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Abstract

A two-dimensional flow past a circular cylinder placed in a turbulent boundary
layer was described, with special reference to the lift and drag forces acting on the
cylinder. A theoretical analysis of the flow was made for the hypothetical inviscid
shear flow with a linearly varying velocity profile, and experiments were performed
with a circular cylinder placed in an artificially produced shear flow and in a turbulent
boundary layer, respectively.

An explicit solution for the stream function that describes a uniform shear flow
past a circular cylinder subjected to an interference of a plane wall was obtained. It
was found from detailed numerical calculations that stagnation pressure decreases as
the distance between the cylinder and the plane wall decreases, while in the case of
uniform flow the stagnation pressure coefficient remains in unity. The lift force acting
on the cylinder calculated by numerically integrating the pressure on the surface of
the cylinder was found to be positive when there exists a certain amount of velocity
gadient in the transverse direction of flow, which is similar to the case of a practical
boundary layer that develops along a stationary boundary wall.

From the experiment performed in a uniform shear flow artificially produced by
arranging a grid of rods in a wind tunnel, it was verified that an acceptable agreement
between the theory and the experiment was found concerning the stagnation pressure
and the position of stagnation point, respectively, provided that the clearance between
the cylinder and the plane wall is not too small. It was also found that the experi-
mental value of lift coefficient increases as the cylinder approaches the boundary wall,
as qualitatively predicted by the theory.

The pressure distribution on the surface of the cylinder placed in an artificially
thickened turbulent boundary layer of 60 mm in thickness was measured and was
found to be integrated in the evaluation of the lift and drag forces. It was found
that the drag and lift coefficients plotted against the ratio 4/(2a), where 4 is the clear-
ance between the cylinder and the boundary wall and « is the radius of the cylinder,
were represented respectively by a single curve within an acceptable experimental
error, the Reynolds number being in a range of (0.99-3.78)x 10*. With 4/(2a) decreas-
ing, the lift coefficient was found to increase monotonically from zero to the maximum

* Some parts of this paper were presented at the Japan-U.S. Seminar on Similitude in Fluid
Mechanics at the Iowa Institute of Hydraulics Research, University of Iowa, Iowa City on
September 25, 1967.

#% - Fluid Mechanics I, Department of Mechanical Engineering.
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value of about 0.8 at 4/(24)=0, and on the contrary the drag coefficient decreases from
1.2 to the minimum value of 095 after passing the maximum value of about 1.3 in
the vicinity of 4/(2a4)=0.16.

Thin circular cylinders were placed in the same turbulent boundary layer 30 mm
apart from the boundary wall to measure the variations of mean velocity, turbulence
and the static pressure in the wake. A complex interaction between the turbulence
in the boundary layer and that generated in the wake was suggested. A drag coeffi-
cient computed from the momentum principle was found, within the limit of experi-
mental errors, to be the same as that of a cylinder placed in an unbounded uniform
flow. This fact suggests that the normal velocity gradient of the boundary layer exerts
little effect on the drag coefficient of a thin circular cylinder, when the cylinder is not
in the immediate vicinity of the boundary wall. It also becomes evident that the
spread of the wake is greater towards the side of the smaller velocity than on the
side of the larger one.

These experimental results were satisfactorily interpreted by the theoretical analysis.

that assumes the approaching flow of a constant vertical velocity gradient.
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t . . . . . . time

w,v,w . . . velocity components in the x, ¥ and z direction, respectively
w,v,w . . . fluctuating components of velocity

#, . . . . . . shear velocity

x,Y,% . . . . cartesian coordinates

ZeyYe . . . . coordinates of the center of cylinder

2z . . . . . . complex plane

A ... Cpldzrg

C, . . . . . pressure coefficient
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H . . . . . shape factor

K shape parameter

L . . . . . . lift force

Ms . . . . . torque
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R, . . . . . correlation coefficient

U, approaching velocity at the center of cylinder
U . velocity at the edge of laminar boundary layer
U velocity at the edge of turbulent boundary layer
W complex flow potential

Z . shape factor

o specific gravity of air

J . boundary layer thickness

o displacement thickness of boundary layer

B nondimensional velocity gradient, eddy viscosity
¢ vorticity

7 yNafy , &N E

2 scosh a, wd/U,

¢ . . . . . . dynamic viscosity

v . . . . . . kinematic viscosity

£ . . . . . . density of air

Tw . . . . . viscous shear stress at the wall

%o . . . . . . viscous shear stress on the cylinder

¢ . . . . . . velocity potential

¢ stream function

w transverse velocity gradient of approaching flow
4 . . . . . . clearance between the cylinder and the boundary wall
6 .. ... . angle

¥ . . . . . . stream function

3 imaginary part

R ... . . . real part
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1. Introduction

The uniform flow of fluid around a body submerged in it has long been
a problem in fluid mechanics. Especially the prediction of the drag and lift forces
acting on the body concerned is of great importance for practical purposes, and
a considerable amount of effort has been devoted on this subject.

However, there are many examples in practice where a parallel flow of fluid
is non-uniform to the extent that the velocity of the stream parallel to the flow
varies in magnitude according to the position measured transversely to the stream.
Such a flow exhibits shear characteristics, a typical example being the flow in the
presence of a plane boundary where the velocity increases with the distance from
the boundary. Other examples of shear flow appear in the wake of a body, in
jets and in the free mixing layer of two streams with different velocities.

In developing the theory of shear flow, an undisturbed velocity profile must
be desribed at first. Since actual shear flows usually have a somewhat complex
velocity profiles, some simplifications are necessary in order to make the problem
analytically tractable. One of the simplest models for the general shear flow may
be an inviscid uniform shear flow in which the velocity increases linearly in
a transverse direction to the stream of a non-viscous fluid. Most theoretical
studies fall under this category.

This paper describes theoretical and experimental investigations on the flow
about a circular cylinder placed in a turbulent boundary layer. The plane boundary
wall placed near the cylinder parallel to the undisturbed stream out of necessity
comes into the question. The flow fields near the surface and in the far wake of
the cylinder are considered by analytical and experimental means, hence it becomes

possible to determine the lift and drag forces and the moment acting on the
cylinder concerned.

The knowledge of the lift and drag forces experienced by a body or bodies
located in a shear flow is believed to be indispensable when the behavior of particles
in it is treated, a practical example being the transportotion of small particles
through a pipe by means of air or water flow. The experimental study {Welschof
[1]) concerning the flow of air containing numerous solid particles shows clearly
the existence of a region of large transverse velocity gradient.

On the other hand, the diffusion process in the turbulent shear flow is an
important phenomenon in air polution by smoke and in chemical engineering, and
several investigations have been performed in these fields. Skramstad [2] measured
the temperature distribution behind a heated thin wire placed in a turbulent
boundary layer. Corrin & Uberoi [3] and Hinze & van der Hegge Zijnen [4]
made the same kind of measurement in the turbulent mixing zone of a round
free jet and a plane free jet, respectively. They obtained an interesting result in
which the diffusion of heat energy is greater towards the side of a larger velocity
than on the side of the smaller one, while the spread of wake of a body placed
in a turbulent boundary layer may be greater towards the side of smaller velocity,
as will be shown in section 5 of Chapter 5.
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The natural wind near the ground has a comparatively large vertical velocity
gradient up to a height of a few hundred meters. The wings of an aircraft which
takes off into the wind will then be affected by the existing shear in the ap-
proaching stream. The effect of shear must also be considered on the aerodynamic
forces experienced by the high architechtural structures, such as skyscrapers,
towers, stacks, etc. Some theoretical investigations of this category have so far
been made by several authors. V. Sanden [5] obtained a numerical solution of
shear flow past a wedge-shaped airfoil. Tsien [6] determined analytically the flow
field around a two-dimensional symmetrical Joukowsky airfoil placed in a uniform
shear flow, the velocity increasing linearly in the transverse direction to the stream.
He clarifed the effect of shear on the aerodynamic properties of the airfoil con-
cerned, by obtaining the lift force and the moment acting on it. Jones [7] studied
the characteristics of thin airfoils placed in a slightly parabolic shear flow. More
recently, Kotansky [8] made an experimental study on an airfoil placed in an
artificially produced shear flow. The analytical treatment given in Chapter 2 of
this paper will give a clue for the determination of the combined effect of both
the shear and the neighboring ground on the aerodynamic characteristics of the
airfoils.

In conjunction with the measurements of velocity distribution in the turbulent
shear flows, several efforts have been made to obtain the so-called Pitot tube
displacement effect. Arie [9] showed that a considerable amount of correction of
the velocity profile might be necessary when measurements are performed in a shear
flow by means of a circular Pitot tube, describing how the location of the stagna-
tion point and the stagnation pressure would be shifted by the presence of a uni-
form shear in the approaching flow. A three dimensional version of this study
was made by Hall [10] and Lighthill [11], concerning a sphere in a uniform shear
flow. Young & Maas [12] and Davies [13] performed some experimental studies
on this subject.

The dynamics of small particles suspended in a slow shear flow is of great
importance, for example, in chemical engineering. The behavior of red corpuscles
in blood may be another example. Bretherton [14], Saffman [15] and Kiya [16]
obtained a theoretical formulae for the drag and lift forces exerted on a circular
cylinder and a sphere, respectively, placed in a uniform shear flow. Segre &
Silberberg [17] made extensive experimental investigations on the concentration
distribution of small particles suspended in a pipe Poiseuille flow. Eichhorn &
Small [18] determined experimentally the lift force acting on a sphere under the
same flow condition.

In Chapter 2 of this paper, an inviscid uniform shear flow about a circular
cylinder placed near an infinite boundary plane is treated analytically. The com-
parisons of the theory with experiment are described in Chapter 3, confirming
that the cylider is subjected to a lift force which tends to move the cylinder away
from the boundary plane.

Chapter 4 is the description of the experimental investigations of the flow
near the surface of the circular cylinder placed in the turbulent boundary layer
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that develops along the tunnel wall. The lift and drag forces acting on the cyl-
inder are obtained from the pressure distribution as the functions of the spacing
between the cylinder and the boundary wall. The laminar boundary layers on
the cylinder surface are computed in detail by means of the Pohlhausen-Walz
method, which permits an estimation of the viscous correction to the lift and drag
forces. Some remarks on the comparison between the theory and the experiment
are given.

The flow in the far wake of the cylinder placed in a turbulent boundary layer
is described in Chapter 5. Measurements of the mean velocity, the turbulence
intensities and the Reynolds stress are made. The theoretical derivation of the
velocity profile in the wake of the cylinder in a uniform shear flow was performed
with the object of interpreting the experimental results. The| theoretical results
show that the effect of shear on the drag coefficient of the cylinder is of a higher
order of magnitude than the first power of the shear and this fact is confirmed
by the experimental results.

2. Simple Shear Flow past a Circular Cylinder Subjected
to an Interference of a Plane Wall

In this chapter, a simple shear flow about a circular cylinder is described
analytically, together with the interference of a neighbouring bounday plane. This
may be the simplified model of the flow across a circular cylinder placed in a tur-
bulent byundary layer. A steady flow of an inviscid and incompressible fluid is
assumed throughout.

The analytical method thus developed can also he applied to the analysis of
shear flow across two cylinders, and the results coincide with the solutions given
by Lagally [19] and Miiller [20] when the oncoming flow is uniform. A proper
technique of conformal transformation of a circle near a plane boundary may give
a clue to the analysis of the flow across an airfoil in the vicinity of a ground
surface, and the flow pattern around the cylinder would reveal an aspect of the
limit of the workability of a Pitot-cylinder in the vicinity of a stationary boundary
frequently encountered in the measurement of a two-dimensional shear flow.
Furthermore, the lift force of a cylinder in shear flow exerted by the existence
of a boundary should not be overlooked in the practical engineering of an efficient
hydraulic and pneumatic transportation of matters.

2.1 Stiream Function

It is widely known that the straight lines £ =a constant and 7 =a constant
on a s-plane correspond to the two families of circles that intersect at right
angles with each other on a z-plane when the relation

s =1 log, FHic (2.1)
z—1ic
exists between 2 and s-planes, where s=£&+i% and z =x+:iy. If 3 is designated
to have a constant positive value of «, the equation of the circle on the z-plane
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that corresponds to y=a(>0) becomes

2% +(y—ccoth af = (¢/sinh a)? (2.2)
The radius of this circle a and the distance between its center and x-axis /1, are
respectively

a=¢/sinh e, hy = ccotha (2.3)

In the same manner, the straight line 5= —pF(8>0) on the s-plane gives
x*+{y +c coth §)* = (c/sinh p)* (2. 4)
b = ¢/sinh 8, hy=ccoth 8 (2. 5)

on the z-plane. Further, x and y can be written in the following forms in terms
of & and » by means of Eqg. (2.1):

g TCSIE (2.62)
coshy—cos &
y—_ csinhy (2.6 b)

coshy—cos &
Therefore, it can be seen that the x-axis on the z-plane corresponds to the straight
line =0 on the s-plane, and the origin on the s-plane goes to the point at infinity
on the z-plane. The two circles on the z-plane given by Egs. (2.2) and (2. 4) are
shown in Fig. 2. 1. y
When the oncoming flow has a constant
velocity gradient, the velocity distribution of
the approaching flow sufficiently upstream of
the cylinder can be expressed by

U = Uy + WY , Voo = () (2.7)

Then, the stream function to describe the
undisturbed flow field must be

(/Joo = Sumdy = UgY + (})’;y; (2 8)

Any arbitrary constant may of course be
added as a constant of integration to the
right-hand side of Eq. (2. 8), but this constant
may be made zero without missing the gen-
erality of the present consideration, because
it simply indicates the relative level of the
stream functions. The vorticity included in
the present flow field can easily be obtained ~ Fig- 2. 1. Definition sketch of two
from Eq. (2.7): circular cylinders.

_ 0V Othe _ y
o= e 2y 1) (2.9)
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So for as a two-dimensional uniform shear flow of an inviscid fluid is assumed,
the vorticity given by this equation must be constant everywhere in the flow field
now considered. When the stream function ¢ at any point in the flow field is
written, for convenience, as

Q=0 T+,

= (o +¥o)+ <f‘-’§ﬁ +V 1) (2.10)
the velocity components and the vorticity at this point are respectively
v = gij = gﬁ (2.11)
Since {={.= —w (a constant), one can obtain the following relation by substituting

Eqg. (2.10) into Eq. (2. 12):

[/ 2y 2 K/ i o 1.
<6070+6[20>+<aﬂ;+a121>:O (2. 13)
oxt dy ox oy
y Y y
L_/=Ua‘rwy Uiuy
,r?*u
H L
7 x v ¥ 7
| -
(a) (6) (c)
Y= Ut Yoo Yoor=loy Yoy wyy2

Fig. 2. 2. Configuration of shear flow across a circular cylinder.

Fig. 2.2 shows a schematic physical view of the flow field expressed by Eq.
(2.10). Fig. 2.2(b) is the case of the first term in the right-hand side of Eq.
(2.10), which is the case of a uniform flow across a circle. Fig. 2. 2(¢) indicates,
in the same manner, a pure shear flow across a circle to be introduced by the
second term of Eq. (2.10). These two cases of flow can be superposed to realize
the flow field of a shear flow across a circle shown in Fig. 2.2 (a) which is the
case to be solved. Therefore, the relation of Eq. (2.13) that was deirved by
substituting Eq. (2. 10) into Eq. (2. 12) leads to the Laplace equations :

P, U, _

oY, Y, 2. 14
R 0 (2. 14)
v, oY 2.1

Tt 5y 0 (2. 15)

that can be solved independently for superposition. A definition sketch of a two-
dimensional shear flow across a cylinder in the vicinity of a plane wall is shown
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in Fig. 2.3. The boundary conditions to

be introduced in this case are: y/a
(i) When z->oc0, namely when s—0,
Vy—0 (2.16 a)
¥ —0 (2.16b)

because there should be no effect of the
cylinder there.

™
/

(i) When 7y =aq, namely on the sur-

L%M

face of the cylinder, 8 0 z/a
/-A
qfo = — [?/]vaa%“ro L.
. Fig. 2. 3. Definition sketch of shear flow
= MOCS“)h «. +7, (2.17 a) across a cylinder in the vicinity
cosh @ —cos & of a plane wall.
V= — [yl 4T,
2 : 2
=— ( sinha > +7) (2.17 b)
2 \cosha—cosé

(iii) When » =0, namely along z-axis in the z-plane that corresponds to the
plane wall, there should be no effect of the cylinder on the stream function,
because the wall is a solid boundary :

=0 (2. 18 a)
U, =0 (2.18 b)
7o and 7, in Egs. (2. 17a) and (2. 17 b) are respectively the values of stream

functions that form a cylinder in shear fiow and pure shear flow. The terms
[¥);-« and [¥)%.. can be expanded in Fourier series :

[yl,.. = c[l +2 i e "™ cos 725] (2.19a)

n=1

[y, = cz[coth a+2 i} e " (coth @ +n) cos n 5] (2.19Db)

2=l

The boundary conditions given by Eqs. (2.16) and (2. 18) and the Fourier series
expansions of [y],.. and [y].. suggest a transformation of the independent vari-
ables x, ¥ to & 7 in Egs. (2.14) and (2.15). From the general theory of the
curvilinear orthogonal coordinates, we have the relation

Pp . P 1 [a (gz a¢> 9 <g1 a¢>] ,
e T - A P - 2.19¢
9x®  0y'  gquga | 06 \ gy 05 m\g, o7 ( )

where ¢ is an arbitrary continuous function and

o (R R (3 T

Substitution of Egs. (2. 6) itito: Egs. (2. 19 ¢) and (2. 19d) gives
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%= gz=‘égm5§-§-
o + ¢ _ (cosh p—cos &) (8295 4 82¢>

—8‘}7 aya - s

0F? o7
Accordingly, the governing equations (2. 14) and (2. 15) take the form

orv, &V,
———v—asz -4 avéuﬁ = O (2. 14 a)

L SR S 2.15
- (2.152)

which are again the Laplace equations.
The general solution of Eq. (2. 14a) can be written by the technique of sepa-
ration of variables :

Uy= Ay+ 3 (A, cosh nycos né+ B, sinh nycos né

n=1

+C, cosh nysin né+ D, sinh nysin né) (2. 20)

The solution for ¥, to be obtained from Eq. (2. 154a), also takes the same form.
When the boundary condition on the surface of the cylinder given by Eq. (2. 17 a)
and the relation given by Eq. (2. 19 a) are inspected, it will easily be seen that &
is contained in Egs. (2.19) in the form of cosné&  Therefore, the comparison
between Egs. (2. 17 a) and (2. 20) gives

C.,=0, D,=0 (n=1,2,3, ) (2. 21)
Further, when the boundary condition of ¥;=0 at =0 given by Eq. (2.18a) is
substituted into Eq. (2.20) together with Eq. (2. 21), one obtains

Ay+ i A,cosné=0
221
Namely,
Ay=0, A,=0 n=1,2,3,-) (2. 22)

Then, on the surface of the cylinder (p=«) the equation of ¥, given by Eq. (2. 20)
becomes

¥,= i B, sinh 71a cos né& (2.23)

n=1

On the other hand, the condition given by Eq. (2.17a) is

Uy=— uoc[l +2 i e "™ cos n S] +7, (2. 24)

7 =1

when Eq. (2. 19 a) is introduced. Therefore, the comparison of coefficients in Egs.
(2.23) and (2. 24) gives

4u
To=1uc,  B,=— Ezl@_c (2. 25)
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Now, the stream function ¥, given by Eq. (2.20) is reduced to the following
form when all of the values of coefficients thus determined by Egs. (2. 21), (2. 22)
and (2. 25) are substituted :

» sinhnycos né

Uy = — duyc PN Zra <2~ 26)
2=l 4 -1
In the same manner as ¥, ¥, can be written as
Wy= Aj+ 3 (A, cosh nycos né+ B, sinh nycos né
21
+C,, cosh ny sin né+ D;, sinh ny sin # &) (2.27)

and the boundary conditions given by Egs. (2.16b), (2.17b) and (2. 18 b) deter-
mine the values of coefficients:

2

}l(/J = b 44:1 = O > C;L = O H I');L - 0 > 7/1 = 79)4)6 COth o, <2 28 a)
th :
B;L = — 20 Cz C()ebmq”_‘ii <2 28 b)

Therefore, Eq. (27) becomes

e, cotha+n 5
v = DN 2 E -sinh 7y cos né (2.29)

=1

As a result, the stream function given by Eq. (2.10) to describe the flow field
around a cylinder in the vicinity of a plane wall could be determined :

2
¢ = (uo?/+w.o>+<£y”+w1>

= wyc ) + ¢,<1> (2. 30)
where the symbols ¢® and ¢V are respectively

5O — < sinh 5 > 4 = sinh 2y

cosh 7—cos & L e cos né (2.31)

PV = <* Siihﬁ/ >2 =, cotha-+n

X 5 29
cosh 7—cos & Ta sinh ny cos n& (2.32)

(=31 [ 1

Since 7y = wyc and 7y = (wc*/2) coth a, the quantity of fluid that flows through the
clearance between the cylinder and the plane wall can easily be evaluated when
the stream function along the wall is taken as the reference value of zero:

2

Po=To+T, = uoc-i—'%i coth « (2. 33)

When the velocity u, in Eq. (2.8) is replaced by U, —wh,, U, being the
velocity of approach at y =/, the stream function given by Eq. (2. 30) can be
reduced to the following dimensionless form :

T}fa =(1—1) ¢@ sinh a + g ¢ sinh o tanh & (2. 34)
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12 | Center line

o751

~7 -6 -5 -4 -3 -2 ~7
z/a
hifa=1251, A=00

Fig. 2. 4. Streamlines around a cylinder in a uniform
flow: hyfa=1.251, 2=0.0.

