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Abstract

In the present paper, fundamental equations were derived for studying the motion
of a body colliding with a stretched elastic cable and the resulting variation of the cable
tension produced by the collision. For the simplicity of theoretical treatment, it is

assumed that the body moves in a plane including the cable and that no other forces act
on the body except the reaction and frictional forces of the cable. And the effects of
inertia and bending rigidity of the cable are neglected.

The motion of a mass point and a rectangular body which collides with a cable is
simulated on digital computer and the results were found to agree with that of the
experiment obtained on some models qualitatively. The following conclusions were
obtained from the study. When the initial velocity of the body and the angle between
the cable and body are larger, the deflection and tension of cable become larger. In contrast,
when the angle is larger, the length which the body slides along the cable becomes shorter.
The frictional force between the body and cable does not have a large effect on the
deflection, but the distance which the body slides along the cable is shortened to some
extent when the coefficient of friction increases.

1. Introduction

The vibration problems of a stretched cable or rope caused under the action
of pulse loading have been studied'™, however only a limited number of reports
are available on the treatment of the dynamic behavior of a body colliding with
a cable. At times motor vehicles collide with guard cables constructed along
highways, and elevators carrying coal come in contact with guide ropes in mine
shafts. Thus the problem is considered important in the field of “safety engineering”.

The intent of this paper is to study the dynamic behavior of a rigid body
which collides with an eastic cable and the resulting variation of cable tension
and reaction produced by the collision. For this purpose, fundamental equations
were derived under the following assumptions. A body moves in a plane including
the cable, and no forces act on the body except the reaction and the frictional force
of the cable produced by the collision. The effects of inertia and bending rigidity
of the cable were not considered, because the mass of cable is considerably small
in comparison with that of the colliding body.

The motion of the body was simulated on a digital computer, and the results
were compared with that of experiments carried out using a model cable.
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2. Fundamental equations of a mass point colliding
with a cable

When the inertia of the cable is neglected, the geometrical form of the cable
with which a small body (mass point) collides, can be expressed approximately by
two segments of the line bent by the body. The frictional force F and the reaction
N of the cable set perpendicular to F act on the body, as seen in Fig. 1. If it

Fig. 1 A mass point colliding with a cable
is assumed that N acts in the direction which divides the angle between two
segments into two equal angles, the equations governing the motion of the body
are written by

Vg%: Nsin f—Fcos f8 ]
1
WS Neosg-Fiing |

where (x, y) are the Cartesian coodinates representing the location of a mass point,
W is the weight of the body, and 8 is the angle between NN and the line perpen-
diculr to the cable in the statical equilibrium. From the equilibrium condition of
the forces acting on the cable, the following equations are obtained.

T, cos 0, —Tycosy=—Nsin f+ Fcos B \

T,sin0,+T,sin0,= Ncosf+Fsinf I
where T, T, are the cable tensions and 0,, 8, are the inclination angles of the two
cable segments, which are expressed by

(2)

tan 0, =1y/x, tan 0, =1y/(I—x) (3)
If the angles 6,, 6, and 3 are taken as positive in the direction shown in Fig. 1, 8
is written by

28=40,-0, (4)
The tensions of an elastic cable are expressed by
T\=T,+EA{+/x2+%s—1} | )
Ty=Ty+EA{v/ U—x) +5[(l—s)—1} |

where [ is the distance between two cable supports, s is the location on the static
cable where the body makes contact, E is Young’s modulus, A is the sectional
area, and 7, is the cable tension in the statical state.
When a body slides along the cable, it is conveniently assumed that Coulomb’s
frictional force
F==2uN  (dsjdt < 0) (6)
acts on the body in the opposite direction of the motion, where p represents the
coefficient of friction. In contrast, when the body remains at a point, Eq. (6) is
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replaced by
| g; =0 (s = const) (7)
By introducing the dimensionless quantities:
& M=, 9/, o=5/1, t=0,t/2 (0,=+/4EAg/W]: natural frequency of longi-
tudinal vibration of a cable with a concentrated mass at the midpoint), n=
N//EAa f: F/EA, (pls pfz 9 pﬂ):(Tls TZ, TO)/EA
Eqgs. (1) and (2) can be written in a simple form
= nsinf—fcosfB=—p, cos b, +p,cos b, } @
%=—ncos B—fsinff=—p, sinf,—p,sinl, )

where * means the derivative with respect to dimensionless time 7. Egs. (3), (5)~(7)
are written by

tan 0, =9/, tanO,=7/(1—§&) 9)
p1=Po+]/m/d—l ]
Pe=boty/ (T EFF 71— 0) -1 [
S=pn (650) (11)
and
6=0 {o=const) (12)

