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Note on One Method for Solving Three-Dimensional
Stress Problems
(Referred to Rectangular Cartesian Coordinates)

Kin-ichi HATA

Abstract

This paper is concerned with one mode of attack upon three-dimensional stress
problems, referred to rectangular cartesian coordinate system, and so, relative to a
rectangular parallelopiped or a short column with rectangular cross section. This pre-
sented method is the method of series, as Prof. Love described, and applicable to the
stress problem of a homogeneous, isotropic, elastic body of finite extent, as mentioned
above, in the absence of body forces. The expression for each solution obtained herein
has three double Fourier series of its own, noting two specified variables for each series,
and when given functios associated with given surface tractions or surface displace-
ments can be expanded in double Fourier series, needed relation formulae among
sequences of coefficients in the solutions to determine them may be readily obtained.

Though the forms of solutions are simple enough, these three-dimensional solutions
are exact within the assumptions of the theory of elasticity of the first order, the author
thinks. It is regrettable that, using this method, it is much harder to obtain solutions,
if they are referred to other coordinates than cartesian.
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ST, Ly HRENL v ICoWCIE REDE RIRSICFT ISR T

o 1 A i
A, [A s ( Aml[cosh Losl 1 B I:Ans xfsmh L r] n

Ey=3" ; cos k.2 sin Bsy[ Bs{ [ A, Y f—llm A ) Lsinh ™ D) l'ns A, | Lcosh

1 Cznr C1 nr Cm inh
+> E COS ka2 COS a,x[é-n;—{ 3 ( ~ +F(1-20) ([Cl !/C >}[ig;h My +

7 ny l\ l?]l‘
1 [5n,. [cosh J +
——] - Mo
7 & ” Lsinn "™
ZZ 8 [ {(E“as [E 7'3} [COSh z 4= 1 Bs [ rs [Sil’lh ]
L sV o = 2 i P
4 COSs &, T sin 3y B |LE L E1 LETS sinh 2 7rs LE's Lcosh Trsd

37

2 B w i LT

NS g 1 m rAlns AznsA COShl 1 k]x rg’” (sinh - .

7 ¥ ns

’ 1 Cur Gl m- cosh 1 [ Cor
ST STgd o e e - S [
+ 31 "/j sin k.2 cos cm:[ k. {C‘m uLCl [ [s o Wy + > [C’m- Y

2 nr

sinh

X My |+
cosh

: 1 [ (Es s | [Ex*\|[sinh
+Excosarfccos{%y[%s{?’[E +d= 2”)05‘ J{E >}E:;hr.32+

8

1 [lig {coch J 58
—__ _ .z s2 |
2 LE smhr (38)

L BLEORMER, G = plon—s(oyto) | PBOZODH L VAR Ll DT

Ho7ps, kig (36), (37, (38) DL LBIMIS N Z

on  Ov 1 IV —
Yoy = By + %—wsz, (BL w1, DURTHEEGRED

PRP=oORTRAL TS, ©OSo0REHESE >S5 C & LASICRIES SIS,
D (36), (37), (38) DEMIOESIL A BHOEREFERVTH D, 22RTLHANE
BT, BASHSEATROKEEN CHMICE D EZ DN T VT bESICEE T 5 ¢ & &

surface tractions #SHFEL LN TV IESELFABTH 3. TOBE/ER—ODHET ©, v, w O

SHOESIFEEELN T3 DT TH 5.
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WO L CHEATRICE T 5 surface tractions O—fih 7 I G4 NEQIER I T =0T
ICSELICIN T WS C EEE2 BN, COME S. Woinowsky-Kriegers o JEHK Ot & Ho
BL CRNERESATLEFE AL CHIEOHTH 3. o X b RCd surface trac-
tions MEE RS E & - T 18 MORHINELIEE T 5 HHER T COFIIOHENREZR TS
BN BhS, AAHONFESHE L2 Y, WL FESERE NAUE REFIO i L <R
Y, ROEHTRITEROMOEH O OB\, ‘ 7