/e

Center tine _|

7 -6 -5 4 = oy = ]
x/a
hfo=1251, A =075
Fig. 2. 5. Streamlines around a cylinder in a uniform shear
flow: /M/a=1.251, 1=0.75
where
J=c¢ccosha, e=walU,

Obviously, Uy(1—21) means the velocity of approach at the x axis as will be seen
in Fig. 2.3. Figs. 2.4 and 2.5 are the examples of streamlines computed after
Eq. (2. 34).

Attention may momentarily be diverted to the writing of the first term of
Eq. (2.34) by means of the elliptic functions. Since the two terms appearing in
4 are written in the form

_sinhy o ( - ,ﬂ)
“cosh r) —cosg ™V cot 5

n=1

4 Z T smh nycos né =X <4 20 sin ns)

n=1

—a

qg=ce
X(z) meaning “the imaginary part of z,” the first term u,c¢'” of Eq. (2. 30) can
be defined as the imaginary part of the following complex flow potential :
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7

2(s)= —MOC[COt 0} +4Z *(]7 sin 725]

7=l

The right-hand side of this equation may be rewritten as

7 2n

Q(s):—uoc[cot 5 +4Z Qqn sin 115+4Z 1= LA 7 sin 715} (2. 34 a)

n=1 71

On the other hand, the trigonometric series expansions of the elliptic { func-
tion of Weierstrass with the real period 2w,=2r and the imaginary period 2w;=4ia
assume the forms

2n

1 .
L(s)= ﬁi{' 4+ cot ; 2 Z 1—g sin s (2.34D)

il & PR

223

Ls+ay) = /], T2 q*;j:g;' sin 7.5 (2.34¢)

7]

where

n=Clw), 7s = L{ws)
The substitution of Egs. (2.34b) and (2. 34 ¢) into Eq. (2. 34 a) yields
ans,]

T

s%@:—ZM{qw+amww—

omitting a constant without loss of generality. This is equivalent to the result
obtained by Lagally who considered the potential flow past two circles of arbitrary
radii and arbitrary relative distance.
2.2 Velocity distribution
The velocity components # and v can be computed from Eq. (2.11):
0p 4o 0y 0 0y 94
"\ o 92 T oy oy

' ]<ax op ox 8(/)>
o oc T oy or

h— cosh n—cos &
¢

The terms 9y/0&, 0y/oy, 0x/0é and 0x/oy can easily be computed with Egs. (2.64a)
and (2.6b), and the velocity components expressed above become

1. . .0 . 0 .
w=-_ [smh psin & 75? +(1—cosh 7 cos &) 8%} (2.35a)
& /

v = — i[(l —cosh 7 cos &) %5 +sinh 7 sin & Ea)u ] (2. 35b)

Still, the terms 9¢/9& and d¢/dn must further be computed with Eq. (2.30):

= wcfie )+ £l
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P wc
a? = ucq(é n)+ 5 0206, 7)

where fi, f3, ¢, and g, imply

—sinh 7 sin &

Sy = T+ 4 Z P smh nysin né

(coshyp—cos & 7" 2
—sinh?® 7 sin & © 75 (coth a+n)

ﬁ(f’ 7]> - 4 Z Zra

(cosh 7—cos &F -+ DI sinh 7 sin n &

1—coshycosé

0(& )= {cosh 7—cos & 4"21 ST _ cosh nncos né
o 2sinh (1 —cosh 7 cos &) @ pn(coth a+n) ‘ .
7:(&, ) = (cosh 7 —cos & —47;1 . cosh nycos né

Accordingly, by introducing new forms of function
Fi(§, 1) = (1—cosh cos &) f1(&, n) +sinh p sin ¢, (£, 1
Fy(&, ) = (1 —cosh y cos &) f5(&, 7))+ sinh n sin £g,(&, 7
G, (&, 7) = — sinh y sin & f1 (&, )+ (1 —cosh 7 cos &) ¢,(§, 1)
G,(&, ) = — sinh g sin & f3(&, )+ (1 —cosh 7 cos ) g,(&, )

)
)

one can write the velocity components as

wcC

w=1u,G(& n)+ 5 G»(&, 1) (2.36 )

C

v=—|wkE 0+ % R ) (2,36 1)

Hence, these velocity components can be expressed in the following dimensionless.
form when the reference velocity is taken as U, shown in Fig. 2. 3.

{};) =(1-2) Gi(& n)+ ; tanh o G,(&, 1) (2.37a)
v r ) 2 .
U= L(l — ) INE )+ 5 tanh « Fy(E, 77)] (2.37D)

2.3 Pressure distribution

When the body force is absent, the equations of motion to describe a two-
dimensional flow of an inviscid fluid are

qu w1 0p 9.
“oxr TV oy T T 0 ax (2.38a)
dv 0V 1 ap :
» ,aw 8§J — oy (2.38D)

Since the vorticity is

v a_u
&= oz~ dy

Eqs. (2.38a) and (2.38b) become
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du 0v __Lop 9
Ut ,,:,C,,,_‘UC _— (2.39a)

du _dv 1 ap 2. 39 b
uqy+v ay+ut_—— " ay (2.39Db)

Further, the definition of stream function is

& 0
d¢ = ap dr *355* dy = udy —vdzx

)

Accordingly, the sum of the two equations (2.39a) and (2.39b) after being mul-
tiplied respectively by dz and dy gives

2
o

: | i
Y S S i i
o =e5 ™~ 0 R a0 w i

! Gy 30 T 0T T T e %
@ (degrees)

@ (degrees)

—gif.

2

By
4

o

=

Y :

N Q -8
~foe = 79
B

<

1

LS
2

o | PN N RS TR
g —er -3 0w s R
& (degrees) & (degrees)

Fig. 2. 6. Pressure distribution around a cylinder in a uniform
shear flow: (a) 2=0.0, (b) 025, (c} 0.75, (d) 1.0.
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oLt )=

whence

1

> g+ ‘z — ¢ = constant (2. 40)
where

g= (uz-i-‘vz)%

Eq. (2.40) is a form of energy equation for the shear flow now considered. Since
the velocity components are already obtained, the pressure distribution in the flow
field can easily be computed. If the values at a reference point are denoted by
subscription s, the dimensionless form of pressure at any point is

T AR Jras (2. 41)

When the point of reference is taken at (co, /),

12
qs = U()s Ps:f)()a ¢s:<UO_w]11) ]7—1_*_7'0—)2IL

Therefore, the pressure coefficient C, expressed by Eq. (2.41) becomes

f— 2 2
Com 2P (] 22yt wnn s 2]
i pUZ 0 0
2 0

Then, the pressure coefficient C,, along the surface of
the cylinder can be obtained by the use of Eq. (2.33): j

C,.=1+2(1—2)(1—tanh a) _<qu> (2. 42)

where ¢, is the velocity along the surface of the cylin-
der. Examples of pressure distribution on the surface

of the cylinder in the vicinity of a plane wall are shown o | . s_i

2
0

U,

in Fig. 2.6 in terms of pressure coefficient and the dis-

tance between the cylinder and the wall in dimensionless § )
form. The lift exerted upon the cylinder is then ob- 0.0
tainable in terms of lift coefficient C; by integrating the
pressure distribution given by Eq. (2.42): B
L =l .

L= EU%; = — wa/z Cm. sin @ d@ (2. 43)
where @ is the angle shown in Fig. 2.3. The results T s
of this integration are shown in Fig. 2.7. As will be o

. . e . . . C .. Fig. 2. 7. Lift coeficient of
seen in this figure, the lift is negative in the vicinity a cylinder in a uniform

of plane wall so far as 1=0 namely in the case of shear flow.
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a uniform flow. But the lift becomes positive when there exists a certain amount
of velocity gradient in the vertical direction of flow which is similar to the case
of a practical boundary layer that develops along a stationary boundary of a wall.
2.4 Shear Flow across two cylinders

This problem can be solved in the same way as the previous case by slightly
changing the boundary conditions in solving the Laplace equations given by Egs.
(2.14a) and (2.15a). The definition sketch of the two cylinders is given in Fig.
2.1. The boundary conditions to be replaced for Egs. (2.16), (2.17) and (2.18) are

(i) ¥y—0 and ¥,—0 at s—0 (z—c0)

(i1) Since p=ea on the surface of circle 0,

V= —u, [y]v:a +r6

=— uoc[l +273, e " cos né] +7

n=1

a) ’
U =— 5 [yl 7

Z

2
wc e
=——5 [coth a+23 e (coth a+n)cos n{-’] +71

2=l

(iii) 7= —§ on the surface of circle 0,, whence

Vo= —wo[yly- 5+ 00

= uoc[l +23 ¢ cos né] + 8¢

n=1

R [

ol e

l
w €

2 .
d [coth B+27% e™(coth B+n)cosn E] + 0

n=1

The stream functions ¥, and ¥, can be obtained by taking the following forms
that correspond to Egs. (2.20) and (2.27):

Uy = Ap+ X, (A, cosh ny cos né+ B,,sinh ny cos né
el

+C,o cosh ny sin n& + D, sinh ny sin n&)

U, = Ap+ 2 (A, coshnycos né+ B, sinh nycos né

n=1

+ C,,; cosh 7y sin n€ + D, sinh zy sin 7€)

The coefficients can now be determined by the boundary condition stated above,
and the results are
sinh n(a—pf)
A= Zuec sinh n{a + f8)
cosh na cosh n 8
= 9 ) Bttt ditactiet o
B, L‘Oc[l sinh #{a + f) :I
Crl():O > DnO:O
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Ag = —UC+To= U+ 0o =— 2, A (2. 44 a)
L)
o > 2
Ap=—3 Ay=— 9-22 cotha+7]=— ,929,, coth §+5] (2. 441)
n=1

¢ "*(coth @+ n) sinh n 8+ ¢ ™ (coth -+ #n)sinh na
sinh 7n{a + f8)

An=—oc

, e(coth a-+2) cosh nf—e *coth §-+n) cosh na
sinh 7(a + 8)

B, = —wc

Cnl = O > Dnl - 0
The relations (2.44a) and (2.44b) yield

To— 05 = 2uyc (2. 45 a)

2
s @wc

1—o (coth a—coth B) (2.45D)

,_._,,.
1 ==

Obviously, Egs. (2.45a) and (2.45b) give the quantity of flow between two
cylinders in uniform flow and in pure shear flow, respectively. Eq. (2.45a) is
equivalent to the result obtained by Lagally [19].

Finally the stream function becomes

2
wc
b= ugcd® + = @

where

o sinh 7 . = sinh n{a—p) / e
o= y—cosé +37§1 sinh 72(a - B) (cosh nycos n&é—1)
- [ 2cosh e cosh n

—2x sinh n(a -+ 8)

n=1

@ (. sinhy ¥
¢ =\ "cosh p—cos &
= ¢ ™ (cotha +n)sinhnf+ e *(coth §+ n) sinhna

— 1]sinh 7y cos né

7;1 sinh 72(a + f) (coshnn cosné—1)
o2 e (cotha +n) coshnf—e " (coth f+n) coshna . _

) : .
7;;‘1 sinh 7 {a + f8) sinh 77 cos 7§

3. Experiments on the Uniform Shear
Flow past a Circular Cylinder

The experiments were conducted for the purpose of verilying the trend of
change in the lift coefficient of a circular cylinder in a uniform shear flow devel-
oped in an air tunnel installed at the Fluid Mechanics Laboratory of the Faculty
of Engineering, Hokkaido University. The air tunnel is of a blow-off type, the
flow being produced by a centrifugal blower driven by a 100 kW electric motor.
The velocity of air flow can be adjusted in three ways; by changing the revolu-
tion of the blower and by changing the valve and gate opening installed respec-
tively at the suction tower of the blower and at the exit of the tunnel. The cross
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section of the test section is 50 cm x 50 cm, and the side walls over the entire
length of 5m are transparent.

The experiments were made in a uniform shear flow artificially generated by
arranging a grid of rods of 3.2 mm diameter over an entire section of the ap-
proaching flow after Owen and Zienkiewicz's [21] theory.

3.1 Theory of Grid Design

The test section of the wind tunnel may be treated as a long channel, as
sketched in Fig. 3.1, with walls y=0, y=#, in which a grid is placed in the
plane = =0. At great distances upstream the velocity is uniform and has the
value U ; far downstream the velocity is again parallel to the walls and its mag-
nitude is given by

u=U+oly—1) (3.1

Fig. 3.1. Arrangement of the grid and the coordinate system.

One assumes that the fluid is inviscid and that wh/U is of a smaller order
of magnitude than unity, and consequently the departure of any streamline from
a straight line is small. Accordingly, the stream function which describes the
entire flow field may be written as

¢=Uy+¢ for =<0 (3.2a)
= Uy+9 (—hy)+¢ for x>0 (3.2b)

¢ is the perturbation stream function which represents the effect of the grid, and
satisfies the Laplace equation

82 ’ 82 ’
¢ afz —0 (3.3)

owing to the constancy of vorticity throughout the flow field. ¢’ is everywhere
small compared with {Jh. Appropriate solutions satisfying the boundary conditions

o' (x,0) o' (x, h) 0
ox - ox o

for all x are

5}71 = i‘ A, e sin —*7—1-7;1—%-, x <0 (3. 4a)

n=1
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m . NTY

= Z B, e % sin s x>0 (3.4b)

71

where the constants A, and B, may be determined by the condition of flow at
the grid.

The presence of the grid requires that (i) 9¢/dy is continuous through x=0
(continuity), (ii) the velocity component 9¢/dx obeys a certain refraction condition
across =0, and (iii) the difference between the total pressures on a given stream-
line for large positive and negative values of x must be equal to the resistance
per unit area imposed by the grid. To these may be added the condition that the
static pressures far upstream and far downstream of the grid are independent of y.

