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On the Vibration of Continuous Rectangular Plates

By Muneaki KuraTa
(Received Feb, 20, 1952.)

Synopsis

The author presents the frequency equations of free vibration of such continuous plates as are
illustrated in- Fig. 1, and gives some numerical illustrations. The present continuous plates are of
two types:—one is simply supported by intermediate supports placed at equal intervals and the other
is composed of elementary plates joined by means of perfectly smooth hinges. Such two types of

plates can be treated in the same manner.

1. Conditions of Continuity

The free vibrations in the portion of r-th span are characterized by the well-known equation
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where w,=instantaneous deflection in the r-th span, h==thickness of plate, f==density of material,
s : Eid . . . .
D=flexural rigidity of plate:TZTT—i—-_yf)" E=Young’s modulus, y==Poisson’s ratio, 1=time co-ordinate.

Now, the free vibration can be assumed in the following form:

w, == w,’ cos Wi ,
in which w,” denotes shape function, i.e., normal function,  the circular frequencies.  Then, sub-
stitution in Eq. (1) gives

W Oh

ddw,” — 5 w,” == .
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Such a solution of this equation as satisfies the boundary conditions, i-e., w,’=0, bending moments
=0, at y,=0 and y,=5, is given by the following expression as well known :

wr/ = Xn (51) sin nay <$, = ~-'IE7~'_» y e = ,.:1./_7..>
_ a b
X, (€)= K, cosh mhn§, + Ln sinh 74,8, + M, cosh nd,&,. + Ny sinh7d,5, ,

=y -(;)m:: N /G’)““:: , (2

wa® oh

B 3
7 D

u= (dimensionless quantity)

where K,, Ln, M, N, are integration constants.  Next, the conditions of continuity between any

two adjacent spans are written respectively for the two types of plates as follows 1%

For the case of the continuous plate simply supported by multiple spans
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For the case of the plate composed by hinge connection
, Sy W, R o, .
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Substituting solution (2) in the above conditions and arranging them, four equations are obtained to
represent the relations among integration constants, that is, for the former case
K, _; cosh A+ L, _y sinh swd;+ M,y cosh i+ N, -y sinh 7d; = 0,
KA4+M.=0,
K, Ay sinh 74y L,—14; cosh 7w+ A, 44y sinhm M4+ N, 1A cosh wdii—L,.2;—N, A1 =0,
K, _1f; cosh A1+ L .1fs sinh i+ M, B cosh di+ N,.—1f3i sinh ah—K,B—M. =0,
where n=1 has been taken for the fundamental mode of vibration, and the following notations are

used for shortness:

i Y n’a® g d®
B( - Xl -y “—‘[/'é" 3 Bl = A Y "—b““?:“ .
Taking B, =K,= — M, by the second equation, the denotation B, =K, _y=-— M, _; is possible.

Then the remaining three equations can be rewritten as follows:
B,y (cosh wAy—cosh 7t4}) + L,y sinhwd, + N, _ysinhdi == 0,
By—1 (A sinh wA;— i sinh A1) + L1y cosh A + N,—¢ A cosh 7Ai— L, Ay —N,A =0,
B,—; (81 cosh Ay — By cosh tdi) + L,—ifisinh 7wl + N, _4fi sinh 74i—B, (Bi—F1) = 0.
From the first equation and the third in the above, the following expressions are obtained :
L,y =— B,_icothwd + B, cosechwi; 1 )

N,_i= B._icoth i} — B, cosech 7| J

# Numbers in parenthesis refer to the Bibliography at the end of the paper.
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By substituting these into the second equation
B,y8§—B, T+ 4,=0
where ,
§ = Acosech mA; — 4 cosech 7di, T = A cothmdy — Ajcothmdy, A, =LA+ N,A.
Using the expressions obtained from {3) by substitution of the suffix r instead of r—1,
4, =LA+ N2 =—BT+H+B.+1§

is obtained, then the above equation is transformed into

Br—-I b 257- "g“ + By-n =0 (4)
Again, for the latter case, the following equation can be deduced in the same way :
Byt — 9B, = 4 Bryr =0 (5)
where
§ = T cosech w4, — L cosech 7d; , T = —ZL coth 7d; — —T{,— coth nds ,
1 1 1 1

