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Abstract

The Wangerin functions, which are solutions of Laplace’s equation in the flat-ring
cyclide coordinate system, are derived as series solutions about regular singular points
£=0 and g=K' which correspond respectively to the external and internal points of
plasmas, where the curve pg=const denotes the flattened cross section of plasmas and XK'
is the complete elliptic integral of the first kind with the modulus %. Since the
argument of the Wangerin functions is expressed as the aspect and elongation ratios of
plasmas, so we can accurately treat the equilibrium problem of axisymmetric toroidal
plasmas without an expansion in the aspect ratio. The Grad-Shafranov equation, which
governs magnetohydrodynamic plasma equilibria, is analytically solved in the vacuum
region by using the flat-ring cyclide coordinates, so that the poloidal flux function is
expressed as the Wangerin functions with the toroidal mode number being equal to one.

1. Introduction

Recent investigations in a magnetically confined fusion reactor system suggest
that it is important to produce a stable high-beta plasma in order to construct a
fusion device of a low capital cost. For this reason, a cross section of the fusion
device is designed to be noncircular and the high-beta plasma with noncircular
cross section is produced.

We have already studied stability problems of high-beta axisymmetric toroidal
plasmas with the circular"® and noncircular® cross section from the energy
principle which is a stability theory for magnetohydrodynamic plasmas. 1In the
analysis of the stability for axisymmetric toroidal plasma with the circular cross
section, we have introduced a toroidal coordinate system into the toroidal plasma
and made use of toroidal functions as special functions. We have also solved an
equilibrium problem of toroidal plasmas by using the toroidal functions and
made properties of toroidal coordinates and functions clear"®".

On the other hand, for solving the stability problem of axisymmetric toroidal
plasma with the horizontally elongated cross section, a flat-ring cyclide coordinate
system has been introduced into the the plasma with the noncircular cross section®.
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In flat-ring cyclide coordinates, we have used the Wangerin functions as solutions
of Laplace’s equation. However, we have not yet derived a detailed form of
the Wangerin functions.

Therefore, we express the Wangerin functions, which play an important part
for solving the equilibrium problem, as series solutions about a regular singularity
of the Laplace equation in the flat-ring cyclide coordinates. Furthermore, ana-
lytical solutions of the Grad-Shafranov equation in the vacuum region are obtained
in terms of the Wangerin functions. This is our aim in present paper. The
remainder of this paper is arranged as follows. In the next section, the flat-ring
cyclide coordinate system is constructed and its properties are summarized. In
section 3, from R-separation of the Laplace equation, the Laplace equation is
analytically solved and the Wangerin functions expressed as series solutions are
obtained. In section 4, we consider the analytical solution of the Grad-Shafranov
equation and the discussion is described in the final section.

2. Flat-Ring Cyclide Coordinate System

We develop the flat-ring cyclide coordinate system in accordance with the
complex-plane transformation”, so that we consider the following transformation
z=asnw, (2-1)
where w=u-+1v, z=x+1y, and ¢ is the fundamental length of the flat-ring coordi-
nates. In this transformation, the rectangular map in the w-plane is transformed
into a curvilinear but orthogonal map in the z-plane, so that angles are preserved
by the transformation, and squares in the ¢-plane always map into curvilinear
squares in the z-plane.
Separation of eq. (2-1) into real and imaginary parts results in the two
equations

x=&,(u, v) =% sn#dnv (2-2)
y=&,(u, v) =—il1~ cn#dnusnvenv (2-3)

where A=1—dn% sn®». Since the two families of curves, g =const and p=const
form the orthogonal map in the z-plane, all intersection are at right angles and
all subdivisions are curvilinear squares.

We now generate a flat-ring cyclide coordinate system (g, v, ¢) which is one
of the rotational system. If the z-plane map is rotated about what was originally
the y-axis, the flat-ring coordinates is specified by

x=§&(u, ¥)cos ¢—~‘ sn g dn v cos 9,
y=8& (g, ¥)sin ¢—-~ sn gz dn v sin ¢, (2-2)

Elp, vy =— cnudnusnucnv

where the coordinates # and p are replaced by the coordinates y# and v, respectively.

Metric coeflicients are
5 2
Ln=8= "g“) < ) < >>

(2-4)
os%—(f (a, v -(ﬁz—snpng)z,
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Fig. 1 Toroidal geometry in flat-ring cyclide
coordinates (g, v, @)

where £?°=(1—sn’u dn*)(dn*» —k’sn’*y), and k is the modulus.