Condition (i) leads to

nry nry (v 1\eh
o “ZlnAn cos — L"ZInB,L cos =~ _</z — 2> 7
or, setting
1 A) = B - C. si nry
5 yly—h)=h Zl ,sin
wh
A —B =C Y% (3.
ln Bn Cn U \.3 5)

The refraction condition (ii) requires the gy-component of the velocity to
change by a factor « in passing through the grid. « for a grid of uniform resist-
ance is known to be 1.1(1+K)™¥*, where K is the resistance coefficient

K=(p.—p. )/(1 [u(o)P)

P and p. being the pressures far upstream and far downstream of the grid. It
is unlikely that this value will be seriously in error for a grid with slightly graded
resistance provided that K is given its local value. If the resistance grading is
reprented by

K= Ko[l +e<y)] (3. 6)

such that e(y) is small and

| ctwyay=o
1]
it follows that

1.1 K()Ef 2
N Es e o &

With « given by Eq. (3.7), the refraction condition is

hid . 7 < . nw
2. nB, sin “'—%y*" +(a+be) ) nA, sin —~~7;y~ =0
n=1 n=1

which, noting that A, and B, are O{wh/U), reduces to
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B,+aA,=0+40Owhe/U) (3.8)
where
N 5 S B Ve
TEANARYE YT T 20+ K

Finally, one must consider the change in total pressure along a streamline.
According to the assumption of an inviscid fluid, the total pressure remains cons-
tant along streamlines upstream and downstream of the grid but, at the grid itself,

2

there is a decrease in total pressure amounting to A(1/2) 0{u(0)]®. Hence
1 ) 1 1 Fo 1 1
pot o PU—pi— 5 1 Uro|yi—5 b )| = K5 0[u(0)] (3.9)

where p, and p, are respectively the static pressuses far upstream and far down-
stream of the grid. The streamline which has the ordinate y, for large = meets
the grid at y =y, and the relation between y, and y,; follows from Egs. (3.2);

= vo+ L3 O< o > (3.10)

Eq. (3.10) implies that, to the first order in wh/U and ¢'/Uh, the x component
of the velocity at the grid is given by

1 ad’' (0, y .
u(0)=U+ w(yo—-é h>+~£—é@‘°l 3. 11
which, together with Eq. (3. 9), leads to
]50 ])1 ~ wh - Yo 17 I—)’KVOW aQbI(O; ?/o) 9
= Ko(l+e)+2 U (1+ K )( L5 >+ U ey (3.12)

3 U

Since (po—py) is independent of y, Eq. (3.12) resolves into

b (3.13)
and
Kye+2 ‘g? (h—lxo)(%’ —i)”% agg; "o (3. 14

The distribution &(y,) follows directly from Eq. (3.14) if one notes from Egs.
(3.4), (3.5) and (3.9) that

a0, yo) ) nwy a v 1
3y = — g’ ( 1 J'ra'>"21 nC, cos - L= w/z<71&~><7;-—'§>

hence,

__poehf 1 1 ANy L
o) = =2 U<K0+l+a></z_2> (8. 16)
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At large Reynolds numbers the resistance of a grid of rods in a uniform
stream can be predicted with good accuracy if the drag coefficient based on the
blocked area and the average interstitial velocity is taken to be unity (Wieghardt
[22]). For the present purpose it will be assumed permissible to adopt the same
procedure for each portion of the grid, with the possible exception of places where
the spacing changes rapidly with y, since the scale of variation in the y-direction
of the velocity through the plane of the grid, «(0), is much larger than the
greatest spacing between adjacent rods. Accordingly,

£

Ky(l+¢)= W

where
§=djs;

d is the diameter of each rod and the spacing is s(y). With ¢ given by Eq. (3.16),
one obtains

<1¢E>Z*K[1 205(1{ lia><%—%>] (3.17)

3.2 Production of Uniform Shear Flow.

A grid composed of parallel rods of 3.2 mm diameter was constructed accord-
1ng to Eq. (3.17) with wh/U =0.45 and 05
=1.15. The appropriate values of & are \

shown in Fig. 3.2. 04 \\

The grid was placed at a section 60
cm downstream of the entrance to the
working section, 50 cm square, of the wind
tunnel at the Fluid Mechanics Laboratory.
Fig. 3.3 shows the arrangement of the
grid in the air tunnel. Traverses, across

~

the working section in planes parallel to 0o 02 o4 a6 28 [0
the grid at a number of distances from it E
were made with N.P.L. type of Pitot tube Fig. 3.2. Spacing of rods.
of 8 mm diameter, Pitot coefficient being
unity, at the mean wind speced U of
19.2 m/sec and 22.6 m/sec, respectively.
No variation in static pressure could
be detected from the traverses, which were
confined to distances greater than approxi-
mately one tunnel height from the grid.
The grid could not be approached much
more closely with a conventional static
probe owing to an appreciable inclination

. Fig. 3.3. Grid of rods for the production
and curvature of the streamlines. oF sheas ow
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Fig. 3.4. Velocity contours in the plane x/h=30.
The contours of #/U as deduced {from the 7.0 7
Pitot tube traverses in a plane parallel to the
grid and 150 cm {(z/h=23.0) downstream of it
are shown in Fig. 3.4. The absence of any 08
systematic departure from lines parallel to the
z-axis, together with the previously mentioned
fact that the static pressure is constant over .
the region, suggests that no secondary flow
was present on a large scale. 3
The profile of «/U in the plane of sym- o
metry of the tunnel, z =0, at distances of
59.5 cm and 150 em from the grid (x/h=1.19
and 3.0) are presented in Fig. 3.5. The
agreement between the measured velocity dis- b2
tribution and that predicted by the theory is /’0
tolerable. °
Ostensibly there is no systematic change 7T R Y Sy Ry AT S
in the rate of shear between x/h=1.19 and T
Fig. 3.5. Velocity profiles measured

x2/h=3.0, and even small irregularities in the
velocity profile appear to suffer no appreciable
decay. The small scale irregularities in the
velocity profile, which were found to be re-
peatable in the experiments, can be attributed
of the grid.

3.3 Uniform Shear Flow past a Circular Cylinder :

in the plane of symmetry of the
tunnel : x/h=3.0, 2/h=00; @ U=
22.6 m/sec, 0, U=19.2 m/sec, —
most probable curve, —~— theory.

to inaccuracies in the manufacture

Experiment

The plane wall that would be located in the neighborhood of a circular cyl-
inder was represented by placing a polyvynil chloride plate, 5mm in thickness,
parallel to the flow, the leading edge being given 26.5° bevel on the other side of
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Fig. 3.6. Schematic view of the experimental installation.

the test flow as will be seen in Fig. 3.6. The test cylinder was made of a brass
tube, the diameter being 49.3 mm. Fig. 3.7 is given to supplement Fig. 3.6 in
order to show the features of the test. The velocity distributions of the shear
flow at the three sections are shown in Fig. 3.8. The distance between the test
cylinder and the plate was adjusted by
a screw device and a static pressure hole
of 1 mm diameter in the central section of
the cylinder was connected to a Géttingen
type manometer. The angular position of
the pressure hole, read on a protractor,
gave the pressure distribution around the
surface of the cylinder, which was inte- ‘ :
grated to evaluate the lift and drag forces ‘'~ Ait
acting on the cylinder. . -

The measured pressure distributions
around the test cylinder are shown in Fig.
3.9 in terms of the pressure coefficient and
the angle measured from the straight line
parallel to the approaching flow, the pa-
rameter being the ratio of the clearance S

Fig. 3.7. Experimental installation.

33.1

30

9 Qs‘a’t"‘r\‘

between the cylinder and the plane wall
to the diameter of the cylinder. The pres-
sure coefficient is defined by

20

et

¥ (em)
%*—»4—.‘,

Cp:%‘j)io /0 '
ijz §

where U, is the approaching velocity at 4 j
the center of the cylinder and p, is the o Y.

0 /0 ' 20 50

static prassure of the approaching flow. P

Since the upstream velocity profile and

- = c Fig. 3.8. Velocity prefiles of the artificiall
the configuration of the test cylinedr yield e . '

” ” produced shear flow: +, 25c¢m, O, 41 cm
the values of 1 and « which appeared in and @, 59 cm from the leading edge.
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the theoretical treatment, it becomes possible to compared the theoretical results
with the experiments. The theory is believed to be valid on the surface of the
cylinder near the stagnation point, so a comparison is made concerning the pressure
distribution in the neighbourhood of the stagnation point. Fig. 3.10 (a), (b) and
(c) show that a tolerable agreement is obtained for both the stagnation pressure
and the position of stagnation point, provided that the clearance between the cyl-
inder and the plane wall is not too small. The turbulent boundary layer which
develops along the surface of the plate, as will be seen in Fig. 3.8, may be re-
sponsible for the large discrepancy between the theory and the experiment, because
the velocity gradient is much larger in the boundary layer than in the uniform
shear flow of the outside layer. Morever, it should be noted that the pressure
distribution predicted by the theory deviates increasingly from the measured one
with the increase in angle from the stagnation point. This fact may be interpreted
as the development of a laminar or turbulent boundary layer along the surface of
the cylinder, the displacement effect of which produces an effect akin to the increase
in the radius of curvature of the surface.

)4

/.2

7.0

0.8
[

0.6

0.4

0.2

|
|
—

0.
A7)
Da/vs=0.0/6, 2Pale/V=7.6x/0%

Fig. 3.11. Lift and drag coefficients of the cylinder
in a uniform shear flow.

The lift and drag forces acting on the cylinder are obtained by integrating
numerically the pressure distribution on the surface of the test cylinder. The
results are shown in Fig. 3.11 in terms of the lift and drag coefficients C,,, C,,
and the distance between the cylinder and the plane wall in dimensionless form.

C,., and C,, are defined by

D 1 B Pl—‘Pu .
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Cp,= nga = igo ‘?l Thu cos O de
5 oU;

where L, and D, and the lift and drag forces, and p, and p, are the pressures
on the lower (—180° <8 <0°) and upper (0° <6 < 180°) surfaces of the cylinder,
respectively. A suffix of p is given to the lift L and drag D, because computa-
tions were made only from the pressure distribution without evaluating the shear
force on the cylinder. As will be evident in this figure, the value of lift coefficient
increases when the cylinder approaches the plane wall, again confirming another
qualitative agreement with the theoretical result.

Finally, it is of some interest to point out that the boundary layers on the
cylinder seem to separate from the surface after the transition from laminar to
turbulent flows, for three values of 4/(2a), namely, 0.128, 0.066 and 0.0. The
Reynolds number 2aU,/v for these cases is 7.6 :< 10, while the ordinary uniform
flow of the same Reynolds number past a circular cylinder is found not to exhibit
the transition of the boundary layer on its surface. Fig. 3.12 shows the relation
between the pressure and shear stress distributions around the circular cylinder in
the uniform flow obtained experimentally by Fage and Faldner [23] for both several
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Fig. 3.12. Relation between the pressure distribution and the
shear stress distribution around a circular cylinder
in a uniform flow (Fage and Falkner [23]).
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Reynolds numbers and oncoming flow conditions. It is obvious from this figure
that the point of inflexion of the pressure curve near @ = 90° implies the transi-
tion point from laminar to turbulent flows, if the Reynolds number is more than
1.08 x 10%.  Also, the point where the pressure becomes almost constant corresponds
to the separation point of the boundary layer. The pressure curve for R=1.06 < 10°
implies the laminar separation.

Upon considering the striking resemblance between the pressure distributions
around the cylinder for 4/(2a)=1.128, 0.66 and 0.0 and those obtained by Fage
and Falkner, togethether with the fact that the pressure recoveries at the rear side
of the cylinder are almost the same for both cases, one may say that the transi-
tion of the boundary layer occured even for the subcritical Reynolds numbers
when the cylinder apporached sufficiently to the plane wall in a uniform shear
flow. The increase in the turbulence level near the plane wall may be responsible
for the transition, although the true mechanisms of the transition from laminar
to turbulent flows are as yet unknown.

4. Flow around a Circular Cylinder in
a Turbulent Boundary Layer

Since the velocity gradient in a turbulent boundary layer is several times
greater than that in the artificially generated uniform shear flow, more effective
comparisons of the theory with experiments may become possible. Thus, experi-
mental studies of the flow around a circular cylinder placed in a turbulent boundary
layer which develops along the tunnel wall were performed in some detail.

4.1 Experimental Equipments
a) Air tunnel

All experiments were carried out in the air tunnel of the Fluid Mechanics
Laboratory of the Faculty of Engineering, Hokkaido University.

Pressure taps of 1 mm diameter installed at intervals of 30 cm, in the upper
and lower boundaries of the test section over its entire length of 5m permit the
measuremeut of the static pressure distribution along the tunnel walls. Smooth
poly-vynil chloride plates, 10 mm in thickness, are attached to the floor of the
tunnel with wood screws in order to eliminate the effect of roughness of the
wooden floor, because use is made of the turbulent bondary layer which develops
along the lower tunnel wall. Accordingly, the effective area of the test section
becomes 50 cm < 49 cm.

The velocity of the undisturbed flow in the test section was determined by
calibration in terms of the pressure difference between two piezometer holes, one
of which was located about 5 ¢cm downstream from the entrance of the test section
and the other was located at the end of the plenum chamber. The longitudinal

Other dimensions and characteristics of this tunnel are explained in Chapter 3.
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by  Velocity Measurements.

The air velocities are measured by means of both standard Prandtl-type Pitot
tube of 8 mm diameter and the total head tube of rectangular cross section 0.57 mm
x 1.5 mm. The total head tube is mainly utilized to obtain the velocity distributions
in the turbulent boundary layer and in the wake of the circular cylinder. Each
of these tubes is mounted on a traversing mechanism which can be adjusted to
the measuring position with an accuracy of 0.1 mm.

The total and static pressures are connected to a Gottingen type manometer
(1/20 mm) or a Betz type manometer (1/10 mm) to obtain the dynamic pressure.

Allowance must be made for the transverse gradient of velocity, for proximity
to the wall, and (strictly, although this is often neglected in practice) for the
velocity fluctuations in a turbulent layer.

The transverse velocity gradient gives rise to a highly complex flow pattern
in the mouth of the Pitot tube, where the viscosity of fluid produces a marked
effect. As a result, the reading of the tube is not clearly related to the total
pressure of any of the approaching stream filaments and the observed total pres-
sure differs from that of the filament occupying the position of the axis of the
tube before its introduction into the flow. The effect can alternatively be repre-
sented by a displacement of the effective center of the tube. According to Young
and Maas [12] the effective displacement 4y for a square-cut head in turbulent
flow is towards the region of a higher velocity and is given by the equation

fg/— = 0.13+0.08 g (4. 1)
where d and D are the internal and external diameters of tube. For want of the
corresponding formula for the total head tube of rectangular cross section, the
effective displacement was tentatively estimated by means of Eq. (4.1) to obtain
the reasonable results, as will be seen in Section 4. 4. Since d=0.35mm and D=
0.56 mm, one obtains dy/D=0.18. In the case of turbulent boundary layers, the
corrections were restricted up to the distance 4D=2.2 mm from the plane boundary.

When the tube is closer to the surface than twice its diameter, the effect of
wall proximity act in the opposite direction to the effects of velocity gradient and
a further correction may be required. For turbulent pipe flow MacMillan [24]
finds that the correction may conveniently be expressed as an increment 4V to
be added to the measured velocity, and indicates that a correction of the same
order is applicable in turbulent boundary layer flow as well. Davies’s [13] results,
however, suggest that his negligible correction in boundary layer flow is maintained
right to the wall for all sizes of the tube. The reason for these discrepancies is
somewhat obscure, thus no correction for proximity to the wall is made in the
present experiments.

¢) Turbulence measurements.

The values of Yu?, Yo and «'v' are measured with a constant temperature
type of hot-wire anemometer using a single-hot-wire technique. Tungsten wire
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of 5p diameter was copper plated with s
CuSO, before soldering onto a probe. /
When the copper is removed by etching
with HNO,; to produce about 5 ohms of 8
electric resistance, the length of the acting

part of the wire is about 1.5 mm and the

total length of the wire is approximately 6
2mm. The calibration of this hot wire /
was made in a uniform flow in the air
tunnel by comparing with a standard P
Prandtl-type Pitot tube and the change of /
voltage necessary to keep the temperature /
of the wire constant for various speeds of 2

air is obtained. Through calibration the /
characteristics of this hot wire is found to /
be linear as intended. One example of the
results of calibration is shown in Fig. 4.1.

voLT

7 /0 20 30
Velocity in m/sec
d) Static pressure measurements Fig. 4.1. An example of the hot-wire

If it is assumed that the static pres- calibration.

sure in a turbulent boundary layer is constant and equal to that at the outer edge
of the layer, the static pressure becomes constant over each cross-section normal
to the main flow, and consequently may be estimated as the static pressure at the
walls of the test section. The results of measurement of the static pressure using
static pressure holes of a standard Prandtl-type Pitot tube show that the above
assumption is reasonably satisfied.

4.2 Turbulent boundary layer along the floor of the test section
a) Coordinate system

In the following descriptions of the experimental results, the Cartesian coor-
dinate system x, y and =z will be used. The origin of the coordinate system is
located at the mid-point of the tunnel floor at the entrance to the test section, as
shown in Fig. 4.2. The z axis is in the downstream direction, the % axis is
vertically upwards and the z axis is taken normal to both x and ¥ so as to form
the right-hand system of coordinates.

¥
2a
2 b
Ye A s
T F I %)
e

Fig. 4.2. Illustration of the coordinate system.
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b) Static pressure distribution

Owing to the development of the turbulent boundary layer along the tunnel
walls, the main flow velocity increases in a downstream direction, and at the same
time the static pressure decreases in view of Bernoulli theorem. The measured
static pressure distribution is shown in Fig. 4.3, together with the best fit curve
obtained by the method of least squares;

Po = — 0.0050(x—28.3) mmAq (4. 2)

where x must needs be measured in cm. Eq. (4.2) may be used to compute the

static pressure at any desired position. The corresponding velocity distribution is
given in Fig. 4.4.
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Fig. 4. 3. Static pressure distribution along the tunnel.
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Fig. 4. 4. Velocity distribution along the tunnel.

¢) Two-dimensionality of the wvelocity field.

In the experiments to be described in this chapter, the turbulent boundary
layer along the tunnel floor is used as the approaching shear flow to the circular
cylinders, then one must examine the two-dimensionality of the velocity field.
Since the air tunnel has a rectangular cross section with the right-angled corners,
secondary flows necessarily occur in any section normal to the main flow. The
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Fig. 4.5. Velocity contours in the yz-plane:
(a) x==206.0 cm, (b) 338.2 cm.

longitudinal velocity distributions measured at the two sections x = 206.0 cm and
x = 338.2 cm, respectively, are shown in Fig. 4.5(a) and (b) in terms of «/U., v
and z. Although the velocity distributions outside the boundary layer are seen to
be exactly two-dimensional, those within the boundary layer are somewhat dis-
torted, the velocity near the center line 2=0 being highly decreased. However,
the velocity field in the vicinity of 2= —8cm may be said to be nearly two-
dimensional, then the developments of the turbulent boundary layer are measured
at this section.

d) Characteristics of the turbulent boundary layer

Fig. 4.6 shows the mean velocity distributions in the turbulent boundary layer
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measured at the section z= —8cm in terms of u/U.(x) and y. The displacement
and momentum thicknesses, §* and 6, defined by the equations

o% = SO <1 —(jfw> dy , 0= So é:(l —(Z> dy

are shown in Fig. 4.7 as functions of x. The viscous shear stress at the wall ¢,

and the shear velocity u.

. 91’:.) (T
Lw_/l 52/ ?/2;07 U, = p

may be computed from the measured velocity profiles by means of the well-known
momentum integral equation originally derived by Karman:

T 630 . 17 dUm 4.3
o U%, dx +(H+2) U, dx ( )
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Fig. 4. 6. Mean velocity distribution in the turbulent boundary
layer along the tunnel wall.
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Fig. 4. 7. Distribution of displacement and momentum thicknesses.
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or
? de i} d,
T =+ H+D 5~ 2) (4.3b)
H is cajled the shape factor of bonudary layers and defined by
5*
H=- 73 (4. 4)

The values of w.[U., thus determined are shown in Fig. 4.8.

Fig. 4.9 shows the same velocity profiles on a non-dimensional basis. In
order to avoid the arbitrariness of § (boundary layer thickness), the nondimensional
distance from the wall y/0* is used. It is seen from Fig. 4.9 that the nondimen-
sional velocity profiles exhibit a similarity downstream from the section x=65.8 cm.

These profiles, together with the values of H and R, (=U..8/v) computed at
each section, may be compared with the data obtained by Klebanoff and Diehl [25]
which are included in Fig. 4.9.

The wall proximity law and the velocity-defect law for the velocity distribu-
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Fig- 4.8. Distribution of shear velocity.
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Fig. 4.11. Comparison of experimental results with
the velocity-defect law.

tion are compared with experimental results in Figs. 4.10 and 4.11. The mean
velocity distributions for the turbulent boundary layer along the tunnel floor,
together with the law of the wall suggested by Clauser [26] and Coles [27], are
plotted in the form of u/u. against yu. /v in Fig. 4.10. The law of the wall
takes the form

u

- =5.62logy, " +4.9  (Clauser) (4.5a)
or
,Zi:h = 5.75 log yg +5.1  (Coles) (4.5b)

In contrast with the measurements for pipes and channels, it is seen that there
is a systematic increase in the deviation from the logarithmic law as the Reynolds
number decreases.