2.9 2 2
R PERNCRI R ﬂ—&fi R A
bf
The equations above obtained (4), (5) are nothing but the finite differences equations of second
order; the solutions, therefore, are obtained at once as follows:

B, = Cysinra 4+ Cycos ra \
where
T
COS (o = ——— for the former case, )
S (6)
T/
cos o = % for the latter case,
Cy, C,= unknown constants. J

2. Conditions of the End Edges

Let the number of spans or elementary plates be £ Then with the substitutions &, =0 for
r=1 and &,=1 for r==+%, the following expressions hold as the conditions of the end edges, viz.,»

when the end edges are simply supported,

~? ~a 1
, Fw,. Fw,.
w,. ==, ——s— Y =10,
pre P
when they are clamped,
7
2, = (), 0
when they are free,
). @ u'
,____~+ ( — ) =
P 9 J
where r==1 or r==4. Substitute (2} into these conditions (7), and refer to (3) and (6), then further

calculations give the following equations concerning end edges:
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For the former case,® Le., the case of the continuous plate simply supported by multiple spans,

if the end edges are simply supported
Cisin(kf+1Da+Cocos (k+1) o= 0 for &,=1,
Cysinat+Cycosu = 0 for & =0,
when they are clamped,
Cieos(k+1) a—Cysin(b+1)a =0 for &p=1,
Crcos u—Cysina = 0 for & =0,
vhen they are free, .
corr o
1 {sin (k41 a— s sin/e(/.} + G, {cos (k+1)a— —?1—17 coska} =0 for &,=1,
[cos o— ~“:,~,; cos 2{/,} =0 for & =0.

S in2 4

G {sin ‘= o sin 2(/,J
Yor the latter case, i.e., the case of the plate constructed with hinge connections, if the end
edges are simply supported,
Cisin(l+ 1o+ Cocos (f+1) =10 for &, =1,
Cising + Cycosa = 0 for &5 =0,
S’T cos k”f =0 for & =1,
51 =0 s

for

/

when they are clamped
T
8 sin &a} + Cq {cos (A+1) g—

.[ - k "~
G lsm( +o— S’T
sin (/} + G, { Cos ¢L— S

G {sm a— S’T

=0

cos 2{/}

for &,=1,

when they are free,
Cicos(b+1) o~ Cysin(k+1D)a =0
f()l' 51 = 0 )

Cicosa— Cysina =0
2

8” = 7y cosech Ay — 7, cosech 7t

where
S = 2L cosech wd; — ? cosech 7tdy
2

ﬁx

3. Frequency Equations

Combining the expressions for &,==1 and &;==( which are obtained in the previous section, the

frequency equations corresponding to various kinds of end edge conditions can be reduced by eliminating
Thus, the formulas for each case are tabulated in Table 1.

the constants Cy, €,
4. Numerical Examples
y==0.3 are assumed and n==1 is taken as

a __ .
b2
["he case when both end

Through the following examples, the data
1)

before stated.

The case of the continuous plate simply supported by wmultiple spans
In this case, we can suppose that the portion of each span vibrates as

Then, p=14-5==1.26" is obtained regardless of %

edges are simply supported
a single plate simply supported along all edges
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Table. 1.

