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Azimuthal-Current-Prebunching Effects
on Electron-Wave Interactions
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Abstract

In the case where b =0, d=0, @ =0, 8,=~20 and C=0.05 and the azimuthal
current variation was applied at the input, the expressions for the small-signal forward-
wave output and the equivalent resistance were given. The power output is due to
growing-and decreasing-waves and the effect of characteristic ripple is negligible.
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1. Introduction

Recently, analyses of the centrifugal electrostatic focusing or CEF-type
devices, in which the centrifugal force of electrons in the interaction region is
balanced by an equal and opposite radial electric field, have been presented by
Nunn and Rowe"?. More recently, Sakuraba and Rowe?* ¥ have shown that cer-
tain types of photodemodulators may make an effective use of a CEF-type electron
beam. Furthermore, Sakuraba has proposed a microwave electron prism, where
microwave frequency modulation of an optical signal can be converted into spatial
modulation by passing the light through a prism and radial current waves can be
amplified and coupled out of the elecron prism by interactions common in the
CEF-type devices®”. A review of the literature reveals that the prebunching
effects in CEF-type systems have received relatively little analytical attention® .

This paper deals with the azimuthal-current-prebunching effect on electron-
wave interactions in CEF-type forward-wave devices. The derivation will be
based on Sakuraba and Rowe’s analysis for forward- and backward-wave CEF-type
devices, which treats the electron-wave interaction problem from a viewpoint of
the equivalent circuit analysis. The equivalent resistance of demodulating output
will be expressed in terms of the growing wave, the decreasing wave and the
characteristic rippling.

2. The Demodulating Output Power and the Equivalent Resistance

The equations of motion for an electron revolving about the center of CEF-
type forward-wave device from the Lagrange function for a single particle
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E, =radial r-f electric field intensity, =~ ELECTRON

. . . BEAM
E(») = static radial electric field
. . . SLOW-WAVE
intensity which balances the CATHODE CIRCUIT
centrifugal force of the ele-
ctron at radius 7, igt0)
Ey = azimuthal r-f electric field int-
¢ ensity Fig. 1. Model for analysis of CEF-type
b

. forward-wave devices.
7= magnitude of the electron’s char

-ge-to-mass ratio.
The dots appearing above the quantities in the foregoing equations signify the
total time derivation of those terms. The azimuthal velocity and radial dependence
can be expressed in terms of their unperturbed values by means of the relations
7 = Vot 71, 3
0 = 2y+2,, ()
where

#, = radius of the center-of-the beam radius,

7, = radial perturbation function,

2, = unperturbed spatial angular velocity of an electron at radius 7,

2, = azimuthal velocity perturbation function.

It is important to observe that 7, and 2, depend on the spatial angle and on
the time, both of those functions must be independent of radial variations. This
condition follows in the wake of Eulerian fluid hypothesis and prohibits the
crossing electron trajectories. The requirement of zero rate of change of £, with
respect to 7 results from the Brillouin flow assumption which asserts that the
spatial angular velocity of all particles in the electron stream must remain in-
variant. The quantity E(7) results from the condition in which the radial electric
force at 7 just balances the centrifugal force of the electron at the same radius,
so that the particle possess a stable motion in the interaction space. This condi-
tion may be described mathematically as
—9(Vo—Vs) = (ro820)?

= s (5)
7 In{rsf7o) Yo7

Il

It

—E(r) =

where

Vs = potential of the circuit measured relative to the cathode,

Vs = potential of the sole electrode measured relative to the cathode,
7; = radius of the circuit,

7g = radius of the sole.

The azimuthal current equation has the form

Iy = (to+t)ro+r o+ 81) = — Ly +ip (6)

where
—1Iy = Bry70, (7)
lo = RoTo? 1+ 7oToddy + 87Ty + To 121 + o7 7 + 70827 + 71857y, (8)

where

7, = d-c component of ring charge density due to the steady motion of the
beam,
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7, = a-¢ component of ring charge density due to the space-charge bunching.
The ring charge density of the beam may be expressed as

T = pho 9)
where

¢ = volume charge density of the beam,

& = height of the beam parallel to the z-axis,
o = radial width of the beam.