USRS B L 7effys H Neuber? Offfik I Y BRI B3 & EZERICIEHIME L b RC2
ELWC SRR~ E X VL BRT ETHS. MBYEFOBMBEL WL DTH Sk
BIE, COMtkE H Neuber ® 4 oOIAMNEITIER 0o 01, 0., 0; FEACELT H
Neuber DSHWICEMFIRL VROB2 T EHE L BND. R TR C OFFNSEHORIFIE
L OTH D, BAECOBIRGMHETWIR WA, $8E D TOMICOWTE L CHFELTR
e\

WiT, KRR D EEREWMCHL 2XOBE Y CiY, —RAFHEBSNEZENDIMEROETO S
T 06.=0, FTHEET tem=1r=0 i diIEnEgt

0.=0; 75:=0, 7,.=0, atz=0, 2k 42
R LT hiOMEEHRL TR cE T 3.
ML H=REC BT 2 6 HOREDRIEI (Bl B, Ew) & (B, By Ex) E55 1o &

Ty CHENT DR TFHEETICRT 3 &MFCK b 2 HORECREIITHODENB T L EH S,

STO0REHL 5.

£ cosh rysh sinh 7rs (2—A) — (2—A) sinh yrf2 cosh ys (2—R), 43)
hsinh 7,5k cosh 7,5 (2— B) — (2—B) cosh yysft sinh 175 (2— ), (44

o 2=2h,0 TIHZ 5.

1 e—1
{(43) 4+ Js (44)} m = sinh 72 + %‘;—,“’—_;1%- cosh st -sinh 7 2 cosh 7,2 +
sinh? 1ysh—J'rs cosh? 7xsh) .
L (J’,.s]+ Dk P22 sinh 7oz, (45)
LTI wT

_ (Jes—1)sinh 2p:sh

.= sinh? 7'1‘sh —]/rs cosh? r7'sh
= et D2k

(J/rx -+ 1) h !

P Fzrs =

(459

&3 Jhs BIRBHTS® B,
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ML T 45) OFRXEH2IT w0 (5) RO HE=FEOMOIHIMO P ICHEHERS C EHHTD
3. MLT (5) &%& (6) KB WTE T CERL HEHIIFEENSL (9) XOWmELED
BEEZFTS LFOFEEHEHL T

s = P = Fis
% BEFRSS 5, BUIEAL Js 2HHLCAIBRIED 45) :FE (6) RO vy ODEZHED
TREOIFRDOP OIS T3 LHsks. cOTE X hkXEHEs5.

]lrs = Flrsp‘rs, flrs = [ Ilrs; ﬁ?‘s =0, (a)
- ] | (46)
]27'3 = I, Prs; ]Brs = [T Prs, Py =0 s (b)
(46-a) & (33), (35), (B XV
o Gy 7 2 . ’
FI'I‘SIII‘S bt 2(1_1‘_”) E?‘S: (a) F rs III'S - 2(1 V) E7S7 (b)
4n
(s t+voe®) E_lrs—yﬁsz _27'3"_ e+ au®) E?‘s =0, ()

e

I
46) @ Jhs & Jos ORI VBT ps—g"%ﬁg,
COHRBBNIE (46-D) DEFIO ZFERE, Hicc o & 46-b) oREoxE B X

-Prs = CB;‘ P?‘s; (a> _Var‘zEI:-s + (721'5 + Vﬁsg)aé_zrs“ (yrﬁ"].s -+ 352>Es =0 » <b> (48>

47-c)+(48b) X b
Elrs + Ezi's - (2V+ 1) Erx =0, (49)

BT, Tiie (b)) £Xb

E7's = 'é];,:"rzrs Iy, ]
@) zurb) sxy By =GB ED g 50)

Ez (B? +2»)a' )r’r9117s, b E/ 2(1+V) ...

