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Hybrid Tree Graphs and the Balance of Them

Masakazu SENGOKU

Department of Electronic Engineering, Faculty of Engineering,
Hokkaido University, Sapporo, Japan

Abstract

In graph theory, a tree or a cotree is an important concept not only for the sake of
its applications to many different fields, but also to graph theory itself. A hybrid tree
in a linear graph is a generalized concept of a tree and a cotree. And thus, to examine
the properties of hybrid trees seems to be of considerable importance.

In this paper, a set of hybrid trees in a linear graph is classified according to the
number of edges in the element of it, and a Aybrid tree graph is defined as a linear
graph which represents the relations among the elements of the set of hybrid trees. And
it is shown that a hybrid tree graph is balanced. Using this property, the relationships
between the above classification of a set of hybrid trees and the structure of the hybrid
tree graph are presented. These results are useful in the realization of a hybrid tree
graph.

1. %

77 THENC R T, K (tree) F iR (co-tree) W LA AR WM ED—~2>TH O, »
7 7HERDL K DIGHS I B TEHELHRE 2Rl Thb, TSI 7ORESRS IO
MAREAEOEHEWRB L2, 79 7HMRF I OT OIS & 5 THEELMEE o, T
Be —77, BWHARY? (hybrid tree) AR LIRS OUEA BT HWETH Y, FOFEHNOLE
ELTR, MiRkAERTED (BRI, FRc BRI T 25 TR F 7ok &
DBRRAR T AT TR REB RIS G A7 B D). DT, KEFELLARESOLELH~S
b D CEBEARDHEH T~ & <, EOMEER, WliRkcXslh, Xo—uesEn
DTl RKREEOWEN R S 2 WitEnd 5,

AT, BERARESOERMOMR AR T H5HEAK 27 5 7 (hybrid tree graph) % 5E5%
L, ThBEREBRENTEIRZ S 7Y (iR 5 7) 2 OENOBEEL TEHEIrZ &, &5
WCRBKR 2 703858 T 5 2 E%&RL, TOMWEENSRBKES DBEROKHC X 5N &
BREAK 77 7ol EOBREHSHICL T b,
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2. BEARAOH

TS 75 7, EEL, 257 G=(V, E) oA "oy E,, E.
’J}%'UL, E:E7/UE:, Emasé ETD, oty EZTFTTGCDHy by NEGES, O
o=E—E) X GCOMBAEENL ST, E.OFEBEDWAES LTS, & 2HHRE &
B JE A —Etff i s 70)4«110\4!1[:’“]” GEL R L, LT B EE, Ut BB T 7 R
737 GO E T AREK (ht) £ b, ZOBE, E=0 8L Tk £.=9, &.=9 L5
7o, BINK a7 7 G OMKEHARES L) TR E—TH, 72 Ey=9 054,
ht=&, L7c ) E 37y by b, BB ASERLITEA T B I, LR
Hy bty VREEED INEEARE T A, TOX SCEHBEAREIAR, BREELE S LT
T 5,

CORBADERICE T EUL=tE12777 GOKR) &is, Tk 0, BEAKE ht=tpE.
EEPLEND, LT 57 GoREAKRES HT 11 2¥D L5 CEHSIR S,

HT = {htlht=tDBE,, teT} (1)

%7z,
HT = {ht|ht—= FeCT) (2)

DESWCLFELENS, 2o TT, CTRTRENRT T 7 GOl WiRESGTHSB,

—H IR S HT D (REAR) A~ DR B - Tudol,

[BE 1] JERZr 275 7k vk, BWAKES HT OBEEN T X CREOE B D Dk
HT MR ECEHARES LT HEETH B,

(BERR) PHRES HT 75 T (E.=9) ?.Efui CT(E7,=¢) je—T A L ERH b HT ©
BRET XTI Th, Eh8]5 275 7O REFE, T=TIXToxX X Ty
(T, Ty -, Tr 13055 75 7 G DR Gy, Gzy -, G DRER) TEHLERS, G, Gy o,
Gr OEREGHRTNTNELE, - Ex LU, Es=E (71 E) (15:1473) %Rk, HI %
FRB OB %, 2T E, (12 E) 25 b5 77 708 (0]5) KT &35,
DENIERGF S5 T T XN D LyNo DGHETHD, Ey, E. v bIig B 75 7R FERE
NG, Gy bd5, G rs 7k, TOLEOHG 2y 7R eoifirs 7 Ebin &L 208
LOWMERIETHILETHDLND, G & GDIMBDHIFE A v, v, ETDHE vy, v HEL G,
G oM %S 75 7 GOMRALTHEET D, TO—20HK % L &L, o, e, a.€E,,
GEE, E B L, W I 7 (Li—e) 8L Li—e) 2 Thd GORDOMIAEID 55, 2F
b, TNTHr537 G @/i\ VL, (F70ik B EREoIGERRE (F skl bicfon, &
D EnBIEAG T 7 OREKES HT 04X TOBERE HT AARES L RES & —
ﬁ(l,fgh\lﬁV)!ll]%l@&fbxlbﬁ:é & itcb\ (ﬁll'Uﬂ ‘»)

