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Abstract

Extensor analysis, a generalization of tensor analysis, offers many mathematical mode..
designed to meet requirement of application to physical science and/or engineering. Since
extensor analysis is concerned with the calculation of higher order differentials, it also
plays an important role in the study of higher order space.

The purpose of this paper is to show the existence of a new extensor, referred to
as a hybrid extensor, and to investigate its properties. It is a possible generalization of
the crossed extensor which has been studied elsewhere.
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1. Introduction

The concept of extensor with several important properties has been established
by H. V. Craig? and A. Kawaguchi®®¥. Craig has also shown the existence of
a certain special extensor in his work®, which he refers to as the crossed extensor.

Since then, works on crossed extensor have been done by some investigators® ™%,
Among them, Y. Katsurada extended the concept of crossed extensor in the manifold
of line-elements to that in the manifold of surface-elements of a higher order, and
she introduced the concept of generalized crossed extensor®. She, however, treats
either covariant or contravariant components of it. Therefore, in this paper the
authors will supplement and explain in detail the generalized crossed extensor from
the point of view of a new extensor which will be called a hybrid extensor. Al-
though we discuss only the case of one parameter, it can easily be extended to that
of multiparameter. Also it will be shown that this new extensor contains an ordi-
nary extensor, crossed extensor and generalized crossed extensor as a special case.

2. Notations and Preliminaries

Theinotations used in this paperjare mostly the same as those defined in the
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142 Yoshiharu SATO and Michiaki KAWAGUCHI 2

previous paper”. The line-elements of order M with respect to the curve a®=z*(¢)
in an N-dimensiona! differentiable manifold are represented by
(af, V%, 2@ L. 07
and Craig’s expoint transformation by
[z = a* (%)
|z = Xe-Dap@i (g 0=1,2 -, M)

The coefficients X{9¢ of expoint transformation have the following available

(o2

Jx® (e~
X =(;‘>X<>=<§><-‘f—) (for a=0)

ox

relation :

=0, (for a < 0)

where g) is a binomial coefficient. In connection with these coefficients, we get

the following identities

» [44 D\a—u
ZXE% X = (X§XG)en,
Iz

I

v
L XX

() xsxen,
from which we can deduce the following general form:

b v
( (s} ( (@p )Ty Xy )J () Js
Z e Z X(a Yoy X : g;tz X(za)f: . X z;)a:)% X(:r:)'bl‘ Iy X(:; v X6

amn e (e, (@psg.1)ls
= <;> (X XEXE o X X5 X X0
(,v=0,1,2 - M;vzp)
Here, we shall put, for the sake of simplicity, as follows:*
Gty ly sz'ia Iy = X“l ?. .. X”r X-7x XJ-» . XIJ;: ,

28,8 b, Dy

@ty §yF e Fe() = (a,)a (a,)a (a)a, .. (@) e,
(x:)ile z7rb ;7 Dy ° aZ/ « Z X(/‘)L ! X(a )2, = X az)i Y X(“; - x)&
Fiaatid rag—1 T

(areds X(ereds o X0
x X X(%“)b X(“:‘;s——;)bs'
Then we find the following propositions :
Proposition 1. We assume that (z¢ 2% 29, --), (2%, 27, 2%, -++) and (2", 2%, 2, ")
are three different coordinate systems. Then the equalities

X(. ake(p) X(P)ZSJ(R) — X(,;)%?(;')

8)ibJ

hold, and they are generally represented by

@y, oo Fa(v) Tydpryeerg(o) Y
()8, 2,0 by ONeyty dyds L “)’

Proposition 2. In regard to two different coordinate systems (x¢ x% 2%, --+) and
(2, %, xf, -, it follows that

* We find these notations in 5).
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B o SE3uSeS
X aoyiih O)X(a)zblbf( )= 51040507
and generally

X @ty §yJe(v )X £yt dy (Ig(:.;)~6¢u5(z Ml Byedg

(1), z, bybg (W)eyre, Fyode 7 ey byl 7
where

54,-»-(1,,. kdl-uzlb. p— 5(1,‘ . ““/5’11 . w(
eprey bpeby T Ve bs .

These two propositions suggest that we can define a certain extensor which has
X gy fuifs” for the coefficients of transformation.

