripes, and labyrinthine patterns for (1.1)
(see, for instance, [1] and the references therein). Hence naively one can expect that
(1.1) has a lot of stable stationary solutions for small € up to € = 0.

In fact, for the one-dimensional case, it is proved rigorously (see [5]) that many
stable layered solutions coexist up to € = 0. It should be noted that each layer position
has a definite limit and the distance between layer positions remains finite as € | 0.

On the other hand, for the higher dimensional case, we know very little about
the limiting configuration of stable stationary solutions to (1.1) when ¢ tends to zero.
For instance, the planar front does not persist as a stable one (see [7]), and more
complicated patterns take it over for small €. We rephrase our basic question in
the following way: Does (1.1) have an e-family of stable stationary layered solutions
(U*,V#) with smooth interface T'° up to e = 02 Here I'® is defined by

IrF={ze|U(z) =a"},

where a* is an intermediate value between two stable branches of f = 0 and, for
instance, is equal to 1/2 for the above specific example. Note that “smooth up to
¢ = 0” means that there exists an (N — 1)-dimensional smooth compact connected
manifold I'? without boundary embedded in R such that I'* converges to I'° smoothly
ase | 0.

The goal in this paper is to give a negative answer to this question under the
assumption that it has a matched asymptotic expansion of order 1 (see section 2 for
details). Namely, we have the following theorem.

THEOREM 1.1 (main theorem). Suppose that (1.1) has an e-family of stationary
matched asymptotic solutions of order 1 whose interface is smooth up to € = 0. Then
it must become unstable for small €.

We prove this in section 3 by converting the linearized eigenvalue problem around
(U°,V*®) to a variational one (see (3.5)) which consists of a scalar elliptic part and
a nonlocal term coming from the coupling of the two equations. A key idea is that
in the variational characterization of the maximal eigenvalue of the system, the term
associated with the (local) elliptic boundary problem is positive and it dominates
the contribution from the nonlocal term for a highly oscillating admissible function
in azimuthal direction. This instability result leads to the natural question, how
about the fate of stable ones when ¢ | 0?7 The above theorem strongly suggests
that stable patterns somehow must become very fine and/or complicated when ¢ | 0,
and if it happens, can we characterize the domain size of those patterns and their
morphologies? We shall discuss these issues in section 4; in fact we can formally derive
that the rate of shrinking of stable patterns is of order /3. Using this scaling, the
resulting rescaled reduced equation determines the morphology of magnified patterns
(see also [5], [6], and [8]).

We prove the above theorem under the following assumptions.

(A.0) I'® is an (N — 1)-dimensional smooth compact connected manifold without
boundary inside of €2, and the domain surrounded by I'® is simply connected.

(A.1) f and g are smooth functions of u and v defined on some open set O in
R? and the partial derivative f,(resp., g,) is a negative (resp., positive) constant
function.

(A.2) (a) The nullcline of f is sigmoidal and consists of three smooth curves
u=h_(v), ho(v), and h (v) defined on the intervals I_, Iy, and I, respectively. Let
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Fic. 1.1. Functional forms of f =0 and g = 0.

minI_ = v and max I, = 7; then the inequality h_(v) < hg ( ) < hi(v) holds for
veTI* = (v,v), and hy(v) (resp., h_(v)) coincides with ho(v) t only one point v = U
(resp., v), respectively.

(b) The nullcline of ¢ intersects with that of f at one or three points transversally
as in Figure 1.1. The critical point on u = h_(v) (resp., h4(v) or ho(v)), if it exists,
is denoted by P = (u_,v_) = (h_(v_-),v_) (resp., @ = (u4,v4) = (hy(vy),v4) or
R = (uo,v0) = (ho(vo),v0))-

(A. 3) J(v) has an isolated zero at v = v* € I'* such that dJ/dv < 0 at v = v*,

where J(v) = [, : +((;)) f(s,v)ds. Moreover, we assume that v_ < v* < v4.

(A4) fu <O0on HyUH_, where H_ (resp., Hy ) denotes the part of the curve u =
h_(v) (resp., hy(v)) defined by H_ (resp., Hy) = {(u,v)|u = h_(v)(resp., h4(v)) for
vo < v < v*(v* < v < wi)}, respectively. Note that v_ < (resp., < vy) is replaced
by v < (resp., < U) when there are no critical points on the branch u = h_(v) (resp.,
hy(v)). Hy and H_ are called the stable branches of f = 0. See the thick solid part
of f =0 in Figure 1.1.

(A.5) (a) gly <0< g|H+ ,
a(f.9)
b d .
(b) “ <8(U7U)) H{UH_ =Y
(A.G) gv|H+uH_ < 0.

Remark 1.1. The assumption for the partial derivatives in (A.1l) is necessary to
make the problem (3.4) self-adjoint; however, it is plausible that our result holds true
for the general case.