In Fig. 4. 11, the boundary layer results are plotted in the form suggested by
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the velocity-defect law, together with the channel results. It is seen that the
present experiments give the velocity-defect law between the boundary layer with
zero pressure gradient and the channel results. The velocity-defect law for each

case is given respectively by

Vo=t _ 569 10g, 4225 (4.6 )

u,

(Boundary layer, Klebanoff-Diehl [25])

,giu = —5.62 logy g,

(Channel, Laufer [28] and Donch [29])

+0.65 (4.6 b)

4.3 Artificially thickened Turbulent Boundary Layer

As seen in Fig. 4.6, the boundary layer thickness, 4§, is about 40 mm at the
position x=219.8 cm where one intends to set the test cylinders. In order to
carry out accurate measurements, it is desirable to use test cylinders of as large
diameter as possible. However, for very large diameters, the finite cross-sectional
area of the tunnel test section necessarily introduces complicated wall interference
effects on the flow past the test cylinder, then the maximum diameter of the cyl-
inder must be limited to one-tenth of the height of the test section at most.
Since, as a compromise, the maximum diameter is selected to be 36.2 mm, it is
better to have a thicker boundary layer than that described in section 4.2. This
need leads one to artificially thicken the boundary layer along the tunnel floor
by means of some tripping devices.

a) Method of Artificial Thickening of Boundary Layer

It is at once obvious that the objects protruding outward from a surface
create a larger drag than that of the surface, and hence offer a means of producing
a layer of de-energized flow in a comparatively short distance in a streamwise
direction. The energy of the main flow is diverted into eddy motion in wakes,
and, while the flow is turbulent, it does not have the same dynamic structure as
a fully-developed turbulent boundary layer over a smooth surface. The question
is, after leaving drag-producing objects, what length of smooth surface is needed
for the layer to become the same as a smooth surface generated layer. It would
seem that the length would be less than that required to generate a layer of the
same thickness, but this is by no means a foregone conclusion.

An attempt of artificial thickening of the turbulent boundary layer with zero
pressure gradient was made by Klebanoff and Diehl [25], for the purpose of
facilitating the use of multi-wire hot-wire probes and minimizing errors due to
wire length. Their measurements were performed with regard to the boundary
layer on a flat plate mounted vertically along the center line of the tunnel test
section. In one attempt to thicken the layer rods of several diameters were placed
singly in the otherwise laminar layer and in contact with the surface at 4 feet
from the leading edge. Another method consisted of cementing sand-paper to the
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surface beginning at the leading edge and extending to distances up to 2 feet
downstream. By measuring the distributions of the mean velocity u, the intensity
of longitudinal velocity flctuations V" and one-dimensional spectrum of wu-fluctua-
tions across the layer, they found that, of these three criterions, the mean velocity
distribution appeared to afford a simple means of identifying a fully-developed
turbulent boundary layer. Each of the above methods was found to produce
a turbulent boundary layer of desired thickness, namely, about two times of the
original layer, at a specified section.

The turbulent boundary layer thus formed was found to become characteristic
of that developed from the beginning on a smooth flat plate after passing over
the required length of smooth surface. For a given boundary layer thickness,
artificial thickening made possible a saving in length provided that there was
enough length for the layer to become free from distortions.

However, in the present experiment, unsuccessful was an attempt to thicken
the original turbulent boundary layer by cementing rough sand-paper onto the
surface beginning at the entrance of the tunnel test section and extending up to
70 cm downstream. Another method was to place a circular rod of 3.2mm di-
ameter on the surface at the entrance of the test section, but this also yielded
no change in the mean velocity profile. This was not unexpected, because the
boundary layer was already turbulent at the entrance of the test section, contrary
to the case treated by Klebanoff and Diehl. Although a much larger rod of
19 mm diameter arranged in the same manner could thicken the boundary layer
appreciably, the non-dimensional velocity profiles not only were distorted in excess,
but did not attain a similarity even at the far downstream position of x=250 cm.

Finally, an appropriate position to place this rod was found by trial and error.
Fig. 4. 12 shows the final configuration of the tripping rod.

Upper wall

490

S

o
| foemme—— 400 ! T
. b L -/ < ~/

Lower wall
rough sandpaper

Lipping rod
diameter i 19mm
spans 500 mm

Fig. 4.12. Configuration of the tripping rod.

b) Static pressure distribution
In order to examine the characteristics of the artificially thickened turbulent
boundary layer, the static pressure distribution at the tunnel wall was measured
at first. The results are shown in Fig. 4.3. It will be seen from this figure that
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the static pressure is identical with that along the original boundary layer, and
Eq. (4.2) may also be applied to the thickened boundary layer. This is because the
increase in the displacement thickness due to articifical thickening is not so large,
namely, 3mm at the most, corresponding to the increase of 0.6% of the main
flow velocity, that the extra decrease of the static pressure will be submerged in
the pressure fluctuations and experimental errors.
¢) Two-Dimensionality of the Artificially Thickened Boundary Layer

Mean velocity distributions in the artificially thickened boundary layer are
measured at four sections, that is, x=91.8 cm, 216.5 cm, 324.5cm and 353.5 cm,
in order to examine the two-dimensionality of the flow. These are shown in Fig.
4.13. Comparing these figures with Figs. 4.5(a) and (b), one can see that the
two-dimensionality of the flow is remarkably improved by the introduction of the
tripping rod. Especially, the flow fields in the sections £=91.8 cm and £=216.5
cm may be said to be almost completely two-dimensional. The equi-velocity lines
at further downstream sections x=324.5cm and x=353.5cm are somewhat dis-
torted, and are believed to demonstrate the development of the secondary flow.
However, since the two-dimensionality of the flow is satisfactory as a whole, the
development of the boundary layer is measured at the section 2= —8 cm, as was
done for the boundary layer without the tripping rod. »

d) Characteristics of the Artificially Thickened Boundary Layer.
(1) Mean Velocity
The mean velocity profiles in the artificially thickened boundary layer are
shown in Fig. 4.14, at a number of sections downstream from £=203.7cm. From
a comparison of this figure with Fig. 4.6, it will be seen that the boundary layer

100 \ :

Z(Cm)
203.7\ 2324\ 234 | 270512839 3083 | 324.3 | 3530 13913 |406.0

80

i % .
é L
IBIDININIRINININIE)

sl
288NN
]

y(mm)

40

]
g
AT AP

PO,
0 Q2 04 06 08 L0 f0. [0 0O O O L0 L0 10 10
U/ U

Fig. 4.14. Mean velocity distribution in the artificially

thickened turbulent boundary layer.
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is increased by about 20 mm in thickness at the section x=219.8 cm where the
test cylinders are to be arranged. The values of the displacement and momentum
thicknesses are shown in Fig. 4.7. The shear velocity is also shown in Fig. 4.8
in terms of u /U, and zx. The values of w. /U, are almost identical with those
for the original boundary layer.

(2) Turbulence Distribution
(Arie [30]) in order to clarify the characteristics of turbulence of the thickened
boundary layer.

Measurement of ¥« : The single hot wire was supported vertically in xy
plane. In this case, the hot wire is sensitive to ' and w’, but when « is large,
the error for «' which will be caused by w' is negligible. With the hot wire
supported in this manner, the mean horizontal velocity « is also measurable. The
measurement of this component of velocity agreed fairly well with the results
previously obtained with the total head tube. The quantity Vi can be computed
from

VU = A x Vays (4.7)
in which Vgys is the root-mean-square value of the fluctuating voltage and A is

the slope of the voltage-velocity characteristics of the hot wire.

Measurement of Yo% and #/v': When the single hot wire is supported at
an angle of 60° against the x axis in the xy plane, the root-mean-square of the

fluctuating voltage gives a clue for obtaining Vo? and «’v’. In this case,

(A x Vaush = ( (&' sin 60° + ' sin 30°) )2

or

(A % Vaysl = (0.8669 2 2 +(0.5¥ 0™ + 0.866 u/v/ (4. 8)

In the same way, when the hot wire is supported at an angle of 120° to the x
axis in the xy plane, one obtains

(A x Viys); = (0.866 J?)g +(0.5 «/;7_2)2__0.866 o (4.9)
The sum of Egs. (4.8) and (4.9) gives
(A Vays)i 4 (A X Vasi = LW u F+0.5 (Vo

or

1/2

Vo =2 [(A % Vit +(Ax Vasli =150/ ] o

Since Yu'® is obtainable with Eq. (4.7), Vo can be obtained with Eq. (4.10).
When Eq. (4.9) is subtracted from Eq. (4.8), «/v' is obtained as

1 . N .
W' = - X7 I:(A % les)fﬂ@q X VRMg)é] (4. 11)



43 Study on the Turbulent Shear Flow Past a Circular Cylinder 43

040
008 X074
/4

3 J2
w\ 0.06 '.\
2 012
3
N oy 8
E‘ 004 ¥\ \E ) \

=&Y

0027 B‘ L\\ 4 \
| e, 2 \‘
TR L hNREEN

i —
0 ) 60 T —T g 20 40 60 5 700
f L L . . s L ) ! ! L I P
0 i 0 a5 as ie 7Y™ 0 9z 04 o5 08 do LM
174) Vi
Fig. 4.15. Variation of the fluctuating Fig. 4. 16. Variation of the turbulent
turbulent velocity components. Reynolds stress.

The results of measurements at the section x=221.3 cm are plotted on Figs.
4.15 and 4.16.

(3) Non-Dimensional Plot of Mean Velocity and Turbulence

The non-dimensional mean velocity «/U, at various sections are shown in
Fig. 4.17, the abscissa being the nondimensional distance y/6* from the wall.
Since the Reynolds number R, does not differ so much for each section, the
measured velocities fall on the same curve. In this figure, the non-dimensional
mean velocity distributions for free transition and for a 0.25 in. cylindrical tripping
rod proposed by Klebanoff and Diehl are included. It should be noted that their
results for the 0.25 in. rod coincides with that of the 19 mm rod used in the
present experiment. The shape factor of the velocity profile is about 1.3 at each

section.
1.0 [ o=y
e
r”/‘/‘y'
08 }aﬁf/
i
3 ~——=Klebanoff-Diehl, Ro = /4850
Fii Free transition or No.l6 sandpaper
061%
H ——Klevanoff-Dieil, Re =1/310
2k 0.25in.cylindrical rod
B N T O A
" R
Xm)  §wmd gm) H  Re
02 ° 2037 6.99 54| 129 5532
: « 2839 790 604 13/ 6240
= 3530 7.90 6./0 /30 6373
+ 4438 7.94 6.26 /27 6633
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Fig. 4.17. Nondimensional mean velocity distribution.
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Velocity-defect law.

The non-dimensional mean velocities are plotted in Figs. 4.18 and 4.19 in

the form of u/u, against yu. /v and (
region where the law of the wall is v
by Clauser’s law of the wall Eq.
(4.54a). However, Fig. 4.19 shows
that the artificially thickened bound-
ary layer has the velocity-defect law
Eq. (4.6 b) for channel flow rather
than that for the boundary layer
derived from the data of Schulz-
Grunow and Klebanoff and Diehl.
Fig. 4.20 shows the longitudinal

turbulence level ¥z /U.. against the
non-dimensional distance y/6* at
various sections, together with the

nondimensional mean velocity u/U...

U.—u)lu. against y/d, respectively. In the
alid the mean velocities are well represented
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Fig. 4.20. Similarity of the longitudinal

component of the turbulent velocity.
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It will be seen from this figure that a similarity in the turbulent fluctuating
velocities exists, which may suggest that the artificially thickened boundary layer
has fully developed and thus attained dynamical equilibrium at the sections of
measurements.

4.4 Experiments on the Flow near a Circular Cylinder in the Turbulent
Boundary Layer

a) Test Cylinders

The test cylinders were made of carefully machined brass cylinders and had
the diameters of 2a=36.2 mm, 25.0 mm, 18.5 mm and 9.45 mm, respectively. Each
of the cylinders was mounted horizontally with bearings to the side walls of the
tunnel so that the span coincided with the width of the tunnel. The cylinders
could be rotated abot their axis in order to obtain any angular position of the
pressure hole of 0.5 mm diameter. The angular position was read on the protractor
attached to the bearing. The distance between the cylinders and the tunnel floor
could be changed arbitrarily by adjusting the position of the bearings.

The angular position of the pressure hole was measured from the stagnation
point when the cylinder was placed in a uniform flow. The stagnation point was
previously determined by measuring the pressure distribution around the test cylin-
der placed at the outside of the boundary layer.

In order to simulate the flow about a cylinder of an infinite span in a wind
tunnel it is necessary to eliminate the end effects. For this purpose, the span of
the test cylinders was chosen to coincide with the whole width of the tunnel, and
the junction of the test cylinder with the side walls of the tunnel was carefully
sealed with oil clay. Another method was to mount two circular baffle plates of
various diameters and 1 mm thickness on each side of the pressure hole. The
interval between the baffle plates was 20 cm and the pressure hole was located at
the mid-point of the baffle pates.

by Static Pressure Distribution around the Test Cylinders
Fig. 4.21 is the definition sketch of the test cylinder placed in the turbulent
boundary layer. 2q is the diameter of the test cylinder, 4 is the clearance be-
tween the test cylinder and the plane boundary wall, and @ is the angle measured
from the stagnation point for uniform flow to the direction of positive y. The
surface of the test cylinder that corresponds to 0° < © < 180° will be denoted by

the suffix “«” (upper), and that for
—180° <O =0° by the suffix “I” (lower).

Ueo
U, is the approaching velocity at the U Cupper surface)

center of the test cylinder. re) 20

Each test cylinder was mounted T ﬂ
at ‘the' section' x=219.8 cm where the ﬁc Y — 2 (lower surface)
artificially thickened boundary layer T

was fully developed and had the fol- Fig. 4.21. Definition sketch of the test cylinder

lowing properties : placed in the turbulent boundary layer.
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U, = 15.46 m/sec, 0 =60mm, 0* =7.22 mm f = 5.55 mm
R, = 61250, R, —7382,  R,=5675

The static pressure distributions were measured for the four test cylinders
described in (a), and the results are shown in Figs. 4.22, 4.23, 4.24 and 4.25,
respectively. The pressure distributions are given in the form of the pressure

coefficient (1/,;;%[){]2 against the angle 6, the parameter being the ratio 4/(2a).

It is seen from these figures that there occurs a systematic decrease in the stag-
nation pressure as the clearance 4 decreases. At the same time, the pressure
distributions around the upper and lower surfaces of the cylinder are found to
deviate systematically from the symmetry. It should also be noted that the effects
of both the velocity gradient of the approaching flow and the plane boundary
wall are clearly seen in the pressure distribution around the front part of the
cylinder. Namely, the velocity gradient tends to increase the pressure on the
upper surface of the cylinder compared with the pressure on the lower suface,
which is seen in Fig. 4.23(a) and (b), and quite conversely the effect of the plane
boundary wall is to increase the pressure on the lower surface. The stagnation
point shifts to the lower surface of the cylinder as 4/(2a) decreases, and attains
the maximum value of about —10°.

The effect of the baffle plates was tested by measuring the pressure on the
test cylinders with and without baffle plates. The measurements were made in
the central part of the tunnel where the velocity was uniform and the results are
shown in Fig. 4.26, together with the results obtained by Fage and Falker [23].
It is seen from this figure that the static pressure at the rear of the test cylinder
with the baffle plates decreases still further than that of the cylinder without the
baffle plates. It is also seen that the pressure distribution around the cylinders
without baffle plates coincides quite well with the data obtained by Fage and

SO NEREEEREN
08 : I
\ » 00 baffle plates
26 \ T \ \ o with batfle plates
oy ~-— Fage % Falkner
i \Q \ Re=(277~407)3107
02 - -
g \ \? ] [T 179
sy i
= 0 — ! i :
. \ = it i
2 -0 s |
\;\ A a2 I i
- o~
& 04 % ; \’]] v] 22 1 ds 1.0 ] 1) pe
Y _ 11250 80 17001 684| 26/10°
\ ! \ Z1/85 7017001996179/
08 | i 19451 4/511001249 0550
R § NN
-10 . %
2 ST el
2 R s e e =
r 2 oo 7
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0 20 40 60 80 /00 20 HO J0 IO 180 180
& O (gegrees)

Fig. 4.26. Effect of the baffle plates on the pressure distribution
around the circular cylinder.
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Falkner. Therefore, the baffle plates /00
overcompensate the pressure at the 2a ‘l
rear of the cylinder. sl —— 5?”27

Fig. 4.27 shows variation of the - /??

. 1 —~—— undisturbed
stagnation pressure <])smg —])O)/ <2 PUi) 60 boundary layer j
against the distance y from the plane s
BN

wall. The distribution of the dynamic 20

pressure <“§"PZ£2>/<'§‘9U?2> in the un- %/

disturbed turbulent boundary layer is 20 N

also included in this figure. It is V/

clearly seen that the stagnation pres- S /

sure takes a lower value for larger 0 oz o4 as 27 40
cylinders than for smaller ones when (Gistag=10)/5PUZ 5 4 pUE/50VE

the distance of the center of the cyl- Fig. 4.27. Variation of the stagnation pres-
inders from the plane wall is the same. sure of the circular cylinder placed in the

This fact reveals that the undisturbed turbulent boundary layer.

location of the stagnation streamline is nearer to the plane wall with the increase
in size of the diameter of the cylinder. This phenomenon may also be suggested
by the theoretical analysis described in chapter 2.

However, since the velocity gradient is not constant through the boundary
layer, it is slightly difficult to define the quantity o introduced into the theoretical
consideration. A possible choice may be the undisturbed velocity gradient 9u/dy
at the center of the cylinder. With the values of w thus determined, the stag-
nation pressure coefficient and the location of the stagnation streamline far upstream
of the cylinder are computed from

,,1?81295:,1,)9, = 1+2(2—2)(1—tanh a) (4.12)
& PUG

1/2
Ll »995%35[2“ 1+ {(z—-« 1)+ (2 —2) tanh a} } (4.13)

The values of (Psg —j)o)/<é- PU%) and y,/a obtained by Egs. (4.12) and (4.13) were

of the same order of magnitude as those determined experimentally, but a precise
agreement was not obtained. The reason for this is probably that the choice of
® is not adequate. Next an attempt was made to use the values of w counted
backward from Eq. (4.12) with the experimentally determined stagnation pressure
coefficient, in order to compute the theoretical pressure distribution. The results
are shown in Figs. 4. 28 (a), (b) and (c). It should be noted that the position of
the stagnation point is well predicted by the theory.

¢) Lift and Drag Forces of the Circular Cylinder

The static pressures on the surface of the test cylinders are integrated to
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obtain the lift and drag forces acting upon them in the form of lift and drag
coefficients, C,, and C,,:

Cl.p ==

C])p =

L, L ("
1 . 0
?PUO-Za
b, _1Ff
1 . -2,
7PU0-2a

__ EVS (Cpi—C,)sin B d O

(Cp+C,)cos0dO

Suffix p given to C, and C, means that they are computed from pressure only.
The results are shown in Fig. 4.29, together with the values of Reynolds number.
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Fig. 4.29. Lift and drag coefficients of the circular cylinder
placed in the turbulent boundary layer.

