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Abstract

An analytical investigation is carried out to determine the conditions marking the
onset of free convection in a horizontal porous layer. Consideration is given to a variety
of thermal boundary conditions at the surfaces which bounded the porous layer. The
thermal conditions adopted are related to the convective-radiative exchanges at the
surfaces which include a fixed temperature and a fixed heat flux as a special case. It is
demonstrated that the Rayleigh number marking the onset of free convection is the
greatest for the boundary condition of fixed temperature and decreases monotonously as
the condition of fixed heat flux is approached.

1. Introduction

The problem of the onset of free convection in a horizontal porous layer has
been the subject of extensive study, both analytically and experimentally. The
theoretical and experimental studies of the onset of free convection in a porous
medium were made at an early date by Horton and Rogers” in connection with
the distribution of NaCl in subterranean sand layers. Lapwood” treated a similar
problem analytically in a more precise manner and established the criterion for
the onset of free convection in such a layer, which was later confirmed experi-
mentally by Katto and Masuoka®.

In the aforementioned analytical studies, thermal boundary conditions applied
at the upper and the lower surfaces of the porous layer are based on the suppo-
sition that these surfaces are in contact with materials of infinite thermal conduc-
tivity and heat capacity. In such a model, it follows that the temperatures at
the surfaces are not perturbed even if the quiescent state breaks down.

Consideration of actual physical situations leads to the fact that the heretofore
standard thermal condition of fixed temperature at the surfaces of the porous
layer may be too restrictive. For example, when the upper surface is free, there
will be a heat exchange between the free surface and the environment. In this
case, if the heat transfer coefficient between the surface and the environment is
finite, the surface temperature will easily be perturbed when the quiescent state
breaks down.  Moreover, if the heating at the lower surface is accomplished by
passing an electric current through a thin metallic foil, the boundary condition
at the lower surface may be more close to a fixed heat flux rather than a fixed
temperature.

The purpose of the present study is to predict analytically the onset of free
convection for a broad range of thermal boundary conditions which may be actu-
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ally of importance.

2. Analysis

Consideration is given to a horizontal porous medium bounded above and
below by plain surfaces through which heat may flow into or out of the porous
medium. The physical situation to be analyzed here is depicted schematically in
Fig. 1. The horizontal extension of the porous medium is sufficiently great so
that edge effects may be neglected. If the temperature within the porous medium
were increased monotonously from the lower side under a rest-state condition,
then lighter fluid would always be above heavier fluid in the porous medium and
there would be static equilibrium without motion. The existence of such a state
can be investigated by finding the conditions under which a given temperature
distribution is stable even if a small disturbance is present.
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Fig. 1 Schematic diagram of the physical problem and co-ordinate system

The thickness of the porous medium will be represented by H, with z measur-
ing distance vertically upward: z=0 corresponds to the lower surface of the
porous medium and 2=/ corresponds to the upper surface. The co-ordinates
axes x and y lie in a horizontal plane. Under a rest-state quiescent condition,
the temperature and the pressure distributions in the porous medium can be con-
sidered to depend only on 2, as yielding

T,=T,—6z (0
= —go(1+ Boz) (2)

in which 7" denotes temperature, § the temperature gradient, g the accerelation
velocity, o the density and S the coefficient of thermal expansion. The suffix 1
indicates a value at the lower surface of the porous medium.

To study the conditions under which the rest-state is unstable, small dis-
turbances are superposed on the rest-state temperature, velocity, and pressure
fields. In general, the disturbances will depend on all of three co-ordinates and
time, so that the resultant quantities (rest-state plus disturbance) will have a
similar dependability. Correspondingly,

T, y, 2, )=Tu@)+ THx, 3, 2, 1), plx, 9, 2, 8)=p,s(2) +P¥(x, 3, 2, 1) (Za)
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w=ux,y, 2 t), v=v*Qxy 2z, w=wxy, zl) (3h)
where #, v, and w are velocity components corresponding to x, y, and 2 respective-
ly; ¢t is time, and p is static pressure. The quantities 7%, ¢, o™ and w™ are
taken to be sufficiently small so that their squares and products be negligible.

It is well known that the actual flow in a porous medium can be replaced by
a hypothetical uniform flow of the same gross rate on an assumption of the space
being homogeneous. For this flow the expression of resistance differs from that
for normal fluid flow, and instead of shearing stress proportional to the velocity
gradient, Darcy’s law can be applied. The equations expressing continuity, motion
and energy may now be written and the foregoing perturbations are introduced.
Carrying out manipulations similar to those of Lapwood®, it is possible to elimi-
nate all perturbations except 7% and the governing equation is given as

o A
(5+4) 55— mr)reT==gopriT (4)
in which % is the permeability of the porous medium, % the thermal diffusivity
and p} the two-dimensional Laplace operator (9°/04*+ 0*/0y%).

