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On Hybrid Trees

Masakazu SENGOKU* Yoshihiko QGAWA* Teiichi KUROBE*
(Received September 28, 1970¢)

Abstract

In this paper hybrid trees in a linear graph which consists of two kinds of edges
are defined and some of their properties are presented.

The properties are represented by set-theoretical binary operations (e.g. U, .- @, —»
.

5%, and S‘de). And a method of hybrid tree generation is also given by using the above.

These results are available for topological analysis and synthesis of active networks.

1. Introduction

In the analysis of linear networks, many authors have developed topological
methods by using trees or co-trees. And in the topological treatment by tree
(co-tree), the linear graph contains only one kind of edge, namely the admittance
edge (impedance edge). 4

In a general network, it may contain any type of dependent sources, gyrators,
coupled coils and ideal transformers in addition to L, C,R. In such a case, there
are various advantages if each edge of the graph has an admittance dimension
or impedance dimension according to the individual element. Thus, we consider
a hybrid tree which has properties of both a tree and a co-tree, and we examine
the fundermental properties of hybrid trees.

2. Definitions and preliminary considerations

Throughout this paper, we consider only undirected and labeled graph G in
which all edges are labeled ¢, e, €, ..., em and all vertices are labeled v, v, Ug -v-s
v And we can assume that the graph is connected, because similar results are
obtained in a non-connected graph.

(1) Operator

g: is a subgraph of G and ¢, is an element (edge) of G. For conveniences
sake, each subgraph in G is represented by the * product.” Both A = {g} and
B = {g} are sets of subgraphs in G. ‘

In the following,we define the operators x, 3K, 9/fe;, and Sdeg.

AxB={giUglac€ A, g€ B} ' (1yp®

A*B ={gi® gyl g € A, g5 € B}
08 _ [ge@e, if ei€ g @)
de: |9, if et @

_JgUea if ek g

=
[\
=

gide; = 6, if e a 4)
0A g
‘5@73{% g€ A, eiEgl} ®)
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gAdez = {S‘gzdez 2 geEA } 6)
If i = €iy €5 €1y WE define ‘
oA 8/1
dgi o Oéu O@u @ @ aenn <7)
JAdg: = [ Adew ® [ Aden, @ ... ® [ Adewn. ®)

6tAj9g0g, and jdglfAdgz mean g/og, (0Ajog,) and j(jAdg2>dg1, respectively.
And the order of the partial differentiations or integrations is immaterial. Fur-
thermore it can be shown that

@Ag@_@ 9A (9)
gi 08t ng
Jia® Bydg = [Adg @ [ Bdg:. (10)
If no subgraph in A contains an element (edge) of a subgraph in B,
PAxB _ 8A
o U Bx 0g: 1
aﬂﬁ A**—U *3A (12)
0gi Ogi
In particular, if no subgraph in A contains an element (edge) in g,
0Ax B oB ’
- dgi = Ax " 2g: W
~
cAXB _ 44 0B (12)
0g: 0g:
fo Bdgi= A xdegi (13)
JAaxBdg = A% [ Bdg. (14)

(2) Hybrid tree

A tree in a graph G is a connected subgraph of G which contains all the
vertices of the graph but does not contain any circuits, The complement of a
tree in G is a co-free.

Let £ be the set of all edges of G. And let us partition E into two disjoint
subsets F, and FE,. Then we call the graph containing edges of E, and I, hybrid
graph to distinguish it from the original graph. In this paper, however, we use
the term “ graph G instead of “ hybrid graph” for simplicity.

Hybrid tree: A hybrid tree () with respect to E, in a graph G is a subgraph
of G, consisting of edges of a tree (f) contained in £, and of edges contained
in a subgraph FE,-7.

let HT be the set of all hybrid trees of G. Then

HT = {ht\ht =t DE, te T}
By definition (2)
HT = E%T = EykCT, (15)
where T and CT are the set of all trees and co-trees of G, respectively. In
particular, if E, = ¢(E, = ¢), HT is identical with T (CT).

Furthermore, we define the set of all hybrid k-tree HTv, vs ..., vs of G.

HTv,, vy, ..., vx = E%Tv,, v, ..., Uk (16)

where v,, Uy, ..., U; are disjoint subsets of the set of vertices, and T, v, ..., v;
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is the set of all k-trees of G.
Consider the graph G of Fig. 1.

HT is given as follows.
€s

Fig. 1 Hybrid graph

E = {e,, e, es, e, &5, ¢}
E, = {ey, e}
Ey = {1, ey, ¢;, €5}
HT = {e,, e,, ¢;, €055, €,€5¢5, 030405, €32,C, €358, €1CoC5, €1858q, €9€4C5,
€284€5, o305, C1Co€ 005, €1C2C3€ 18, € €088, }.