AT, = {ht I/zl‘i:/c, hteHTY (3)
L, HT o Clg KEE, BB B b RRARDOM D Eb e LR Ty h T TEbT
(B 2] ATin Z1o3 AT A NERETHSE AT FEL o, ((Hlskam—1)
) 797 GOy o b L, Ee={e, e, e} &4hH, n=1DLE, HT—HT <‘;ﬂ>
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UHT (&) efbshs, <2 TA(%) A(G)BEhZhe kG, oxfin Aoyt
6%60%ﬁ#afﬂ(%}mezmmJH(%ymyﬂ_hl&ao_mmwmmv¢5
n—1%T2%Y, E={e, et 0, ) TTRLLIELT, TOREKESGEY HT &35
L0 ko L < HT o5 %GXMU&?éaJTbhH<)UhW@Qngmtb

umggghTM%gthkm;/ﬂ%%)@hnﬂuaéogt,hnum”“cnﬂni
]2,,11/»;.1, h 71k+3 W, h ,1‘2.,,,2 (]1 T 2 I'IYV) v AT 1, hil 31 b, hil, oj:ﬁ’,fft L7cus, (G]UU] }'fé)
COFEMNHRBARES HT 0 ED L 5B T 5 &3 TE 5,
I’I’I‘ = {/L ’1‘711, ]1,’1‘7,,,.2, e, /17‘1.(_2, /I/ 7‘1} ( 4 )

o 4) DERWARES HT oBNE, WESGE O5E(E, E) B2 T4 L m N L5 %
W CIBEARETH S, SEOHEHTIL, EOHE (B, L) IxBEL TH L5

3. BRAISITDEHE
BRRASESG HT © (4) O X 5 BN LT, BIRKZ 5 7 228D X 508 HT 5.
[Bg] WAz 7 HT,=(X, B):
RAARES HT OBH 5 Wi i s £ 4,

ht; = ht,@{e;, ¢;}
(hiy, ht , € HT, e;, e;€E)

DRI 3 B IR (hty) DEIE 2, & BBUR (b)) O 20 B by=(z,, 2,) THIATTE
5757 HRBNAK s 5 7 HT,=(X, B), (b;€B, 21, 2,€X) &1~ 5, #2#2L, B=PUN, PNN=¢
E L, lhe=lht,] D& & bi=(x;, 2HEP, |hty|*|ht,| D& & by=(2,, zEN & T 5, (FEHM)

R 75 7 He \x i & & % 7o (0 hege hty, i3 7) O TR AR (2, x5) EEbT 2
Licd s, DFREBHEAKR 7 7 &2 L - T35, M1o@oRKZI 752525,
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Fig. 1. A hybrid graph and a hybrid tree graph
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E = {e, &, ¢, e, &5}
E, = {e, e5, 653, L= {e5 e
EFHE, RMKRES HT X>ED L 51T/a %,
HT = {e)e,e5e,05, e16,0, ¢1e,¢5 € e365 €365, €, €, €5}
= {hty, hty, his, hty, his, hig, hty, hig)
= {hTs, hTs, T}
CORKARES HT DEEAR 7 7 73K 1D (b) DX 512l bh, T 2T, Eifid POk, B
Kz N O G,
P = {{x3, x3), (23, Zg), (24, X5}, (X4, Z1), (T, Te)y L7, Ts}
N = {{xy, 23), (21, x3), (@01, Ty), (21, T5), (Lo, Tg), (T2, X7)
(s, x6), (3, ), (24, 24), (X4, Xg), (X5, 27), (X5, 28}
TH D,

2T, HT,=(X, By kT, B=PUN, PNN=¢ L LIt &, PCBTHR%* “EDOH”
(positive edge), N IZJBT 5% “ADK” (negative edge) & k.5,