Let introduce the non-dimensional quantities (£, 7, O)=(x, ¥, 2)/H, 0=T7%/
(',—0H), and dimensionless time scale t=¢/(H*/¥). In order to show the region
of interest in the present study, one considers the following general form of
disturbance

0 =0(g)expli(as + ayy) + b} )
where g; and 4, are wave numbers in the &- and 7-directions, respectively. Substi-
tution of Eq. (5) into Eq. (4) yields

[(Dz—a?) +]§2 1(31374 (DZ——(z‘Z)][(D2~—(z2) —</>]@=I§2 a*RaB 6)

number.

3. Boundary conditions

For the impermeable boundaries applied at the upper and the lower surfaces
of the porous medium, one has
(DE—a2)®=0 )
Sparrow et al.¥ extensively studied the effect of the thermal boundary conditions
on thermal instability in a horizontal normal fluid layer, hence a detailed in-
terpretation regarding their manipulations is not repeated here. According to
Sparrow et al.”, the general thermal boundary condition at the surface can be
written in the following form
DO+ Bif) =0 (8)

where Bi=« /4 in which « is the heat transfer coefficient and A thermal con-
ductivity.

4. Solution of the perturbation equation

Solution of Eq. (6) must be subjected to the boundary conditions of Eqgs. (7)
and (8). A numerical technique developed originally by Sparrow et al¥ was
adopted. It has been shown by Pellew and Southwell” that the threshold of
instability is marked by ¢=0. A general solution of Eq. (6) with ¢=0 can be
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constructed in the form
6(0)=LXiFW(g) and FO(g)= Y Pe ©)
i=0

=0

where X; is arbitrary and the series coefficient Y obeys the following recurrent

YO =) I (n =20V 2 — M y(n—4)Y 2} (10)
where I1,=24* and ll,=q'—(k/H»a'Ra. In addition, Y to Y§” are specified as
Yi=4,, 0=n=3) (11;

wherein 4,=1 for u={ and 4,,=0 for n=i.

The constants X, Xi, .., X; which appear in the solution for @ are to be
determined by using the boundary conditions. Substitution of Eq. (9) into Egs. (7)
and (8) yields four linear algebraic equations for X, X;, X, and X,. The solution
of such an algebraic system is possible only if the determinant of the coefficients
of X, vanishes. The value of the deteminant depends upon four parameters; wave
number g, Biot number Bj, constant k/H*® and Rayleigh number Rgz. Now suppose
that /H* and Bi be constant. Then, for every wave number ¢ which one might
select, there can be found a Rayleigh number that causes the determinant of the
coefficients to be zero. Numerical computations to find the aforementioned
Rayleigh number are carried out with the aid of FACOM 230-75 Digital Computer
at the Computer Center of Hokkaido University.

5. Results and discussions

Lapwood® derived the criterion for the onset of free convection in the porous
medium under the conditions that velocity at the upper and the lower bounding
surfaces vanishes and the temperature at those surfaces can be fixed, yielding

k

HZ
where Rayleigh number Rag=gBH 4T /(vx) and f is the cubical expansion coefficient
of fluid, and A the thickness of porous medium, 47 the temperature difference
between the two bounding surfaces, and v the kinematic viscosity.

In Figs. 2 and 3 the neutral stability curves are drawn for different values of
Biot number under the condition of a fixed temperature or a fixed heat flux at
the lower surface in the form of (B/H*Ra vs. a. It can be clearly noted from
these figures that the tendency remains unaltered by increasing the Biot number
since the shapes of the neutral stability curves are almost identical except for the
case of B7=0 in which the lower surface is at a fixed heat flux. As will be
seen in Figs. 2 and 3, it is found that for a particular wave number g, the
corresponding modified Rayleigh number (£/H?*)Ra has a value which is smaller
than that for any other wave number q. Correspondingly, for each Biot number,
there is a minimum modified Rayleigh number which permits a solution of the
perturbation equation. Below this modified Rayleigh number for each Biot number,
a solution for the perturbation equation cannot be found and this indicates that
the quiescent state may be stable. The thus determined minimum Rayleigh
number corresponds to the criterion for the onset of free convection in the porous
medium.

The modified Rayleigh numbers marking the onset of free convection are
presented graphically in figure 4. The solid curve in this figure provides

Ra=4x*?



