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Abstract

A property of Fletcher’s one-parameter family of the variable-metric method in the
linear constraint manifold is examined. We can find that if linear constraints remain
unchanged for successive iterations then the method has an important property repre-
sented by the concept of exactness and is stable for the convergence in the range of
the parameter ¢>—a/b, where a=g% Hig;, b=g¢%1 Hig:+1, g: is the gradient vector of the
objective function at x; and H¢ is the updating matrix. Since a proper choice of the
parameter ¢ is derived as ¢=1, we can obtain the Broyden-Fletcher-Goldfarb-Shanno

algorithm in the constraint manifold.

1. Introduction

A number of methods for nonlinear programming with linear constraints have
been investigated. One of the efficient and well-known methods is Rosen’s gradient
projection method?. The method is an extension of the steepest-descent technique
to minimization under linear constraints.

The steepest-descent method has an excellent stability and requires only the
first derivatives of the function to be minimized, but convergence is often very slow.
On the other hand, Newton’s method is superior to the steepest-descent method in
a rate of convergence, but the method may not converge at all and requires the
second derivatives of the function to be minimized.

From the point of practical computation, the use of second derivatives is un-
desirable. Therefore, methods which retain the good characteristics of the steepest-
descent method and use only first derivatives have been developed. The methods
are called variable-metric?, quasi-Newton®, or conjugate-gradient methods?®.

An extension of the variable-metric method to minimization under linear con-
straints was tried by Goldfarb®. Step 5 of the algorithm is used to update a matrix
Hi in a manner similar to Davidon’s?, as modified by Fletcher and Powell® (referred
to as DFP method). However, Fletcher” pointed out that the updating matrix by
using the DFP method became singular for one example of unconstrained problems.
For this reason, he developed a new updating formula, based upon a very simple
idea. That is Fletcher’s one-parameter family of the variable-metric method.
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In this paper, we try to extend the method of Fletcher’s one-parameter family to
minimization under linear constraints in accordance with Goldfarb’s algorithm. Namely,
only the updating DFP formula in Step 5 is replaced by Fletcher’s one-parameter
formula, and Steps except for Step 5 remain unchanged. We formulate the minimiza-
tion problem with linear constraints in the section 2. Fletcher’s one-parameter family
is discussed in section 3. The exactness and stability for method is examined in
section 4 and 5, respectively. In section 6, the conclusions are described.

2. Formulation of the problem

The general nonlinear programming problem subject to linear constraints can be
expressed as

Minimize Az =f(zy, - Zm) » (2-1)
subject to linear equalities and inequalities of the form

nfx—b; =0, i=1, -,k (2-2)

nfx—5b,20, i=k+1, -, p, (2-3)

where the n; are unit normals, the b; are scalars and the superscript 7 is used to
denote transposition.

These equality and inequality constraints represent k£ hyperplanes, and p—k closed
half-spaces. The hyerplane corresponding to a strict equality for a particular 7 in
eq. (2-3) is called the “defining hyperplane” for the associated half-space. The convex
polyhedral region R in E™ formed by these constraints (2-2) and (2-3) is assumed
to be bounded. For this to be true, it is necessary that pzm-+1. The region R
is called feasible and any point x such that x&R is called a feasible solution. The
boundary B of R is itself a bounded region and is the intersection of R with the
union of these p—*£ defining hyperplanes.

A set of hyperplanes is linearly independent if the set of unit normals to these
hyperplanes is linearly independent. The term “constraint basis” refers to the set of
linearly independent defining hyperplanes. When the movement is restricted in the
intersection of ¢ linearly independent hyperplanes, this intersection is called by the
term “linear constraint manifold”, M,

3. Fletcher’s one-parameter family

We consider the problem of finding the point at which a strictly convex quadratic
function

fla) =fo+a"x+ ; "Gz, (3-1)

is minimized in the constraint manifold M, starting from a point x; in this manifold.
Here, the matrix G is constant positive definite. Then the iterative method for this
problem can be expressed as

L1 = xi—qu_lgi (3-2)
where P,=1—G !N, (N’G™*N)"'N,, N,=(n, ---, n,), and ¢, denotes the gradient vector
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of f(x) at x,, The operator P, is a non-Euclidean projection operator weighted by
G~ that projects E™ onto the constraint manifold M,.