Frequency Equations

Common part of formulas for
both kinds of plates

Complementary part of formulas corresponding
to end edge conditions

For the continuous plate simply
supported by multiple spans

For the plate constituted
with hinge connection

T .
CoS§ - =8

T when both end edges

7"  when botb end edges

e=0.1,2 o1 8 =% are simply supported 8 ="g  are simply supported
STUy dy &y vty @it 2
cos 8 —Z— =3 _ T when both end edges _ IV when both end edges
s=0 1.9 oh—1 8 = S are clamped 8 ="5  arefree
Uy by oy oty Al
cos <S+i) T T when one end edze is i when one end edge is
5 2) k § = —&— simply supported and 3 = —o~ Simply supported and
s=0,1,2,--,2k—1 N the other clamped S the other free
in(t—1)a T when one end edge is v when one end edge is
cos @ smsgn lca) = % cos az—?gj« simply supported and | cos @ =g~ simply supported and
the other free the other clamped
. v - when one end edge is v when one end edge is
0S & cos(k—1)a = Z]{/ Cos = T clamped and theother | cog y=-%~ free and the other
cos ket S8 S free S clamped
_coszsin (b—2a - T7T7 when both end edges 7"  when both end edges

sin(k—1)4 £sinz 537

COS&="¢~ are free

COS 4="¢/" are clamped

2) The case when both end edges are clamped. When k=1 (the case of a single plate), the
result #=2.413% is already known. Next, when ,==o, #=1.25 can be supposed because of decay of
the effects at the end edges. Thus, the inequalities 2.413 <x<(1.25 can be established when 1 < 4.

r

Now, the expression --g— is a monotonic increasing function of sz in the interval above stated (Fig. 2);

N

then the frequency equation gives the least value of x# when s=4#, but such a value of z is trivial

for the present case because it corresponds to the previous case.
From this, the formula is transformed into

T

therefore, be taken.

cos (k——l)% =—cos & = -

k S

The next case s=%—1 must,

Whence, by referring to Fig. 2, the results shown in Table 2 are obtained.

Fel
o
1.2 4 1.3 1.4 1.5 ] 1.7
[y l/ M
Table 2
14
I cos W ]
2 -0 1.756
-0.5 Ll 3 —0.5 1.498
\'0
7 4 —0.707 1.395
5 —0.809 1.345
6 —0.866 1.317
- oo —1 1.250
-1

Fig.
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3) The case. when one end edge is simply supported

‘ -~ Table. 3
and the other clamped. It is already known that u=1.7567
for £=1 and x=1.25 for k=co. 'Then it is coucluded that k —cos _F p
1756 < 4 <1.25 for 1<k < e, Substituting s=%—1 in the 2k
formula, the following equation is obtained : 2 — 0707 1.895
N . T 3 —0.866 1317
cos (-‘ + '2‘) G TS g T e 4 ~0.923 1.288
i ] —0.951 1.275
From this eqyatian, the results shown in Table 3 are obtained 6 —0.965 1.968
by referring to Fig. 2. oo 1 1.250

4) The case when one end edge is simply supported and

the other free. The result /z=%x1.63473)=().4087 for #=1 is already known. Next, for b=co,

considering that g=io/ (i=imaginary unit) and referring to (6), the following relation is obtained :

. lim cos & Sin(t—Dao = cosh®#’ — cosh &/ sinh o’ = (—%)d -+ ( g) A/(%)‘—«l »

Freon sin ko

where
cos ¢ = cosh o/ = ~~~ .

The frequency equation for this case can, therefore, be rewritten as follows:

For 4=2, the following relation holds:

sin (A—1) a
cos —-—-‘"(‘.—"“’“)—“ = 0.5
sin Ao

Then, the frequency equation becomes in this case

TT/ .
[ — B
0.5 = % (9)
Using Eqgs. (8), (9), the values of x for 4= o and k=2 can be found by observing the intersection
points of the curves which represent respectively
the values. of each side of those equations.