The radial current equation is given by

. d .
&y = (vo+ rl)—dt—(ro +7y) = jr{or,— By, — Brof, + wt, — 2T, — B271), (10)
The continuity equation has the well-known form

poTit Blo) = =Dty ey), (1)
where

I, = unit radial vector,

I, = unit azimuthal vector.

While the above expressions satisfy the Brillouin flow and the Eulerian fluid
hypothesis described earlier, they must be simlified further in order to keep the
mathematical development within reasonable bounds of complexity. This is
accomplished through the use of the small-signal assumption which imposes the
condition that all r-f quantities are small in proportion to the d-c or steady
quantities, and that squares and products of perturbation functions may be neglect-
ed in comparison to the first power of these terms. Within the scope of these

limitations the ring charge density may be explicitly written in the terms of the
r-f fields

(=T [~BeEr+jEe((Be—B)B+2)}

L5 Be—B) (Be—BF—2 ’

where f, = w/2,, which may be considered as the circular propagation constant of

a disturbance traveling with the same azimuthal velocity as the electron stream.

The general equation for a lossless anisotropic transmission line in the case

of a sheet beam passing parallel to the face of a biperiodic structure has been

treated by Rowe®. The approximation for E,/E, evaluated at the radius of the

center-of-the-beam electron, is replaced by —j 1.0, according to the Nunn and

Rowe discussion”®. Therefore the general circuit equation applicable to forward-
wave devices may be written

(12)

BB K
Eg = +%Tl, (13)
where the magnitude of the effective interaction impedance K at the center-of-
the-beam radius #, was definea as
k%”’G'ZO;()
7’0

K:

) (14)
where
k¢ = coupling factor between the ribbon beam and the biperiodic circuit,
Zno = azimuthal component of the circuit impedance at the surface of the
slow-wave structure,
8, = cold-circuit circular propagation constant.
The quantities 7,, Fy and E, can be eliminated from Egs. (12) and (13) so as
to obtain the secular equation
CB2B, e [B(Be—ﬁ)+3e+2} -1
(B3— BB —BIL B(B.— By —28 ’

(15)
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where the quantity C is the gain parameter whose mathematical definition is
s — 10K _ Ky 16
C= D0 ~ 2V, (16)
It is appropriate at this point to introduce the incremental propagation constant
following the usual method. Thus, the expression for the circular propagation

constans in the presence and in the absence of the electron beam are defined as
B = B{1+7C0), Bo = Be, (17)

where
6 = x+7y, (18)
and it was assumed that the spatial angular velocities of the circuit wave and the
elecron beam at radius 7, are in synchronism and the loss and the space-charge
parameters are zero. The expression for the circular propagation constant, given
by Egs. (17) and (18), may now be substituted into Eq. (14) to obtain
(L+7CO(—jBeC?)o +(—2[:C2)5¢ + jO(BC? — 2)°

+2(BeC3—2)57+ JCH — Bz + B+ 2)0 + CBe + 2)] = 0. 19)
This is the general determinantal equation for CEF-type traveling-wave devices
in the case where the circuit wave and the electron beam at radius 7, are in
synchronism and the space-charge and loss effects are zero.

An extremely wide range of digital computer results given by Nunn and
Rowe?'? have shown that, under all circumstances applicable to both forward-
and backward-wave devices, the two incremental propagation constants are
accurately given by

8 = j2/C, (20)
9, = j/C. (21)

Equation (20) shows that the wave, which arises on the r-f circuit from the
charge-induction fields of the electron beam, is identified as the backward
traveling wave. Equation (21) imples the wave possesses no azimuthally-oriented
propagation and is thus constrained to exhibt only radial motion, if any. Althogh
Eq. (19) is the general expression for the small-signal equation, its significance can
be more readily appreciated through the introduction of approximate simplifica-
tions. In particular, it will be assumed that 3, = 20 and C~= 0.05. Upon making
the assumption the expressions for incremental propagation constant take the
appropriate form

Bam= 5 VBC—j (22)
(Y23
03,4~ j <—B:€:F4Bgc> . (23)