3. Hybrid Extensor

Definition 8. 1. The quantities 7% and T} .; (, are called the components
of an excontravariant and the components of an excovariant blocked extensors of
range M respectively, when they are transformed as follows:

Tt = X(“)II? 7([(14) T a, (a)
Tygyon = Xepiign® Tyy0,0
(rzl; B p1p,v=012 -, M)
under the expoint transformation.
Definition 8.2. 1f the quantities 75,..," and 777~ are transformed
Ti,<--z7,r<[l> — X(a)(é -a, (A) ’] (a)
THde, = X<u>ii:3£iji(‘9) Tb"“b/"(m
(rzl; B p,v=01,2,--, M)
under the expoint transformation, then we shall call these quantities the components
of an excontravariant generalized crossed extensor®* of range M and the components

of an excovariant one, respectively.
Definition 8. 8. Under the expoint transformation, the components 7% %, U

Jads
of an excontravariant hybrid extensor of range M and the components T "% _; (,
of an excovariant one are varied in the rules

Y‘;l.“,;,_j mj'\‘(,,) - X(“);;:A.,,:r byl ) T“’mu"( (a)

1 rd1Js Oyl

Tk, ey dydg(B) TPy
1 [ 2, ( ) = ){(;a)r1 s 1 o a 1, dg(B)

oy 71".«;

(r,s20,r+s=1; a, B, pt,v=0,1,2, -, M)

bl

Remark: The concepts of blocked and generalized crossed extensors are in-
volved in one of the hybrid extensors as a special case, since we have the compo-
nents of excontravariant blocked or generalized crossed extensors 7% or T} . ;")
puttlng s=0 or r=0 {for the components of excontravariant hybrid extensor
Tur, 5. Also the blocked extensors involve an ordinary extensor, i.e. if we
put 7= 1 or s=1 for the components of blocked extensors T4 or T} ;. then

* Although there is a slight difference between the generalized crossed extensor in the sense of

Y. Katsurada and our extensor defined here, the latter being more limited than the former, we
shall call our extensor a generalized crossed extensor.
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we can regard 7%, T, as the components of ordinary extensor from the defini-
tion of the coefficients of transformation. Similarly, we see that the crossed extensor
defined in 9) is involved in the generalized crossed extensor.

Theorem 3. 1. If the quantities T%"%; ;% are the components of any excon-
travariant hybrid extensor of range M, then the quantities

<M> e PREP A @) (y = O’ l; 2: Tt [‘4)

are the components of excovariant hybrid extensor of range M.

Proof. Under the expoint transformation, we have

(M- v) e, (@)
> (ez)(zl (t -7; Js F byl

1, %, by b \(M -y~ a) 'I"’l"'“,- {a)
l el Fyrdg by

A/[ ,,1...@ )(p ¥) T”‘ -a, (M~ 8)
v al -, ]‘ _7’3 x"’Z’s

(putting a = M—§)
_ (18) (Xi‘u-i,,bl‘---bé: )(ﬁw)(]ﬂw) Ty, mbs(.,v‘ﬂ)

ayee, Jide 1

Byt by bg(B) <I\ﬂ/[> T""““‘",, mbs()hﬁ)

(), odt . i G

and the theorem is proved. Q.E.D.

Corollary 8. 1. If two quantities 7% and T} ., are the components of
any excontravariant blocked and excontravariant generahzed crossed extensor of
range M respectively, then the quantities

(M) Tll wd (M~ <M> r[wk " {M~a)

g 1 3

are the components of the excovariant generalized crossed and of the excovariant
blocked extensors of range M respectively.

As an example of the hybrid extensor, we shall consider the following quanti-
ties. If the quantities 7%, ., are the differentiable components of any tensor
field defined along an arc of class C¥, a2’ = x%(¢), then assuming the required differen-
tiability, the quantities which are the p-th derivative of 7%, .; with respect to ¢

rjwilu-irjiwjx(lf) (/l =0,1, 2, -, ]\/[)

are the components of the excontravariant hybrid extensor, and if we represent

the quantities which are the (M—u)th derivative of T, with respect to ¢

i ds

multiplying by the binomial coefficient <Af>, as

7 [y < >’Z‘l / "‘.7'3(‘[ )’

X Fglv) T

(b=0,1,2, - M)
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then they are the components of excovariant hybrid extensor.
Theorem 8.2% 1If T% ", ;@ and T, lq(”’ are the components of two arbi-
trary excontravarinat hybrid extensors of range M, then the quantities
T@,mir};.vr‘/:pjlmjsZlmlq(m) o Z:0< >['z 'r"isw—v) Tkp..lcpllmlq(v)
((U= O: 15 2’ TS M)
are also the components of excontravariant hybrid extensor of range M.