It is seen from this figure that, with 4/(2a) decreasing, the lift coefficient increases
montonically from 0 to the maximum value of about 0.8 at 4/(2a)=0, and con-
versely the drag coefficient decreases from 1.2 to the minimum value of about
0.95 after passing the maximum value of about 1.3 in the vicinity of 4/(2a)=0.6.
The positive value of C,, implies that a circular cylinder in the turbulent boundary
layer acquires a transverse force that tends to move it from the boundary wall,
as was previously predicted qualitatively by the theoretical analysis of the uniform
shear flow. C,, vanishes at 4/(24)=1.0 approximately.

The value of C,, is about 1.2 for a large 4/(2a), which is equal to the drag
coefficient of a circular cylinder in an unbounded uniform flow. The circular
cylinders with baffle plates yield somewhat higher values of C,,, i.e. 1.3 for a large
4/2(a), which corresponds to a larger decreases in static pressure at the rear.
However, it is possible to estimate the effect of the baffle plates on the drag
coefficient by making use of the experimentally determined pressure distribution
shown in Fig. 4.26. Since the drag coefficient is almost but not quite detemined
by the static pressure at the rear surface of the cylinder, the ratio of C,, to
(Cp,)» the drag coefficient of the cylinder with baffle plates, may be written as

Cl)]) . C])m‘
(Cl)p)b - (Cpcr)b

where (C,.), and C,, imply the pressure coefficients at the rear of the cylinder
with or without the baffle plates. This ratio is found from Fig. 4.26 to be
approximately 0.95. The corrected values of the drag coefficient are also shown
in Fig. 4.29.

It should be noted in Fig. 4.29 that the data of C,, and C,, fall on the
same curves, respectively, with acceptable accuracy. This fact may be of great
practical importance when one studies the motion of solid particles located in the
turbulent boundary layer. Since the ratio C,,/C,, is an important parameter for
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Fig. 4.30. Variation of the ratio Cz,/Cpp with respect to 4/{2a).

practical purposes, its distribution with respect to 4/(2a) is plotted in Fig. 4. 30.
These data also fall on a single curve.

d) Estimation of Laminar Boundary Layer on the Circular Cylinder

In the last section, the lift and drag coefficients were computed only from the
static pressure on the circular cylinders, and consequently the effect of viscous skin
friction was not included. In this section, the laminar boundary layer developing
along the surface of the circular cylinder was considered to some detail for the
purpose of estimating the contribution of viscous shear stress to the lift and drag
coefficients. In order to calculate the laminar boundary layer, use is made of the
Blasius series extended to an asymmetrical case and the approximate method due
to Pohlhausen and Walz, respectively.

(1) Estimation due to the Blasius series for an Asymmetrical Case

The laminar boundary layer on a flat plate placed parallel to a uniform shear
flow has been considered by several authors. Li [31], Ting [32], Murray [33] and
Devan [34] treated this problem theoretically on the basis of various procedures
and revealed that the effect of shear on the laminar boundary layer is not of great
importance near the leading edge, but it becomes dominant as the downstream
region is approached. However, an exact analysis of laminar boundary layer on
a cylindrical body, such as a circular cylinder, placed in a shear flow has not been
made as yet, and this problem remains to be solved.

In the present consideration, it is assumed that Prandtl’s boundary layer
equations for a two-dimensional steady flow

2
u%w%—: U»»d—gw—%ﬁ (4. 14)

Gu  Ov (4. 15)
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can be applicable, with the boundary conditions ,
y=0:u=0, v=0; y=o00 : u=U(x) (4. 16)

It should be noted that x denotes here the distance from the stagnation point
measured along the surface of the cylinder and v is the distance measured at
right angles to the surface. « and v are the components of velocity in the x
and y directions, respectively. If one defines the non-dimensional variables

#=z/2a), §=WCa)WR,, w=u/Ua, o=(v/UVR,,
U=U/U., ¢=9¢N2aU., R.=2aUdp

where a is the radius of the circular cylinder and UL, is the velocity outside of
the turbulent boundary layer in which the cylinder is placed, Eqs. (4.14) and (4.15)
may be rewritten as V

om0

W 0 =U gt e : | (4.17)
9 9o ,
FRR | (4. 18)

Now, it is possible to transform these two equations with two unknowns into one
equation with one unknown by introducing the stream function ¢. Putting

L= v=—7= ' . (4. 19)

one sees that the continuity equation is satisfied automatically, and Eq. (4.17)
becomes

0 ¢ g P9 _dU | §¢
oy oxdy ox dy* ~ dx = 0p°

(4. 20)

The boundary conditions become from Eq. (4.16)

e W, %
y= ay oz
0f =,

7 = 0 5%*=U(x)

It should be emphasized here that, although the external shear does not appear
explicitly in the mathematical formulation, its effect is treated in the form of an
asymmetry of flow on both sides of the stagnation point, in exactly the same
manner as the effect of the plane wall that exists in the vicinity of a circular
cylinder.

Let the velocity outside the boundary layer be given by the series

UE)=thZT+0Z+ itz + - (4.21)

The coefficients 7, #, -+ depend on the flow about the cylinder and are to be
considered known. The normal distance from the surface is made dimensionless
by assuming
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y=p% (4.22)
One adapts the following form for the stream function
6=\ L{ma i+ 3m.5 o)+ 40,200
+ 5%, % () + 6% B f1 (1) + T, T fo(n) + } (4. 23)

In order to render the functional coefficients fi, /3, - independent of the particular
properties of the outside flow, i.e. of @, #, -+, it is necessary to split them up as

follows :
112 iy 1[3 7{2
=g+ ——h =gtk
fo=0s T Je= g Wi, T B
— —2 -3 — o
Uy ’154 (423 'llz Us . 7(2
fi=gs+—— hs+ pr— ks + 3 3 {5,
ity s 7 T 7t 7 7y s
. =2 = =2 =3 = =5
iy 75 J Ty 7ty TUsily . Uyl A L
Jo = ge =" hy R+ —5= Jot 5= gs+ g e i e
7y g 71y g 7l s 71 g 3 g Y U
Hence, denoting differentiation with respect to 7 by a prime:
=T+ 3T+ AU T s+ DT B [+ O B f 5+ Tl T f s+ -+ (4. 24)

P =— \/‘}r{ﬁlﬁﬂiﬁzfﬂk 127, 2% fy + 202, 23 f, + 308, & f5 + 428, 2 f5 + }
21
(4. 25)

Inserting expressions (4.21), (4.24) and (4.25) into Eq. (4.17), and comparing terms,
one obtains a system of simultaneous ordinary differential equations for the func-
tions f1, f3 @s, Ns, -+, the first seven of which are:

{2_][1 _1+fl”
3f{f§“ fl z_fl —1+fm
4f19:—3f1 g:—fr195 = 1+ gy

i f rr rr 1 ///
Afihs—3fT hs—f1hy = 5 +h; ,"( E— o S
S5flgi—4fV gi—frgl = l+gi”

4 7 4 17 11t 12 ! / 144 7
5f1/24_4f1 /14—ﬁ/l4 =1+ —T<5fzg3_2ﬁgs — 313 93)

! 14 // e 12 4 14 Ix (4
5fiki—Aft ki —fi ki =k, —*-57(5][2/13«2]‘2/13 —3f% hs)
The boundary conditions for the functions f;, f3, -+ follow from Eq. (4.16) and are :

7}:O:f1:f1/:0, fzzfé-':O, g3=g§:O, hy=h;=0

, ,_ 1 1 :
77:00_']{‘1:1’ fZ:3> .03:'4ia /‘13:0)'”
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Table 4. 1. Universal functions for the first six terms
of the asymmetrical Blasius series.

FU(0) 1.232588 75(0) —0.033230
F40) 0.798742 g’ (0) ~0.000840
g4’ (0) 0.724447 g4’ (0) 0.604228
Ry’ (0) 0.164046 hy' (0) 0.237570
g} (0) 0.673188 k&{(0) 0.206131
Ry (0) 0.285916 & 0) —0.021769
&y (0) —0.017072 a4 (0) —0.009554
ai (0) 0.634702 mg! (0) 0.000190
hi' (0) 0.257808 ng! (0) 0.0072072
kL (0) 0.119182

These equations are solved numerically by means of the Runge-Kutta-Gill method,
and the results are tabulated in Table 4.1 (Arie and Iida [35]).

If one defines the non-dimensional shearing stress %, displacement thickness
& and momentum thickness 6 by

VR, 5 — o JR b0 R
e, 2a °’ 2a e

— Ty
Ty= g
O pU

they can be evaluated as follows :

= (@) = 171{27;1 Zf1(0)+ 3,2 f5'(0)
Y Jg-0

A7, 2 Y (0) + 57 5 1 (0) + 672 f2 (0) + T & f2(0) + }

(2) Numerical Calculations.

The numerical calculations of the laminar boundary layer are performed for
the circular cylinder of 25.0 mm diameter for the case of 4/(2a)=6.836, 1.496,
0.692, 0.284, 0.160, 0.080 and 0.036. On the assumption of the Bernoulli theorem

% 1L Psus

2 g 14

the measured values of pressure coefficient C, are used to compute the velocity
at the edge of the boundary layer U :
U H

R [C],mg—cp,,(f)] (4. 26)

The distributions of U(z) and dU/dz calculated from Eq. (4.26) are shown in
Fig. 4.31(a) and (b). The best fit curves of the sixth degree were obtained by
applying the method of least squares and the coefficients of polynomials are listed
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Fig. 4.31. Variation of (a) surface velocity and (b) its derivative
with respect to z on the circular cylinder.

Table 4.2. Coefficients of the best-fit curves
of the sixth degree.

4/2a) 6.836 0.692 0.080
@ 3.4588 3.0558 17120
s 0.0000 0.4058 1.6359
s —2.2805 19182 0.4013
a 0.0000 —1.4471 —5.5902
as —1.0450 —0.6756 —1.5503
a4 0.0000 1.3076 47747

in Table 4.2. It was found that the measured data were well represented by
these polynomials, with the exception of the cases of 4/(2a)=0.080 and 0.036 in
which there exists a large asymmetry of U on both sides of the stagnation point.

The computation of 7, &* and 6 was performed for three cases, 1.e. A/(2a)
—6.836, 0.692 and 0.080, and the results are shown in Figs. 4.32(a), (b) and (c).
The asymmetry of flow is clearly seen in Figs. 4.32 (b) and (c), while the boundary
layer is practically symmetrical for the case of 4/(2a)=6.836. The calculated
velocity profiles #/U are also shown in Figs. 4.33(a) and (b). Since, owing to
the increased complexity of the differential equations for f, as » increases, the
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evaluation of the functional coefficients was restricted up to f;, the values of %,
0%, 8 and #/U obtained for the case of 4/(2a)=0.080 may not be accurate espe-
cially in the vicinity of the point of separation. This fact was shown by the
velocity profiles calculated from Eq. (4.24), because the velocity in the boundary
layer near the point of separation became much larger than that at the edge of
the boundary layer, which was not thought acceptable for the case of the steady
two-dimensional boundary layers. Consequently, the values of 7, and 8 for
most cases of 4/(2a) must be computed by other means, for example, the approxi-
mation by Pohlhausen [36] and Walz [37].
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Fig. 4. 33. Tangential velocity distribution in the laminar
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(3) Estimation due to the Method of Pohlhausen and Walz

This procedure is based on the momentum integral equation

%ﬁ; +(20+5%T '(ZZZ([ =7, (4.27)

U’Z
obtained by integrating the equation of motion with respect to ¥ from the surface
at y =0 to a certain distance outside the boundary layer for all values of x. If
one assumes a polynomial of the fourth degree for the velocity function in terms
of the dimensionless distance from the wall y=y/d(x) and adapts the necessary
boundary conditions, one obtains the relations

o 3 A 6 37 A /A )
5 T 10 120 5T 817 7 945 T 9072 (4. 28)
7,07 A 5
——— = 0 & (4.29)

where a shape factor /A is

, U

dx

Ql

A=¢ (4. 30)
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The second shape parameter K is introduced by the equation

_dU
K- 97 (4.31)

which is connected with the momentum thickness in the same way as the first
shape factor, /, was connected with the boundary layer thickness, &, in Eq. (4.30).
It isseen from Egs. (4.28), (4.29), (4.30) and (4.31) that the shape factors 4 and
K satisfy the universal relation

37 A A2V ,
K= ( 315 ~ 945 9072>A (4.32)
Denoting
5 (3 AN37 A L
2 '"“'('ib“_ 120 )( 315 945 ~ 9072 > =HiEK) (4. 33)
O AN(3T A4 AN
o —<2“‘" 6 )( 315 945 9072)“‘f2(K) (4.34)

for the sake of brevity, and substituting K and #, together with f,(K)and f,(K)

from Eqs. (4.33) and (4. 34), respectively, one obtains from the momentum equation
Eq. (4.27) the relation

o = (K) (4. 35)

where
F(K)=2f,(K)—4K—2Kf(K)

It was pointed out by Walz that Eq. (4.35) can be reduced to a simple quadrature
by the introduction of a further approximation without any appreciable loss of
accuracy. Walz found that the function F(K) can be approximated quite closely
by the straight line

F(K)=0.470—6K
In this manner Eq. (4.35) is reduced to

d . — 1 d U
== — 7 2 oI T
(UG =0470-5U70 T dz

dz

This differential equation for /8 can be integrated explicitly to

o 0470 g

U= "y | Ulde (4. 36)

0

The functions K(A), as well as f1(K), f>(K) are tabulated in Schlichting [38].
The variations of 7, &% and @ at the surface of the circular cylinder calculated

by this procedure are shown in Figs. 4.34 (a) and (b). The comparisons between

the results of the approximate calculation and those obtained with the aid of

a Blasius series containing six terms (up to z°) are also shown in Figs. 4.32 (a}, (b)
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Fig. 4. 34. Variation of (a) shearing stress and (b} displacement
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and (c), and the agreement is not good for the case of 4/(2a)=0.080. Since it
has been shown by similar calculations (Schlichting [38]) that Pohlhausen’s approxi-
mate method leads to very satisfactory 4,

results, one can say that the Blasius series N
. . o
for asymmetrical case does require many Left scale
more terms (probably up to #" in order X/o/ fy%gv\/%@ »
to obtain more accurate values of 7, 5 and %7 '
8 for the case of a large asymmetry.
Now it becomes possible to estimate \
the contribution of shearing stress to the /o | 0.1
lift a ra n i
t and d g force§ and the torque act1r.1g L. \/55702
on the circular cylinder. The torque will " FUZa Lo
. . . . o lef? scale
exist since the distribution of shearing ) ~~ ei )
stress is asymmetrical on both sides of the \ /}//"
stagnation point. The lift and drag coefi- vight scale
cients, C;, and C,,, and the coefficient of \\L/ 7@% ziym
moment C,, due to the viscous shearing -1o, 0 F R el
stress can be computed as 480
y Fig. 4.35. Variation of viscous lift and
L 1 (% 8
Cpo= S i d 7,008 0 d 6 drag forces and torque acting on the
B eU%a o R, Joy circular cylinder.
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D, 1 (e .
C,Js—?Uia —«/ESQTOSIHQCZ@
M, o
Cm= PUZ;) a“=S”;TOd(9

where 67 and #; imply the points of separation on the sides of £ >0 and <0,
respectively. The variations of C,W R,, CpW R, and Cy,W R, with respect to
4/(2a) are shown in Fig. 4.35. The values of C,, and C,, are of a much smaller
order of magnitude than those of C;, and C,,, and C,, is of a much smaller
order of magnitude than C,, and C,, It is interesting to note that the variations
of C,, and C,, with respect to 4/(2a) have the same tendency as those of C,,
and Cp, The corrected values of the lift and drag coefficients are given in
Table 4.3. The value of C,(=1.23) for 4/(2a)=6.836 is seen to agree quite well
with that of the drag coefficient of a circular cylinder in an unbounded uniform
flow.

The position of the point of separation can be found from the condition that
the shearing stress must vanish there. The results of computation are listed in
Table 4.4. It is seen from this table that the laminar boundary layer separates
a little earlier on the upper side of the circular cylinder than on the lower one.

Table 4.3. Lift and drag coefficients corrected for shearing stress.

4/(2a) Cop Cip Cos Crs Cp Cr
6.836 1.21 0.00 0.02 0.00 1.23 0.00
1.496 1.24 0.00 0.02 0.00 1.26 0.00
0.692 1.31 0.03 0.02 0.00 1.35 0.03
0.284 1.09 0.14 0.02 0.00 1.11 0.14
0.160 1.04 0.25 0.02 0.00 1.06 0.25
0.080 1.04 0.32 0.02 0.01 1.06 0.33
0.036 1.00 0.38 0.02 0.01 1.02 0.39

Table 4.4. The position of separation of laminar boundary
layer from the surface of the circular cylinder.

A/2a) 05 05 Ostag
6.836 —82.5° 82.5° 0.0°
1.496 —80.2° 81.5° 0.0°
0.692 —87.0° 82.5° — 0.5°
0.284 —94.0° 87.0° - 75
0.160 —91.7° 87.0° - 75°
0.080 —91.7° 88,20 — 85°

0.036 —94.0° 90.5° —10.0°
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5. Turbulent Wake of a Circular Cylinder located
in a Turbulent Boundary Layer

In the preceding chapters of this paper, the properties of flow about a circular
cylinder placed in a turbulent boundary layer was described, together with the
effect of a plane bounday wall located in the vicinity of the circular cylinder. In
this chapter the far wake of the cylinder submerged in the same turbulent boundary
layer as before was investigated.

5.1 Wake-producing Cylinders

Two circular cylinders of 1.2 mm and 3.2 mm diameters, respectively, were
used as the wake-producing objects, and they were fixed in turn to the wind
tunnel at the position z,=219.8 cm and 7,=30 mm, where x, and y, denote the
coordinates of the center of each cylinder. The span of each cylinder was 50 cm,
so that it coincided with the width of the tunnel. As previously demonstrated,
the turbulent boundary layer is fully developed at the section x=219.8 cm and at
successive downstream sections where the turbulent wake of the cylinders is to
be developed.

The static pressure along the tunnel was found to be the same as that shown
in Fig. 4. 3.

5.2 Mean Velocity Distribution

The results of measurement of the mean velocity in the wake are shown in
Figs. 5.1 and 5.2. The distributions of mean velocity far downstream in the
cylinders are also plotted in Fig. 5.3 on nondimensional basis, i.e. u/U.,—y/d*.
It is seen from Fig. 5.3 that although the wake of the cylinder of 3.2 mm diameter
produces a permanent change in the velocity profile of the disturbed turbulent
boundary layer, that of the cylinder of 1.2 mm diameter does not produce this
kind of distortion and the disturbed boundary layer recovers. This fact implies

i 0_0_0 9 00 g 62 04 46 08 10
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Fig. 5.1. Distribution of mean velocity in the wake of the
circular cylinder of 1 mm diameter.
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Fig. 5.3. Nondimensional plot of mean velocity at a far
downstream section of the turbulent boundary
layer disturbed by the cylinders of 1.2 mm and
3.2 mm diameter, respectively.

that the disturbance introduced by the thinner cylinder is not large enough to
permit an accurate determination of its drag force to be made from the momentum
principle, since this principle gives the drag force as a residual value. Consequently
the computation of drag force was made only for a cylinder of 3.2 mm diameter,
and some of the required properties of the flow, i.e. the displacement and momen-
tum thicknesses and the shearing stress are shown in Figs. 5.4 (a) and (b). It is
seen from Fig. 5.4 (a) that the boundary layer is considerably thickened by the
introduction of the cylinder, because a part of the energy of the boundary layer
is diverted into an eddy motion in the wake. This phenomenon is also well
represented by the decrease in the shearing stress at the wall, z,, as will be seen
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in Fig. 5. 4(b).