Remark 1.2. Tt is not known rigorously that, under the above assumptions, any
smooth layered solution with a smooth limiting interface has a matched asymptotic
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expansion of order 1; however, it is conjectured to be true at least for a large class of
such layered solutions.
Remark 1.3. (A.4) and (A.5) (b) imply that

d fugv - fvgu
(1.2) gl (o), v) = e ol <0,
v fu H{UH_
We use the following notation throughout the paper: let ¢ = (01,09,...,0nN)
denote the usual multi-index of order |o| = o1 + 02 + -+ + on with nonnegative

integers o;, and write 9; = 9/0z; (1 <i < N).

(i) Let k be a nonnegative integer and a € (0,1). By C*¥*%(Q) we mean the
Banach space of all real-valued functions u € C*(Q) for which the derivatives 97u
with |o| = k are Holder continuous on  with exponent . The norm is

k
||u||Ck+a(§) = Z |u‘j7ﬁ + |u|k+a,§7
j=0
where
lul; & = max sup [07u(z)|,
lo|=k zeN
and

107u(x) — 07u(y)|
= max sup .
lo1=k , yeqr |z —yl|*

‘u|k+a,ﬁ

(i) CET*(Q) is the subspace of C*+(Q) whose elements are functions vanishing
on Of).

(iii) C**(Q) is the Banach space of all real-valued functions in C**(Q) but
with the special norm depending on ¢:

k

j k
lull oo =Y &lul;5 + " July 0 5
=0

(iv) C’f"go‘ (©2) is the subspace of C5+%(Q)) whose elements are functions vanishing
on 0f).

2. Matched asymptotic expansion of singularly perturbed stationary
solutions. In this section, we summarize the necessary conditions for the existence
of the e-family of matched asymptotic solutions with internal transition layers of the
following stationary problem:

0=e2Au+ f(u,v)

(2.1) in Q,
0= DAv + g(u,v)

ou 0= v
on ~ On
Before presenting the precise form of matched asymptotic expansion, we need to do
a change of variables near the interface. Let us assume that there exists an e-family

(2.2) on Of).
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of smooth solutions (U®(z),V¢(x)) to (2.1) and (2.2) with interior transition layers
such that the interface defined by

(2.3) rF={zeQ|Ux)=a"}

is a compact smooth manifold of dimension N — 1 embedded in RY and has a definite
limit I'° with the same properties as € | 0. Let (X4, ) be alocal chart on 'Y with
#(X,) an open subset of RN "1, For zgp € Xy, ¢(x0) = s = (s*,...,sV 1) and we
denote the inverse of ¢ by

Lo = (‘ré(s)7 s 7xév(5))

In some tubular neighborhood Uy(T°) = {z € RY | |y(z)| < d} of I'°, the local
coordinate system (s,y) = (s!,...,s™V "1 y) is defined and for = € Uy(T?),

(2.4) x=X(s,y) = zo(s',...,sN ) +yv(st, ..., sV

holds, where v(s!,..., sV =1} is the outward unit normal vector at s = (s!,..., sV 1)
to I'°. Then, X becomes a diffeomorphism from [—d,d] x T'? to Uy(T?) if d is strictly
smaller than the infimum of the radii of curvature of I'?. Its inverse is denoted by
(S(x),Y(z)). Then I'* can be represented by

I = {xo(s) + (s, €)v(s) | s € I,

where
m
Y(3,6) = 3 Fuls) + €™ Fpm (5,):
k=1

Here we introduce the local shift variable 7 by the following relation:

(2.5) Yy=T4+w (5) (s, €),

where w(7) € C*(R) is a cut-off function such that

1
w(t)=1 for || < 2 w(t)=0 for |7]>1,

0<w(r)<1, |WN<3.

Then, by the implicit function theorem, 7 = 7(s,y, ) satisfying (2.5) is defined for
sufficiently small €. In place of =, we use a new independent variable &, defined by

x, x € Q\U(T0),

i=X(z,e) =
X(S(z),7(S(x), Y (x),¢€)), x € Uy(T?).

Let QF (resp., ) be the region surrounded by I'* (resp., I'°) and Q7 = Q\ﬁz_
(resp., Qp = Q\ﬁg) Then, note that & = X (z,¢) maps I'* to I'°, and QF to QF,
respectively; namely, the free boundary I'® becomes a fixed boundary I'° in the new
coordinate. Throughout the paper, we shall use the following notation:

u(z) = u(s,y), (&) ="7a(s,1).
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Using the above transformation, the stationary problem (2.1) with (2.2) can be rewrit-
ten as

e2M=i+ f(a,8) =0
(2.6) in €,

DM®o + g(4,9) =0
ol o0v
(2.7) o 0= n on 09,

where 4 = 4(%), b = 0(&), and M¢® is the representation of the Laplacian A, in &.
In Q\U4(T?), M® is equal to Az. On the other hand, in the neighborhood U4 (T?),
M?* is defined in the following way: for the local coordinate system (s,y) defined by
(2.4) in RY, let g¥ be the contravariant metric tensor and g = det(g%). Then for
u(zx) = u(s,y), Laplacian A, is expressed by