The flat-ring cyclide coordinate system is shown in Fig. 1. In Fig. 1, the
curve p=const, which denotes the flattened cross section of plasmas, is expressed
by

a? (1-F)2—2(1 =k dnu+ (1 + %) dn?
(x2+y2+22)2+7é;( 2= dngi;ﬁ{:‘ (L+&)dn's ,

4
—a? (Sl’lzﬂ -+ ﬁ%@) (x2 +y2) -+ % =0. (2—5)

The curve (2-5) is referred to as a flat-ring cyclide. Then a major radius Ry,
horizontal and vertical minor radii 7, 7, of the curve p=const are defined re-
spectively by

R _a l+tksn®u

"ok snp
_a l—ksnip

7/;—275———'—“” , (2-6)
_acnpdny

2R snp

A relation between Ry and 7, is given by &*/k=Ry—7;. Furthermore, if the
aspect and elongation ratios are defined by A=Ry/7, and E=v,/7, respectively,
then the modulus %k and the function sn®z can be expressed in terms A of and

E, i.e.,
e 1) o
sutu=1 477 (2-8)

If we put E=1, then the modulus % is equal to one. In this case, the flat-ring
cyclide coordinates are reduced to the toroidal coordinates in which the aspect
ratio A is given by cosh 2.

Finally, we summarize important equations in the flat-ring cyclide coordinate
system :
An infinitesimal distance is expressed by
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(ds)? =T () + (d)¥] + & smbu dnoo () (2-9)

Gradient is

_Aj 09, dp], ed 0¢
grad ¢ “ag["”a + e’(’iuJ T snpdny 9 (2-10)

Divergence is
div E= ity 2 (225 ) ron 2 (2002 p) A OF

af2?sn pdn v asnpdny 0¢
(2-11)
Curl is
el e eygsnpdny |
- 4 g a 9 _
curl E= a?snpdnv| on ov ¢ (z-12)

E.Q|4 ELR]A4 Egsn pdnv/A
Since the scalar Laplacian of ¢ is defined by 4£¢=div grad ¢, so Laplace’s equation
is expressed by

e A2 o 0 M_ag 0 dnyagg A2 52¢ ,
AZ¢_mdn V[dn yéﬁ( A &lu)‘*'sn'“g‘( 1 ay)—)‘i‘;{'———‘*snzﬂ dnty 9}{2 (2-13)

3. Solutions of the Laplace Equation

Since the Laplace equation in the flat-ring cyclide coordinates is R-separable,
so we consider the following solution
o=A"MUN©)¥(8). (3-1)
The solution (3-1) permits the separation of the partial differential equation
(2-13) into three ordinary differential equations, so that substitution of eq. (3-1)
into the Laplace equation (2-13) gives

snlu di’ <sn ﬂsz) l:k2 sn?u—a,—az <k2 sn? ):!M 0, (3-2a)
d; " jy(dn ua;,]:,) + i: dn?y + a, +a3(dn PES dk2 )}N—O, (3-2b)
flg}qu +ag¥=0, (3-2¢)

where «, and «, are the separation constants. Furthermore, substitution of sn’z=2
in eq. (3-2a) and dn*»=z in eq. (3-2b) reduces both to the canonical form

dZZ_'_l[ 1 1 + 2 1dZ 1\: A+ Az+ Ag2?
dz2 " 2lz—a, z—a, z— aJcL (z—a)(z—ag){z—as)?
where, for M with a,=9* and a,=¢",
a=b=1, ay=c=1/k, a;=0, Ay;=—q¢, A=-p, A=1-¢.

For N, with a,=p"% and a,=¢’,

=b=1, a=c=k, a,=0, A;=—q%, A=-p%, A=1-¢, p2=pYkt
The equation (3-3) represents one of the Bocher equation with four singularities,
which is referred to as the Wangerin equation. The solutions of the Wangerin

equation are called the Wangerin functions and denoted by Si¥(%, z) and Tk, 2).
We consider an application of the Wangerin function to both the equilibrium

]Z:o, (3-3)
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and stability problems of axisymmetric toroidal plasmas in the flat-ring cyclide
coordinates.  The direction of the coordinate v denotes the poloidal direction
with the period 2K’, where K’ is the complete elliptic integral of the first kind
with the modulus 2'=(1—%*)'2.  Therefore, in order to solve the eq. (3-2b), we
assume that the solution N(v) is Fourier analyzed in the following form

N(V)-: i cmeim(ﬂ/K’}y’ (3_4)

55 00

where C, are the Fourier coefficients. Furthermore, we can consider the differ-
ential equation (3-2b) as the Sturm-Liouville system with the boundary condition
[dn v NGIN'(v) 5% =0, so that we can formulate the variational problem which is
equivalent to eq. (3-2b). Therefore, the separation constants «, can be determined
by the following proper equation

C*(AB-1—2I)=0, (3-5)

where A==a,, C is the column vector, and the matrices A and B have the following
elements

App= ZS:JK dv dn u[%mp + {dn%—n2 <dn2u + d—%)}]cos (meme

B,,= 2§0K dy dn v cos (—-[-{727‘[1/)
#n'=a, is the toroidal mode number determined by eq. (3-2¢). We can obtain
the eigenvalues A and eigenvector € from eq. (3-5), so that the value of the
solution N(v) is determined by these results.