In most actual problems, f(z) is nonquadratic and the inverse matrix G is
variable for successive iterations. For this reason, Goldfarb® introduced the approxi-
mating matrix H! to P,G™ and used the DFP formula in Step 5 of his algorithm,
i.e.,

0,07 HyyiH:
03?/2 - yz Hf?yz 3

Hit = Hi+ (3-3)

where o;=x;—x; and ¥;=¢;.;—¢;. The correction o, is taken as multiple y; of
a “direction of search” s,=— Hlg,, i.e.,

o, =715 =—rHlg, . (3-4)

However, Fletcher” pointed out that one expample was found in which failure
occurred because the matrix H} became singular. Therefore, he set forth a new
updating formula, based upon an idea of dual,

Hit' = Hi+ 1y{ oyl Hi— Hiy,of + (1+ yI_ZI/>00’} (3-5)

‘We note that this formula coincides with Goldfarb’s formula derived from the varia-

tional method.? Furthermore, Fletcher derived a one-parameter family of the vari-

able-metric method by taking any linear combination of the right-hand sides of (3-3)
and (3-5) such that the coefficients sum to unity, i.e.,

[ 3 Q. T+4+1 T+1

H <1 ¢> qu +¢H(11 (3—6)

= Hi vy,

where

— @ 9 Hgys
=i H; '.%)1/2( Ty, yTH! Z)
and Hi*! in egs. (3-3) and (3-5) is denoted by Hif' and H., respectively.
We can show that the one-parameter family (3-6) includes the following formulae :

i) Broyden’s first formula® as ¢=0ly/(ely;—yi HY,),
(0:— Hiy,) (0. — Hiy,)"

Het'=Hy+ (o0:— HY)"y: . 3-7)
ii) Broyden’s second formula® as ¢= 6y,
Hi' = Hi— Hy 2l +oy? (3-8)
2 = 0yi Hi+ Biol qi = ausi — Byi Hy ,
5 = 1_1,‘83(11@%— o= 1—!—,3{.1/I "Hiy,
owiHys ST

ili) Shanno’s formula® as ¢=(1—1t)o7y,/[(1 —t)oly;—yi HY.),

. o, o0 | [1—8)a—Hy][(1-1) o;— Hy.l"
H t= H +t Uzyl + [(l_t) O'i—Héyz]Tyz
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iv) Greenstadt’s first formula®® as ¢=—oly,/y! Hiy,

Hivt= Hi {oiyf'H;—i—Hgyia;’—(l—i— Ji7s )Hw sz} (3-10)

Yy Hiy, H Ui yiHy;

v) The formulae (3-3) and (3-5) are derived by taking a linear combination of
the formulae (3-7) and (3-10), i. e,

Hi'=(1—a) H'+aHE?, (3-11)
Hip'=(1—a?) Hif'+o2H5t, (3-12)

where a=y?YHly,/o%y; and HI* in eqs. (3-7) and (3-10) is denoted by H4' and HYl,
respectively.

In what follows, we use the formula (3-6) by which the formula (3-3) in Step
5 of Goldfarb’s algorithm is replaced.

4. Exactness

In this section, we prove a property represented by the concept of exactness.
That is, if the linear constraint manifold M, remains unchanged for successive itera-
tions and the objective function is given by eq (3-1), then the algorithm (3-6)
terminates within m—g steps and the variable-metric matrix H} "¢ is equal to the
matrix P,G-1.

We introduce the following theorem without proof because the proof is identical
to that of Goldfarb’s theorem 4.9

TueoreM 1. A minimization method in an unconstrained n-dimensional space
which performs successive univariate minimization along mutually conjugate direc-
tions terminates within n iterations.

In this proof, we use the G-conjugacy condition of s, -, s,_;, i.€., s5Gs;=0, for
727, and the relation g%, ;5;=0 and 1,=Go;. If the constraint basis remains unchanged
for n successive steps and the formula (3-6) is used to update H{, then the following
theorem can be proved.

TueoreMm 2. If the (m—q)-dimensional linear constraint manifold M, remains
unchanged for n successive iterations (nsKxm—gq) of the formula (3-6), then the direc-
tions of search determined by these iterations satisfy the proper equation H:"'Ga,=o;
and the G-conjugacy condition of oy j, ox, i.€., 05y ;Gor=0 for 0<j<i, 1< and
Ok

Proof. The proof proceeds by induction on z. The proper equation is obviously
true for i=1 and all 220 since then the formula (3-6} yields.

