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Abstract

The results of a numerical investigation of internal heat transfer to an absorbing and
emitting gas with temperature-dependent properties under the condition of uniform wall
temperature are reported.

The solution is based on the coupled partial differential equations of continuity,
momentum, energy and integral continuity describing the two-dimensional flow of perfect
gas between horizontal heated black parallel plates. Numerical examples for CO; gas are
worked out including (1) simultaneous convection and radiation with constant properties ;

(2) simutaneous convection and radiation with gas-property variation; and superimposed

natural convection with gas-property variation.

Nomenclature
b distance between parallel plates ;
C, specific heat of fluid;
C, dimensionless specific heat of fluid, C%/Cy;
E,(z) function of exponential integral, defined by Eq. (6);
g acceleration of gravity
Gr, Grashof number, g&®/ui
G7ri modified Grashof number, Gri/Re: ;
M, Mach number
N interaction parameter of conduction to radiation, X/(46T%);
Nu, local Nusselt number, defined by Eq. (20);
p'  pressure
P dimensionless pressure defect, (pi—p")/0iui’ ;
Pr, Prandtl number, p{Clo/2;
gr radiation heat flux;
R - gas constant;
Re Reynolds number, u}b/vf;
T’ temperature of fluid ;
7 dimensionless temperature of fluid, 7"/77;
T, dimensionless mixed mean temperature, defined by Eq. (19);
u'  axial velocity ;
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« dimensionless axial velocity, u'[u};
wy, mean axial velocity at the entrance;
¢ transverse velocity ;
v dimensionless transverse velocity, (v/Re,Pry)fu ;
&' axial coodinate ;
2 dimensionless axial coordinate, 2//(bRe,Pry);
y' transverse coordinate ;
y dimensionless transverse coordinate, y'/f ;
Greek symbols
a, local heat transfer coefficient ;
x absorption coefficient of medium ;
A thermal conductivity ;
2 dimensionless thermal conductivity, /4 ;
# viscosity ;
i dimensionless viscosity, #'/u;
v'  kinematic viscosity ;
©'. density ;
© dimensionless density, 0'/0;;
7 optical depth;
7. optical thickness ;
@ azimuthal angle ;
Subscripts
0 wvalue at the entrance;
w value at the wall.

1. Introduction

In recent years high temperature heat transfer to gases has attracted a con-
siderable interest, especially in connection with the cooling of nuclear reactors. For
the sake of the variation of physical gas properties, that occurs over the cross-
section of the duct as well as axially at high heating rates, the classical solutions
which are based on an assumtion of constant fluid properties may lead to serious
errors in their predictions. It is well known that both density and the transport
coefficient of a gas are, at least approximately, proportional to the absolute gas
temperature raised to some power. By Worsoe-Schmidt and Leppert”, solutions
with constant-properties will give their reasonable results for heat transfer as long
as the ratio of absolute wall temperature to absolute gas temperature (for example,
the mixed mean temperature) is less than approximately 1.2.

Kotake®*® discussed the problems on laminar and turbulent flow of gas with
a variation of transport properties under uniform wall temperature. In the case of
internal flow, Worsoe-Schmidt and Leppert” and Swearingen and Mceligot? obtained
an implicit finite-difference solution for laminar flow of gas without radiation in a
heated tube. Recently, Fukusako and Seki® reported a theoretical and experimental
investigation of simultaneous heat transfer by radiation and free convection from
two-dimensional vertical parallel plates heated under uniform heat flux, they demon-
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strated that the experimental data are in good agreement with their predicted results
including gas-property variation for a small channel spacing.

In the present study, a theoretical consideration is given to the simultaneous
convection and radiation heat transfer with a variation of gas-properties in an
absorbing and emitting gas flow between two black horizontal heated parallel flat
plates. For the case of a fully developed flow at the starting section of heating,
examples are computed under the condition of uniform wall temperature.