[BE 3] BWAK7 57 HT,=(X,B)=(X; P,N) o P, N Ozl L, +XTED
B Ll 2 70 REILHAR Yy 5 7 LA TH S,

GER) K75 7 B ARRMIIT, ADRR—o B B (84 &K #H & Aok T
HALLDTH D, DED, L=tD{es ¢}, (ts, L€T) DBIRICH D 1, DEIN & £ DHIEHHT
HALZLDOTHDL, AT, BERRKOEEND hty=tEE, THHDT, htiy=ht,®{e;, e5} 7
B, UDLE =@ ED{es, ¢) L7 D ti=1.D{es, €5} V8NN, T L=6Dle, e b, LB E.=
ta®{e, e} PE, L1ch, hiy=ht,B{e;, e;} HNEINDND, hti=ht,®{e. ¢;} DPAGRCH D hiy,
Ity CRIET HHIEHFEATTEBRUARZZ 713K 77 7 EFMIETH S, iR 7 71220 T
LR CH 5, GEWK)

ZOEMI NG, K iR 75 7GBEAKR 7 5 7 0RNOBETH Y, BEKZ 7 713K,
MR Z 70— ETHD

4. BEAKRTST7OHEHE
BAERNWTC, K27 T 7 (HiRY 7 7) &K777@%%®%ﬁkbfﬁﬁf%%’&%m
Shtc, FDId, K757 MWV€U7®NW&Mrm¢:w?«f&kﬁ777ﬁﬁ?
i h, AR I TIREBRAR ST 7 BoER YRS,
’ + — BWA75 7 HT,=(X; P,N) DR 5% 5 CEL 5, T
bbb, PRBE3sk (Fok) 1lEw, NIo/E+ 5 (Bok) wé

+ —
+ EOFEAAT LI LTS, T, BNKsSS 7 HT, D F700%
B . + P O 52 T T O ¥ 1ok BRIC s i)té/rxﬁﬁ BOBECER
T5, oEL, TOERELDFEERECL
®1ORK %

Table 1. A multiplica- 7 D (X1, o), (Xa, 3), (X3, ) DIFFE, S{xy, 22) X S (22, 23) XS (23,
tion table Z)=EXEBXEO =) Eie b, FICHEE (21, 20), (2, 23), (23, 20),
z1) DB S (2, 22) XS (Xg, X3) XS (&3, T X S (g, 2 =) X B X B X =) & 785,
O, Br S5 7 HOEDL S ICEEYT S,

S, x5) "k (s, 25) DR ET % &, IXI Lo (b) DEBAK 7 7
(-
(

Zy5
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WMETS37: 757 GOTXTOBPBOFZNIERSE, 077 738HLTes L0
s XD T 7D LRI T 7 (balanced graph) &5,

ST, B0 E 5 CBIAS T 7 ORICHBERT B L, DFOL 5 R KA.

(4] BRAK2757 HT,=(X; P,N) 38H8L T %,

GEW) HT, DEED DM L=, 20), (£, 20)s - @1p 21)) EF 5o hts,€h T,
(Qick—1) ETD L, bty =ht;,; Bfes,e5,, } TEHOBND hty, 3 hT0 s hlwge F12d R T
WEENRD, DFED, My, =hty,®les, e, ) DEWEIC L 5 T hty, 925 bty MEBRDBA, Th
AEE B WIRARES HT OHFREE (4 OB L 5,) DL, Wil RTw ), #
(hTosd KB BIGTHB, hTur Bt b THE, TOM (w0 2,,) DFBEALID, %
DY, LB TH DT, L ORICIEE WO MM ST 5 BRSNS & h b Mo tas
M ATus 3o hTu N5 L5 B b & R IUEE Bsvs, D% D, Loducik (b, ehT,,
htr,, €hTo o) D&MEAMWIRT BE (@0, 21, ) O E KD (htr,€h To-zy hty,, €RT,) KIS 5
BE oy 22, ) IFHEF B, Bty 25 R T s oo 1 LB CH5 5, & 0D 2 & B L el
N CHENBRABEEE ER D L1y, FOHBRIEL RS, GEWK)

Bz, K10 b) DREBKZ 7 7Kk, EDOHBEELTLEDHFRIETHS C &
Db, LIAT, WK S 7 HT, O—20Kt OROGERTMTHD ETH, t DEIAR
Eolik—2t ez s &—20MBNT&E 5, OB TR —2DEDIHIAK
DRTH Y, FRHBOBERETSH ST LnbROMOHFENEDONRD, COZEnb
EOFRKEED,

[R] REA7 7 7 HT, D—2DOROBDFZvbrivg, HTy O3~ TOROHEp
Mo, Rk

EM AR WT, REKZ7 5 7 3L T b &5 R Y, ZOREIBOEOE
Y n3MEbin s,

[R5 RAZ 5 7 HT,=(X; P,N) ot X & =00 M 5 41048, S% 0
X=X'UX%, XINX°=0 LU, 2eX), 26X (F121%, 2EX% 2,6X%) O & & x4, x5 HOBD
BIXIE, €X', 2€X2 (F7eid, 2€X? 2,6XY) DEEFALTH I LNTE 3,