The remainder of the problem is to solve the eq. (3-2a) and derive the
Wangerin function regular at =0 or =K. First of all, we consider the series
solution of eq. (3-2a) about x#=0. For p¢=0, the variable 2 becomes zero, so
that we find that =0 means the regular singular point. In this case, the roots
of the indicial equation differs by an integer, so that two distinct series solutions
of the Wangerin equation (3-2a) are given by

( )’”Am(Q/g_)____ nt
B
ql2

) Z—*(I/2 ¢l (q-—ﬂ’l“‘l)]dm(_q/Z) m

Tk, 2) = — T(q {)‘S"(/e z)lnz+( _1)!230 m! %

z q/2 kad (__)Ill—q+1 aAm LSt 3 1 e
+(61—1)!,§q(m—q)!m!{[ B ]ﬁ» ar2 (- >[2 tET ’217 }}
(3-6)
where
. 2
B.= & B :_i{(1+c)q2+p2c}
0 4 1 4c ’

B,= —%62{(1+c+c2)q2+(1+c)p2c+6(1—612)},

Bi:%{Bj_l(1+c)—Bj~2}, J>2
SoB) =B+ (A~ 1)B+ By, f3(B)=BA;+B;, j=1,2,3, ..



128 Toshihisa HONMA, Masafumi KiTO, Ikuo KAJI and Masaharu SEKI 6

4,=1,
) fo(B+1) 0 0 0--- 0
CfB) [i(B+1) fu(B+2) 0 0 0 |
L@ AE LB [ LB+ 0 0 .
SiealB) fima(BA1) fima(BA2) oo FiB+i—2) f(B+i—1)
| HB) o FoB+i—2) filB+i—1)

On the other hand, we consider the ssries solution about =K. For p=K,
the variable 2z becomes one, so that =1 means a regular singular point as well
as z=0. We find that the roots of the indicial equation for z=1 are distinct
and do not differ by an integer, so that two distinct series solutions of the
Wangerin equation (3-2a) are given by

Sik, )= (z—1) e 35 - (22D gy

’“ﬁﬁd+na+um
Ty, 2= 5 -, (SO @)
W_OITII(H DI+1/2)
where

A== 2l Amle=) = A}, j>2,

11
B,=0, B,=— 5 {1=¢" = (p*+g¥)c},

By=y ot~ (L= = (= 2pe—(2e~3)g'c),
1 2c .
Bj= = 7q{Bj-(c—2) = Bj-s} +4V('fj}%:“ij~ 1>2.

The series solutions above converge within the circle whose center is at a regular
singular point, so that the solutions (3-6) and (3-7) are appropriate for the
external and internal solutions of the equilibrium or stability problems of plasmas,
respectively.  That is the reason why p¢=0 and pg=K mean the external and
internal points of plasmas, respectively.

4. Vacuum Flux Functions

Magnetohydrodynamic (MHD) plasma equilibria are governed by an equilibrium
equation grad P=Jx B and Maxwell’s equations J=curl B and div B=0, where
P is the plasma pressure, J the current density and B the magnetic field. The
equilibrium equation of axisymmetric plasmas in the cylindrical coordinates (R,
Z, ) is expressed by the Grad-Shafranov equation

Rediv(R2grad ¥)= — R2P'—II', (4-1)
Here ¥(R, Z) is the poloidal magnetic flux, the plasma pressure P(¥) and the
toroidal magnetic flux I(¥) are functions of # and the primes indicate derivatives

with respect to ¥. MHD plasma equilibria is determined by solving eq. (4-1)
with expressions of P'(¥) and I['(¥) which are given as linear or nonlinear
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functions in ¥. On the other hand, in the vacuum region, eq. (4-1) is solved
with P'(¥)=0 and JI'(#)=0 so that we obtain analytical solutions of eq. (4-1)
in the vacuum region in which the solutions are expressed in the form of the
Wangerin functions.