2. Basic Equations

Governing differential equations are developed on the basis of the standard
boundary layer approximations. This is a common practice for incompressible flow.
Wang and Longwell® presented a solution of the complete equations for incom-
pressible flow in the inlet region of a plane duct. Their results indicated that the
transverse shear term could be negligible if the Reynolds number, based on a distance
from the entrance, was larger than about 200. As for the energy equation, it was
assumed that the molecular contribution to axial thermal energy transfer was
negligible small. The validity of this assumption has been confirmed by a resulting
solution from the energy equation obtained by Singh” and an approximate solution
for liquid metal by Schneider®. However, the effect of property variation on the
magnitude of the neglected terms cannot be estimated a priori. Worsoe-Schmidt
and Leppert? demonstrated that laminar flow heat transfer of gas in a duct, where
a large variation of physical gas properties occured, could be described adequately
by the boundary layer equations if the Peclet number, based on a distance from
the entrance, was larger than 500.

Now, under the abovementioned conditions, two-dimensional analysis for simul-
taneous convection and radiation heat transfer is made for a gray medium in a
duct formed by two black horizontal parallel flat plates with semi-infinite length
and infinite width, as will be shown schematically in Fig. 1.

The resulting basic equations become

0 1,0 0 Ol e
o O+ D) =0 (1)
L X rodt + 0 < 9,%4’) o
O P W 2 W LA L il G (2)
T I3 r\2
pIZL/_5%<c;,7’I)+p' G = a?, <z' aaj >+”] C‘]Zf; + ff](va“> _divg, (3)
Tw Ew=10

A
T, u %} y v l
J L)xg' l

Ty Tw Ew=10

Fig. 1. Definition sketch and coordinate system.
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In addition to these equations one needs another equation of state to give the
necessary relations between the thermodynamic properties and expressions for the
temperature dependence of the transport coefficients (assuming that the latter is
independent of pressure). An assumption will be made that the gas obeys the
perfect gas law

p =0KRT (4)
It is well known that this law holds to a good approximation as long as the gas

is not too dense.
If it is assumed that radiant transfer in the longitudinal direction is negligible

compared with lateral radiative heat transfer, then
O 02" & O p {0y

Moreover, if the temperature distribution is assumed to be the same in any other
cross section as that in the cross section under consideration, the two-dimensional
extinction function of radiation may be replaced by an one-dimensional one. Thus,
the divergence of radiative heat flux reduces to

—div gy — K{Z{UTQZEQ(T)H-UT{,sz(z'u,—-T)—i—STon”El(}z'——t’]) dt’}—éiaT"‘] (5)
0
where
1 y'
E,(z)= § prPe i dy, o= XJ kdt', (g =cos D) (6), (7)
[1] 0
£ is an absorption coefficient of medium and z, an optical thickness.
For the diatomic gas, the variation of the specific heat, although less than that
of the transport coefficients, is not negligible. For all of three properties the tem-

perature dependence will be taken as power laws which might give a resonable
good approximation to their actual behaviors, as follows

ClCu=(T"1T0, e =(T"|T¢) and X2 =(T"T%) (8)

At the wall no slip condition, the impearmeability of the wall and the imposed
thermal condition give the following boundary conditions.

u' =0, v'=0 and T'=1T7, (9)

For x’=0 one has the starting conditions.
yl I\2
“= 6u6{<79‘>—<%> } v'=0, T"=T;and p'=p; (10)

By making the dimensionless variables and parameters substitute, Eqs. (2) and (3)
can be placed in the following forms, yielding

Pu—@t @S”amu)dy:dp_q_/& ————— 9 —*Slpdy—i-Pro—a—( ili) (11

6z 0y ) ox dz  Ré oz ay \" oy
v -2 D = 2 (19T gs—1) el DB —pp, o Y
o g CT= 2 G L= 2 (155 ) 00— 1) bz a2 — Pro{ 31}

+ o {TEB)+ TeBle—)+ S TUEy(|e—¢]) de—2T") (12)
0
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where the relation

pe— 170
v = S ax(ﬂu)d

derivable from the equation of continuity given by Eq. (1) is substituted.