(Azu)(z) = (Apyu)(sy)

0? 0
= U(S,y) + (N_ 1)H(S7y) U(S,y)
(2.8) oy* %y
N-1 N-1
1 0 0
R R vy _—_
+ g = D5t \/§j§:1 g 88ju(87y) )

where H = H(s,y) is the mean curvature of the hypersurface I'(y) = {zo(s) + yv(s) |
s € %} at (s,y). Using this representation, for @(%) = (s, 7), M¢ is defined by

(M0)(2) = A(syyals, 7(s,y,€)).
It follows from this definition that M¢ can be expanded as M© =Y k>0 e® M, where
My = Az, z e,
and for k > 1,
0, € Q\Uy(T?),
My, =

at most the second order differential operator in

- 0
s (i=1,...,N—1) and 7, & € Uqg(I").

In the following, we consider only (2.6) and (2.7), so we omit the hat symbol (*). A
family of solutions (U%,V?) € X, = C27%(Q) x C?+*(Q) of (2.6) and (2.7) is called
an e-family of matched asymptotic solutions of order m when it has the following
expansions (2.9)—(2.12). Roughly speaking, (U¢,V*¢) is expanded separately in two
regions Q(ﬂf divided by the interface I'°, and they are matched smoothly at I'?. Tt
should be recalled that the boundary condition (2.3) is always satisfied at T for
small € owing to the change of variables (2.5). More precisely, for any positive integer
m, we have

Ut (2) = Ui (a6) + B (we) +ole™),  x€Q,

Us(x) =
Ut (x) =U,,(x,€) + P, (z,e) + o(e™), r €y,
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(2.9)
VE(z) = V,H(x,e) + 20t (z,€) 4+ o(e™), reQf,
Ve(x) =
VE(x) =V, (z,e) + 20, (z,e) + o(e™), r€Qy,
where
(2.10) Uib(z,e) =Y uif (@), Vi(w,e) =) vf(x
k=0 k=0
Yk (s, T )k, s evurnag,
(2.11) OF (z,¢) = k=0 c
0, z € QE\Uy(T?),
N CO ) R UL
(212) Uk (z,e) = k=0 c
0, z € QE\U,(T?),

d)k and wk are functions of s and £, and £ is the stretched variable £ = 7'/6 (recall
that Y( ) = 7). Here the topology of Landau’s o is X.. The coefficients uk , vk , ¢k ,
and wk satisfy the equations listed below in appropriate function spaces, which can
be obtained by making outer and inner expansions and equating like powers of ¢
The inner and outer solutions are not independent in the sense that they must satisfy
the boundary conditions as well as the C''-matching conditions between (U5, V) and
(U2,VE) on I'0. Let B°(s) = v* + > pr, Br(s)eF + e™Bmy1(s,€) be the expansion of
the value of V¢ on I'°. Note that the Oth order should be v* from (A.3), since (U¢, V?)
is a stationary solution.

We briefly explain the algorithm of the matched asymptotic expansion method
and display the equations and relations up to order O(¢™). For more detailed argu-
ments, see [2] and [6].

First we divide (2.6) into two problems as follows:

e2Meut + f(ut,vt) =0
in QS‘,
(2.13) 4 DMevt + g(ut,vt) =0
ut =a*, vt =3 on I'9,
e2Meu™ + f(u=,v7) =0
in Qf,
DMev~ +g(u=,v7) =0
2.13)_
( ) uT =a*, v =pf° on I'Y,
ou~ v~
—_— = = — Q.
o 0 o on 0

Then the interface is regarded as the boundary layer at I'C.
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Outer expansion. Let
m m
(2.14) ut = Zuf(m)ek, vt = Zv,f(m)ek,
k=0 k=0

where both uj () and vif(z) belong to C’OO(Q(;_L). Substituting (2.14) into (2.13)+
and equating like powers of e, then (uif (), vif(x)) satisfy the following equations:
k=0

fluy,v5) =0

in QF,
+ +  +
(2.15) DMoyvg + g(uy,vg) =0
P
S =0 on 99,
n
k>1
ff}iuf + fgj[vi =— Z MluzIE + P,:E_1
itj=k—2
(2.16) DMovif + g% uif + g5 vif = =D > M + Qi in QF,
itj=Fk,i>1
v
% =0 on 0f),
n
where f0F = f(uo ,vo) ot = f(uO , V5 ), and so on. P]j[ , and Qf , are
functions determlned only by ug ,vgt, .. uf 1 vk . For k =1, we define the right-

hand side of (2.16) as equal to zero. Smce (U=, V":) is a layered solution connecting
two stable branches of the kinetics (f, g), it follows from (A.4) and the first equatlon of
(2.15) that (u,v) lies on either Hy or H_. For definiteness, we assume that uf =
hy (U(:)t). Then (2.16) can be uniquely solved recursively owing to the assumptions
(A.4) and (A.5). This expansion is, however, insufficient because the layer part is
not taken into account; in fact, uar and ug are discontinuous on I'’. To cope with
this defect, we introduce a new variable £ = 7/¢ that rescales a neighborhood of the
interface. Also note that the boundary conditions for v,f are determined by the C-
matching conditions discussed later.

