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Abstract

The nonlinear electrostatic wave behavior of a Vlasov plasma is studied numerically for
perturbation applied to a Maxwellian plasma with two beams. The solutions for large
perturbations are carried out beyond the time points of minimum electrostatic amplitudes.
After reaching their minimum values, some modes which are linearly stable grow, due
to the interaction with particles and the mode coupling effect. The effect of a weak
beam of electrons with shifted Maxwellian distribution on a Maxwellian plasma is studied.
After the initial conditions die out, mode behavior as would be expected according to
quasilinear theory was seen. The nonlinear response of Vlasov plasma is calculated for
the perturbations applied to a spacially inhomogenous equilibrium. The period of a
fundamental spacial mode closely agrees with the second and third modes. Each mode

approaches a new equilibrium after f=18.

1. Introduction

Two fundamentally different formulations for the investigation of the nonlinear
effect in plasma physics exist in the numerical simulation. One method consists
of numerically solving the Vlasov-Poisson set of equations, while the other computes
the dynamics of a large number of charged particles as their self-consistent electric
field.

In this paper, a numerical simulation of Vlasov-Pisson set of equations was
performed using the Power Transform method developed by Joyce and others™*.
This method is amenable to an extrapolation procedure which avoids the difficulty
of cutoff of higher terms and yields an appreciable savings in computer time
compared with the Fourier Hermite expansion method.

We consider the problems for the plasma oscillations regarding spacially
homogeneous and inhomogeneous equilibriums. The problems are one dimensional,
with periodic boundary conitions. The plasma is considered to be a collisionless
electron gas; i.e. only the motions of electrons will be considered and the system
is macroscopically neutral with a uniform immobile positive background. Only
electrostatic forces between the charges are considered. The Vlasov-Poisson set of
equation is given by

o, Bf_epdf_o W

ot “ox mov
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A

o= tmne(1= ) + o @

where v is the velocity, ¢ and sz are the electronic charge and mass respectively,
S(x, v, ) is the distribution, E(x,?) is the electric field and p., (x) is an external
source charge density which is regarded as generating the external part of the total
electric field. 1In §2, egs. (1), (2) are written in dimensionless form for the
convenience of calculations. The equations are expanded in the infinite system of
ordinary differential equations by using the Power Transform method. A self-
consistent system is obtained by evaluating the coefficients @, .+ fTOM @, 4 @ 1 -
vy DY @ polynomial extrapolation.

Emery and Joyce? have solved the problemes of weak Landau damping in a
Maxwellian plasma and the two beam instability with electron beams of equal
intensity by the Power Transform method. Joyce and others” have studied the
effect of a weak beam of electrons on a Maxwellian plasma. In §3, we study two
problems ; first, strong nonlinear Landau damping in a Maxwellian plasma with two
beams, second, the effect of a weak beam of shified Maxwellian electrons on a
Maxwellian plasma. The nonlinear response of two Fourier modes for a short time
has been studied using the Fourier Hermite expansion method for a spacially
inhomogeneous equilibrated plasma by Harding"®. In §4, we study the nonlinear
response of three Fourier modes for a long time by Power Transform method.

2. Computational Method

To write egs. (1), {2) in dimensionless form, we introduce the dimensionless
quantities fu,—f, tw,—~t, 0/vu—0, X/X, Pex/NEPex, EAy/mui—E, where
v, 18 the thermal velocity, w, is the plasma frequency, and 1, is the Deby length.
In terms of the dimensionless quantities, eqgs. (1), (2) become

of  9f _ gof o
ot o Eou=0 )
=1~ S'fdl)+pexm. (4>

Furthermore, using a Fourier expansion in x and Fourier transform in v for f, E,
Pex and eqs. (3), (4), we obtain

flx, v, t)= ”gm .Ml "y, texp (—ivy); lycxp(znko) 5)
E(x, i):ngwEn(t)exp(inkgx% (6)

Pext{X) = ”:2 puexp(inkyx), (D

or "+nkoa€ "4 5 i FuFy =0, (®)
inkyE,(t) = — F,(0, )+ o (n2¢0), 9

n=0, +1, £2, £3,---,

where k, is the fundamental wave number, and we require I (#)=0.
According to Joyce", F, (y,¢#) is written as an expansion in powers of ¥,

hsd 1
Fn(y» t) = Z(l,z,y(t)gvyyexp(_’gyZ)y (10>
V=0
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G=2PI W2+ 1) (v +1),
v=0, 1, 2, 3,

When series (10) is inserted into egs. (8), (9) and equal powers of y are calculated,
we obtain a system

e — CO

(11

too Y
a,,,y-{—nkgry[(V—}- 1)([",314,-1"'1’(1”,1:—1]’{' iVTV Z Emanwm,‘/»—lz()) l
E,,= —(an.()_pﬂ)/inkm l

Tv=gv+1/gv.