3. Finite Difference Equations

The finite difference forms of Egs. (11) and (12) will be now obtained as under-
mentioned. The derivatives in the z-direction are replaced by finite differences
while the other quantites such as w, dufdy, Fufoy’, T, 0T/oy, *T/oy* etc. are
replaced by averages. Assuming that the solutions w=uw, P=P, and T'=7; at
x=uxz, are known and solutions #=1w, P=PFP, and T=17T, at x=xa, are to be found.
After introducing the finite difference approximations in Egs. (11) and (12), one
obtaines

9(8—2u)= (209 —0,9=20u) dy = 2(Pom P)=4G? [ (0= 1) dy+ Prit{ug"+ I g}

(13)
p¢%1x ﬁ(,}ip +Cp(:{——2T1)}—<X %% +C, 7 )S {-z¢* + o 2u1>} dy = 17" +1§27
a5 |[ () 5Bl v) de—{ (£ 5 Efr.tu—0) ]
+10=1) Milg(Pi— P+ LProp- 4y (14)

where a dashed sign denotes the differentiation with respect to ¥ and
&= u+uy, t=Ti+7T, and [ = z,—x,

Moreover, the constancy of flow quantity per unit time through the duct requires
that

1 1
S PPy = 25 Oy dy (15)
0 Y

Once ¢ and X are determined as the solutions of Egs. (13), (14) and (15), one can
easily obtains u,=¢—wu, and T,=2—"1).

Let @,, P, and X, define the m-th iterative approxi-
mations to the solution of Egs. (13), (14) and (15) and then
(m+1)-th approximations ¢,.1, FPaome and XZ,.; are to be
found. A rectangular mesh of dimensions (/, 4), as shown
in Fig. 2, is now formed by introducing the differences in k-1
the y-direction. When the suffix £ refers to the k-th mesh
point in this direction, Egs. (13), (14) and (15) are written 1
as X

e | ==

N+l

L

kel

Fig. 2. Mesh size
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1 1 »
S 0, ¢m+1dy = ZSOI()l uy dy (18)
0

If the differentiations with respect to y are approximated by the following finite
diference ratio

Grnit,r = (Pmst,er1— 2Bmir, e+ Prgr )1

e =P i1 P i) 2H)

(0C,10Y ), = (@f A1) Ko 1l 2) 7 Ko, 11— Ko 1)
(0C,[02),0 1 = (@fl) (X 4] 2) 7 (X e 27T1,) ete

and integral by the trapezoidal rule. Egs. (16), (17) and (18) are now a set of
(2n—1) simultaneous linear algebraic equations for the (2z—1) unknown quantites
Pyonits Bmsrs Ponstns ~*'s Powsims Kmalzs Kmits s Zmita- Lhese simultaneous linear
equations can be written in matrix form:

A, X, =1,
where A, is a (2n—1)x(2n—1) matrix, while X, ., and ¥, are column matrices
given by
‘\m—{-l: {P2,7n,+1y ¢m+1,2; ¢m+1,3> R ¢m+1,7u Xle+1y2’ XwH—l,S; T X7n,+1,n}

‘1111711,: {Cm,z: Cm,3: Y Cm,n) Dm,Z: Dm,Sy S Dm,n,; En.}

where C,, ., D,,.. and E, will be evaluated from the right-hand sides of Egs. (16),
(17) and (18), respectively. The matrix 4, will be written easily from the left-hand
sides of Egs. (16), (17) and (18). If the inverse matrix of 4, is denoted by 4.}
the solution of these equations is given by

. g1
4\m+l - ""'m ng

This procedure must be repeated until the following condition is satisfied :
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P P ] ’ N N
max {II 2,71a+]—])2,7111> [§b7ll+1,l'_q)m,/.") /wn,wrl./:— ’('m,/.'[} é g

where max { } means the maximum element in { }, and the value of ¢ depends
upon an accuracy to be desired. Thus, the values of P, ¢ and % at x=ux, are deter-
mined. The same procedure can then be applied to find the solution at z=wmx,+/
and so on. By this scheme of calculation, one can obtain the velocity, pressure
and temperature profiles at arbitrary temperature developing stage in the thermal
entrance region concerned.