By substituting Egs. (9) and (10) in Eq. (8), the following equations are derived

’ R — ¢
§=— {Pu + ‘;-1/52 +pi— 1}75;—-—5-;25

N 1—¢
+{PW+I£~V41~EV+v“éq;yﬁmﬁﬁj?g
(13)
7/:—{/)()—*"'0, "/52+7} l}]/$2+772
_ { potp L/ T8 1};/(1:’75)2 e
From Egs. (4) and (8), » and f are written by
n=(p,+ps) sin {(0, +05)/2} } (14
S=(D1—be) cos {(0,+05)/2}

By substituting Eqgs. (10) and (14) in Eq. (11), the following equation is obtained

N — 1 _
;-l;x/é‘? tyt—g oo/ (1=8)+ 7

S L —

:iﬂ{z(l—"o—l)+;‘1/$Z+72+1Ta1/(1-5)2+772}

&X 7?
VE 7/ (L=€P+ 7 +E(1—§)—7*

Egs. (13) and (15) are simultaneous nonlinear equations with respect to &, 7, o,
whose numerical solution determines the motion of a body sliding along the cable.
The tension, reaction and frictional force of the cable are estimated by Egs. (10)
and (14). When the body remains at a point (g;) on the cable, the position of
the mass point (&, 7) is determined by the solution of Eq. (13) for g=0.,.

(650) (15)
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3. The motion of a mass point and variation of forces

Figs. 2-7 present the results of the theoretical calculation on the motion c£~a
mass point which collides with a cable at an initial velocity v, (= Viv/'W/EAgD)
and an angle of @, and the resulting variaton of the cable tension and reaction

produced by the collision.

and the angle, the deflection and forces of the cable increase.

As seen in Figs. 2-5, with the increase of the velocity

In contrast, when

the angle is large, the distance along which the body slides becomes shorter.

The cable tensions increase gradually
from the initial tension p, and decrease
again to p, after attaining their maxi-
mum values. When the body moves
in the right direction as shown in
Fig. 1, the cable tenson p, caused on
the left side is larger than the tension
D, on the opposite side. This is because
the cable on the left side is stretched
by a frictional force. The reaction
of the cable whose variation is similar
to the tension produced by the collision
disappears again after the collision.

As shown in Fig. 6, with the in-
crease in the coefficient of friction, the
deflection and the sliding distance be-
come smaller ; however, no remarkable
effect of the friction is seen in the
deflection. Fig. 7 shows the colliding
time interval and coefficient of resti-
tution which represents the ratio of
the velocity of the body after the
collision to that before the collision.
In this example (p,=0.01, x=0.3; a,=
30°), the coefficient of restitution was
within 0.75~0.85. With the increase
of the initial velocity, the colliding
time interval becomes shorter because
of the influence of the geometrical
nonlinearity of the cable’s restoring
force.

Fig. 8 shows an example on the
motion of a small cylinder (mild steel;
16*x 17 mm, W =26 gr) caused by the
collision with a bare rubber string
({=593 mm, T,=30gr). The small
cylinder was suspended by a fine metal
wire ([=3,800 mm), and the torsional
rigidity showed only a small effect on
the motion. The cylinder motion was
photographed by a camera with the aid

0 0.2 0.4 0.6 0.8 £ 1.0

Fig. 2 The motion of a mass point colliding with
a cable (p,=0.01, #=0.3; v,=0.075)

S U SRR S N
Do T T T T
N \_:h—lS P =
0.02 - P .
\ T 30/
} \r b |
0.04 \T ey
TV‘\DZ i
&
\
il ()
0.061- FAVEY |

Fig. 3 The variation of the cable tension and
reaction (p=0.3; v,=0.075)

Fig. 4 The motion of a mass point colliding
with a cable (p,=0.01, #=0.3; a,=30°)
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Fig. 5 The variation of the cable tension and
reaction (p,=0.01, £=0.3; a;=30°)
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Fig. 6 The motion of a mass point colliding with S
a cable (p,=0.01; v,=0.10, a,=30°)
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Fig. 7 The duration of the collision
and coefficient of restitution
($,=0.01, £=0.3; a,=30°)
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Fig. 9 Th result of computer simulation
on the motion of a mass point
($y=0.12; v,=0.08, a,=33°) Fig. 8 The motion of a small cylinder colliding
with a rubber string(16#x17 mm, W=