T rs K
Ric (48-a) & (B2) &L
21+ By P = 2T e {wawa (st 2B Erys— (975 +B5%) E} b2

2 (1 + ) a Trs It = {(Tzv‘s + va,®) Bl — VBFA B — (VTZ?-S + a®) Ers}:

2l xeinETsc ek bk eB 5.
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20149 L2 Iy = By 4 By — @o+1) B (51)
‘BL) & (a) L
Ilrs
E, = a (F Ls—Trs), (52)
32) © Ity O E 47-a) & G2) X
1 ., (P 2ED) } 1
Elys = A Trs {afr + Trs F s I 7S (53)
AR B
e 1 fpo, (Be+2va?) } 1
E e aTT'?‘S {Bs + T'I'S F ,‘s I o (54)
X (47-a) XD
Ers = Elrs + Egrs + Ers = %ﬂz“rlrs lrs, (55}

X > THS 3 BEDIR OARFED 6 HDFEIN (Elrsy B Ers), (Blys, B, Er) 13 (s, J) ©2
MORFECHREIIC X hRbI T ek O Iy & Jw TH3BOHRESE T T
B DR Tos Tye OBREHEEIHOMICHL THZENZDOTHS. ML T Tp Ty O
(5), (6) OFENXFOHLBEEY 2WMOMICIE sinke ORIOEE &I 0FF NG LTS
HCTHL 3DT, #H3POEREFCHT 3UHOHTHSTHS. #E (19 Lo L0 RE5
THIOBTORBINEEDTRCRIIIL C, BEEZ Th\wids, TOHTE Iy SIRA T
THIMCET 2 RS ERDTRCL TEVHED I WRRICLZ2DTTH S, o,y Ty ITDN
TOBREMHC L DV 3BOMCKREBEABD > 7ehd, HIPOBSHLCENORHFEE
TFLTHL.

HWIWOMED ST MBLHT 2 LOOHEL. BHRACHL T MBS ICERL T
(1)—(6) & 45)—B5) I b

1 219 02
gz = 22,08 & coS Psy p ;f Ha,f“’ + —(521-—1;2—’@111,.3} cosh 7z +
r 3 rirs rs
L2 3 N
+ (2/63 + ay ) Iz

” 15 Sinh 7 2+ a2 sz sinh 7052 + @l 52 cosh 74s zJ, (56-a)
»8

1 2 3 «2
oy = >} 2] Cos & cos sy —QIL;—[{W + (Bit2ver’) 1;-3} Cos 7452 +

riTs s

2 2 ’
+ Q%%l I sinh yps2 + B2 Iz sinh 72 + B5° %4z cosh 7'7«32:], (56-b)
78

1, .
. = 213 cos ayx cos sy s {(—m + I'ys) cosh yrs2 + I'%s sinh jrez +

(24

— rrsl sz 8inh 7952 — s %52 cosh rrsz}, (56-¢)
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= >3 sin a,x sin Bsy - ;ff:s [‘(T}:ﬁ {(y~1) Trs— (y+1)1’1rs} cosh 7,52 +

+ (2v—1) I'%; sinh rr2—7s I,z Sifllh Trs2—Trs I'%z cosh Trs z] ’ (56-d)

Ty = ) >8I0 &L €08 Psy - ILs(sinh 152+ sz cosh yysz + %5 2 sinh 7r52), (56-€)

Ty, = S0 21 COS & sin Bsy- llm-%.— (sinh vrs2 + Iz coshyssz+1 %2 sinh rmz), (56-)
WIS L C (36), (37), (38) =& (456)—(B5) sX&E X b

Eu =72 2.4 sin &, cos Bsy- % I/}t 7re (1 — Zu)rlsr}COSh Trs? +

+ A —2)1"% sinh 7rs 2+ 7red 452 sinh yrsz + 7rsd g 2 cOSh 7 z] , (57-a)

(1 + V) IlrsBs r

=312} cos ¥ sin By~ - L{r,-s+ (1—22)1",} cosh re2-+
r 3 7 78

+ (=212 sinh 7rs 2+ yrs L Lsz sinh 7ys 2+ 70 %s 2 COSh 7rs z] : (57-b)

.
Ew =313 cos a,x cos By - ,(lié?,{zﬁ ,( {—m—# 2d-nI" 1rs} sinh 72 +

+ 20 —) I coshyrsg —7rsd Y52 coshyrsz—rss I %52 sinh mz} s (57-¢)

BLERY v 788, » BRTY Y v ILTH 5.