4. Numerical Results and Discussions

In the immediate neighbourhood of the entrance section, the mesh size of
n=>50, [=10"" is employed and it is gradually increased in seven steps to the final
mesh of 72=25 [=5.0x10"" in the region of x=0.1. The value of ¢ for conver-
gence is taken to be 5.0x 107" throughout the whole entrance region. The number
of iteration of 15 or 16 in the first step is changed to 7 or 8 in the range of
x22107% The computations were performed on FACOM 230-60 Digital Computer
at the Compter Center of Hokkaido University, which took about ten minutes to
proceed from 2=0.0 to x=0.40. All of the examples are computed with the vari-
ableness of the properties corresponding to those of carbon-dioxide gas”, Pr,=0.76,
7,=1.259, a=0.33, =0.78 and ¢=1.34.

Figure 3 shows the effect of property variation on developing temperature dis-
tributions, where dotted lines correspond to each temperature distribution with
constant-properties at several sections. From this figure, it can be seen that the
solutions with property variation show the distinguishable deviations from those
with constant fluid properties.

The temperature distributions predicted by considerating the effect of radiation
are shown in Fig. 4. It should be noted that the solution based on the assumption
of constant fluid properties may lead to serious errors in the analysis pertaining to

1.0 T T T T 1.0
\\\ Tw =2.0
\ =0. J
0.8 -\\ AN M% 0.0 0.8
\ \\ \\ Gro:O-O
N Tw =0.0
sohkoo.6k Y\ ~ 4 . 0.6
i ‘T; AR x=0.067 m;?rf’
-~ N \ N . . ;
=< \ =
L\ =
0.4 \ \ \\\ 0.4
\ S~
x=0.011
o2\ . 0.2
Ny =000
0.0 e — 0.0 =
00 0.1 02 03 04 05 00 01 02 03 04 05
/b Y/b
Fig. 3. Temperature profile vs. y Fig. 4. Temperature profile vs. y

{effect of property variation) (effect of property variation)
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a radiating flow.

In Fig. 5 the development of the axial velocity is shown for ¢,=1.0, N=0.1.
One notes that the velocity of y=0.5 at x=0.037 is about 35% larger than that
at x=0.0.

The local Nusselt numbers in these case are plotted on Fig. 6. It is found, as
expected in Figs. 3 and 4, that the heat transfer rate increases due to only the
property variation with or without radiation heat transfer, where the mixed-mean
temperature and local Nusselt number are defind by the following schemes.

2.5 . . : .
Tw :2.03
Mo'ﬂO- ‘
20f of-=00  XZ0037
Ty =1.0
N =0.
1.5F x20.019
« ho
s §
& x=0.009
1'0- X:0.0
0.5} -
0.0 ' - : -
0.0 01 02, 03 04 05
Y/b

Fig. 5. Velocity profile vs. v (effect of property variytion)

2

10 ‘
VARIABLE PROPERTY =20 Tusl0
) Mo=10° N =0.1
2 I GF=00 Pr=076

NO RADIATION
10° . . - X R . N
10° 10° . 10' 10°
Fig. 6. Local Nusselt number Nux vs. x {effect of property variation)
1 rL
T, =S 0C,uTdy /§ 0C, udy (19)
0 0
1 Aw [ OT T, 1 . !
Nu = — oot L [ V2 e o L T — — 4
U= < 3y )+ I [zm {E(0)—Ey(z)} gT Ey(cat) dt] (20)

The effects of 7, on the temperature profile of a radiating medium with property
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variation are shown in Fig. 7 for value of x=0.009. The dotted line in this figure
shows the temperature profile for a constant property fluid without thermal radiation.
One can see that for large optical thickness the radiation heat flux emitted from
the plates becomes attenuated so rapidly that the temperature of a medium in a
tube rises higher than for small optical thickness. If the optical thickness is the
same, the smaller the N is, the more rapid the temperature field tends to develop
as will be seen in Fig. 8. From this figure, the medium near the center region of
the duct are found to be directly heated by radiation heat flux and the temperature
of such a region to rise uniformly.