3. Some properties of hybrid trees and hybrid k-trees

In this section, we examine the relationships between hybrid trees (hybrid

k-trees) and paths (or circuits). Their relationships are represented by operators
which are defined in section 2.

Theorvem 1

Let P,; be a path between vertices { and 7 in G and P,; consists of only
edges of F,. Then,

HT1y = [ HTdP.;
Proof : Let P.; = ey, €, ..., €5, Where ¢, e,...e, C E,.
It is known that

T,,;-—-BT/[)‘PZU.
By the definition (16)

_E*gT@E *—@ @E*BT.
By the hypothesis ¢, & E,

E. *ﬁ f E.kTdey = § HTde,.
Therefore

HTy; = [HTde, ® [HTde, ® ... ® [ HTdes
= j HTde, ¢y ... e = f HTdP.;.

57



58 Masakazu SENGOKU, Yoshihiko OGAWA and Teiichi KUROBE 4

Theorem 2 o
Let P, be a path between vertices ; and j in G. Then

where
PU = Pys U PZ’J:
e E e F.
(edges of P, {& E!/ and (edges of P.;) ‘lﬁ- E,

(Herein after, we use suffix y and 2z to represent the subgraphS)
consisting of edges of E, and E,, respectively.
Proof: By the definition (16),

. oT oT oT
ij,j:Ez*Tl E*ap —E*aPi @Ez*apzij'
From the hypothesis and (12)', we may write
3E *T
HTws = 55~ @E*aPZ,J
Therefore (by theorem 1)
aHT

HT,s = §po @ (HTap., = <a @ ! szU)HT

The following theorem is the dual of theorem 2. The proof will not be
given here.

Theorem 3
Let g;; be a cutset that separates the vertices 7 and 7 in . Then
— (.9 :
HT = <aq2ij @ gdq,/lj>HT;,j
where

q15 = Gzi3 U Guy.

Theovem 4
Let P, be a path between vertices , and 7, in G. Then,

HT s = (570 ® (Pase) (50— @ {aPuss) . | 37"’—— ® (P, ) HT,
where
Pty = Pyiyin, U Prini:
Proof : If k= 2, then the theorem is correct, based on theorem 2. Let us
assume that the theorem is correct for k~1. HT 4, ... s, is the set of all

hybrid trees of graph G’ which connects the k-1 vertices 4,4, ..., &, together in
G. Let HT' be the set of all hybrid trees in G
By theorem 2,

HT'h_, iy = (m%? ®f szik_l,,k) HT
Therefore

HT’I, 9, ory g — HT,‘k—l\ i = (aPW—I:TA @ S‘dPZtk—lik> HT{L £2, cooy fp_qe
1
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In the following theorem, we consider fundamental circuits and hybrid trees
in G.

Theorem 5

Let Ly, Ly, ..., Ly, be fundamental circuits in G.

_ (. 9 _ V(¢ C B
HT = (aLfly @ S‘dell/ (aL;ﬂy @ S‘dszz> (‘—"‘"‘aLfMy @ S‘dLj#Z)G
where '
Ly=Luw\ULp. 1£igy),
G =GC@®E,

and pg is the nullity of G.

P?’OO_,[I If H= 1, then

wa U Lllz = Lfl =G

and

o ul8C 3G\ _ 3G ,
HT = Ez*<3wa ® 3Lf1z> " oLy ® gG Ly

Therefore, the theorem is correct for g= 1. Assuming that the theorem is correct
for p—1. Let graph G be a graph which removes a chord eue, & Ly,) with
respect to the chosen tree from G. And let HT" be the set of all hybrid trees
in G".

By induction hypothesis,

p— (aL o de12> (B-Lﬂf; @ Sdezz) <ﬁf[-7 ® (dLs,..) G,

where

G/I/ = GII @ E,Z
and
_ sz®ek, if er & Ez
E, if ¢ & E,.
G is obtained by the addition of ¢, to G”. And we know,
HT = HT(g+) U HT (),

where HT'(F) and HT(%*) are subsets of 7' which contain ¢, and which do not
contain e, respectively. Let ¢, be connected between vertices 7 and j in G. Then,
we have two cases, namely ¢, = E, and ¢, & E,.

El

Case 1

e e E,

Since
E,=FE.Ue,

we have

=GO E, =G",

HT() = [HT"de
and
HT () = HT", = aa}[{T_y ® (HT"dL,

where
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Piy= Lyw U L'y,
Lyyz= L. Ues
and P;; is a path between vertices { and j in G.

Therefore,
HT = HT(%) ) HT(x) = HT( ® HT()
aHT
Fuz
_oHT" "
=50, ® g HT dLW
Since G’ = G’”, the theorem is correct for g
Case 2
Since
[~ Ey,
then
Ez = E”z:
HTII
HT () = = eox (2 HT"dL )
T = eox HT"y = ehx(a]ﬂy®§ f
and
HT() = BT = S e
where

P!j = L’f‘,j/ U Lf,Lz,
Lryw = L'sy U e
and P;; is a path between vertices ; and j in G.
Therefore,

HT = HT(x U HT() = HT() @ HTE)
1 aHT 1 13
= (HT"de® %7 y@fHT L'y,
_GHT" ’
=50, @ (HTdL,,.