The mean velocity is plotted in the non-dimensional form of «/u. against
yu.Jv in Fig. 5.5. The law of the wall holds even in the turbulent boundary
layer disturbed by the wake of the circular cylinder, and Clauser’s law of the
wall given by Eq. (4.5a) represents the measured data quite closely in this case
as well. For large values of yu./v the logarithmic velocity distribution deviates
from the actual velocity distribution ; apparently it no longer holds in the outer
region of the boundary layer where the distortion introduced by the wake of the
cylinder is considerable. For that region it may be more appropriate to consider
the velocity defect (U, —u)/u, rather than wu/u.. The experimental results are
plotted in this form in Fig. 5.6, together with the velocity-defect law given by
Eqs. (4.6a) and (4.6 b), respectively. It should be noted that the experimental data
show a good agreement with the velocity-defect law for the channel flow in the
immediate downstream of the circular cylinder, while an increasing deviation from
this law is seen as the lowest downstream section is approached. Finally, they
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eventually came to be represented quite closely by the velocity-defect law for the
turbulent boundary layer with a zero pressure gradient. Namely, the boundary
layer distorted by the wake of the cylinder may have the same dynamic structure
as a fully-developed turbulent boundary layer over a smooth flat plate. This fact
may be considered to give a clue to a new method of artificial thickening of the
turbulent boundary layer.

5.3 Distribution of Turbulence

The values of Va2, V3’ and u'v’ in the wake of the cylinder were measured
by means of the single-hot-wire technique, and the results are shown in Figs. 5.7,
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5.8, 5.9 and 5.10. Figs. 5.7 (a) and (b) show the distribution of the intensity of
the w-component of turbulence in the wake of the cylinder of either 1.2 mm or
3.2mm diamenter, respectively, taking the nondimensional distance from the
cylinder (x—x,)/d as a parameter. One can see from these figures the manner in
which the turbulence in the wake of the cylinder spreads outwards and inter-
mingles with the surrounding turbulence in the otherwise undisturbed turbulent

boundary layer.

30,

a) 500 ~ 700, which may be confirmed in
/\ turn by the mean velocity profile given
7 in Figs. 5.1 and 5.2. According to the
measurements of Townsend [39], the ef-
MK fect of the wake-producing object could
e be detected even at sections further down-
2
. 197
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Fig. 5.10. Variation of «'v’ across the wake: (a) (x—z.)/(2a)=19.7,

It will also be seen that the effect of the cylinder seems to vanish

at the downstream section (x —z,)/d=

(b) 29.1, (c) 39.4, 55.3, 78.8, 138, (d) 179, 283, 379.
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stream than (z —xz,)/d = 1000 in the case of the unbounded uniform flow of low
turbulence. Consequently it may be concluded that the spread and mixing of the
wake are promoted by the action of the surrounding turbulence.

The distribution of ¥ at the two sections far downstream of the 1.2 mm
cylinder is shown in Fig. 5.8, together with the values of Y& in the otherwise
undisturbed turbulent boundary layer. The turbulence is seen to recover and
return to its original distribution.

In Figs. 5.9 and 5.10, the variations of Yo and v’ across the wake are
represented at several sections downstream of the 3.2mm cylinder, and these
quantities clearly interpret the marked interaction between the wake and the sur-
rounding turbulent boundary layer. It should be emphasized that although the
values of Vu increase considerably at the immediate downstream of the cylinder
as would intuitively be expected, those at further downstream sections (say (x—
x,)/d=55.3) are much less than the turbulence of the undisturbed turbulent
boundary layer in the vicinity of the boundary wall. Some complex features of
this interaction of the wake with the surrounding turbulent flow are also illustrated
by the variation of Vo across the wake, but the detailed mechanism of the
interaction still remains to be solved.

5.4 Estimation of the drag force of the cylinder by momentum principle

The drag force acting on the cylinder can be estimated by considering the
change in momentum flux between two vertical sections located upstream and
downstream from the cylinder.

The Navier-Stokes equation in tensor notation is

du; ou, 1 3p P,
ot T o, T T 0 oz, TP ox,0x,

When the relations u,= U, +u; and p=P+p’ are substituted, this equation becomes

! 2 7
éa; ((/}-+u§)+(U,ntu,;.)ai (Us+ug)=— 1 9B+p) + PWUst )

T, o 0x; Y oz, 0x,

where U, and P represent the mean velocity and the mean piezometric pressure,
respectively ; u; and p’ are the fluctuating components of velocity and pressure,

the averaging procedure, one obtains

U, U, o __ 1P ¥U.
T, T e, T T 0 o, VY ox,0x,

(5. 1)

This is called the Reynolds equation.
A volume integration of Eq. (5. 1) gives
S U,

. oU, . (, ou; . 1(oP U,
= dao + S(],: Mé;;da + Suk Eax,@ da =— ?SECZOJ*}— DSMFEM 7 (5. 2)

where d@ denotes the volume element. Generally, Green’s theorem states that
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ng‘ da = Sni GdS

in which 7, are the direction cosines of a unit normal vector at the surface
element dS and the positive direction of the normal is understood to be outward

from the surface; G is a function of z,.

S__a_.U '
ot

i\ 0,Uas +\naiias = —

S?Zb-PdS—i— ng U, das

0x,

Since oU,/0t=0 for a steady flow, this equation may be reduced to

Snk U, UicZS+Sn,L.i¢_Z;;dS = — LS?QP(ZS‘FDS?Z/L. ggL das

o

This is the general equation of momentum
for steady flow.

In order to obtain the drag force
acting on the cylinder, Eq. (5.3) will be
applied to the control volume ABCD shown
in Fig. 5.11. Of course, BC denotes the
boundary wall, and AD is taken parallel
to BC. The coordinates of A and D are

Ak

A

Accordingly, Eq. (5.2) takes the form

(5. 3)

c

X X,

Fig. 5.11.

Control volume.

Xz

assumed to be (x,, H) and (x,, H), and the values of velocity and pressure at the
two sections AB and DC are represented by the suffixes 1 and 2, respectively.
Thus if one puts
MlzgnjUjUicZS, lezgnjzf};;dS
1

1\43 = "?

SniPdS , M, = ugnj %gf dS
these take the following forms at the surfaces of the control volume:
(1) surface AB;

g2g .
M, = —S ‘dy , M, = —S ultdy
0

0

29U,
M, = ——vg axl dy

0

1 H
M;= ?SO Pdy,
(ii) surfce CD;

" .
M, = S tdy , M,= S wtdy
0

0
H V aﬁ[ﬁ]’%

l H
MS:“T"SOPZC@’ , oz

M, = vg dy

(iii) surface BC;
W v'dx=0

&y

Mlz—ngUde:(), MZ:—S
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M=o, M=y lay=-

where

T3

W, = S rudz

Ty

denotes the integral of shear stress at the wall.
(iv) surface AD;

x

M, = g (UV)pdr, M= S WD dr=0
M,=0, ]\/14:y52"%%dx=0

since one takes the surface AD in the flow region outside of the boundary layer
in which U is independent of y.
(v) circle L;

My=0, M,=0, M,=—- gandSz-——Ql

L
0 o
]\/[4 = VS(?ll %ZEU- -+ 71, %) dsS = — Dps

wher D, and D, are the pressure and viscous drags of the cylinder, respectively,
and are defined by

2z
D,= —S Pcos ada

0

=1 oU
D, = 'ugo (“57:')"" ada

The total drag D acting on the cylinder is given by
D=D,+ D,

Accordingly, the momentum equation Eq. (5. 3) becomes
MY My = 3 M+ > M,

or, after rearranging the terms,
Do W (U U ) () (1)
oUa * pULa :SO <U"“ v )¢ a>+o om0z )N

_U,Y_> g(ﬁ) ’( Ii_P_> Z(-ZL)
LT ) )T Veus TeUn )\

1 S/ {a(Ul/Uw) a(Uz/UoJ} <y> (5.3 a)

TR, a

d(x/a) o(x/a)

0

in which U, is the mean velocity at the edge of the boundary layer at the sec-
tion x=219.8cm and R, denotes the Reynolds number based on U, and the
radius of the cylinder and is equal to 1.5x10° The physical meanings of the
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terms in Eq. (5.3 a) are self-evident from their forms.
On the other hand, when the test cylinder is absent, the shear force W at
the wall may be estimated from

Hla % * Y Ha ﬁz_ m@z)* <lJ>
PUZ S <U2 Uz ) d(z)*& <Ua, —1z) .
Hfa * Y ./ UV <~£€>
S ooz —oue ) 2le ) Lo ), 4
(U Us)  3(Uy)Us )} <~>
g { dxla) — dlz/a) d a (5. 4)
Subtracting Eq. (5.4) from Eq. (5.3 a), one obtains the relation
B o I ) 8- 81 ()
pU%a eUka )y \UL U a o \UL UL
g Ayl o ek
*SO (PUZ oL >d )‘ e TeuE) N
r,la UV /0 UV * T
Sl o)l @5

In Eq. (5.4), the terms including the reciprocal of the Reynolds number and the
turbulent fluctuating velocities have been neglected, since they are of an order of
magnitude less than 107 As was already mentioned in 5.2, the static pressure
in the turbulent boundary layer is practically the same before and after the intro-
duction of the cylinder, within a limit of experimental errors. So the third and
fourth terms on the right-hand side of Eq. (5.5) cancel out each other. If one
takes the sections AB and CD immediate upstream and downstream of the cylin-

der, respectively, the fifth and sixth terms in Eq. (5.5) may also cancel out each
other and Eq. (5.5) may be reduced to

7 #* ' a 2\ % 2
Bt [ S .5
where the velocity U, immediately upstream of the cylinder is assumed to be the
same.

The numerical calulations were performed with x; = 219.5cm, = 221.3cm
and H =245 mm, by means of the measured data given in the foregoing sections.
Since the experimental data are a little scattered in the vicinity of the selected
sections, the probable four values of the right hand side of Eq. (5.6) were estimated
as 0.769, 0.785, 0.821 and 0.857. The mean value becomes 0.808 and the stand-
ard deviation amounts to 0.034. Accordingly, Eq. (5.6) yields

D W,— W
0ULa T p%a

= 0.808:-0.034 5.7

The value of (W, — W#)/eU%a can be computed in terms of the shear velocity ;

2,/ 2 a2 ES E
“;U}Z :Sﬂ/{{]‘; m< & > }cl("z):().()()l
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where the values of w, presented in Fig. 5.4 bhave been used. Then, from Eq.
(5.7), drag coefficient of the thin cylinder placed in the turbulent boundary layer
may be estimated as

D D <Um

Co=50%a = 90%a
since D/PU%a=0.808, U, = 1546 m/sec and U,=14.22 m/sec. The value of C,
just obtained is practically equivalent to the drag coefficient of a circular cylinder
in an unbounded uniform flow of the same Reynolds number as Uya/v(=1.5x 10%).
Consequently it may be said that a thin circular cylinder placed in a turbulent
boundary layer experiences almost the same drag as that in an uniform flow,
when the cylinder is not in the immediate neighborhood of the boundary wall.

2
> =0.95+0.04

0

5.5 Theoretical Consideration on the Two-Dimensional Wake in a Uniform

Shear Flow

In order to clarify theoretically some of the experimental results obtained in
the foregoing sections, the velocity distribution in the wake of a circular cylinder
located in a turbulent boundary layer is derived on the basis of constant eddy
viscosity. As well known, the mean velocity profile of a turbulent boundary
layer has a form that is appoximated quite closely by the 1/7-th power law, but,
for simplicity, it is assumed here that the approaching flow to the cylinder is an
uniform shear flow with a constant vorticity. Since this flow model has a non-
zero transverse velocity gradient as in the turbulent boundary layer, it may be
expected that this model includes one of the most essential properties of the wake
flow concerned.

a) Mathematical Formulation of the Problem
The fundamental equations governing the turbulent flow of an incompressible

fluid are the Reynolds equation and the equation of continuity. For the two-
dimensional case, these equations become

U, U, 1 aP

du?  Quyu,

it — s i , 72 it _
Ui ox, +Us dx, P oz + U, 0x, o, (5.8)
U, oUu, _ 1 aP by Ouiuy  Quf
Ui oy +Us ox, 0 0z, Uy ox, 0z, (5.9)
oU, , aU, .
- é:‘xlw 'Wa‘rz —_— O (5. lO)

Let the center of the cylinder be located at the origin of the coordinate system
a2, and the velocity profile of the approaching flow be described by

Uio=U+ox, (5. 11)

The configuration of the problem and the definition of symbols are illustrated in
Fig. 5.12.

In Egs. (5.8), (5.9) and (5.10), U;, U, imply the components of mean velocity
in the wake in the x; and x, directions, respectively, and u;, u, are the corre-
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Tz
Az 7 8,
Us / X,
24 Ur ¢
7
Ulao =Up twa,
A/ B,

Fig. 5.12. Definition sketch of the problem.

sponding components of the fluctuating velocity. Let the new variables ¢, and g,

be defined by

¢ =(Uy+ox,)— U, (5.12 a)
.=U, (5.12b)

It is obvious from Fig. 5.12 that ¢, means the amount of velocity defect in the
wake. Substituting Egs. (5.12) into Egs. (5.8), (5.9) and (5.10) and making some
reductions, one obtains

9 < 0gy >_ L oP dw’ duu ,
—(Us+ oz, —aq) o, + @\ w— ox, )= P ox,  ox, oz, (5. 13)
g, g _ 1 0P _dujuy ou?
(Up+wxs—aq1) oz, +q ox, ~ 0 ox  ox  ox, (5. 14)
O 09 _
_ o, + oz, =0 (5 15)

in which the viscous terms vF*U,, vF?U, are neglected, since one assumes such
a large Reynolds number that molecular effects are negligible with respect to the
turbulent effects.

One introduces length scales L;, L, for the a;-and x,-directions, respectively.
Since the turbulent wake region is narrow in the ,-direction in comparison with
the x;-direction, the length scales satisfy the relation

L,
T <1 (5. 16)

Let V; be a suitable velocity scale for the main velocity U, ; one may conveniently
take, for instance, the maximum velocity difference across a section perpendicular
to the main-flow diretion. The magnitude of the velocity scale V, for the velocity
component [J; is no longer independent of the velocity scale Vi, because changes
in the velocities in various directions are not independent on the ground of the
equation of continuity. Hence, from Eq. (5.15),

i W V, L.
,,,,,,,,, ~Xro o et

VL (5.17)
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The Reynolds equations of motion contain the turbulence Reynolds stresses
Pujuy, for which, too, one has to introduce a suitable scale. One knows from
experience that, in anisotropic shear flows, the intensities u;? and w«;* are of the

same order of magnitude (Hinze [40]). So one may introduce the same scale "

and Pus?, depends on the magnitude of the correlation coefficient R, Thus one
may assume

it~ gt~
and
wytty ~ Ry u”® (5. 18)

At a large distance behind the cylinder ¢, is small compared with U, so that one
may put

U,
—L>1 (5.19)
q1

Now, it is possible to write down the equation of motion and, below
each term, its relative order of magnitude with respect to the other terms,
expressed in terms of the velocity and length scales. For the x,-direction one
obtains

— (UO 9, + waz:o—a(i - 9, ) + <‘1)(12 ”a‘q_1>

oz, 20, oz, ~ % G,
‘QQ. _a)_L_z‘ 1 (f)_ljz 1
[*}} 41 941
1 0P oup  ouul
=T 0w om | ow (5. 20)

R N Y
ovi v ReyiL

where 4P, means a change in pressure in the aj-direction. For the equation of
motion in the x,-direction one obtains

0 ile 0 g
(Ul ol g ) 0yl

@2 5 0x; ¢ 0z,
UO_ OLLZ 1 1
%} [24)
__LoP  owuwy  dui ,
TP dx, 0x  0x, (5.21)

AP, Wt Lot L

pV: T"EVI L, Vi L
On the grounds of the assumption that Uyf¢; > 1, the terms q,0q:/0x,, q.0¢:/0x,
¢10q,/0x, and ¢,0q,/dx, on the left-hand side of Egs. (5.20) and (5.21) are of
a smaller order of magnitude. If it is assumed that the correlatio ncoefficient
Ry, is not small compared with unity, du?/dx; in Eq. (5.20) is small compared
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bulence term. -
Since at the most #*/U% may be of the order 1, it follows from Eq. (5.20)

that U,/q, cannot be of a higher order of magnitude than L,/L,; in other words,
U,/q, must be of the same order of magnitude as L,/L, (Hinze [40]). But, if this
is so, the first term on the left-hand side of Eq. (5.21) also remains small com-
pared with the turbulence term 0u;/0x,. Hence the only other term that can
balance these turbulence terms is the pressure term 3P/00x,.

Consequently, if one retains only the terms of the highest order of magnitude,
the equation of motion Eq. (5.21) may be reduced to

1 P ou

et it 50

0 oyt ox, O (5.222)
or, after integration,

P+poui=P, (5.22b)
where P, is the pressure at the same section but is outside of the turbulent wake
region.

On the other hand Eq. (5.20) yields the two equations according to the order
of magnitude of wl,/q;

{Case 1)
dg, _ 1 P  duju; ,
U‘O__a_xT = az, + oz, (5 23 a)
for
951 %51
(Case 2)
Gg 1 0P dudu
(U0+wx2) oz, WYy = 0 oz, + 0, (5 24 a)
for
wl,
JE— 2
a 7! (5. 24 b)

The physical meaning of the conditions given by Egs. (5.23b) and (5.24b) is
llustrated in Fig. 5.13. In case 1, the flow in the wake can be treated as if there
is no transverse velocity gradient in the approaching stream. So, in what follows,
attention will be confined to case 2.