HiY'Goy, = Hi 'y,

= H, o Ykt PURiY
o " O'kG,{yk HL k,y[’HAyk " 7 / O'Lylc . Aﬁ'{
= Hiy, + e yTH Y, + i (Y5 H Y ) STy yTH Yy,

== 0 .

Since ¢%.,0,=0, the G-conjugacy condition for /=1 and all 220 follows when both
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sides of the above equation are premultiplied by 7,07, ;.

Assuming for all k20 that the proper equation and the G-conjugacy condition
are true for 7, we now show that they are also true for i-+1. From the formula
(3-6), we obtain

Hi"Goy, = HEF M Gop+ sy Goy,

7 ki 7 E+i
= Hi+iGa,+ 04110%+:G0 He e )iy 7 Gy
= & 7 — 2' L
e Ot rt1 2//;+in Yii
7 T ki
0;+Go; 2//;+in ‘Goy, >

Ry S Tkt g ,)1/2< ; — ]
¢ k+1<yk+l q Yr+i G/{+iyk+i y/€’+i}[§+zyk+i

r
o YksiO )
Yieid G Y

p 7
H e, Y440k

— T Vs (YL HE Yy, V2 —
y£+iHé+l’yk+i +¢ k+l(./&+z q Jh+z)

=0y —

— 0 «

Finally, from the above proper equation and a relation

Grtivr = Prpr + ji:l Gogrjs
we obtain
0iri01G0 = = Tipir1 Qirinn Hy TGy
= —Vrsir1 (G500 + ji:l ob, ;Goy)
=0,

This completes the induction.

From Theorem 1 and 2, we can find that the algorithm (3-6) is terminated
within (m—gq) steps if the linear manifold M, remains unchanged for n successive
iterations.

We can prove the following corollary by using the G-conjugacy condition in
Theorem 1.

CoroLLARY. If f(x) is a quadratic function given by (3-1), then

Mgl o-io-g'
7
ico OiYi -

PG =

Proof. The G-conjugacy condition in Theorem 1 implies that S?GS=4, where
S is the m X ¢ matrix S={og, -+, om_,_1} and /4 is a diagonal ¢ X ¢ matrix with elements
0¢Go;. I we define the partitioned m Xm matrix § by S=[S|G'N,], then S is in-
vertible and STGS=/

where

A 0
A= i
~ |0 NIG™IN,.|.
Therefore, the invertible matrix G7! is derived as follows
G 1= SA787+ GIN(NIGIN) NG,

and we obtain
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5 _ P <
PGH1=8S148= ), (4 Yool =

7
i=0 i=0  0:Y; -

The corollary is proved.

The following theorem is introduced without proof because the proof is given
in Goldfarb’s Theorem 6.9

TueoreMm 3. If f(x) is a quadratic function given by (3-1), and the linear
constraint manifold M, remains unchanged for (m-—gq) successive iterations of the
Sformula (3-6), then H» %g(z™ =0 and H} 1=P,G-1.

We can find from the corollary that it is the term ¢,0//¢%y; in the formula (3-6)
which makes the variable-metric matrix H: tend to 2,G™'. Theorem 3 shows that
the matrix H?™¢ is equal to the matrix P,G'. Therefore, the formula (3-6) has
the property of exactness.

5. Stability

In this section, stability for the convergence is proved by showing that the direc-
tion of search s;= — Hig; is downhill at each step. Since slg,=—giH.y; the direc-
tion s; is downhill if and only if gfHlg,>0 for all g, other than g; at a constrained
stationary point. Therefore, when the linear constraint manifold M, remains un-
changed for successive iterations, we investigate whether or not the matrix H} i
positive definite. The proof proceeds by induction on {. If a initial matrix H}l
positive definite, then s, is downhill. Assuming for ¢ that the matrix H! is positive
definite, we show that the matrix is also positive definite for /1.

First of all, we prove the following theorem.