Proof. By making use of the transformation of the hybrid extensor, we can
calculate as follows :

(—v) Bk (»)
RYA T ' 7’11...;

_ @ bglw=v) @, dg(v) Ay, () e 8
_<1J X(a)u y X (-I-llq Tl 'l"" Tl )

" -71 “Js cp bty dydg

ﬁ L ) w—Yy v (X'Ij‘mi"' (,1,..7;3)(«:—u—a)
=0p=0a=0\ Y @ AG atpdids
(Xr(l . Lpzl, @ )(u 8) r]w . . (a) TD‘ Lpd (8)

ey c” N "q oy 1dg

w o-Bo-a
@ a+f (0“*‘.3)) o byl Y@ —v—a)
~EE ) (O ey
X(X/” hpdy (lq>(y ~8) Ta, a7b~- 3(«) :Z’cx'“c,, (8)

eyey 1, "lq lll'"llq

2 I ) (T (0T g, ame
TERE A (T)(ﬁ><u—/s>(X2‘, iy e @R
(X/” Lpdl £ )(v A T"l "b b -8 71"\"""1) [¢:3)

eybyl vty s dydy

(putting a=7-—24)
2 < T £k, by ity \w--
- ;07; <?’)> <ﬁ>(X"‘x""",;~b.7}x"‘b;aX‘A'l ‘]Lplfl lfl )( "

Mty G=8) Preye (3
] byl 1 * p"l""’q

_ gk by dydy (w) "a . {r—8) e, ¢ {8)
= X< )(11 ur (11 . ‘I) jl . j:z: z Z < > ! ,01“‘ 7 ' pl; iy .
Q.E.D.

Theorem 8.83. If T ;) and T* " ) are the components of two arbi-
trary excovariant hybrid extensors of range M, then the quantities

L (M T+ B) i
7 Ik T e .
Torte o, w—%( ﬁ) < 8 >p, Teasany L 0

(7‘: 0’ 1 ’27 ...? M)
are also the components of excovariant hybrid extensor of range M.
Proof. Under successive applications of the transformation we have the fol-

lowing equalities :
JINT M -1 T + 7 /L By e
Z ( B ) ( B ﬁ> T grrn T P o)

4=0

* This theorem corresponds to the Theorem 1.5 in 6).
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My Z\4 —1 7’+ Lty - bgla
= 3, ( g > ( /3ﬁ)X<7+5)rll,~~fl’,«1}x”?;: X

3=0

L xay ‘T+,8>( “ Vo > ot e
N §“§+19 (7"42’1:"9( /3> < ﬁ 7+ﬂ ]\/[_ﬁ (X"l'“”rjx”'js>

e e
by bga) 1 Pty ()

(X:{ . p(Il“Z(Iq)(u— M48) T(( -, gl 71(,-‘.,.‘,-],{, .,.(11(,;)
Uep bty C PR
-2.2,800) (30—l
=55, 5805) (500 1) ar=t)e
(Xl : pd] rlq>(ﬂ o) Trt ", et 7 ",'“"],([l“.'[’IU[_P) (puttlng 0= [\/I——-‘O>
Z; q
_ M a—ja-j-p M -1 7'+#+l0>< (44 >< ]\/1—10 > &ty byl N7 = p~p)
=28 B () U e e o)larsal o) X
X (Xfl““:‘]f);(f.‘.‘.‘;i(;q)(m lel‘mtl"b:“.[,s(a) T“'"””"d,---m,l(nl -2) (putting 8= pn+ o)
e e AL\ 7’+y+x">< w+p >( M—p ) byl by g Yo )
a PZEI .1;0 (:P'Z?”:{'/‘</‘l+p) < p+o I+p4-p M——[Ll—la <X( T d )
v (Xfllﬁzjl,flzijq)(/z) Tu’“‘urblu-bs(mﬁa) 7*0,.4,(',11(“‘“([(’(“[" 0 (puttlng o = @+ p)