Inner expansion. We introduce the stretched variable £ = 7/¢ and let

Ut e+ o (@), L) o,
9+ k( . )g

(2.17)
vt = ViE(e,e) + 2230 (80, T e
g)+e kz::O i < . >5

where ¢ = ¢if(s,€) and ¥Ff = ¢if(s,€). Since the definition domains of ¢ and
1) are semi-infinite, these functions and the inhomogeneous terms of their equa-
tions listed below must have some decaying property for solvability. An appropriate
function space for this purpose is the following.
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DEFINITION 2.1. Let EF be the set of functions E* (s, €, ¢) defined on Ty x IT x
[0,e0) with the property that for each C* linear differential operator D of any order
in the variables s and &, there exist positive constants Cy and K (possibly depending
on D and E*, but not on s, £, and €) with |DE*| < Ke= ¢+l Here I~ = (—00,0)
and I = (0, oo)

Substituting (2.17) into (2.13)+ and equating like powers of £, we obtain the
following equations:

k=0
95 + f(he(v") + 65 ,v7) =0,
DYy = g(hs(v"),v*) = g(he(v") + 65, v"),
g (5,F00) =0, g (s,F00) = 0= ¢y (s, Foo),
k=1
O + foEer = —Migg — foH{ui (5,0) + (ug)-(s,0)¢}
0= (0 (5,0) + (6)- (5, 0)€},
Dy = —DMy§ + Q.
1 (s, F00) =0, i (s, Foo) = 0 = ¢i (s, Foo),
k>2
G+t =— Y Mgy + B,
itj=h,i>1
Dyif =-D > Mipf + Qi
itj=hi>1
qbf(s, Foo) =0, wff(s, Foo)=0= 1/')2:(5, Foo)
for £ € IT and s € T°, where - = 665, fOi = a o f(hx(v )—|—¢§, v*), (u%)T(s,O) =
a%uét(s,O), and so on. f’,il depends on uoi,voi, .. uf, ki, 5 ,wo ,...,qbffl,wliw

and Q,f_l does, moreover, depend on 1/),:5_1. The solvability of the above equations
in the space E* can be shown in a similar way to [2], so we leave the details to the
reader. M€ is the representation of M*¢ in variables s and £ and is expanded as

= 6% Z&kMk.

k>0

Here M; (k > 0) are at most second-order differential operators in s and £. The
precise forms of M}, are presented at the end of this section.

Boundary conditions and C'-matching conditions. Now we describe the

boundary conditions of vki and (;Sf on I'%. Then uf, v,f, (bf, and 1/}25 are determined
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recursively. These conditions are given by

o = Z uf(s7 0)eX + Z gb,f(s, 0)e®,

k=0 k=0
m m m—2

v* 4+ Zﬁk(s)sk = Zv,f(s, 0)er 4 &2 Z PiE(s,0)er.
k=1 k=0 k=0

Equating like powers of €, we have the following boundary conditions:
k=0

(2.18) bE(s,0) = o —ui(s,0), vi =0 seT?,
E>1
¢ (5,0) = —ui(5,0), vi(s,0) = Br(s) — v ,(s,0) seT0.

In this way, we obtain the formal asymptotic solution of (2.13)4. Since (U®,V*) is a
stationary solution of (2.6), (U5, V) must satisfy the C''-matching conditions; that
is,
oUs oue ove ove

t e = et =c—— on IV

ov o’ ~ Ov ov

3

After some computation, we have

k=0
(2.19) (v3)7(5,0) = (v5)7(5,0), & (5,0) = dy (5,0), sel’
k>1

(0 )-(5,0) + 9571 (5,0) = (v )~ (5,0) + ¥y, (5,0),
(2.20) s €T

O (5,0) + (ui_)r(5,0) = &y (5,0) + (uj_1)-(s,0).

The second equation of (2.15) with the boundary and C'-matching conditions
(see (2.18) and (2.19)) is called the reduced problem; namely,

DAvE + g(he(vi),vi) =0 in QF,
T v

+ _ * 7() o 0 0

(2.21) g =, o=k on T,
aa% -0 on 0.