Namely, #4=0.492 by Eq. (8) and 4=0.488 by

Fg. (9) as shown in Fig. 3. Thus, it can be ‘ u=0‘492\\ i
supp,déé& ‘that 0.488 < ;1< 0.492 if 2<k< oo. #0488 Gos Ba 0% .
From this fact, the cqnclusion follows that u is _i&gzms imo.s
almost constant, viz., u=0.49 if 2 <4 stn 24 )
5) The case when one end edge is clamped

and the other free. When 4= oo, the following
relation holds:

lim cos « fgj{ﬁ_]_)g T T e

Jimroo ©cos ko

: T2 TN 7TV :
= { .t - Y 1. .
(5)=(s)VGs) Fie. 3
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so that the frequency equation (8) is applicable to this case and z==(.492 is obtained. Next, for
k=2, the following relation holds by referring to (6):

COos
COS ¢ ~—

ceag (D
cos 20, " 2cos®a—1 8§ ( T )2_1 ’

9

Z

Using this expression, the left side of the formula for this case can be plotted as the function of 4.

Thus #=0.496 is obtained by observing the intersection point at which the curve above stated and
/

~§;S-,;7-curve cross. Conscquently it can be considered that 0.496> £>0.492 if 2<k< . Therefore,
again, u is almost constant, ie., 4=0.49 when 2<4&
6) The case when both end edges are free. If =2/, the following relations hold :

= cosasin(F—1)a
cosgsin (f—2a sin ¥
sin(fl—1)a tsina

for the upper sign in the left member,

cos g cos (k' —1) o

; for the lower sign in the left member.
“cos kK

Accordingly, the formula for this case coincides with that for case 4) or case 5), if % is an even
number.  That is to say, the former relation corresponds to the antisymmetric mode of vibration
with respect to the center line perpendicular to z-axis, and the latter relation to the symmetric mode.
TFurther, when k=, £==0.492 is obtained because it can be proved that the present formula coincides
with (8). Thus the inequalities 0.488 <4< (0.496 are concluded if 4<% From this, we find that u
is almost constant, i.e., x5 0.49 if 4<4.

The case of the plate composed of elementary plates with hinge \1
connections: 1) The case when both end edges are simply
supported.  First, supposing the extreme case that £==oo, N
2#=0.241° results because it can be considered that each span E l

comes to vibrate like a single plate which is free along both

the end edges. In the vicinity of such a value of g, the
v/
expression 5 represents a monotonic decreasing function of

[ 11
i

!

1

1

1

H

|
st (Fig. 4).  Then, to maximize the left member of the i
. . T
formula is demanded for the least value of x which corres- i
T

i

i

T

1

{

i

|

i

5

&

<

ponds to the fundamental mode; however taking s==0 gives

a trivial value of g, viz., 0.241 for this case, because such a

value of u corresponds to the case when both end edges are

free. Then it must be taken that s=1. Thus the formula,

'

i.e., the frequency equation, becomes

cos T _-'Z:/_ ' Fig. 4
Py

The numerical results as shown in Table 4, therefore, are obtained.
2) The case when both end edges are free. Supposing that each span will vibrate as a single
plate which is free along both end edges, it can be concluded that 4=0.241.

3) The case when one end edge is simply supported and the other free. Taking s=0, the

vis T . T . .
o v Then, by observing ~gyeurve (Fig. 4}, the numerical results

2%k

formula is rewritten as cos -

in Table 5 are obtained.
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Tadle 4 Table 5

. T T
I cos e i3 k cos o "
2 0 0.408 2 0.707 0.288
3 0.5 0.322 3 0.866 0.263
4 0.707 0.288 4 0.923 0.254
5 0.809 0.272 5 0.951 0.249
6 0.866 0.263 6 0.965 0.247
0 1 0.241 0 1 0.241

4) The case when one end edge is simply supported and the other clamped. Suppose that 4= 2,
then the formula becomes 0.5 = TT7/{8, which is nothing but Eq. (9). So, #=0.488 results also
in this case. And, since it may be supposed that z2==0.241 when =0, the following inequalities
can, therefore, be established, if 2<C & <o

0.488 > 1> 0.241

At this interval, the intersection points of two curves which represent respectively each side of the
formula must give the values of 2 which correspond to such # as is larger than 2.

Concerning the remaining cases: 5) The case when one end edge is free and the other clamped,
6) The case when both end edges are clamped, the procedures can also be carried through in the
similar way.
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