WiC 2=2h0 WHWT 0.=0 OLHEEZIREREE D RASTIEI N ICH 3 5 i iTn3,
FBCITb s BT 5. & x’=0, y'=0 OEICHEL CEEMESNBCOAHAL TS
&35, EORHZSTZERON LEEE 2 BN 2TOFERBFRES x5, AL 7, ¥y O &
M. (4) KX YR B6-¢) ZLHEHL 2=2h HICH VT

Ouloman = 23 > ¢08 By (—1)"(A,scosh InsT + By sinh L) +
+ E E cos &, T - (—1)" (Cyy cosh M. ¥ + Dy, v sinh #2,,,9) +
+ EZ‘ COS & T oS s ¥+ l {( Trs + L) cosh 2r5h -+ 7%, 5inh 27,57 -+
—27,sh I sinh 2y,sk — 270 12,5 cosh Zrmh} =0, (58)
X z2=0 HiciwTiE
Gz]:—.:o = E Z COSs Bsy' (Ans cosh l,s 2 + Bmx sinh lnsl') -+

+ 2131 cos a,z - (Cor cosh i1y + Dy sinh ny) +

‘2—4}—.1 COS & T COS Bsy_‘“ (=7 -+ Flrs) =0, (59
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AL LRREEINIE (9) OEEREENTHWELDTHY

_ nr a = 7’_7}' B ST
"SR T a0 BT

Pos = B + BE, 9% = B + @, 72 = a + B8, HEEEHR 07 wdd @, v/, 2 K
BRI DTS 3, 7 Bk, 68), (59) oA IOR UG & 185 % Fourier
cosine HIC ML &I T Y‘EA;S cos a, T cos By DIEDL D ZOESE 0 &2 LT (58)
(59) O 2L ViEEEBNF (7, 5) CNLC2HEOBERFE3C AN THS. O 244
(€ I DARSEMREIS 2 DL T & EMGE R 57, BOMIRBRE BT RO TR
i 7 I YR D TR DIE 23D 3. SR C DRERIBRGEOI AT & © DT I
BOCETHYELERE .

DIERET 2R L 0 BB L CZRANRE R4 ESEER WA S, Ch&E
it S EE AL L W T 2 IR RO R WHBORES I ZH L Tnd C L &AL, b T—i
TS I 3\ SYCTEHIRS B D S PRic i b F372 e BRI L T e, COfic X b
B~k O T 5 T AR D Wk DR I I I IR L C W 3 HIC R B EHEL DNS. — D
%ﬁﬁﬁ@wémazgmfmgﬁmﬁm@&z%zfmgm@:mImmm-ﬁﬁm@wuf
% O EBARHE Yl 2 RITR D 3130 Ay cos a2 cos By OTIDHNAE 5 (R S AFH T 5 &
IO C EEmIRTH B, BRI EGS TSI C v B D E, R ZS T surface
tractions ¢ surface dispacements DBETD b, WISO—IRORIIPLETORET 2 EH» D
RT3 C L1348  RIMEE L CIEC LDOTH D, =07 DICHED 3 fRsSIei & PLETAT
{75 - C ol x DRERAIET 5 € EEEL BRI C ETH 5. LUCH b 7T B RS
b B30 bIMN TS, HAEESRCHK » CTREEFOUIOEL B &8 2 BT, SHEBED
TP TILE CORE b DI 3 EBibhs. ML COMT TR RIS & — AL TE S T2k
BIOE RS RIS E D I <, MCEEOEROC L 2R 7O EMERID I DTH

BER . BOREO D DOEENER TS b, Sl E Fourler ¥uc @ld s &

LELT, HABERC X 5 C OMFHERT ORISR PRI MEHNL BnbOTH 5. Mo mEs
T 5 COIREDIFOIG 2 D 5 T &Ik, WHT 3B 2 DHESRICK 58983, ZRic# A
R DIBEED 72 DI N R TH 5.
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