This is a free boundary problem for I'° which determines the asymptotic configuration
of stationary interfacial patterns. We define vg(x) € C*(€2) by

vy (2), r €Qg,

vy (), x € Q.
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We close this section by presenting a lemma on the representations of Mj,, which
will become useful in the next section. The proof is delegated to [6].
LEMMA 2.2. My, M1, and My have the following forms:

- 0?7 - 0
My = 8752’ M; = (N —1)Hy(s )85
= AT (Py(s) 4 Pas)) 2+ Pyls)
2 e 3 oe2
0 0
—Dsafé _Hl(s)(§+71(3))87§7
where
| Nl N—1 N—1N-1 -
Pl(s 2G Z C;s1 Z G]asﬂ')/b P2 Z Z 3371 + Gwasisj'yl]v
i=1 j=1 i=1 j=1
N-1N-1 N-1N-1 P P
Py(s) = > . GY0,718571 > 0, Dy = Z Z GY (as,-ylasj +8Sj7lasi>’
=1 j5=1 =1 j5=1
N-1
Hy(s) = m(s)2

Hoy(s) (resp., ki(s)) are the mean (resp., principal) curvature of T° at s € T, G is
the contravariant metric tensor for the manifold T° of dimension N—1, G = det(G%),
and AT s Laplace-Beltrami’s operator defined on I'°. In particular, the coefficients
of % in Dy are independent of €.

3. Instability result for stationary patterns as € | 0. In this section we
prove that the internal layered solutions in the previous section must become unstable

when ¢ tends to zero. For this purpose, we show that the linearized eigenvalue problem
around (U¢,V¢),

Aw = e2Mw + few + fez,
(3.1)
Az =DMz + giw + g5z,

has an unstable eigenvalue where A is the eigenvalue parameter, where f; = % f(U=,ve)
and so on. The main result is the following.

THEOREM 3.1. Suppose that (1.1) has an e-family of stationary matched asymp-
totic solutions of order 1 (i.e., m = 1) whose interface is smooth up to e = 0. Then,
(3.1) has a positive (i.e., unstable) eigenvalue of O(e) for small .

Proof. We divide the proof into three steps. In the first two steps we assume that
the e-family of stationary solutions has an asymptotic expansion up to order 2 (i.e.,

= 2), which makes the proof readable, especially to understand how to handle the
Laplacian part. Then it is easy to modify the proof to be valid for the order 1 case
(see Step 3 below). Apparently (3.1) is not a self-adjoint problem, since f: # ¢&.
In order to reduce the problem to a self-adjoint one, we first introduce the following
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auxiliary problem:

Aw =e?Mew + fow + fiz,
(3.2)
nz =DMz + gyw + g3z,

where 7 is an auxiliary parameter. The following Step 1 deals with the case n = 0,
where, by solving the second equation with respect to z (see (A.6)) and substituting
it into the first equation, we have a self-adjoint problem of w. Then the existence
of the unstable eigenvalue for (3.2) with n = 0 is shown via the variational method.
This result can be extended to case > 0 in Step 2, where it is proved that a positive
eigenvalue of O(e) of (3.2) exists for each 1 # 0. The proof of Theorem 3.1 for m = 2
is an immediate consequence of these two steps. Finally in Step 3 we show that
the expansion up to order 1 is sufficient for the proof of instability. Note that the
linearized instability implies a nonlinear one for the class of evolutional systems like
(1.1).

Step 1 (n = 0 case). Solving the second equation of (3.2) with n = 0 with respect
to z as

(3.3) 2= (V) 'gsu,

where (N°)~1 = (=DM?® — ¢5)~1, which is well defined from (A.6), and then substi-

tuting (3.3) into the first equation of (3.2), we obtain a scalar problem for w:

(3.4) Aw = 2 M w + fow + fS(N°) " Lgtw.

From (A.1), (3.4) becomes a self-adjoint problem.
LEMMA 3.2. (3.4) has a positive (i.e., unstable) eigenvalue of O(e) for small €.
Proof. In what follows, for simplicity of notation, we can assume that f, = —1 and
gu = 1 without loss of generality. Since the linearized operator (3.4) is self-adjoint, we
shall prove that the largest eigenvalue A§ of (3.4) becomes positive for small €, which
is characterized by

J A=AVl + fow = (V) 0o
Q

(3.5) Ag = sup )
wEHl(Q) /’LUQde'
Q

where V- is the representation of V with respect to the coordinate & (see section
2). Recall that we write x instead of & and hence Y (z) = 7 and £ = 7/e. Now we
construct a suitable test function for our purpose. Let

o(5)oe st

Q) =

where U is a solution of

U+ f(U,v*) =0,
(3.6)
U(£oo) = hx(v*), U(0) =a*.
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We define w(x) by the following product with © € L*(I'°) and [|©]|2(ro) = 1:

Y
Q (i:n)) 0(S(x)), x € Uy(T'?),
0, x € Q\Uy(T?).

