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Numerical Solution of Optimal Control Problems

— Consideration from two examples —

Yuzuru Kusora
Ryoichi Miura
(Received November 22, 1968)

Abstract

This paper extends the variable metric minimization method of Davidon to optimal
control problems. The technique is directly applicable to unconstrained and control variable
constrained problems, because it carries out the problem formulation by the Maximum
Principle. If terminal conditions and inequality constraints of state variables are presented,
problem must be converted to an unconstrained form ; e. g. by penalty functions.

Two point boundary problems must be finally solved to formulate optimal control
problems by the M.P. But this is usually difficult. Hence the problems were treated by
extremum seeking methods of Hamiltonian functions. Consequently, it becomes a problem
of extremum seeking methods in functional space carried out in such a way as to obtain
gradients by solving the initial value problems. According to the two examples presented,
the authors compared the present method with Davidon’s method and the Modified Steepest
Descent method.

A good approximate solution was obtained by iterative calculations.

i

Tl

VEAE, 2L < BB L foin o BRI — B os s A R O T — ISR b T
Tk, $LEH-TELIS>TLEDLRS,
UL LFERERCT, FEEIZHE > 5L 0BT Tha kv 2ty

* AT AR
*OEMITRR R




116 KA - =R — 2

S R R A ol LR 0, SRR C s A & AR TR, BER AR
IR L Al AuE e B &0 5 IR 2RI M B 2, A e DB FHERT B E R 70
BaROF TP A R D & EPMHRTRIEMLE L 7205 CTH D, ZOREML, FHT
WG R CARRENL R TRRCEUMRAED 2 LI RECH D, + 2 THRERM BT

5 ETHIENRINTE TS, BlTIEECTE, SA55HNORK () % BB
Lfk@u”WHLf.%m%ﬁﬁ%wﬁﬁmabfﬁoﬂtﬂﬁﬁm<:tuxb.ﬁﬂm
FZ X 5D TH B, o T IUTMEERMBE 0205, KRR REDIH O e X
a:xofﬂ%wm@%%MEéﬁan

e CoOBRMEBERL CIAR 2 ORITIEMBEL S, TOIREAH LR TV 208, 7
3 v FERFATSHIETE, SROIHEMESY L - 4o DavidonVo Jjikas, B %
L TRGENZETHY, EELORBRTLRCARETH D, BB TIMRNEE L T8 i
BT ORK (B #LEET20C, LU LKEMTOKRELS UL T 2RTCELVR
Pl EL 7Y e v FEFAL RO HIKTRIEFITICRAEL B THH D, o THERE
TOWRDIFEAETNTH, 752 v b RFBLABOBLFELETHY, 7522 v
LA TITENC R ¥ 2 O CAE AL,

— i Z ORI TR O R A L OB R MBERTTH 2 DT, Vs iR
GHEGEARL—RORNIZT BT L - T, TOHBESANRI T B, Hsieh® o L 51cp
BT X O B » Tl < 5k, Bryson and Denham®<2 Kelley®n =& {, 5735 v
2 RIS L & BRERBRE DB ERENH LD, FABIICIRE DRz, B
CRBELT BB B DB TR G E e Do T8 - TRBIFE LIRS BIE 2 B 2 84 T
LRE—0RT e B A FIDTEA(LL, Davidon OFPICL D~ s 4 b =7 VBIHO B &
THERIBE 2 R < = 21 X » TR T, Sl i I o BB 2 ok T, fERIE MR EER
LOBIR LI AN OIS T 225, IRTBZE BRI 2 % 2 356 ¢ L FFMiBI %= Penalty function
BINA DI LT L > TERMTBRT 5,

TOOFRI L 5T, BIEREETEYEHBL B GOLER TR - TR L Thit,

1. % O &
FOEATRAUL 2 Moo TR TERIh2 L0 ET 5,
x=f(x, u, t) (1)
L UES A
x(to)=C (2)
ZD XS KT, ko T &

J=¢(x({s) 3)



3 1ok 0 R PRI o B Ml 17

BANCT S X S AR u (n N ) RUET B, o T, WEIhIcEE C EEE
Tei o (A Lo, £ RIHE) & b ollill & 7o Do 722 L, X0 JRTBZEH (0 2 b ) &F

Do

2. EHEFMHEORE
SHEB Brze e (1), @) KoMy o4 o 4 Lo 3) Ko U A e
HBIETHBEND, FRE—AKCT AT 7 vy o ORER A L L vy, =2
TR 2 22 (i C— R e A - 2 CRE AL T 2 2o o i R A Jj e Con s b 2 7
v H ELTHATSZ T %, o T H i RKiCT 2 uwROBMEICE L2, Wbl

N N 1T P A SIN
H= 34 fi(x, u, 1) (4)
=1

COC ALk n ORI ERCR OB SRR AR U i iugie n e <, B Gl
N 4 Toffil LT A bhD,

2¢ |
i ot 6
A (tf) 9/\'; f’f‘if ( )
KR, ROBMEBEMEO /752 v g ik
oH . ,
= 7= D e
i) e i=1, 2, , (7)

CDYFT v RESTE)RAENCIe A LS uw O ELHETRDERTH B,
5T g %3RS BCEMEERT (1), (2) K&figx, s 6G), 6) XAl vo &k
D, WL E O iR o IR R i o Bl b,
XT g %flisT J ORIMEAERD D OB coMigigc i os b Davidon o
Fitk#w & OBz AN OBEEEIC T L UM Fik e %2 TH L 5,
FIHEBOMERNMAR w 1B IhdT

uy=1{L% ' 8)
go=g (uy) ©)
Py=— A9, (10)