Equation (4-1) in the vacuum region is rewritten in the following form

o 10V ¥

oR*"R R oz~ (4-2)
In order to eliminate the differential 0% /dR in eq. (4-2), we replace the poloidal
flux (R, Z) by ¥(R/a)'*F*(R, Z), where ¥, is constant, so that eq. (4-2) reduces to

i i S N

oR: " 972" 4 R®
Since eq. (4-3) with the rigth-hand side being equal to zero means the Laplace
equation in 2-space, so we consider the conformal transformation from the coordi-
nates (R, Z) into (y, v) and obtain the following relation

F* (4-3)

i o = D)\ a5 =
where the Jacobian determinant o(y, v)/0(R, Z) is given by
9o
R, Z) \afd] -
Application of eq. (4-4) to eq. (4-3) results in
PFF oPF*_ 3 &2 I (4-5)

ou? T T sn?y dn?y
Furthermore, for eq. (4-5) we consider the transformation F*=(2sn ydnv)*2F,

which implies the transformation ¥ =%(24)"'*F, so that eq. (4-5) can be expressed
as follows

O2F | *F cnpdnpdF /,snucnuaf

ou vt sn p 8/1 dn v

Rsn?pF+dn®vF=0. (4-6)

Namely, we can show that the Grad-Safranov equation (4-2) under the transfor-
mation ¥ =% (24)"*F reduces to the partial differential equation (4-6) written in
the form of the flat-ring cyclide coordinates.
We need to solve eq. (4-6) in order to obtain the poloidal flux function.
However, since we can show that the following equation
(curl curl 4)s=0, 4-7)

is identical with eq. (4-6) under the transformation A,=¥,(24g,)"*F in which
the poloidal flux function is given by ¥ =_gli’4,, so we consider eq. (4-7) in place
of eq. (4-6) and express eq. (4-7) in the flat-ring cyclide coordinates as follows

9[0A,s ( 194 cnydnﬂ) [0A, <__1_a_{1_ggw> B "
af“[oﬂJr A3 snp A"] Lau+ A oy dnv A”}_O' (4-8)

We apply the following R-separable solution
Ag=AM ()N (v),

to eq. (4-7), so that we have, two second order differential equation

1 d aM
e~ o) - (e )M 0 (4-92)

1 d(dnu‘fff)+( K >N 0. (4-9b)

dnv dv d2
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We find that eqs. (4-9a) and (4-9b) are identical respectively with egs. (3-2a) and
(3-2b) with «,=1, so that solutions of egs. (4-9a) and (4-9b) are determined by
the Wangerin functions with the toroidal mode number «;=1 and the poloidal
flux function can be expressed by

y/(ﬂ’ y):a%&ﬁ_dgl i i leei”l("»/l\")v

Al/z I=—c0 =00
x [AiSinp(k, sn? )+ BiTipp (K, sn? /,.4)], (4-10)
where A; and B, are any constants determined by boundary conditions.
Therefore, we conclude that the analytical solution of the Grad-Shafranov
equation in the vacuum region is obtained by using the Wangerin functions which
are solutions of Laplace’s equation in the flat-ring cyclide system. Furthermore,
for the modulus k=1, the metric coefficient g,, in the flat-ring cyclide coordinates
becomes

a sinh o )2 (4-10)

85 <cosh G—cos ¢
where 0 =2p, ¢=2v—m, and identical with the metric one in the toroidal coordinates.
Therefore, we find that the analytical solution of the Grad-Shafranov equation
in the toroidal coordinates is derived from the same procedure that is used in the

flat-ring cyclide coordinates and the poloidal flux function can be also expressed
by ¥'=giiA,.

5. Discussion

We obtain the series representation of the Wangerin functions which are the
series solution of the Laplace equation in the flat-ring cyclide coordinate system.
The Wangerin functions are represented as the internal and external solutions of
plasmas with the flattened cross section. The argument of the Wangerin functions
is expressed as the aspect ratio and elongation ratio of toroidal plasma, so that
we can treat the equilibrium and stability problems of plasmas with noncircular
cross sections without using the expansion of the aspect ratio for the physical
quantities. We apply the Wangerin functions to the equilibrium problem of
axisymmetric toroidal plasmas with a horizontally elongated noncircular cross
section and show that the the analytical solution of the Grad-Shafranov equation
in the vacuum region is obtained by using the Wangerin functiion in the flat-ring
cyclide coordinates.

However, we have not yet developed the programming code from which the
values of the Wangerin functions are evaluated, so that the equilibrium magnetic
structure consisting of the poloidal flux function is not shown but will be
investigated in the near future.
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