33

Convective Instability in a Porous Medium Heated From Below

QLSHNHU&EQH ﬁ@vw@ KS@ aﬁ@ﬁ ‘TOK@
e Jje mm @UﬁmwSm .~®>)O~ @Lu Uu@&xx) SoAlInd ,,Q:wm—mum WN.:SMZ N .anﬂ v ie mm GUNWHSW uwaoﬂ @Lu @u@ﬁg §IAIND %um:ﬁﬁum ﬁmhuﬂwz € ..w.mrm
e e
8 L 9 S % ¢ 7 I 0 8 L 9 S v € 7z 1 0
— _ : _ : M 02 T T T T T _ _ 0l
0'0=1g

14 1V
FINLVY3IdNIL Q3X XN14 1v3IH a3axid Lv

A2V4HNS H3IMOT - - TOVAMNS | HAMOT 4

l

o +0¢€ - 70¢
> v
R I - 1'0=1g 1 S
. = HZ N
0°0=1g _—
I - 0% - 1 0¢
0'l=1g 00L=1g
oe=1g | L w=ig / |

00L='9

- 0=1g




34 Nobuhiro SEKI, Shoichiro FUKUSAKO and Makoto TANAKA 6
| -
25 i LOWER SURFACE CONDITION /// 40
- ———— FIXED HEAT FLUX ad -
- ——— FIXED TEMPERATURE e 1
- // a
s/
20 = 3 5N
o~ i A 7 xI
 + A d 10X
< L o . o
Org I /// | o
15 s 30
10 I N T S 3 W 1 L [ W L T O I B | I I ll||1|25
0.01 0.1 1.0 10 100

Fig. 4 Results for the Rayleigh number ma

Table 1 Critical Rayleigh numbers for the
case of fixed temperature at lower
bounding surface

rking the onset of free convection

Table 2 Critical Rayleigh numbers for the
case of fixed heat flux at lower

bounding surface

ak/2 a (k/H®)Ra aH/2 a (k/H®Ra
0* 2.323 27.098 0% 0.132 12.020
0.01 2.330 27.142 0.01 0.569 12.746
0.03 2.342 27.230 0.03 0.750 13.294
0.1 2.365 27.526 0.1 1.006 14.361
0.3 2.436 28.287 0.3 1.307 16.024
1.0 2.598 30.269 1.0 1.678 18.851
3.0 2.818 33.275 3.0 1.989 22.015
10.0 3.010 36.539 10.0 2.201 24.855
30.0 3.090 38.298 30.0 2.279 26.227
100.0 3.126 39.097 100.0 2.313 26.820
o FH 3.142 39.478 o FHE 2.350 27.100

*  Corresponds to fixed surface heat flux

Corresponds to fixed surface temperature

Corresponds to fixed surface heat flux
Corresponds to fixed surface temperature

information for the case in which the lower surface is kept at a fixed temperature
and is referred to on the right-hand ordinate scale, while the dashed curve is for
the case in which the lower surface is kept at a fixed heat flux and is referred
to on the left-hand ordinate scale.
of the curve indicate the critical Rayleigh numbers for the limiting cases of
aH/A—0 and aH/i-—oo.

A parallel presentation of the calculated results is made in table 1 and 2,
wherein are also listed the 4 values corresponding to the critical Rayleigh numbers.

The horizontal lines adjacent to each extremity
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The cases designated by aH/A=0 and «H /A= oo correspond to fixed heat flux and
to fixed temperature at the upper surface, respectively.

From an inspection of figure 4, it can be seen that the critical Rayleigh
number increases monotonously with increasing Bi. Thus, the most stable situ-
ation corresponds to a fixed surface temperature.  The critical Rayleigh number
is most sensitive to Biot number in a range of B¢=1.0~10.0. The foregoing
remarks can be applied regardless of whether the lower surface is kept at a fixed
temperature or at a fixed heat flux. However, there is a marked difference
between the numerical values of the critical Rayleigh number for these two cases.
The critical Rayleigh numbers for the lower surface at a fixed temperature ex-
ceed those for the lower surface at a fixed heat flux by about 12, this difference
being approximately uniform for B7 ranging from 0.5 to oo.

It is of interest to inquire how the present calculated results compare with
those of other investigators. Only two of the entries in tables I and 2 can be
specially compared. For the case of a fixed temperature at both boundaries,
Lapwood” found a critical Raylefgh number of 4% while that of the present
calculated result is 39.478. On the other hand, for the case of a fixed heat flux
at both boundaries, Nield” pointed out a critical Rayleigh number of 12, while
that of the present one is 12.020. The agreement between the previous investi-
gators’ results and the present ones is thus seen to be excellent.
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