(EE8) X oWnha X' #2080 L 5iclib, FHo—Mai) X cAb, £0Ms A
DETHEN Tl X ez b, S5 X' GG ER 58 ADBTHIER TG
B XA B ZOBERSITC, XNcaE D ML AOBTHITI T U fiddie < T o 1
s, corE X o Xl AHifay X2 Ed b, X OMSHOEO FRETTE, ©
0 X' OFEMOBET R CEOKTH B, xeX, €X2 02 ShHX 5, 2 & x; OHOM
DEENRIELT B, COBH x; L OMOKFFHEATH BN 2 (€X) i < &b —DTFfET
BUEFCTH D, b, F5Tlhuvb ik X CETNLZ L0k bTHL, ZO%E
T Xz B D ADTEAFET B, &AM b 2 DHOBEOHREFRTIETH - fo O
T (v 2€XY, mEX) CHAFEREL 7 & 2 MOBOHREA LD, DFC, xeX? 2;€
XP2 kB D, MM i (€X) R ELDE, x & 2 x5 & 2 DHOBEOFZEGTRL &
Th b, WHAKZ 57 HI, OF STOMMOFZRETH D (EW L) & bnb, FEO 2 6EH
DT NTOBEFACHFE LD LIWEEL T, aow—x; OEOHFFNIETH LD T 2 & 25
R OT N TOBEBOFFRIE LB, GEMK)

SO D X 05 (XY, XY SRBRSES HT OB () & DRI E0 L 51275,

FEE L HT O HT =T hT o, -, KT R U T, AT (i, m—2, -, 1) 0
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FIZRIET S HT, Ofifii4~1T, Xoag# (X, XH oL CRUdsssas (X Fiom XY
EEND,

(ZEBR) AT, DEZD T ODIRAK ht, hty iR G423 HT, DR E A x5, 2, ETH E, x5 &
2y FOBOFFRIETH D, (EM 40N EMERCL GEHERS,) @2, EHSALHL
P GIEBEFE
Z DA T %‘@iﬁiﬁ!*‘zf%‘-

[EHE 6] AT, OHEFIX) Lﬁi‘Zoir"x,r‘afm Xt iwwamsnsd s &, Wl h Ty o OBELZTHINY
HHEISE XL HFE RS,

(B HiE Lo, AT, ofign XicEgEin b l, TDIED 2O EY x: &
35, 111n+2 D—DODW R x; b TAHE, 2 & oy MOBEOF S .‘J‘LTK@%@T a0t X o
FNbH, hl, s DEEL 2, b OMOEL B &y, M, . DEFL Xio&GFh b, G

ZDSEHNE, HT ={hTy, hlTwm 2, -, h T 12/ T, AT, 0% wa%% HT, o5 i 5y
hr Xoi=m,m=2,, ) L45<&,

X' = Xy Kooty Xowos, -} (9)
X2 = (X2 X6 Xn0o 0} (6)

Eieh, iz, M1 o (b) DREEK 7 7 7 T,

Xt = {X,, X} = {1, 26, 27, T4}, Xt = {Xs} = {xy, 23, 2y, 25}
Ele B,

5. f&

77 7 Wi EOMABETH BEBKRKOWE A MBI, —2D 77 7 G ORBARE S
DIFEERTREKR 7S 72 BHL, %@IL’!’L&M«LO %@m, \{luk/ﬁ 77 HT,=(X; P,
NY B L ToB 2 Ealbhm 0, TOWE D BERARE S OBERO I X5 B & JAK »
Z 7 ONEEOBIGRENSL Lo, ZORBIERR ST 70 ;\JJU,.J,._J B e B &k
T WK 7 7 7 OFEBBBITEEAREG DEEMOBKDOZMND, L D77 7HEHRL L5
ETDHLDTHDH, THITDC I OBEEITHRS,

Teds, WA Z 5 7 oMy, ERE ABEAEN TSN b ERL L5 T 585
Fie i h E bR,

T}

e Ao ORI R B A — g, IS BIESE, s L ORI, ME s
DI T B IR IEBIZIIEH O EaERL 7

Z2 E X &

L EIER, B —, MIFZ: “ERAREASoEIhc o7, TG A sGE (A), 17 47-02.

2y fEIERL, B, NNEZ . CRERKE ToMEE”, u;'j‘,@fa:: WECEE (A), 18 46-06.
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