P, o i cofi/Mit Y25 a R05, HiL
a=o; min J(wi+aP;) (11)
5 L ROV LML



118 AMRE K SR 4

Ui =i+ a P (12)
A,;+1=Ag+ Yi—Z; (13)

Ay= B {177

Yi=(AwAuw"(Hw/ Ag:)

Zi={Ainging Adf(Agd Ailrg)

ANUi=Ui o — Ui

Dgi=gic1— Y

A Y, Z: m EF{7%)
WE D REN N AR ELL, N7 P ARAEOBRBESABRL KD, 3By ELOE
¥k LT\ b,

o () Kehm P ook s SR AR TRD T2 03548 H BIK
DFEKEE L TROTLRBVETHD, LLieds, 1EIOEVIEL L H LR
DL, X RO AARDDINENS D, HE S CARTHET L x Z00HBETTL
DTHEREICESTTL I EW D, EBICIDI ST L o TEN—TKRBENE/N—
MELTLWMAERNTH D, E>T B) 22 (13) NEFCOR VB LHBIL RIMEERD S 7
NTYXAELTHDL, 2 OEREFHLTOLIICHELTHSD,

TN OD G X o T 2 DBGT A T 70 » TA LD

3. &t - 8 5l
il & L

SEF GBI AL o W5t 5 BBRC, KO—kBG it il s hdR%%E2 5, =D

FHCHEIL v T/REND

r=—xtu x{0)=1x, (14)
OISR ORI S AN T D o ARD SRS T %,

J= j:(x2+ku‘~’)dz‘ (15)
Thik B) RTE 2 FMBERON LB 50, FHEEEEEY +]) FROREEK L L
TEML TR Z LI X » TRBRIEH S Z e TE 5, fE-T

T
Xy = J‘o (x¥+ku?)dt

Lo=x1+ ku? %3(0)=0 (16)
H=2,(—x,+1)+ A (x3+ k12 )

A=A —2Ax, A (T)=0



hy=0

o

i

X oT, Ah=—1, BHE k=001, T=14+45%%,

= —X+u
A=2+9x
o=1-0.02u

ZoC, REHTI g=
SAERIE & 1o B 95,

DBy LK D B Fo i

HRo (R BT DB e

Ao(T)=—1

oH
gl 9
g=— = A+ 2kAu

0L LTh (20) s u AL C (18

YA

etz bhb, Fig. 11 Davidon ©
i EABTE 6 2 R ik C oo BB 4 S o

), (1

Fhfbheikic

9) iz k%
Xg)gﬁh Do
& % B fi A

e Tk Y, BHREOE 2 bRl i E
JORTHIDOLMMMLRED L,

Descent

75V v P RRDBNERNELT

O Davidon’ s method

A Modified Steepest

@ Optimal value

119

Yo e
2 N

-
—

=y
L]

BT 2B L THH, Table 1 1o
0 U BN & O HIZE R w o i 4 f5 150F-
it e & Lok, Fig 25 @mEo u ok
OWHZ (LA TR e b EcoRfins - 2
B TRLTH D, § 1301~
ORI MDA YO ;.
HEEHIAAH (copaorsny, & 22T
I E o e IEOHEE L b, u= %HW
0 2 BAAD T 5) A b 1 @] E O Ui s
CIFRIT R E AR C O B 2 j00f
BAH T ETh Do & BiC 2T
A BT R BT B o o
J TR EEOHD N ETHD, 80 | 1
0

ER AN AN AR oY ALY

Tk, FipeEc o (10),

% 11 de T U
(13) Rz dstr

Table 1 Behavior of control variable #, example one

Number of iterations

Fig. 1 Behavior of objcctive J, example one

~_fferstions 1 E 9 3 I 4 1 5 Optimal
0 —2217 | —4611 —~5.186 ‘ —6318 | —6.624 —9.049
02 ~ 1676 ~ 1785 ~1.977 ~1618 ‘ ~1.69% ~1.214
0.4 ~1.201 } —0.294 —0464 | —0119 ’ —0.217 —0.163
0.6 -0775 | 0.277 0.001 | 0.161 0.057 ~0.021
08 0319 | 02 0049 | 002 3 0.040 ~0.002
1.0 o0 I ~0.000
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Fig, 2 Control variable « after 5 iterations, example one
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Fig. 3 Gradient trajectories g, example one
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Fig. 5 Bchavior of objective J, example two (a)-(b)
Table 2 Behavior of control variable u, example two (a)~(b)
(a) (b)
- iterations 1 9 3 V\t iterations 1 2 i 3
0 2.1562 2.662 2.886 0 10.47 9.903 9.456
0.4 1.295 1.329 1.586 0.4 0.981 3.566 0.911
0.8 0.657 0.165 0.268 0.8 0.012 —1.194 —-1.177
1.2 0.316 —0.233 -(.221 1.2 —0.008 —0.625 —0.621
1.6 0.142 —-0.185 —0.161 1.6 —0.002 —0.284 —{.210
2.0 0.057 —0.081 —0.055 2.0 —0.000 —0.103 —0.027
2.4 0.017 —-0.018 ~0.003 | 2.4 — 0000 —0.023 0.007
2.8 0.001 —0.000 —0.002 | 2.8 —0.000 —0.000 0.000
3.0 0 0 0 3.0 0 0 0
3
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Fig. 6 Control variable #, example two (a)~(b)
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Fig. 7 Gradient trajectories g, example two (a)-(b)
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