For this w(z), €2|Vrew|? is computed as

2|V apew|? = 2(U2VI 02 — 20202970 - V' + U2V 7 )?)
(3.7)

+U%02 + O(e%)

in Uy(T?), where

N—-1
P ortn ;; 001 06,
Ve, Ve, = Y @IS T

ij=1

|VF0@3‘2 = VF0@3 . VF0@3

for ©; € L2(I'%)(i = 1,2,3), and G¥ is the contravariant metric tensor for I'°. Here
we used the fact that

N-1
Vaeil? = [T = 3 g 28 20, (007
(s,) = st Osi oy

for (s, 7) = u(s,y). Hence, for a function ¢ = p(s,7(s,y,£)/e), we note that g;’j =

Yy + ég&g’]‘si, % = %gﬁ&”]’y, Te = —€dgm1 + O(g?), and 7, = 1 in a neighborhood
of 7 = 0 (see (2.5))

becomes

Integrating (3.7) over €, the first term of numerator of (3.5)

/62\VMsw|2dm
Q
(3.8)
:g/ / (202 O + 202 Py (5)0° + U20%}dedS + O(eb),
ro Jie<s

where Pj(s) = |VF071\2. The remainder term O(e*) depends only on I'° and the
L2-norm of ©. In order to compute the second term of the numerator of (3.5), first
note that

FO* 4 eFIF 4 &2F2 4 O() in Of NU(IY),
(3.9) fa=9 _ 5 3

F)™ +elF,” +e2 ;7 +0() in Qp NUL(I),
where

FJ* = fulhe (v7) + 65, 0%),
Ey = fuu(ha () + 05, 0 ){E(ug ) (5,0) +ui' (5,0) + 67}

+fuv(hi(v*> + (boi’ U*){g(vo)T(s,O) + 'Uli(sv 0)}7
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and the remainder term O(g?) depends only on the stationary pattern (U<, V¢). The
O(1) term of (3.9) multiplied by w? combined with the third term of (3.8) vanishes,
which is easily seen by differentiating (3.6) with respect to £&. Hence we only focus on
the contribution of (3.9) coming from the O(g)-term and higher. The next equality is
a key ingredient for the proof

0 9]
(3.10) / EMU2de —I—/O E-U%d¢ = (UQ)T(S,O)%J(U*) > 0.

In order to show (3.10), we note that U = d')(jf, U= d)(jf for £ € IT (so we omit the
superscript & of ¢y and ¢g), and p* = 1i satisfy the next equation (see section 2):

(3.11) 7+ ESpt = 0%,
where
OF(s,8) = H(5,6) — {(ug)+(5,0)fF + (v0)+(5,0) f*}

and
(3.12) H* = —(N —1)Hygo — F* .

Multiplying ¢o on both sides of (3.11) and using the relations

O ~ . . O ~ . a*
7% do(2)dz = —da(0), 7% do(z)dz = / Folt,v*)du,

Foo Foo i(v*)
we obtain, by integration by parts,

0

H*(s,2)¢o(2)dz = ¢ (5,0)$0(0) — Go(0){¢7 (5,0) + (uy )+ (s,0)}
(3.13) ’

*
[e3

+(v0)r(s,0)/ folu,v*)du.

hy (v*)

On the other hand, multiplying ¢o on both sides of (3.12) and using (3.13), we have
0 ~ . o ~ . O ~ . o ~ .
/ EItU2de +/ Fl-U%d¢ = / Fotoade +/ Fl=¢dde
— 00 0 —00 0

0 oo
— (V=)o [ odndé ~ (N = Do [~ dodode

a*

— 5 (5,0)80(0) + ol (5,0) + (1) (5,0)} — () (5, 0) / folut, %) du

ha (v%)

*

e

+7 (5,0)60(0) = Po{1 (5,0) + (ug ) (5,0)} + (v0)r (s, 0) / fou, v%)du

h_(v*)

hy(v™)
= (UO)T(S,O)/ fo(u,v*)du,
h_(v*)
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which is the required result (3.10). Here we used the fact that ¢7 (s,0) = ¢7 (s,0)
and the C''-matching condition of ¢F (see (2.20)). Using (3.8), (3.9), (3.10), and the
Hopf boundary Lemma for v° on T'? (see (1.2) and (2.21)), we obtain

my d
€ > _ *
A§>C {sKl va(v )
0 1 R R
(3.14) b [ {HIveR - g wapis) - P as
r 1
—L/ (NF)~ 202z | + O(e?)
ch"i Q ’
where
My = m%no(vo)T(s,O) <0, K = / U2de, K, = / {r2de,
s€ —o0 —o0
A () ~ . oo ~ .
Py(s) = F2U2de + / F2U%de,
—0o0 0

and C' is a positive constant. The objective is to choose an appropriate test function
in order to make the first term of [ - | in (3.14) dominant, which is positive and O(g).
First we choose © as the kth eigenfunction © of the following eigenvalue problem:

1 . .
Aley — E(szl(s) — Py(5))0r = ux©),  on T°.