26 gr; 1=593mm, T'=,30 gr)

of strobo-light turned on repeatedly at regular time intervals. Fig. 9 shows the
result of computer simulation conducted on the cylinder motion shown in Fig. 8

and the experimental results are indicated by the symbol o.
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The experimental values were found to agree with the theoretical values to some
extent, which were calculated by taking the coefficient of rolling friction as p¢=0.3.
This will be reasonably explained from the fact that the cylinder rotates on the
string during the collision. The rubber string generally showed no linear stress-
strain properties, but £A =250 gr was used as a rough value in the calculation by
assuming the clasticity of the rubber string.

4, A rectangular body colliding with a cable

The motion of a rectangular body colliding with an elastic cable was studied
here as a simple example. A rectangular body collides with a cable at one corner
or sometimes at two corners. It is assumed again that the reactions N,, N, act at

FETUR ey

N,

Fig. 10 A rectangular body colliding with a cable

two cornérs of the body in the direction dividing the angle between two cable
segments into two equal angles and the frictional forces F,, F, act in a direction

perpendicular to N,, N, as seen in Fig. 10. Thus the equations of motion are
expressed by

= ?ﬁ;‘:k N, sin B, —F, cos 8,— N, sin B,— I, cos B,

W d2 . .

ra —5%2@=—N1 cos B, — F, sin B, — N, cos B+ Fy sin B, 16)
d2p

J e =5 A= Nysin(r —p—f)—F, coslr—o—f,)

. + Ny sin(y + @ — ) — Fy cos(y + ¢ — )
for the body whose two corners come in contact with cable. In Eq. (16), (x4, ¥¢)
are the Cartesian coordinates denoting the location of the center of gravity, ¢ is
the angle of rotation of the body, ¢ is the diagonal length and y is the angle
expressed by y=tan™(p/a).
The equilibrium condition of the forces acting on the cable at the corners is
written by

Tiycos@,—T,gcos o=—N, sin B,+ F, cos 8,

T,sin0,+T,,sinp= N, cos f,+ F, sin 3, 1 17)

Tiscos o—Tycos 0= N, sin B, + Fy cos By [
—Tissine+T,sinfy,= N,cos B;— Fysin fy
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where 7', is the cable tension between the two corners. The locations of the
corners are expressed by

ry=x—(c[2)sin(r—9), y,=ye+(c[2)cos(r—¢) }
xp=2xc+(c/2)sin(r+¢), ye=ya+(c[2)cos(y +¢)

In this case, the inclination angles of each segment of the cable yielding recti-

linearly are ‘

(18)

tan 0, =y, /x,, f.=0, tan By =yo/(I—x5) (19)
where the segment between two corners is assumed to come in contact with the
body’s surface but weakly. The directions of N,, N, are determined by

28,=0,—¢, 2B, =0+ ¢ . (20)
The cable tensions are written by
T, =Ty +EA {1/x2+ s, —1}
To=To+EA{csinr/(s;—s,)—1} (21)
I =Tor BA L s
When both corners slide along the cable, the frictional forces are
Fi==%uN,  (ds/dt < 0) }
Fy==%uN,  (ds,Jdt <0) ;
If the corners remain at any point of the cable without sliding, Eq. (22) should
be replaced by 7

- (22)

ds, _
dt —
Introducing the dimensionless quantities again, Eq. (16) becomes
Ea=mn, sin f,—f, cos & — 11, sin By— f5 cos B,
Ha=—1mn, cos B, — f; sin B, — 1, cos By + [y sin f,

0 (s,=const), Cfimt =0 (sy=const) (23)