= i “’Z‘V< >< 7'>(X£‘v../i " x"”[’i >(w>Ar-‘Il)(X/JI‘HA.I)"ll‘“dq)(/l)
w=7 p=0 24 Wty Gy e A

ooy 4l
M—w -1
% Z M w+P rjj"x"'“l- Tclm'l'l‘
[0 0 b, bg(wtp) ,11,.,,[(‘(‘,,1,,'9)

p=0

M-w -1
= X Giety /])/,, bé(ll dgla) Z o+ P Py, e
- (,),, (,7 () cep di delyly ‘0 by bglotoy £ @y dy (M -p) «

Theorem S.4. 18 Ty ;@ and T, , ., are the components of any ex-
contravariant and excovariant hybrid extensors of range M respectively, then the
quantltles

v [44 [44

8 ‘8 Z\/l -1 ;

Ly AP ARTIS S0 Ry 3 [ AT S-a N

(L; by iy 7)j."‘js""1 8) — §0< >< ) Ill Lljx"" (3-a) {/ kg 1 )
@

<‘H:O7 13 2) .'..’ ']\/1)

are the components of excontravariant hybrid extensor of range M.
Proof. Applying successively the transformation for hybrid extensors, we get

8
2

&=0

8

B-«a

2 2

a=0 p=

I

BNMN ™ s, ooa ot
LA (B-a) Pk, -k
< )(a TL l'jy"jsp « 7 ! JJ[l,,,lq(J[,,,)

-1
M X Z. RACELYD'¢ 3
(a,- r.l,

a

oyt () TP, () 7T e, ey,
pidy 1y U
“Je (M -a)cl--vrpllwlq 1 byl I dydy(y)

x M\ (f—a\[ v
,z,,[.,a(c‘i)(a) P

Am(ll g )(a Mya) T”‘ R (1) 7‘47,”%1,
[)l.u[/s

I'

"0 620

s (X Bk

.]u (Ilm(lq(u}

« M B—a\[M—0\, i bt 3w s
Z <£>< o > <19 # a>(Z\/[_a’>(qulm{;/‘[}x“";s)(9 )

pl(ll<‘-é(l(1>(a ~e) 71”1.““"1/;“/18w> T”"""I’cl,---rlq()lv-,a) (putting y=M— ‘0)

eyepbyily
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B BpByp Y -1 e A —
i Z‘ Z Z 13 I\[ ﬁ ¢ o M o (Xb Byl )(ﬂ«-:»-pw,z)
i0sp o \THP/\T+P M M—r—p " J:
7/ S N N A e Al I T e al .
X ()x . ‘,]))’,1'1{,1(1)( A A t,hlmo‘\‘(/) T p’[‘md(!(‘,,, » (puttlng a = 1—+p)
3 B-p B 1 - A/
e Z Z 'Z [3) A/[_ AB*L -0 M—p (X s ")(ﬁ“:”m)
70 0 o \T TP\ + 0 w—p J\M-—z—p i 3y d
N 4 {, Al @0 CPVe e, .
(X ”(‘ g O Tty T Pty Or-0) (putting 2= w—0)
B B-w ‘B B
— @ X’ Ep byl \Brwc) (Y ke hy, dy g\ (7)
:;0;)(0))( T >( Gy gy j‘) <X’l“ ! 1"’7)
2l o\ M\ wnpy e e
% ﬂz;}(p )( 0 1 a, [('.”;“‘[‘.s(’ ) 1 o ,1)(11”1’1(1()[7»[))
1\ ,
. p /: d,d, (ﬁ) ]\ g, (wr-p) 7, Yooy
(@), nt, » Jll 11 . Z%) ‘o I ' Ijl»»-Z)S [ //1”»11(1()[~P) .
Q.E. D.
Theorem 3.65. 1 Th; ;o and T*, @ are the components of any ex-

covariant and excontravariant hybrid extensors of range M respectively, then the

quanttities

M3
ATy e[ B a s
1 Byt by pj,"'j_.;l;“'/,l(ﬁ) = Z (nB > I i,

. Tk,
! o Jidg(Bhea) 1
=

(IB 0 15 *“3“‘)1\4>

are the components of excovariant hybrid extensor of range Al

Proof. With the same process as the proof of the preceding theorem, we have

the following equalities :