Then the second term of (3.14) is equal to 2uy. Note also that Oy converges to 0 as
k — oo in weak L?(I'°)-sense. As for the third term of (3.14), which comes from the
nonlocal part, we first note that when e tends to zero,

(3.15) éQ(g) _ éU(E)w(%) o d(r)  in HY((—d,d))-sense,

where 6(7) is a Dirac’s 6-function at 0 and ¢y is a positive constant. Let K§ be

i o (25) o [ o (2] (2) e

In view of (3.15) and considering that (N¢)~! is a uniformly bounded operator map-
ping from H~1(Q) to H'(Q2) with respect to e, we see that K§ is uniformly bounded

with respect to € and k and that fild(Q(T/E)/f:') - dr converges to the trace operator

on T from H'(Q) to H'/2(T'°) in operator norm sense. Therefore, by using the fact
that © converges weakly to 0 as k — 0o, we see that for any given small ¢* > 0,
there exists an g and kg such that

(3.16) K <c* for 0<e<eq k> ko
Substituting © = Oy, and w = wy, into (3.14), we have

med o1
K

Ki +epr| + 0(53),
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where C' is a positive constant. Using (3.16) and taking ¢ smaller, if necessary, we see
that

My d

(3.17) o)

1
— —K:>o0.
o Ki>0

Therefore the right-hand side of (3.5) becomes positive for sufficiently small ¢ > 0,
which is greater or equal to the O(e) quantity. In the rest of the proof, we show that
the upper bound of (3.5) is also of O(e). Since the first and the third terms of the
numerator of (3.5) are nonpositive, it holds obviously that

/fngd;v
A< osup S

wEHl(Q) / dem
Q

In view of the expansion (3.9) and the assumptions (A.2) and (A.4), fS has a positive
sign only in the e-neighborhood along the normal direction of I'°. Therefore we have
the estimate

Xy < CelrY),

where C is a positive constant and |- | denotes the area, which completes the proof of
Lemma 3.2. ]
Step 2 (n # 0 case). Rewriting (3.2) as

2w = e2Mew + fiw + fez,
(3.18)
0=DMz+giw+ (95 — 1)z

and noting that g5 —n < 0 for n > 0 from (A.6), we see that all the computation in
Step 1 is also valid for (3.18) with n > 0. Therefore we have the following lemma.

LEMMA 3.3. (3.18) has a positive eigenvalue A = X°(n) for n > 0. Moreover,
there exist positive constants Cy and Cy (Cy < C1) which are independent of n and
such that

(319) Coe < )\E(n) < Che

holds for n > 0.

Proof of Theorem 3.1 (m = 2 case). It follows from Lemma 3.3 that A*(n) is a
continuous function of n for n > 0. Since A°(n) has lower and upper bounds like (3.19),
we see that 7 = A\°(n) holds at least at one point n = n* (> 0) by the intermediate
value theorem. This n* is the required unstable eigenvalue for (3.1).

Step 3 (extension to m = 1 case). It suffices to show how Step 1 should be changed
under the weaker assumption. When the asymptotic expansion has only terms up to
m = 1, we see from Lemma 2.2 that we lose the precise expression for the gradient
part |V-w|?, and the right-hand side of (3.7) becomes U202 4 O(e?); namely, the
gradient part is part of the remainder term O(e?). Similarly, the first two terms of
the integrand of the right-hand side of (3.8) move to the remainder term O(g3). On
the other hand, (3.10) remains valid. Hence (3.14) becomes the following:

(3.20) X5 > C e

my d 1
* O ®\ Na 71/2 2d 2'
eI = o [ IV P ufde| 4 0()
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Note that the remainder term O(g?) depends on ©. In order to get the estimate
(3.16), we select the function © in Step 1 as an eigenfunction of the elliptic operator
of second order. However it is not necessary to take such an eigenfunction; in fact it
suffices to employ any weakly convergent sequence to zero. Once we fix an appropriate
© and then take € to be sufficiently small, we have a similar estimate to (3.17). It
is easy to see that Lemma 3.3 and the proof after it hold true for this case. This
completes the proof of Theorem 3.1. O

4. Concluding remarks. As was mentioned in section 1, Theorem 1.1 strongly
suggests that stable patterns of (1.1) become very fine and/or complicated in the
limit of € | 0 in higher dimensional spaces. What we discuss here seeks to find an
appropriate scaling in space and time by which the resulting singular limit dynamics
could have stable patterns of finite size. Such patterns are usually maintained by the
balance of two competing forces as described below. In the course of the following
formal analysis, it is intuitive why the stable patterns of (1.1) must become fine in
the original scale.

Suppose there is a sharp transition layer (interface) I' connecting two stable bulk
states. There are two forces that drive the interface: one is the bulk force causing the
translation of interface with certain speed W (v|r) which depends on the value of v at
T'; the other is a geometric force, i.e., mean-curvature effect.

In one word, the characteristic size of stable patterns is determined by the balance
between the above two forces and turns out to be proportional to /3. It should be
noted that the scale e'/3 coincides with the fastest growing wavelength of the planar
front of (1.1) (see [7]). In what follows we consider a smooth subdomain €. (C Q)
and assume that both u and v satisfy the Neumann boundary conditions on 9. and
the diameter of Q. shrinks to zero as ¢ | 0 with order £*. Here a (0 < a < 1) is an
unknown exponent. Typically Q. is a unit cell of some periodic structure in RY.