For the actual computations, gy was chosen in such a manner that @,, a tendency
to be of the same order of magnitude was obtained.  Equation (10) is truncated
in y=v,,.. As eq. (I1) is the infinite recursive system of ordinary differential
equations, it must be terminated by evaluating @, ymer+,- Lhere is no reason to
assume any regularity between the g, ,, however, when a version of eq. (11)
corresponding to linearized Vlasov equation is numerically integrated, «, , lies on a
smooth curve as a function of v for even small v,,.". Therefore, for the nonlinear
system, we used the polynomial extrapolation scheme for large v,,., SO that @, v,
are determined by a fourth order polynomial fit to the last five of the coeflicients.

To evaluate to what extent of accuracy the computer program solves the
truncated system, the conservation law® which is obtained from egs. (7), (8),

A2 | 4o )
_ Lo 1) + 1) ST LEL{t) P=const. (12)

G e B 3 "
TR L 2.2

is used. Equation (11) is solved by using the Runge-Kutta method.

3. Numerical Results of Plasma Oscillations about
Homogeneous Equilibrium

We consider the no external source charge density peq, in this section is
present.
3.1 Imitial condition with two beams

The equilibrium distribution of particles f, and the initial perturbation f, are
given by

— A v .],”2 «
f0(1)>_1/’2;t(l+80 ye 27 13
Sl v)= 30 el ko fowexp (inkyx), (14)

ne=—m

For large 2, the initial electric field for the perturbation is

m

E(x,0)=¢ 3} iexp(inkyx), (15)
== 21EL for x=0,
(16)
() for x 2¢ 0.

From egs. (5), (10) and 5(f0+f1)dvdx=1, initial values of ¢,, are obtained as
follows ;
Go,0=1, @,1=0, o,y = —BI(B+1);
do,v=0 for v >3,

o = ‘k (17)
Auo=¢|nky ,1=0, Ups=—¢| N kB[(B+1) for n20; {
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U v=0 for n=0, v>3. | an
Under the initial condition (17), the system (11) is solved for B=04, k,=0.075,
71=8, v,,.,=50 with e=10"%, 3x10* and 7x 102 In Figs. 1, 2, 3, the amplitudes
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Fig. 1 Oscilations about homogeneous eqilibrium plasma
with two beams; the envelopes of maxima of
electric fields for &,=0.075, e=107% with n=5,0,
7, 8.
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Fig. 2 Oscillations about homogeneous equilibri-
um plasma with two beams; the envelopes
of maxima of electric fields for £,=0. 075,
¢=3x10"? with n=4,5,6,7,8.

10"



5 Numerical Studies of the Vlasov Plasma 65

e

1 E

ok

[ En |

o'

T

1y

PR NN T WO N T SU TN U TR WO TN N O 0 S L N0 T
10 20 30 40

TIME @'

0"

Fig. 3 Oscillations about homogeneous equilibri-
um plasma with two beams; the envelopes
of maxima of electric fields for ky=0. 075,
e=7x107% with n=3,4,5,6,7, 8.

of electric fields IJ,~F, are plotted on a logarithmic scale versus time so that each
curve exhibits an envelope of the maxima of [E,|. FEach solution departs from
linear behavior; the severity of the departure and the time at which the departure
occurs depends on ¢ and n. As ¢ or n is increased, the time of departure value
decreases. For example, when ¢=10"" 3x {072 the times of that are f=40, 10 or
t==25, 8 according to n=6 or 7. When the mode coupling terms are neglected,
the electric field does not fluctuate after the nonlinear effect appears”. Therefore,
we find that the fluctuations of each mode indicate mode coupling with other
modes. When ¢=7x10"* the nonlinear effects due to the interaction with
particles and mode coupling are sufficiently large so that modes with # > 6 begin
growing at the time point f==10,
3.2 Initial condition with one beam

The unstable equilibrium of particles f, is given by Maxwellian plasma with
shifted -Maxwellian electrons. The initial perturbation f; is given by a beam of
shifted Maxwellian electrons.

/ R B 5
Solv)=- Ae ER ’) e e (18)
Vv 2= V2w
P ) 1 . “1 3 .
fl(x’ U) = E ein, /C\, s g 7T @XI)(HII&)L\'). (19)
W — 0 1/ Zﬂ

From egs. (5), (10) and 5(f0+f1)dz}dx:1, initial values of ¢, , are obtained as
follows ;

B vy
P P 20
0,0 1 (Y gV V‘ ( )7 ( )
einlky vy
U y= 2 B0 L Do

P ol (n 2 0), @n
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Fig. 4 Oscillations about homogeneous equilibri-
um plasma with one beam ; absolute values
of the unstable modes n=1,2,3, for ky=
0. 0795, e=107%. The solid and dotted lines
represent the solutions for the nonlinear
Vlasov equation and the linearized Viasov

equation.