¢=Q1/){—n,sin(r —¢— ;) —f cos(r —e—B,) &0
+ 2, sIn(y -+ @ — By) — f3 cos(y + ¢ — Ba)
where A=8]J/(Wecl/g). Egs. (17) and (18) are
picos @, —p,cos o= —n,sin B, + f, cos B,
pisin@ +psine=n,cosB,+f sin B ] (25)
Pracos @—pscos a= 1y 5in By + f5 cos By [
—Pia Sin @+ Py sinfly= 75 cos Bo— f5 sin By
and
§i=8¢—rsin(r—¢), =7+ cos(r—¢) } (26)
So=E8g+rsin(r+¢), Va=xc¢+£cos(y+o)
where £=¢/2]. Egs. (19), (21) and (22) become
tanf,=7,/§,, tanfy=7,/(1—&)) (27)
Dy =po+ T/g%?;]?/dl_l ]
Pu=po+2esiny/(as—a,)—1 (28)
Py =po+ v/ (I—EP+7i(1—ap)—1 J
fimdpn, (6, 50)
fomtpm (525 0) }ooe

and Eq. (23) is written by
6,=0 (¢,=const), 6,=0 (og,=const) (30)
Egs. (20) and (24)~(29) are simultaneous nonlinear equations which include the
following variables of the same number with the equations:
&e, Ma, &1, N1y oy W25 00 025 04, 055 By Bay @5 D1y Doy Diss 1y By S, 2
It is difficult to analyze these equation theoretically. But if they are solved nu-
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merically by the Runge-Kutta-Gill method or others on a digital computer, the
motion of the body and the variation of the forces may be determined. If two
corners remain at the points (o, 0,) on the cable, the quantities except for a,, g,
are calculated by the equations excluding Eq. (29).

When the body collides at one corner, the equations are obtained readily by
equating N;(n;), F:(f;) to zero at the corner where no collisions occur.

Fig. 11 shows an example of the motion of a rectangular wood plate (lauan:
90 x 160 x 50 mm, W =348 gr) caused by the collision with a rubber cord covered
with cotton (/=493 mm, 7,=150 gr). From the photograph, it is seen that the
body which collided with the cord at a corner (C,), came in contact at two corners
(C,, C,) and then at one corner(C,).

Figs. 12 and 13 present the result of computer simulation carried out on the
experiment shown in Fig. 11. In this example, the measurements gave p,=0.027;

493mm g~1
. =09
=0.3
g -01f
0]
w
| o
2 -——LG’ D
0 ‘f:*::::‘l.,‘—i’—"‘
o Exp‘
LS Theory
Fig. 12 The result of computer simulation and experiment
on the motion of a rectangular plate bouncing off
a cable
($,=0.027, 1£=0.3; v,=0.09, ¢,=—0.06)
|
iy

Collision
al two corners

Do

i - R
R ﬂ 0.10L

Fig. 11 The motion of a rectangular plate . . .
colliding with a rubber cord (90 Fig. 13 The cable tension and reaction produced

%160 % 50 mm, W=2348 gr ; [ =493 by the collision of a rectangular plate
mm, 7°,=150 gr) (1=0.3; v,=0.09, g,=—0.06)
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2,=0.09, ¢,= —0.06 (initial angular velocity of the plate). For the rubber cord,
EA=5.5kg was takne as a rough value. The values of the coefficient of friction
between a corner of the plate and rubber cord can not be measured easily. Hence
computer simulation was carried out by using several values of the coefficient,
from which the results simulated for ¢=0.3 were found to be the most similar
to that of the experiment. As seen in Fig. 12, the path of the center of gravity
of the plate obtaind by the calculation does not exactly agree with the experimental
one marked with o, but the position of the plate located immediately before and
after the collision agree with the experimental one shown by the broken lines to
considerable extent.

Fig. 13 shows the variation of the cable tension and reaction. After two
corners of the plate came in contact with the cord, these values did not show a
sufficient accuracy, because, for the convenience of calculation, a part of the
computer program was omitted with respect to the motion of the plate whose two
corners remain at the points on the rubber cord for a short time. But, since the
time interval where the corners remain on the rubber cord is extremely short, the
errors caused by the simplification will not be large.

5. Conclusions

Fundamental equations were derived for studying the motion of a rigid body
colliding with a stretched cable and the variation of the cable tension produced
by the collision. Computer simulation was executed on the motion of a mass
point and a rectangular plate colliding with the cable.  The result of the simu-
lation agreed with that of the experiment on some bodies colliding with a rubber
string (or cord) qualitatively, although the model cable was assumed to have an
elastic property of large elongation and the effects of the inertia and bending
rigidity of cable were neglected.

From the study, it was found that when the initial velocity of the body and
the angle between body and cable are larger, the larger the deflection, the tension
and reaction of cable become, and that, in contrast, with the increase in angle, the
distance along which the body slides the cable becomes shorter. Although the
frictional force has no large effects on the cable deflection, with the larger coefficient
of friction, the smaller the sliding length becomes. And when the initial velocity
increases, the colliding time interval becomes short.
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