Eq. (5.24a) can be solved if the function wuju; is known, or its relation to
the distribution of U;. From Eq. (5.22b) one can calculate the pressure distribu-
tion. The turbulence term can be expressed in terms of the distribution of U
by introducing the eddy-diffusion coefficient ¢, if it is assumed that the transport
of momentum is due to the gradient type of diffusion :
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. Xy
wl, wl,
1f

T f
Lz / L,
| ! /

o g, o0 % =
wL,/g,’VIW' wL,/g,((/ sz/g, >/
Fig. 5.13. Illustration of the physical meaning of

Eqgs. (5.23 b) and (5. 23 c).
U, 3,
—Pujuy = Pe —— 9z, = Pel @ ~ oz, (6.25)

For the sake of simplicity, ¢ is assumed a constant here, although it may take
other forms according the various hypotheses proposed by Prandtl (the momentum
transport), Taylor (the vorticity transport) and Karméan (the dynamical similarity
hypothesis).
If one introduces the non-dimensional variables

A=wdlU,, g = ef(Upd)

(&, &) = (m/d, z:/d), (G1, @2) = (@/Uss qu/ Uy)

P =Ple Ui
Egs. (5.24 a) and (5. 15) can be rewritten as

aCh af) 0’

(1+2&) 5z =40 = 5a T2 *a—gl“ (5. 26 a)
0q aq -
a‘&! + “a'g— = (5. 26 b)

Egs. (5.26a) and (5.26b) constitute the governing equations.
b)  Perturbation Solution

For such a moderate pressure gradient as involved in the present experiment,
its effect on the wake development may be small enough to be neglected. Then
omitting the pressure term in Eq. (5. 26 a), one obtains the following fundamental

equations :
(1 +2§) — G, = 7a (5.27
2 {_— 72= & ez .27 a)
Q@m af/z . .
~ o T os, = =0 (5.27b)

Since 1 is of a smaller order of magnitude than unity, one assumes the
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perturbation solution
G =g + g0+ RGP + - (5.28 a)
Go = g + g0 + g + - (5.28D)

Inserting expressions (5.28a) and (5.28b) into Egs. (5.27a) and (5.27b), and
comparing the terms of the same power of 2, one obtains a system of simultaneous

artial differential equations for the functions ¢{%, ¢, -, ¢%, ¢5", ---:

p
a0 PP ag? _ gt ,
0w TR 0 on 5294 b)
PYNCOR WO P S0 PYes
o o o G208 b
PR Wl Pg® 0 pye
pe Tha —a = an . a = e (5.31a, b)

g¥ and @i describe the wake of the cylinder placed in an unbounded uniform
flow of which the velocity is unity, and is known to have the forms

A ? .
9 = T: exp <—*Z‘€“O“> (5.32a)
7
M=y exp< ZE;) (5.32b)
where
_ & :
n= ie (5. 33)

A is the constant of integration and, as will be derived later in 5.5 (c), has the
following relation to the drag coefficient C,;

Cy

A=
y Az,

(5. 34)

According to the measurement of the wake behind a circular cylinder placed in
an uniform flow, the value of ¢, is about 0.016.
Substitution of Egs. (5.32a) and (5.32b) into Eq. (5.30a) yields

g *qt A 7
081 T & - deeéy 7 eyp< 45;) (5. 35)
If one assumes the solution of the form
qt? = Afly) (5. 36)
and substitutes this into Eq. (5. 35), one obtains
& df 7 7’
dy + 2 o Ddy T 4 exp( 46,,0,>

This equation can be easily integrated to
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N — lug"‘ 4 < 7 I+ (0 ’ a /
Sy = 1662 mm’? expl — ey dy+17(0) _“wexP T e, an

since f—0 as y——oco. The value of f’(0) can be obtained from the condition
that f—0 as yp—>oo ;

, 1 {= 7 - ? 3
F0)=— 162 S_ 7 exp< ~~~~~ > dr}/g i exp<—725> dny=— q
Accordingly, the solution of Eq. (5. 35) becomes

7 774 3 772
q” = Aflg)=A glﬁ —‘;f> exp <—‘;1‘€"0“> dy (5. 37)

¢V means a first order correction of the velocity distribution in the wake. The
corresponding component of velocity in the normal direction, ¢§", can be computed
from Eq. (5.30b) in terms of gV ;

4 2

agm A
qén_g 7 de= s <580+277 +-«}—> exp( ZEO> (5. 38)

An arbitrary function of & may be added to the right-hand side of Eq. (5.38),
but, since there is no clue to determine this function, it will tentatively be put
equal to zero.

In order to obtain a second order correction for the velocity distribution, Egs.
(5.37) and (5.38) are substituted into Eq. (5.31a). After some reductions one
obtains

I ¥ A LA i ( 7

28 "% o T aye 0T 2 T T &g)exl’ ™
If one assumes the solution of the form

g = AV & g(y) (5.39)
g(n) must satisfy the following ordinary differential equation ;

d’g  m dg g _ (i /A > ( 7 )

d T e dy T 2e 4 T 8e T16 Y324 ) KP4 (5. 40)

Let the particular integral of Eq. (5.40) be

where 6, a, f, and 7 are the constants to be determined. Substitution of this
expression into the left-hand side of Eq. (5. 40) yields

oo (128 2a , (307 __é’z!i> o AT i
_ (5. 7 7 7 > ( rf)
= ‘< 18, T 16 T 323 ) XP\ T,

By comparing the terms on each side of this equation, one obtains
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21 19 1 41

“=3r- f=Te2e T 9%

Accordingly, the particular integral becomes

41 21 19 7 1 o 7
9r= ("1'6 ot 3y 192 ¢, T 128 > exXP| g, (5. 41)
which tends to zero as »p— -+ oo and - co, respectively. The complementary func-

tion, ¢., of Eq. (5.40) is the solution of the equation

dg n dg_ g
d,OZ 250 d77 250

=0
If one introduces the new variable ¢ defined by

v =7/{ 2¢

the above equation reduces to the form

This equation is a special case of the generalized Hermite’s differential equation

2
%5—+r£g+(s+l)G:0 (5. 42)

with s==—2. The general solution of Eq. (5.42) is given by

2
T

G(o)= A, exp< 1 )Ds(r)—kBs exp(—fg—) D_, \(i7)

where A,, B, are constants and [,(r) means the Weber function

D)= 2t el =5 | ey A5 20 %)

- ngjz) F< 12_5’ g %2>]

Consequently, the complementary function becomes

Y

TZ 2

g.= A_, exp<~ 1 )4—132 exp<~—*~4—> D, (i7)

7? — 1 £
= Au,z[exp<-—[>—«/ 7 T<1_‘/—2TS exp(——?) dt>]+B,2iT

Since ¢, must be a real function, it follows that B_,=0. When ¢—+ oo, g¢.
certainly tends to zero, but it becomes —oo when z—— oo, which is never

acceptable on physical grounds. Then A , must also vanish, and the comple-
mentary function will not appear in the final solution.

Accordingly, a second order correction of the longitudinal component of
velocity, ¢i¥, becomes

¢ = AVE g,0n) (5. 43)
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The velocity component in the z, direction is obtained from Eq. (5.31b):

Al dg,
=g (— o) ="y S,,m<gv”"7 oy )

_A[ (Ale 5P oA .

Since the right-hand side of this equation tends to nonzero value (say, a) when
77— + 00, one obtains the relation

3" (00) =g (—o0) =« (5. 45)

Eq. (5. 45) shows that the direction of the velocity vector at each edge of the
wake is not parallel to the main flow direction, and may be understood to repre-
sent the spread of the wake in the transverse direction. However, one has no
clue to obtain on a theoretical basis the possible values of ¢?(c0) and ¢{?(— o),
respectively, and these remain undetermined. Since the same kind of indeterminacy
necessarily appears when one calculates the higher order corrections, it will be
meaningless to extend the calculation to higher order terms. Thus the perturba-
tion solution of the form of Egs. (5.28a) and (5. 28 b) may be said to give the
correct longitudinal component of velocity up to the first three terms.

¢) Drag Force Acting on the Cylinder
By means of the momentum principle one can calculate the drag force acting
on the cylinder from the velocity profile in the wake. In order to determine the
momentum-flux balance one assumes a set of imaginary control planes at large

distances from the cylinder (see Fig. 5.12). Through the set of planes A, A, and
B, B, there is a flux of momentum in the x;, direction :

Oh S:{( Us+ 0z, —(Uy+ wx, —ql)z} dx,

= 240/1}' m(Uo-} wxs)  dz,

where A is the depth of the control volume. Through the same control planes
A; A, and B, B, there is a defect in mass flow equal to

o

oh Smw{( U+ 0x,) —(Uy + wx, -—ql)} dx = PhS X dx,

This is balanced by an efflux of an equal amount through the set of control
planes A, B; and A,B,, causing a loss In momentum flux in the a;-direction. Upon
remembering that the flow outside the wake is uniformly sheared, one may write
this loss in momentum flux in th form

—oh U, r)m g dz,
The sum of these momentum fluxes must be equal to the drag D of the cylinder:

o0

D = oh f (Us+20m) gy,
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Accordingly, the drag coefficient becomes

C,=2" (1+22) q.de, (5. 55)
Subsituting Eq. (5. 28 a) into Eq. (5. 55), one obtains

C,,:zj“f q£°>déz+22f (26,1 + qiV) dgy + -+
Since, as is easily seen in Egs. (5.32a) and (5. 37), the functions ¢{” and ¢{" are
even and odd functions of £, respectively, the second integral of the above expres-
sion is identically zero. Thus one obtains

C,= zj‘” GV de, = AN dre, (5. 55 a)
or
Cy
:1@;70,, (5.56 b)

Eq. (5.55a) shows that the effect of the transverse velocity gradient of the on-
coming flow on the drag coefficient of the cylinder is of a higher order of mag-
nitude than the first power of wd/U,.
d) A Comparison with Experiments

The longitudinal velocity component in the wake is calculated for several
sections downstream of the cylinder, the values of constants being taken as g=
0.016 and 1=0.05. The results are presented in Fig. 5.14 in the form of @,/
(Cp/V4ne,) against &/ e,&,. It will be seen from this figure that the spread of
the wake is greater towards the side of the smaller velocity than on the side of
the larger one as would physically be expected, and that the degree of asymmetry
of the wake on both sides of the center line (x;-axis) increases as further down-
stream sections are approached. For the sake of reference, the relation between
the diameter of the cylinder and the inclination of the velocity profile is illustrated
in Fig. 5.15 for two values of 1, i.e. 2=0.05 and 1=0.1.

072
£, =00/6

A =005 5 / \
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2 4 =z 0 2 4 ]
ENE &,

Fig. 5.14. Distribution of longitudinal component of
velocity in the wake (Theory).
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The mean velocity profiles in the wake of
1.2 mm cylinder are shown in Fig. 5.16 for several
-downstream sections, together with the one in the
undisturbed turbulent boundary layer. As was pre-
viously stated, the center of the cylinder was located
at a position 30 mm apart from the boundary wall.
Since, as will be seen in Figs. 5.16, the flow outside
the wake is considerably accelerated especially in the
sections (x—x,)/d=>51.7, 105 and 148, it is difficult
to define the amount of velocity defect in the wake.
Thus the dotted lines in the figures are tentatively
chosen as the reference velocity to compute the
velocity defect. The results at the two sections,
Le (x—a,)/d=105 and 148, respectively, are shown
in Fig. 5.17 in terms of , and &,. It is clearly

Fig. 5. 15.
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side of the larger one, which confirms qualitatively the theoretical prediction.

It was shown in the last section that the drag force of the cylinder will not
be affected by the presence of the transverse velocity gradient of the approaching
stream, at least to the first order of magnitude of the coefficient wd/U, This
fact may be verified experimentally by the result of section 5. 4.

6. Concluding Remarks

This study describes a two-dimensional flow past a circular cylinder placed
in a turbulent boundary layer, with special reference to the drag and lift forces
acting on the cylinder. A theoretical analysis of the flow was made for a hypo-
thetical inviscid shear flow with a linearly varying velocity profile, and experiments
were performed with a circular cylinder placed in an artificially produced shear
flow and in a turbulent boundary layer, respectively.

The primary results of these investigations will be summarized in what
follows.

In order to simulate theoretically the flow across a two-dimensional body in
a turbulent boundary layer, an analytical method of determining the simple shear
flow past two circular cylinders was devised by the use of bipolar coordinates.
The result includes as a special case of solutions of a uniform flow past two
cylinders that were previously obtained by Lagally [19] and Miller [20], and
therefore constitutes an extension of their problem. By making the radius of the
lower cylinder infinitely large, one can establish the simple shear flow past a cir-
cular cylinder subjected to an interference of a plane wall by means of the stream

function :
¢ inh ad® A h h ad®
TUa = (1 —2) sinh a¢® + 5 sinha tanh a¢
where
go— _Sihn o sinh g cosng
cosh p—cos £ o e —1

sinh 7 ¥ = cotha+n .
Y | I [t &~
& ( cosh 7—cos 5) > ] sinh 77 cos né

=1

The corresponding pressure coefficient on the circular cylinder is found to be

— 2
LEP 1 221 —tanh @—(—{’7‘5-)
5P U3 0

A numerical calculation of the pressure coefficient was performed in some detail
in order to clarify the combined effect of both the approaching velocity gradient
and the plane boundary wall on the pressure distribution of the cylinder. The
stagnation pressure decreases as the distance between the cylinder and the plane
wall decreases, while in the case of uniform flow the stagnation pressure coefficient
is always unity. In both cases, the pressure distribution becomes asymmetrical on
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the upper and lower surfaces of the cylinder, respectively, and this fact suggests
that a lift force will act on the cylinder. The lift force is calculated by numeri-
cally integrating the pressure on the surface of the cylinder, and is found to be
negative in the vicinity of the plane wall so far as w=0 that means the case of
a uniform flow. However, the lift force becomes positive when there exists
a certain amount of velocity gradiedt in the vertical diection of flow, which is
similar to the case of a practical boundary layer that develops along a stationary
boundary wall.

In order to check the theoretical predictions, an experiment was made with
a cylinder in a uniform shear flow artificially produced by arranging a grid of
rods over an entire section of a wind tunnel. It was found that an acceptable
agreement between the theory and experiment was obtained concerning the stag-
nation pressure and the position of stagnation point, respectively, provided that
the clearance between the cylinder and the plane wall is not too small. The
experimental value of lift coefficient increases when the cylinder approaches the
plane wall, which is the qualitative agreement with the theory.

Klebanoff and Diehl [25] have reported that it is possible to thicken substan-
tially a fully developed turbulent boundary layer on a flat plate by placing appro-
priate tripping devices in contact with the surface, However, it was found from
preliminary measurements that their method was not effective when the boundary
layer to be thickened was alreardy turbulent at the section of tripping objects.
After trial and error, the turbulent boundary layer along the tunnel wall was
successfully thickened by cementing a circular cylinder of 19 mm diameter onto
the tunnel wall in the manner as is shown in Fig. 4.12. The layer so formed
becomes almost characteristic of that developed from the beginning on a smooth
flat plate after passing over the required length of a smooth surface.

Four cylinders of different diameter are mounted in turns in the artificially
thickened turbulent boundary layer of about 60 mm in thickness at the section
where the test cylinder is mounted. The pressure distribution on the cylinder is
measured to be integrated for the evaluation of the lift and drag forces. It is
found that the drag and lift coefficients plotted against the ratio 4/(2a), where 4
is the clearance between the cylinder and the boundary wall and a is the radius
of the cylinder, are represented respectively by a single curve within an acceptable
experimental errors, the Reynolds number being in a range of (0.99~3.78):x 10%
The lift and drag coefficients and the Reynolds number have been formed in terms
of the approaching velocity at the center of the cylinder and the diameter of the
cylinder. With 4/(2a) decreasing, the lift coefficient is found to increase mono-
tonically from 0 to a moximum value of about 0.8 at 4/(2a)=0, and on the
contrary the drag coefficient decreases from 1.2 to a minimum value of about
0.95 after passing the maximum value of about 1.3 in the vicinity of 4/(2a4)=0.16.
The positive value of lift coefficient implies that the cylinder in the turbulent
boundary layer acquires a transverse force that tends to move it from the boundary
wall, as is predicted qualitatively by the theoretical analysis of a uniform shear
flow.
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In order to estimate the contribution of viscous shear stress to the lift and
drag coefficients, the laminar boundary layer that develops along the surface of
the cylinder is calculated in detail by the use of asymmetrical Blasius series and
Pohlhausen’s approximate method. It is clarified that, as the distance between
the cylinder and the boundary wall decreases, the distribution of shearing stress
becomes more and more asymmetrical on the upper and lower surfaces of the
cylinder, and accordingly a torque acts on the cylinder. Moreover, it becomes
obvious that the laminar boundary layer separates from the surface a little earlier
(about 4° at most when measured from the stagnation point) on the upper side
than on the lower one. The contribution of shearing stress to the lift and drag
coefficients is found to be 2% at most of the total value in the Reynolds number
range (0.99~3.78)x 10% in accordance with the case of uniform flow.

When the diameter of cylinder becomes very small compared with the thick-
ness of the boundary layer, it becomes difficult in practice to estimate the drag
force by the measurement of pressure distribution on the cylinder, and use must
be made of the momentum principle. Two cylinders of 1.2mm and 3.2 mm
diameter, respectively, are placed in turns in the turbulent boundary layer of
60 mm in thickness and 30 mm apart from the boundary wall to measure the
variations of mean velocity, turbulence and the static pressure in the wake. The
drag coefficient of the 3.2 mm cylinder computed from the momentum principle is
found, within a limit of experimental errors, to be the same as that when it is
placed in the unbounded uniform flow, provided that the Reynolds numbers for
both cases are the same. Hence it may be said that the normal velocity gradient
of the boundary layer exerts little effect on the drag coefficient of a thin circular
cylinder, when it is not in the immediate vicinity of the boundary wall. It also
becomes evident that the spread of the wake is greater towards the side of the
smaller velocity than on the side of larger one.

In an attempt to investigate these facts theoretically, the velocity profile in
the wake is derived for the case of uniform shear flow that simulates the velocity
profile of the turbulent boundary layer in which the cylinder is placed, the eddy
viscosity being assumed to be a constant. It is found from the analysis that
the effect of the transverse velocity gradient of the approaching flow on the drag
coefficient of the cylinder is of a higher order of magnitude than the first power
of 2aw/U, where w denotes the velocity gradient. It is also found theoretically
that the spread of the wake is greater on the side of lower velocity. Thus the
experimental results are well interpreted by the theory.
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Appendix

The Stability of Asymmetrical Double Rows of
Vortices in a Uniform Shear Flow

A1l. Configuration of Vortex Rows

For a two-dimensional flow behind a bluff symmetrical obstacle at a Reynolds
number above a certain critical value (about 40), the well known Kéarmén vortex
street is formed behind the obstacle. The regular pattern of vortices is in most
cases evident at a distance of four or five diameters behind a solid body. How-
ever, in suitable circumstances the trail of vortices persists for a considerable
distance behind the body. For theoretical purposes the system far downstream
was considered by Kdrman [41] to be composed of isolated rectilinear vortices in
two parallel rows. Von Kérman’s study was followed by a widespread and lasting
series of investigations of the subject. For the most part these concerned them-
selves with experimental comparisons of real vortex streets with K4arman’s idealized
model, calculations, etc. Rosenhead [42] studied the effect of the walls of a chan-
nel on the characteristics and stability of a symmetrically situated vortex street.
Levy and Hooker [43] showed that a vortex-street is unstable for the two-
dimensional infinitesimal disturbances considered by Karman if the undisturbed
velocity is not uniform but is greatest along the middle of the street.

In the present analytical and experimental studies on the shear flow past
a circular cylinder, the Reynolds number of the flow concerned was of the order
of magnitude between 10° and 10". For the flow of lower Reynolds number,
a vortex system akin to the Karman vortex street may be originated even in the
wake of a two-dimensional bluff obstacle in a shear flow. In this appendix, a flow
model of the vortex system which would be formed behind the solid body in
a simple shear flow u=wy+U is presented, together with a discussion on the
stability of the vortex system concenrned.