Since egs. (20), (21) are imaginary, we consider the absolute values of #,, are
the function of » and extrapolate @, vyaxe:

Under the initial conditions (20), (21), the system (11) is solved for A =0.092,
5=0.08, 9,=7, k,=0.0795, 111=3, vu.=280, with ¢e=10"* In Fig. 4, the absolute
values of three unstable modes are plotted on a logarithmic scale versus time.
We note that each curve does not exhibit an envelope of the maxima of [, .
The solution departs from linear behavior at =25, and after ¢==35 the mode
coupling effect appears, and three modes behave as may be expected according to
the quasilinear theory®.

4. Numerical Results of Plasma Oscillations in
the Vicinity of Inhomogeneous Equilibrium

We evaluate a spacially inhomogeneous equilibrium of a trigonometrical type
and study nonlinear plasma oscillation in the vicinity of the equilibrium given
by Harding".

The spacially inhomogeneous equilibrium is constructed from

Dext=¢ COS 2, X, €= const, X))
- A 1, .
f :i/;);exp <-— 5 i+ ¢(.\‘)>, (24)

where ¢(x) is the electrostatic potential.

We consider the solution for ¢(x) which can be written as a rapidly converging
Fourier series ¢(x)=A, cos kux+ A, cos Ex+ A, cos Fox+ ... with | A/>A,>14,, etc.
and A, sufficiently small so that exponential series exp(¢(x))=1-+¢+¢*/21+... also
converges rapidly. Using these expansions and eq. (24) in Poisson’s eq. (4) and
relating terms through order A3, we obtain a set of relations involving A, and k,
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1 a,= —AAlA
1+ A TA+4R

e=A(A+R)+AA (A3 +4A,)/8.
Expanding the eq. (24) by eqgs. (5), (10), we obtain the equilibrium coefficients g, ..
o 0= A(L + A3[4), a,o=A(A T+ A A2 + A}IB)[2,
o= A(Ay+ AYD[2, o= (Ay+ A A2+ AY24)[2, (26)
Uy, v=0 (n>3).

A= _AA (L1245

A== Uar o

(26)

The coeflicients g, for A,=0.1 and k,=0.5 are used as initial values of eq.
(I1) for the first three modes and v, =60 to see how well they represent a time
independent solution, the coefficients @,y o @, from =0 to 40 are found to
oscillate with amplitudes smaller than 0.125 for ¢ < 2 and 0.0019; for ¢>2, in
the vicinity of the predicted equilibrium values. Furthermore, after three or four
trials it is possible to reduce the relative amplitudes of the oscillations of the
Ay Ay @y to nearly 107°%, 5 10797, 3 x 10795 by adjusting the starting values,
respectively. The amplitudes are much smaller than that calculated by the Fourier
Hermite expansion method*?. h

We study the nonlinear electrostatic wave behavior for the following initial
perturbation f, applied to the inhomogeneous equilibrium ;

Silx,0)= 1/127r
The perturbed electric field is evaluated from eq. (11) for 4,=0.1, k,=0.5, e=0.01
with v,..=60 and 100. In Fig. 5, the absolute values of the perturbed electric
fields are plotted on a logarithmic scale versus time. The solutions for each v,
disagree with other v,,. after f==20, but does not disagree qualitatively.

- 2
et o gk cos kyx. 27
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Fig. 5 Plasma oscillations about inhomogeneous
equilibrium ; the absolute values of the
perturbed electric fields for A;=0.1, ¢=
0.1248, ky=0.5, ¢=0.1 with n=1,2,3 and
Vx11:1x=60 (“), Vmu.x-—_—loo ()
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Each solution departs from linear behavior; the time of departure from linear
behavior, i.e. =10 is much smaller than that of the solution for a homogeneous
equilibrium of Maxwellian plasma, and the plasma oscillation disappears after
t==18.  Thus the nonlinear plasma oscillation approches the equilibrium in a
different manner from the initial one. It shuld be noted that before f=12 or 10
the period of the fundamental mode nearly agrees with that of the second or
third mode due to the effect of the trapped electrons. »

Harding calculated the nonlinear response of two Fourier modes from ¢=0 to
14, and concluded that the damping of the second mode can be considered to be
essentially linear. Our results for the fudamental mode agrees with the results
of Harding, but the second mode is slightly different.
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