] .O T T T T 1-0 T T T
\ Tw =2.0 TW=2.03 GF‘:0.0
0.8} \ Mg=10" | 0.8 Mg=10% Ty=1.0
\ GE=0.0 x =0.009
\ ’o oo \ N=0.05
cono06l N Nzt | F%0el
o2 0.6 11106
| \ x =009 |,z
NN RS \ _
ot \ Tw=1.0 0.4}
\
L Tw=0.0" '\ Tw=0.5 i
S NNy =0:25 | 02
~ ~N
0.0 s - SNy, 0.0 - - .
0.0 0. 0.2 , 03 04 05 0.0 0Oia 0.2 , 03 04 05
y/b Y/b
Fig. 7. Temperature profile vs. y (effect of 7)) Fig. 8. Temperature profile vs. v (effect of N)

Fig. 9 and 10 demonstrate the relations of the local Nusselt number Nu, defined
by equation (20) vs. x with a parameter of radiation-conduction interaction N and
of optical thickness r,, respectively. On the first inspection of these figures, it may
be seen that the Nuw, has a certain minimum value against z and its characteristic
in a medium with property variation shows the same peculiar behavior of combined
heat transfer with radiation as in the case of constant property. This fact may be
understood as follows; the temperature difference (73, —7,,) in Eq. (20) decreases

10
[ TW=2'O
I Mp=10°
F _ Gl’g: 0.0

~< Pry=0.76
10 T~ =05 )
\\/\ Tw=0.25
CONSTANT PROPERTY |~ ~~< e =00 |
100 N 1 . . I I
10° 107 16' 10°

Fig. 9.

Local Nusselt number Nus vs. x (effect of 7w)
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10 |
Ty =2.0
\ N=0.05 Mg=10°
< T Gr=0.0
5o T lnor oy
2 Ny \ Tw=1.
\\\ Pr :076
101 S N=0.32 L 0
N Ay N=
CONSTANT PROPERTY X_ﬁ_g__‘“ _______
0 ] L 'y 1 At
10 —— — ' .

3 =) ]
10 10 x 10 10

Fig. 10. Local Nusselt number Nux vs. & (effect of N)

remarkably due to radiation, because the mixed mean temperature 7, becomes
higher than that by only convection heat transfer, as previously shown in Figs. 7
and 8. In Fig. 10 it can be pointed out that for the same optical thickness, the
heat transfer rate increase with decrease of N, that is, with increase of contribution
of radiation.

In order to further study the effects of superimposed natural convection, com-
putations are carried out for values of Gry of 0.5 and 1.0. A comprehensible
conclusion for these examples may be that the velocitv and temperature gradients
at the lower wall are larger than those at the upper one. The same feature in
non-radiating medium was also recognized by previous investigators'”. The asym-
metry of the temperature profile with respect to the center line of the duct leads
to a different heat transfer rate at the upper and the lower walls of the channel
The variations of the local Nusselt numbers vs. 2 are tabulated in Table 1. One
can see that the local Nusselt number is a little larger on the lower wall than on
the upper one. Also interesting is, as expected physically, that the deviation of
local Nusselt number between the lower wall and the upper wall is small than
that' in the case of the constant gas-property without thermal radiation.

Table 1. Local Nusselt number {effect of buoyancy)
Tw=20 Mo=l0° G5=10 Ty=l0 N=0.32

X 0.001 [0.003[0.007[0.028
UPPER WALL | 22.29 |16.77 |13.49]10.11
LOWER WALL | 23.30 {17.11 |13.70|10.19

5. Conclusions

An analytical study has been performed on the heat transfer by simultaneous
radiation and convection in an absorbing and emitting gray gas medium with pro-
perty variation at high temerature. The physical model employed in the present
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investigation is based on laminar fiow in horizontal parallel black flat plates and the
following conclusions are yielded.

(1) The velocity and temperature profiles predicted with property variation
show surprising deviations from those with constant properties.

(2) The development of the temperature field is more rapidly established in
a flow direction, if the radiation is taken into account.

(3) The deviation of local Nusselt number between the lower wall and the
upper wall resulting from the superimposed natural convection is smaller than that
in the case of the constant gas-property without thermal radiation.
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