The real part of the incremental propagation constant x,, which is greater than
zero, is associated with the wave that exponentially increases with increasing
spatial angle, while x, is associated with the exponentially decreasing wave. The
imaginary parts of the incremental propagation constant ¥, and ¥, possess the
same value and these are slow space-charge waves. By the same reasoning, y, is
a fast and ¥, is a slow space-charge wave. The J; and J, waves are due to the
interaction between a synchronous space-charge wave and a forward wave. The d,
and J, waves are due to the characteristic ripple in the CEF-type focusing system.
In order to investigate the demodulating characteristics of the CEF-type
devices it is necessary to determine the initial wave amplitude set up at the
input boundaly. Since the solution of the determinantal equation involves six
roots, each of which may posses real and imaginary parts, a total of six waves
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are excited by an energy-carrying electron beam. Only four of those waves are
found to be important, however, as a careful examination of the results of in-
cremental propagation constants indicates.

It is thereforc essential to prescribe only four independent conditions which

must be satisfied at the input. These are:

1. The total circuit voltage applied is zero at the input.

2. The azimuthal r-f convection current applied at the input of the electron
beam is equal to the sum of the azimuthal r-f convection currents associated
with the individual waves propagation on the beam.

3. The radial current is zero at the input.

4. The azimuthal velocity variation of the electron beam is zero at the input.

These boundary conditions at § = 0 and # = 7, can be expressed using coefficients

in the compact form of matrix algebra

0 I 1 1 1 vV,
Agie(0) _ Co, Cor Coy Ca V, (24)
O B Crl C7'2 C7'3 CM VS ’
0 CQ] CQZ CQs Cm V4
where
Ag = —rofdo/n7okecBe (25)

V. = the amplitude of the circuit voltage of the wave at § = 0,
70(0) = the azimuthal r-f convectin current applied to the electron beam at

y =y, and 0 = 0,

anVn = ignAg, 26)
CrnVn = irn<j7’0‘!20/1)r[)k(733’)7 (27>
CanVa = 21— 7320/ nkoB) (28)

The inverse of the (C-matrix leads to the desired set of initiail wave amplitude.
Thus

VilAaidO)| Dy Dis Dis D { 0 lp,zl
VlAsid0)| | Doy Doy Doy Dol 1| Do o)
Vs Age(0) Dyy Dy Dyy Dy, 0 Dy,
]V4/A6i9(0) Dy Dy Dy Dy ]O I Dis

The D-matrix is the symbolic form of the desired inverse of the C-matrix,
while the elements D, D, D, and D, are the initial wave amplitudes appropri-
ated to the stipulated boundary conditions.

The total voltage of r-f circuit becomes at ¢ =0

Vall) = S Ve #° (30)
=1 4

where

Vo = Ag Dy ig(0), n=1,234. (31)
Upon substituting Eq. (30) into Eq. (31) it follows that
Valt) = A,,(ﬁDM Y igoye e, )
7 =1

where

¢ = B.CH = 2zCN. (33)

Finally, the r-f voltage of the circuit at § =0 may be used to obtain the
demodulating output of the CEF-type devices by means of formura
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1 e
P(0) = 5 ValO) = - RadlisO) (34)
where R., is the equivalent resistance which is defined as
K 4 P52
Re = T e ‘an- s :
“ kaBthn; ¢ (35)

and the resistance depends on the circuit characteritics of the CEF-type device
and its output connections.

3. Discussions

In the reference condition where f8,~20, C~0.05 and k; = 0.8, the equivalent
resistance can be written

- K r_38, BC L 8RCT 5.C
Res —k%B%Ct[ Bzcosh(N/BgC¢/2)+](8+Bgcs>\/msmh<\/Bquﬁ/Z)]
3 s 49 3 38,C s : ,
[ Geos (VIUBCOIi (55 T3t BC) sm<\/2¢/ﬁeC)J]‘ (36)