M-8 +
AN g Ay
2 (ﬁ ) T s spra L0y g (0

a0 44

o (Bra)u,a, j —ig [ oy 7, "'ll

M-8
= T (PO X it X bt e T T,

=0

_ )‘1213 }‘_j i B+a 7 « (X ain by (s B)
an0 pefta s=0\ & 18+a Y i ds
< (X/ ],(/ 11(1)(1( -y) 'j‘w ”, syl 7""“"‘1),11401[ ()

ey 1 "]'l s q
M p-Bn ~y
_ Z /Zﬁl f} ‘8“{—10’1'!) y24 O+v (XIZI"‘["-/’:“"’S )(/p porye )
Y Y T P4y /B+p+‘) v ety Jyo g
X <Xﬂ (]1 ;{’;1) ) AR " byl Yw"‘m{.pd,'“rfq(:)) (putting a=pP+ ’))

_ IIZﬂ A\iy —Zs<18+10+u>< T4y ><p+v>(X,;r.,,;r [,‘l..‘[}\:S)(ruﬁqﬂ)

p=0 r=f p=0 O+y ﬁ+t()+u v Aty 3y
T e degy el \(9) 7T e ) ; dem o
x (X ‘7:‘“‘"}]7)”’x"";qq) A gz e P oy (putting g =7+ V)

_ Vﬁ —Z;<‘Za>(,.; j )(.. IR p)(X/ v”]d’m'lq)(!’)

» “ds pitig
My
T+ Y\ g, e e o)
X 2 r b ebgle ) L P,y
eer S Y : 1

_ Gyl sy Byl dy g ) T+ Y\ g e e ()
=X g0l Y '; Z( A 'b,-ubk(:-»,)l’ Py -

{ﬁ)(zlwll,, (71 o I)]‘ ] 1



148 Yoshiharu SATO and Michiaki KAWAGUCHI 8

According to the results of these theorems, we can establish the relations among
blocked extensors, generalized crossed extensors and hybrid extensors. Assuming
that 7% and T ., are the components of any excontravariant and excovariant
blocked extensors respectwely, we construct the components of excontravariant and
excovariant hybrid extensors as follows:

w ~1
. (o) —— w\ (M T g () P
Tht 5 = Z(u)( T T g »

b0 v

M-y

VA 1\ g ()
3 A A R
p=

l

I

A TREE
f‘ rjx"‘js(")

1

Similarly, from the components of any excontravariant generalized crossed extensor
and the components of any excovariant one, we get the following hybrid extensors,

" -1
Bk @) o\(M * o) 7Pk
T ¢ 87:1"'7;,‘( ) = Z < IJ)( 17-1 '_( ) f (![——y) 3

u=0 v

M-y

Tir"f'r/{ — Z <v+,u> T, (,,) T i -
1 5 o /,l

Also from the components of any blocked extensor and of any generalized crossed

extensor, we construct hybrid extensors as follows:

w

&y, @) e @ P (w—y v
T4 i, ---k( ) = Z ( )J)Tz. Zplar=s) TA—,«“A-S( ) ,

1 8

pur;

s e (M v+ Tous

1 e 7,r/'r,--‘/(‘s(») == ZO( v ) ( )7/ kglp+y) ‘[ o Lr()['/’) :
=

4. Contractions and Reduced Range

In the hybrid extensor, the operation of contraction is the same as that of an
ordinary extensor. Then, we obtain the following contraction of hybrid extensors.

Theorem 4.1. For an arbitrary given hybrid extensor of range M, the fol-
lowing M+1 kinds of quantities

M
Z <£> T 41:,.Jl pr A) Ty Js P (;ﬁ:—«_ 0,1,2, -, ]y[)

p=d
are invariant.
Proof. Applying the transformation for hybrid extensor, we know that these
quantities are invariant:

M

2 (zZ)Ti’-“i’jx-»- DT, )

p=A
(P bybylo—) ,0) &)
_ Tyg P Foded, i, (@ a v Ve e
‘Eﬁﬁxwaﬂz Xt T 0 T
M d-4 M p ( 4 ) )
= % p- j '.7 ayrd la) Taga, () Tre ooe,
M—-A B ﬂ+A
— Lt by bg(B) by i o) Ve a, () e, e
go §0 m=ﬂ+4< A )X(V)((l|4»'(".’.:;x~~~;s X(3+ 4)(, L: :A..Lr ] ' b\»»-ba [ ! dd,-nd,(w)

(putting ¢ = 8+ A)
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M—A B M—A B+ A )
_ S ded, by hg(3) Y Gy dgdyd (o 4) 7T, a, (+) T e
:Z; ZA' < )A(’)”lx""‘,r}x"';s A(ﬁ%‘l)ci'"c:il""i,. T by 1 rsr(,---d,.(ﬂ%—z()
(putting w = A+0)
m“[i{[ﬁ‘vi[i B+ Ao+ A\ P\ + b b8
A ﬁ+A ‘8 (), §yoby

Jydgdyd, (o) T a, () Peypeg
X X Tds i, 0) 7 by 1T e (o)

B)eywey byt

— “[i{( J[Z:‘JA <‘0 -j/—l‘/'l) 5:05154»»/[,. [‘x”"'.s' f[‘rtln-a,.

B0 we=( p=f

() T"x“"’s
vl pry TR byls dyed (0 A)

M- A
—_ Z ‘0+A ’1’(!144»(1,. () ’1‘(';""‘.«
- byl @, (ot )

S\ A
M S
_ Zt< fol ) Trtn, GO T, (putting # =d—A) Q.E.D.

From the results of Theorem 3.2, 3.3, 3.4 and 3.5, we obtain the following
other kind of contraction.

Theorem 4. 2. If T*; ;¢ and T, .,  are the components of arbitrary
excontravariant and excovariant hybrid extensor of range M respectively, then the
quantities

M-8 9
Tévi, 5 EE Z‘ ﬁ+a Tévty, @) s N
REAE) W\« Fivds Ly Tqldte)

=

are also the components of excovariant hybrid extensor of range M.

The existence of the hybrid extensor of reduced range is shown by the fol-
lowing theorem.

Theorem 4.8. If 1%, ;0 and T*"*», ., are the components of excontra-
variant and excovariant hybrid extensor of range M respectively, then the quantities

Tovein, O=Sw<K=M)

dyds o

Z\/I"‘K‘i“y T fe Y L al S ) %
( v )7 #y L”z,»-@(.\p- Kts) = %[J[‘-A’] T /L”/lmz,,(-,) (O SvsEK<= ]\/D
are the components of hybrid extensor of reduced range 0ZLw=K and 0=v=K
respectively.

Applying these quantities to Theorem 3.2, 3.3, 3.4 and 3.5, we have

Theorem 4. 4. If T ;@ are the components of reduced range 0=p<K

and 7% w0 are of range 0=v<L (K<L=M), then the quantities

w
W\ gy, (w—v) PE ke ()
2 ( )7 AR TH,

v=0\ ¥ K
are the components of excontravariant hybrid extensor of reduced range 0=Zw=K.
Theorem 4.5. If By iy TP ;.54 are the components of reduced range 0=4
=K and T*""y ., are of range M, then the quantities

K (M T+ —
1§)< :8> ( 48‘8> [(Bpar sy T '31~'-js(:'+5)] T A'p‘x"'lq(“{“ﬁ)

are the components of excovariant hybrid extensor of reduced range 07 K.

* This notation is due to A. Kawaguchi’s paper 4).
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Theorem 4.6. If By oT% " ;) are the components of reduced range 0=
TSK and T%* ., @ are of range 0=a<L (K=L=M), then the quantities

o8

+« T i TR
o <5a >[55m.,@ A "j,~-js<ﬁ+«>] Iy !

=0 4

are the components of excovariant hybrid extensor of reduced range 0=B=K.

5. Conclusions

In order to consolidate the extensor analysis, an investigation of the existence
of various unknown extensors is important at present.

The hybrid extensor analysis, proposed in this paper, is one of the available
means to treat numerous varieties of quantities concerned with higher order differ-
entials. And we have studied its properties in detail. Moreover, we have proved
that the hybrid extensor contains the extensor, the crossed extensor and the gener-
alized crossed extensor as a special case.
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