THEOREM 4. Let a=¢glHig,, b=gi . Higi,. Then
HiP'g = @) aH g +0Hig] ,

where ¢(¢)=(a+0bg)/[ala+D)].
Proof.  Since y;=¢:.1—¢; and ¢%,0;=0, we have y'Hiy,=a+0b, yiHlg,,=0b
and ¢fy;=r;,a. Then the formula (3-6) postmultiplied by ¢, yields

. . Hiyy?Hig, o o Hiy, yiHlg,
HP g = Higopy — __é'%/}_fz"—%l“ + oW Hiy,) < oy, YL HLQ ><_ y{]—lfjﬂtl )
b b ) b b .
~(1 o+ sy #) it [y +q oty 9)H
a+b ) a+b )
=P (Higua— Hig) + 7% Hig,
atbg

= a+b (angz+1+qugz))

If we define ¢ (¢) by (a+b¢)/(a+b), then the theorem is proved.
We now conSider the following lemma and theorem.
LemMma.  Hi positive definite implies ¢f  Hi g1 >0 if and only if ¢l¢
Proof. From |[Hi 'y, =0;, we obtain ¢, HiYg,,,= g7 HiP g, Applymg thlS
relation to Theorem 4 yields
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JinH g = abd(g) .

Now since H! is assumed to be positive definite, a and b is positive if both g; and
Gis1 is not the gradient at a constrained stationary point, so the lemma is proved.

THEOREM 5. If the matrix H! is positive definite, then HI*' is positive definite
if and only if ¢(¢)>0

Proof. Since the matrix H is positive definite, any set of (m—g) vectors which
satisfy the Hi-conjugacy condition span E™™% Furthermore, since ¢?YHig;,,=0 and
Girrs G:EM, let ¢, ¢ and any (m—g—2) vectors zj, --*, Zm_q_» Which satisfy the
H!-conjugacy condition, be a basis for E™ % Therefore, any arbitrary vector & can
be expressed as

m—g—2

E = Z aizi+ awz—q—lgi+av7z—qgi+l . (5_1)

i=1
From eq. (5-1) and the formula (3-6) it is shown that the H}-conjugacy
condition guarantees that =2fHitlz;=0, for ¢+#j, 2f/Hi"'¢;=0 and =2I/H:*'¢g;.,=0.
Then, we obtain

m—q—

2
STHZ+1 = Z aerszJ + am a— lgz HL+1g

i=1

+2an-g-1anqt doeg) G H s - (5-2)
Furthermore, since we can show that from Hi''y,=¢,,
g H g = 1o  Hogot 97n HE G
eq. (5-2) becomes
erHre =% @l Hiz ey 0T High
H@m—go1+ g G H i - (5-3)
Applying Lemma to eq. (5-3) gives the desired result.

From Theorem 5, we can find that the stability for convergence is guaranteed
for ¢ (4)>0, i.e., ¢>—a/b. Thus, the choice of the parameter ¢ in this range main-
tains stability.

Finally, we consider the choice of the parameter ¢ in the above range. According
to Shanno’s computational experience'?, the proper choice of ¢is to keep the eigenvalues
of H*' in the direction of ¢;,, as close to that of H! in the direction of ¢,,; as
possible. From Lemma, we have

g;{'Hzgi—{_g;{;HHigz-l-lgb
T H i+ 97 H g

G Hi g = 0T H T G = 00 H i1
If the parameter ¢ tend to one, then
liirll GinH i = 0 Higa -
This choice of the parameter ¢ coincides with Shanno’s experience, so we obtain
¢=1. Furthermore, we can find that the choice of ¢=1 yields the Broyden-Fletcher-

Shanno-Goldfarb algorithm (referred to as BFSG algorithm) in the linear constraint
manifold.
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6. Conclusions

We discuss the property of Fletcher’s one-parameter family of the variable-metric
method in the linear constraint manifold. As the important property of the method,
we can find that the algorithm for the positive-definite quadratic function is terminated
within the finite steps and the matrix H» ¢ is equal to the matrix P,G™* if the con-
straint manifold remains unchanged for successive iterations. That is, this method
has the property represented by the concept of exactness. Furthermore, we can
find that if the parameter ¢> —a/b, then this method is stable {or the convergence
and the choice of ¢=1 yields the BFSG algorithm.

We require more theoretical and experimental research for the nonquadratic case
in order to regard this algortihm as efficient and practical tools for the linear con-
strained minimization.
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