Since G' = G'' x ¢, the theorem is correct for .

In theorem 5, we use fundamental circuits in G. However the property is
also correct by using independent circuits in G.

Corollary 1

Let L, L,, ..., L, be independent circuits in G. Then,

HT = (a[‘iy ® (dL..) <520; ® (dL.) .. <ag;; ® (L)

where
Li=LyULe, Q=i=p
and
=G® E.
The following theorem is a generalization of theorem 5 to hybrid k-trees and
it can be proved as theorem 4 and theorem 5. The proof will be omitted,
Theorem 6
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Let G, be the graph obtained from G by connecting the k vertices i, z,, ..., &
together and removing all the self loops consisting of E, from the resulting graph.

HTo 6oyt = (570 ® (dLe) (570 ® (L) oo (57— @ (dLus) G
where
Gi=Ge@E,and Ly = Lyy U Lee L £7m),
in which » and L,; are nullity and an independent circuit of Gy, respectively.
We will illustrate theorem 5 by the following example.
Example 1.
Consider the graph G of Fig.2.

)
€, // €3
T
-~
-~
-~
-
€2
-~
td
7
”
e -~
4 // €5
-

Fig. 2 Generetion of hybrid trees

G = {e,eee.05}
E. = {ee;}, E, = {ee:65}
G'=Go®E: = {eeel
L, = {eiepes}, : Liy = {eses}, L. = {e1}
Ly = {eseses},: Loy = {€ge3}, Loz = {e5}

HT is given as follows.

s red
HT = <51w ) § dle> (5 - ® g dL2z>
a{e; ’ ? ¢ 3
= el 652 ef%e“e "o f{eae4, eses, Caesesestan,

= {ey, €3, £2030;, €4, C404€;, €40,€|, €304€;, €,€9€2,05}.

4. Generation of hybrid trees from a subset of HT

It can be seen that theorem 5 (theorem 6) is a method of generation of
hybrid trees (hybrid k-trees). In this section, we will describe a method of
generation of hybrid trees from a subset of HT, paths and cutsets in G.

We give a classification of the set of hybrid tree as follows.

HT = {hTw,hTm_s, hTu—s ..o, BT s},
where A7 is the subset of HT and any element of A7, has the same number
of edges 7. That is,
WTe = {ha U Bym| (B U Bym) € HT, n4+m = i},

If kT is given, then we can generate all hybrid trees in G from it. The
following theorem is one of the methods.

Theorem 7

Let H.. = th.} and A, be a element of H,,. Let H,. be the set of 4, with
respect to hybrid trees containing A%, Let ¢f be connected between vertices j
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and j.
0 W= U fer @) 2pe).

(L.
where ¢f &< 4, . is a path between vertices ; and 7 in graph G, and G, is
the graph which is obtained by removing j4f, from G and by short-circuiting
(E hzn) ln G

) hTiws = U (i€ U 1) x (Hyndas)
(L...1) N

where ¢ < Jit,, g, is a cutset of G, separating the vertex { from the vertex
7. and G, is the graph which is obtained by removing Af, and ¢}, and by short-
circuiting (E,—hf,—é€¥) in G.

Proof : By theorem 3, we have

HT = [ HT g,

where g,;; € I, and ¢,;; is a cutset of (G separating the vertex ¢{ from the
vertex j in G.  Using this equation, theorem 2 and elemeneary hybrid tree
transformations, we can prove the theorem. Since elementary hybrid tree
transformations, however, have not been described, we can not explain the
details.

The operation (¢) , (¢7) in theorem 7 can be continued until H7T' is obtained.
We will illustrate the above results by the following example.

Example 2.

Consider the graph shown in Fig. 2.
From example 1.,

hT; = {eieseseses}
hae = {ee;}, Hys = {esese,}

HTy = Clest @ {erest) x 2980 | (e} @ erenry  Digetsesd
= {e,835¢,, 0,658, 036465, €632, }.
Let
hn:{el}
and
Hyy = {esey, €504},
then,
KT, = Cle)} @ {ep) x 88 @lsd o o oy

€98,
Next, let us obtain 47, from
{e} x {egey, ey}
in AT,
g1 = {¢et,
RT5 = (et U {e) % f{eze4, esestdey = {eieeseses}.

5. Conclusion

Hybrid trvees are defined and some of their properties are presented. These
are an extension of trees and co-trees in G. However, they have some important
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properties that neither trees nor co-trees have. And further examination of
hybrid trees is required which may give interesting results. For example, a
method of hybrid tree generation which is more efficient than tree or co-tree
generation may be derived.
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