Applying a change of variable with unknown exponent «

X
Y= 0<a<l)

to (1.1) (D =1 for simplicity), we have

up = 20" Au+ f(u,v)
(4.1) in Q..
v = e 2Ayv + g(u,v)

where Ay stands for the Laplacian in y-variable and Q. is the stretched domain of
Q.. It is more convenient to rewrite (4.1) in the following form:

=m0y = el = A u + e~ f(u, v),
(4.2)
g2, = Ayv + e2%g(u,v).

Suppose €2, has a smooth limit  as ¢ | 0. Taking a limiting procedure similar to [3],
we obtain the following interfacial dynamics:

e~ =T, = {W(v|r) — e~ *k}N on I'(t),
(4.3) A
g2t = AyoT 4 20g(hE (vF), vF) in QF(¢),
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where I'(¢) stands for the limiting configuration of the interface, x denotes the mean
curvature of T'(t), N is the unit normal vector at T' pointing from QF to Q= , W(-)
is the travelling velocity of the first equation of (1.1) with £ = 1 for a fixed v and is
typically a monotone decreasing function of v, the domain ) is divided into two parts
Q*(t) by T'(t) where u = h*(v) on each subdomain, respectively, and v is matched in
Cl-sense at I'(t). In view of the second equation of (4.3), v* may be expanded as

(4.4) v =05 (y,1) + X0 (y, 1) + O(").

Substituting (4.4) into (4.3) and equating like powers of &, we easily see that vgt = v*,
where v* is the equal area level of f(u,v) (see (A.3)) with W(v*) = 0. Expanding
W (v|r) into the Taylor series, the principal part of the next order of (4.3) becomes

e~ (T, = {220/ (v )un|r — e °k}N on T(1),
(4.5)
O:Ayvf[+g(hi(v*)vv*) in QF(t).

The first term of the right-hand side of (4.5) is the bulk force and the second one is
the mean-curvature effect. In order to make these two terms comparable, namely, in
order that the bulk force is balanced with the curvature effect, the exponent o must
be taken as a = % Suppose o # % Then either the bulk force or the curvature effect
becomes dominant as € | 0; hence there is no chance to have nontrivial stationary
patterns of finite size in such an e®-rescaled domain. Employing this exponent o = %

and introducing a new time scale 7 = £%/3¢, the rescaled interfacial dynamics is given
by

I, ={W(*)vi|r — k}N on I'(t),
(4.6)
0= Ayvi + g(h*(v*),v*) in QF(¢t).

Suppose . is the unit cell of a periodic structure such as hexagonal lattice and that
Q./e'/3 has a definite limit  as £ | 0; then the stationary problem of (4.6)

0={W'(v*)v1|r — k}N on T,
(4.7 0= Ayvi + g(h*(v*),v*) in OF,
v are matched in C' -sense at T'

is expected to give a stable morphology of the unit cell. We call (4.7) the morphology
equations of (1.1). Note that (4.7) is exactly the same as (2.19) in [6] where Suzuki
used the matched asymptotic method to obtain it. However very little is known about
the existence problem for (4.7) as well as their geometric profiles.

There is another observation due to [4] for a related system to (1.1) from a different
point of view, that claims that the global minimizer of the following functional must
oscillate rapidly with frequency being proportional to €'/3. The functional is given
by

(4.8) / {5|Vu|2 + éw(u) 4 %K*A Jr,ﬂ)l/zuz} da,
Q
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where W (u) is a double-well potential like u*/4 —u?/2. This is related to our problem
in the following sense. Suppose the relaxation time of v is much shorter than u (i.e.,
the quasi-static assumption for v is valid); then (1.1) can be replaced by

1 1
ug = eAu+ — fo(u) — —v
5 €

(z,t) € Q x (0,00),

(4.9) 0=DAv+u—~yv
ou ov
%—0—87”/ (CL’,t)E@QX(0,00),

where fo(u) = u —u?. Solving the second equation with respect to v and substituting
it to the first equation, we have a scalar equation for u with nonlocal term

1 1
uy = eAu + gfo(u) — g(—A + D),
which is the L?-gradient equation of the functional (4.8). Suppose that Q = Q =
(0,1)Y (N-dimensional cube) with periodic boundary conditions. We see by em-
ploying the arguments of [4] that the global minimizer u. of (4.8) has to satisfy the
following inequality:

(4.10) IR A A— o N- VL

where H(z) = [ W1/%(s)ds and C;,C; are positive constants independent of e.
Roughly speaking, the middle term of (4.10) counts the number of interface, and
hence, (4.10) means that the global minimizer has to take a fine structure, although
we do not know whether u. is spatially periodic or not. Finally, it should be noted
that the estimate (4.10) is valid only for the global minimizer and not for the local
minimizers.
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