The terms of cosh(w#CN) and sinh(zCN) are due to the growing and decreasing
waves in the device and the terms of cos(2 v2xCN) and sin (2 v2xCN) are due to
the characteristic ripple in the CEF-type focusing system. The quantity R../K vs.
CN in this case is given
in Fig. 2. A study of Fig. 2 10}
shows that the equivalent
resistance possesses a de-
pendency on the waves as-
sociated with incremental
propagation constants d, and
8, and the effect of ¢, and
5, waves is negligible. Re-
lative amounts of the four
wave components of circuit
voltage, azimuthal current,
radial current and azimuthal
velocity at various distances
down the device are shown
in Table 1. Each component
of the circuit voltage, the
azimuthal current, the radial
current or the azimuthal
velocity is modified by the
factor exp [(B.COx—7B.0(1 2t
—Cy)] as it progresses down
the interaction region. The
actual field or current is the
sum of four waves. The

x10°

Rqu/K

total circuit voltage must 0 o : - . . . .
be zero at 6 =0 and =7, of 02 03 04 05 08 07
where the d-c beam enters. CN

On the other hand, the total Fig. 2. Reqs/K vs. CN in the case where =0, d=0,

azimuthal current applied at Q=0, k=08, Be~ 20 and C=~0.05
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Table 1 Relative amounts of the four wave components of circuit voltage, azimuthal current,
radial current and azimuthal velocity at various distances down the device.

\\CN[ 0 0.25 0.50 0.75
Vy/Aeie(0) —0.00375++ 7 0.02220 | —0.00535+7 0.04910 | —0.00538+ 7 0.10830 0.00221+ 7 0.22700
V! Aeie(0) —0.00375—7 002220 | —0.00231—70.01004 | —0.00132— 7 0.00451 | —0.00072~ 7 0.00202
Vsl Aaie(0) 0.00100 —0.00056+ 7 0.00083 | —0.00039— 7 0.00092 0.00098+ 7 0.00019
VAo ie0) 0.00649 —0.00422—70.00493 | —0.00102+5 0.00641 |  0.00556—j 0.00335

iay/ie(0) 0.444— 7 0.222 0.944— 7 0.543 1.997—71.265 4190— 7 3.130
i02/i0(0) 0.444+7 0.222 0.209+ 7 0.089 0.095 + 7 0.033 0.045+ 7 0.013
ing/16(0) —0.364 0.202—70.303 0.125470.335 —0.357—70.069
i64/i6(0) 0.364 —0.230— 7 0.269 —0.054+70.349 0.303—70.182
ir/5Be 16(0) 0.00028470.00111 0.00076+ 7 0.00239 0.00196 + 7 0.00516 0.00494 4+ 7 0.01100
irg/ 7B i6(0) 0.00028—70.00111 |  0.00009— 7 0.00051 | 0.00003— 7 0.00024 | 0.00001~ j 0.00010
irs/jBe 16(0) 0.00177 —0.00098+7 0.00146 | —0.00069+ 7 0.00163 0.00173+ 7 0.00034
iry/ jBe ie(0) —0.00167 0.00115+7 0.00134 0.00027—7 0.00175 | —0.00152+ 7 0.00091
8, /(BefiroTo)ia(0) 0.00222—70.00111 0.00463— 7 0.00271 0.01000— j 0.00657 0.21000— 7 0.01566
O5/(Be] oTo)6(0) 0.00222- 7 0.00111 0.00104 + 7 0,00045 0.00049 4 7 0.00018 0.00023 -+ 7 0.00007
Qu)(BufroToliol0) | —0.00250 0.00139— 7 0.00208 | 0.00098+ 7 0.00230 | —0.00245 — j 0.00048
Qf(BefroTaisl0) | —0.00250 | 0001624 70.00190 | 0.00039—50.00247 | —0.00214+0.00129

the input is equal to the azimuthal current associated with each wave.

4. Conclusions

The expression for the demodulating power output and the equivalent resistance

was given in the CEF-type device in a special case where =0, d=0, @ =0,
B. =~ 20, C~ 0.05 and the azimuthal current variation was applid at the input.
The equivalent resistances is due to growing and decreasing waves and the charac-
teristic ripple effect is negligible.

The authors are grateful to Professor M. Suzuki for his helpful suggestions
and critical reading of the manuscript. The authors also wish to express their ap-
preciation to Professor J. E. Rowe, whose excellent book “Nonlinear Electron-Wave
Interaction Phenomena ” has been a helpful guide throughout this work. Finally,
the authors wish to thank Mr. K. Koyanagi, Mr. T. Haga, and Mr. K. Iwasaki
for their valuable discussions.
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