As a vortex street in a simple shear flow, one takes the configuration illus-
trated in Fig. A.1. [/ and A denote the distance between consecutive vortices in
the same row and the lateral spacing between the rows, respectively. The circula-
tion of vortices in the upper row is denoted by I",(I';>0), while that in the lower

Ua=Us + Wy s
YA i ¢
A Sy S-S
7 ‘
Up T
/O oo
Le\gp

Fig. A.1. Configuration of a vortex-street in a uniform shear flow.
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one by —I',(I",>0). This flow model can be reduced to the K4rman vortex street
when [M=1,=1I".

It is noted here that for each single infinite row of equidistant vortices, each
of a strength of I, and —1I,, at distances [ apart, with the origin shown in Fig.
A.1 and the axis of x along the row, the complex flow potentials produced by
each row are

W, = %]} log sin -7 <z—z'-]21> (A. 1)

Wy = — ZQL_Z log cos l}(z-l— 7 ]2i> (A.2)
where

z=x+1y

Then the total flow field induced by the two rows of vortices can be described

by the sum of W, and W,:
W= W, +W,= LZZ;TI log sin jli<z—iv]21>—17];:— log cos %(z—i—z%) (A. 3)

It follows easily that when there are two parallel rows of equidistant vortices,
the strength being Iy for the upper and —1I, for the lower row, as indicated in
Fig. A.1, each row of vortices will move towards the negative x direction with
the velocity induced by the vortices in the opposite row. The velocities of advance
of the upper and lower rows are given by

d 7
U= < C;z/‘/?')z,—d/pz - % tanh NTC% (A 4)
_(4W; N
U M< dz >z —Az'(/L/z)r;h(z/z)_ 21 tanh / (A 5)

respectively. Since I'1% 1, in general, the two velocities U, and U, are not equal,
and consequently the configuration of vortices shown in Fig. A.1 cannot persist
in itself. However, if one superposes a uniform shear flow u=wy+U on the
system, each row of vortices can be made to move with the same velocity. The
condition for this requirement is written as

("Z—thU+U1=—“’TthU+U2
or
r,—r zh
wh =10 tanh T (A.6)

Without loss in generality one can put w>0. Then I',>I", that is, the strength
of the vortices in the lower row must be larger than that in the upper row for
the vortex system to exist.
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A 2. Equations of Motion of Vortices

When there are n vortices of circulation I',(k=1,2, -, n) at the position
%, = Zp + 1Y the complex flow potential W induced at any point 2=z + 7y is
given by

Then the induced velocity at the same point becomes

aw = I, 1

Uiy =S =
dz A=l 27[ Z—Z

or, after separating into real and imaginary parts,

u_“’iﬂ Y=Y o ;2‘{}_ —x;
& 2n o i 2w i

where
re = @2 P+ -]

If = coincides with the location z, of the mth vortex, the velocity induced
on this vortex by the remaining (n—1) vortices can be written as

7 F ,y y T
_ 1 Lk m ko r 4w _7'."___.4
U, = LZ=:1 27f 7_2“{ > Um Z-:l 7mk (A 7, 8)
2 2 vz
Tonte = [(xm—_x/c) -+ (ym ——y/{) ] (A 9)

where J,’ denotes summation over all possible integral values of %, excluding
k=m.

Let the vortices initially on the line y=%//2 be subject to a slight displace-
ment so that the coordinates of the mth vortex are (ml-+zx,, (1/2)+vy.,) where
one considers the vortex initially at the point (0, 2/2) to correspond to m=0.
Also let the vortices on the line y=—h/2 be subject to a slight displacement so

. 1 h
that the coordinates of the nth vortex are {<7z+é~>l + x5, -5+ y,ﬁ}, and the

&

(10,23%) ne +xm,%- L +4m)

©- “}‘@4‘ o O—

L oL ry) (N+5) 0+07, £+ 4h)

SaRCANCECEE

Fig. A.2. Configuration of slightly displaced vortices.
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vorteX initially at (//2, —A/2) is considered to correspond to n=0 (Fig. A.2). Let
u; and v, be the components of velocity of the vortex initially at (0, //2) induced
by all other vortices that are displaced slightly from their equilibrium position.
From Egs. (A.7), (A. 8) and (A.9), u, and v, are seen to take the forms

y I Yoy 2 1y yo—uth
Z DI

-2
m o ~’“' ’2m N =00 i 70n
1
’
Zo— T —|n+5 L
i I xy—z,—ml & r, = = < 2
UV, — — - e E— et —
’ 7 = - 00 27: Tom 7= - 00 2/7'- Ton

where
7‘02m = <‘r—xm - 7’ll>2 + <y0 - ym>2

2
rgn = {xo ‘rn <7l [ %) Z} -+ (y() - y)/z + h>2

In the same manner, the components of velocity u;, v; induced on the vortex
initially located at ([/2, —A/2) by all other displaced vortices become

& FI y6 ym ] Z—,Z y(l) y;l

! /
wi= L o 2 o R
, 1
Lo Iy T <m_72> 1y =z, —nl
vi=— 2L o 0 D P
in which

2
7k = {x{)—xm~<m—é~> Z} +{yo— Y — L}

72

Om T (x{; _x;a - nl>2 + (?/{) - y;z)z
Expanding 1/7%,,, 1/r5., - by the binomial theorem and retaining only the first
powers of x,, Y., *. and v,, one obtains

1 1 22— )
1, | mil {1+ ml ’
1
1 1 2 (” + 7> ! , 2 ,
ST T 14— (g — ;) — T —(y—¥n)
0 <7z -+ 5) P+ h? <n + ) JARSY /X <n +5 ) PB4+ h?

Upon substituting these relations into the expressions for u, v, and u;. v, and
making a small reduction, one obtains

i Fl Yo~ Yn & F2 } h

!

w= T o e L 2?( v,
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1V,
o I\ xy—z, “ I -<n+~§>l—|—kz

Vs= L on Al T Z T; 1\ z(t—,)
S Y
r 2(72 + é**)lh
2 7
+ N a 1V (Vo= 2);
nEme {(71 —l—*i) 2 112}
o= I h - I, 2(”” 3 )i )
g = T ‘72:: 777777777 T 2 o7 T \2 7\ Lo — L,
mee ST (771—*:‘1“) Ba-pr ™ 2n {(m—é) Z2+/12}
2
1 " 2__ 2
e I <I7L 2>Z & / iy Ly vo—vy,
+ me 2‘7}“ 1 2 . ) 2 (?/o ym) 71=»'Z:~oo 2; 7{l2~
m—— P+ R
2
“ I (m—%ﬁ —h?
7); - Z 277_;_7 l 2 2 (xo x’m)
e {(m—-;;) ZZ—I—hZ}
. i I, 2(771—*2 Lh = I, Jr(,-x;
= — o0 2”

o 2 ,—Q m) ! 5 TR
) {(’71—%’)2@—0—/12}2 ) n; w 2 Nl

Now, the equations of motion of the vortices at (x,, A/2+y,) and (/2 4z, —h/2
+1v,), respectively, are

oA
55;9 = {(o (/21 + y0> +U-+ ui} —<w g +U+ U1>

Ay _

de — ¢

dx; 3 , , h

ar =@\ o Tt Urw—|—oy +U+U,
dys _

dt i

Since it is known that

N L _ A mh
n;m Sx [ 1V, Tl tanh T =—U
n+s P+ h

I / I 7
Lo b DawT g,

the velocities of displacement of the vortices dx,/dt, dy,/dt, - - become
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1
20n+—+|lh
L < 2 > 4
+ Z 7):2— 1 2 (yo"yn)
N oo LT {<n+'§‘> lz“r‘hz}

da; = I 2(’”“%) "
Acz_tg - (l)y(;_ Z 277; 1 3 ) (x(/)_-rm)
m= -0 {(m_m2> l2+]12}

1 2
e | B— P2 o— s
. 1, (n3) : T e £
+ 35 1V 2 (Wh—v) = T o Tpp
n w00 {(m—f‘) Zz+hz} n=-o

2
dy, © I <m—%> P—h
g0 RS ,
dt - m Z oo 271' {<m . i)zlg N ]12}2 (xo xm)
2

1
2 <m — ~-*> lh ;o
had 1 2 ’ = PZ Ty — Xy,
+ m;w 2z _1M>212 hz}z (yo - ym) - n;; “2'71 """ e
m—y -+

™~

A 3. Condition or Stability

There are an infinite number of such equations but they are reduced to two

if one puts
X = A COS MG, Ym = B COS MG 3
. / 1 , , / 1
Zx,=a cos\n+-5 |, v, = cos kn +y )

a, B, o and B’ are functions of the time and ¢ is a real constant such that
1 . C e .
0=¢=r. The factors cosm¢ and cos<7z+V27>¢ introduce a periodicity depending

upon position into the displacements of the vortices; the wave length of this

disturbance being 2z//¢ (Rosenhead [42]).
Substitution of Eq. (A. 14) into Egs. (A. 10) and (A. 11) yields

(A.10)

(A.11)

(A.12)

(A.13)

(A. 14)

94
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%=<w+§§}—zA—Z%B>ﬁ+ﬁ’—§3lyC (A.15)
%@:(»2%7 A-——Z-]I::ZZZ—B)a-ka' s e (A. 16)
where
A= 5 AT L hea—g)
(e

2
- <7Z+L> — R

C= 3, %-f—z-—gcos<n+é)¢
e {<n+7> +/e2}

n’cosh kg ¢ cosh k(x—g)

cosh®kx cosh kr

F=7

To deduce the equations relating to the lower row one has merely to replace I,
and [', with —7I", and —1I;, respectively, and interchange accented and unaccented
letters. Hence

do’ I r I
-j“t_ - <a)—~ 27rzlz A+—27rxlz B) F—p anle ¢ (A-17)
dap r r r
_dpt_ =<-—*2~I_;'ZZZ—A+§E—XZ'2'B> o —a *Zﬁf'c (A. 18)
Putting
a:aoe“, ‘B:ﬁoelt’ a/:aéelt, BI:‘BéeZt
in Egs. (A.15) and (A. 16), one obtains
r r , I
—aol+<w+‘§7—;ll"z“ A—-Z’r‘%{ B)ﬂo-l-,@o MZ/;ZZT C=0
r I , I
(—2“-;}7 A-—'"Q?L_—ZZTB> ae— ol +ag ~2—n-ilf C=0
r , r r ,
— B —2‘7{1[7 C—a'ol-f-(a)-*é?zlf A —|——2;1[2*B>,30 =(
r I r T
— —2;172— C+<——2;}g* A +"'2—771[2“B> ag— B =0

These four homogenous equations for a,, f, «; and B lead to the condition
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96
I I
—4 w*“é%?A"ZﬁzB 0 5.0 C
r r r
orl Ao B — o7 C 0 .
r r A
22l © B = s =
r r, .. I
— a5 C 0 ~ el At onp B =
or, in expanded form
Pral+b=0 (A.19)
where
— 17 nr
a= %ZZ;% C+w g?;ﬂ?{l (A+ B)—]:i/;*;lzz (1‘12 + BZ) + ﬁz- AB
— / AT
b= {wz—w anlg}" (A +B)+%ZPTE (CZ—AZ—BZ)+~-5§-ZTZ AB}
nr 1%+ 1%
X { 4;2 Zf (Cz—Az —Bz) + inz’zfz" AB}
The solutions of Eq. (A.19) are
1 )

fzzi«/’z"“/—a—kx/az—llb s A= 7=

4

For stability therefore one must have
negative or zero in the range 0<¢=r.

—a++Ja*—4b and —a—Va2—4b either
Hence

—a+/@—4b <0 and —a—+Vai—4b <0

which are equivalent to the inequalities

az=0, b=0, &—4b=0 (A. 20)
For the sake of simplicity, one puts
nyr,=r, p=rkr, x=k(z—¢)
Hence, by taking into account the relation
Fg_Fl TC/I TCFX tanhp .
o =gy, @eh T = pp =17 (A.21)

a, b and a*—4b on the left-hand side of Eq. (A.20) can be written in terms of
P, 7 and x;

274 2
4;21 ka= cosk?‘p (p® sinh p sinh & — px cosh p cosh )
1

+(7—17p tanhp(

m y; 4 )
2 ' 2 'C()Sh b

2\2 pt 47 p2 2 2
o= ) e 5

cosh’p \ 2~ 2
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4 Zl 2 A2 2
< }rﬂz >L8b=[(r—1)2pztanh2p r— 1)ptanhp< 2+—%+ ~~~~~~~~~ fw—;)

2 2 \2 4
+ 7’{ cosi“]) (p2 sinh p sinh x—px cosh p cosh x)—<§~ — %) __F w-»}

cosh’ p
72 VANY.4 ] { (p* sinh p sinh £—px cosh p cosh )
o j 1><p2 ) o p”'/ coskip ||” . ;(gsh4;b
x x
{E‘EJ‘&ﬁﬁ}V”U(zﬁﬁq&wz] (A. 23)

472 , ])2 2 ])2 2
L L

ng}%/_)_, (p? sinh p sinh 2 — px cosh p cosh x)z]

< (T—1F {p tanh p —< R —Pp>} (A. 24)

cosh?

where x can vary in the range 0<x<p. If one substitutes any value of x in
this range into Eqs. (A.22), (A.23) and (A.24), one can easily obtain the value of
p which satisfies the equations a=0, b=0 and a*—4b=0, respectively, since the
left-hand sides of these equations are polynomials of the second degree of 7. 1In
this manner the curves a=0, 6=0 and a*—4b=0 are plotted in the 7p-plane and
the area which satisfies the condition Eq. (A. 20) is determined for each value of
x. It is found from this procedure that the area corresponding to =0 {(i.e. ¢=r)
satisfies the condition Eq. (A.20) for all other values of x, and consequently is
the required area of stability for the vortex system to be stable against disturbances
of any wave-length. This stable area is given by

71y E{E}_E_ [E‘%Z _ E_ — (1 —tanh? p)]
_T[—i“ +(1— tanhzi))z]+ ‘7“242;1* (1—tanh’*p) =0 (A-25)
4 Py B {
l
5 ]
stable l,
. |
i 2 !
o (/ﬁjfdble |
b i
N |
e } S L |
0 / g
T (A/C)

Fig. A.3. Stable area of the vortex system.
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and is shown in Fig. A. 3. The point denoted by A corresponds to the point of
stability of the ordinary K4rméan vortex street. Since the boundary curve of the
stability area has an asymptote p=1.916, i.e. 2/[=0.610, the vortex system with
h/l more than 0.610 cannot exist at least on theoretical grounds.

A 4. The Average Drag
If one considers the double vortex trail behind a cylinder to extend without
distortion to an infinite distance downstream, then by considerations of momentum
one can obtain a formula for the average drag force per unit length of the cylinder.
As previously mentioned in section A 1., the entire vortex street may be
considered to be moving with the velocity

U, = i wh+U— I;ZZ tanh nllg (A.25a)
s — i woh+U— ];Zl tanh EZ/L' (A.25D)

in the positive & direction. Since the vortices are continuously shed from the
cylinder at interval ¢, the period of the motion will be 7, and one obtains

c=1U, (A. 26)

One takes the x-axis midway between the rows and in the direction of advance.
One also considers a rectangle ABCD of dimensions which are larger as compared
with those of the cylinder and £, /, the side AB being coincident with the axis
y, which is so chosen that the origin is at the center of the parallelogram whose
vertices are the four vortices nearest to the origin (see Fig. A.4.). The control
volume ABCD is assumed to be moving with the welocity U,. Then the fluid in
ABCD is acted upon by the force —I' by the cylinder, and by the pressure over
the external boundary of ABCD. According to Euler’s momentum theorem and
the theorem of Blasius, the drag force D' experienced by the cylinder is given by

M, 1. ( (dWY .
o=t ealy o] ()4 20
c B
7 Z
- P L
4
0 A
—P—ol o

0

Fig. A.4. Control volume for the evaluation of drag force.



99 Study on the Turbulent Shear Flow Past a Circular Cylinder 99

where M, denotes the x-component of the momentum of fluid within ABCD, S
denotes the contour of the rectangle ABCD, and W is the complex flow potential
of the form

i’ . i, .
W = -%7;;' log sin Vi (z—20)— l)!} log sin 7 (2 -+ z) (A. 28)
[ . h

Since the velocities on BC, CD and DA are of an order of 1/r (r={(x*+ %3,
Eq. (A. 27) can also be written in the form

oM, (1 . . (AW ‘

where L implies the distance between A and B.
Since the motion is peroidic with period =, one obtains the mean drag force
D by integrating Eq. (A.29) from 0 to ¢ with respect to time ¢;

1Y —
D= (M), - (M), -H]{{g 0 limg ( ZW) clz} (A. 30)
T “ §L;2

Lo d.

The first term on the right-hand side indicates the increase in z-momentum due
to the appearance of two new vortices within the contour in the interval z, and
is given by

(M) —(M.), 0]}(!1—1—1})

5 (A. 31)

To evaluate the integral in Eq. (A. 30), one has, from Eq. (A. 28),

dW il T i,
Jx = 9] cot v (z-zo)—“ 5] - cot l (24 2)

and therefore

2L]2 AL _
S <CZW> dz = — 1 g cot?- 'lL (z—z0) dz

i1/2 dz ) 4 i5/2
2 oLz
—Zﬁg y cotz(z+zo) dz
rr,

o S chot 7; (z—z,) cot 7; (242, dz

I s (ol
=T ar Z( """" L) ar L( L)

+ VF)ZZ;Z*{ <)/1 tanh - T]%*—L>+l tanh '{TZ/E}

Substitution of this expression into Eq. (A. 30) together with Eq. (A. 31) yields

2 2 e
D= g (I + 1) Z U, +- oI +173) _ PRI, [’2 anh wh —lim <]1 1) L
& Tmrcws

4zl 202 l 8
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or, omitting the last term, one obtains

D= frery by PO O g wh (A.32)
If one puts

w=0, I'n=I=TI

U, = Z tanh ?Zh,. (A. 33)

Eq. (A. 32) reduces to the well known Karmén’s formula for the drag force, i e.

: ohI’
Dy = ﬁg + e (U—2U)) (A. 34)

Also if one puts
I=T{1—¢), I'y=1T(1+¢)
where ¢ i1s a small positive constant, one obtains from Eq. (A. 32)

oI* | erl Ué_)

This formula shows that an additional drag force

[ o™ hl
(845 + o)

o

will act on the cylinder placed in a shear flow. However, if the velocity gradient
of the oncoming stream is not too large, the additional term will make but little
contribution to the drag, because the contribution is of a second order of mag-
nitude compared with D,. Accordingly the cylinder placed in a shear flow with
a moderate normal velocity gradient will be acted upon by the same drag force
as that of the cylinder in a uniform flow, if the approaching velocity to the center
of the cylinder is the same in both cases. This result corresponds to the conclu-
sion obtained in chapter 5 for a shear flow of a larger Reynolds number.
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