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Abstract

An approximate method is presented to estimate the separation point of a two-dimensional
steady incompressible laminar boundary layer.

It is well known that the combination of the momentum and the energy integral equation
gives a comparatively accurate solution of the laminar boundary layer.

In this paper, these equations are solved under the assumption that the shape parameters,
such as displacement thickness, energy thickness which are normalized by the momentum
thickness (designated by G, H) and the normalized dissipation integral € are functions of
the normalized wall shear stress P.

For the stagnation flow and the flow over a flat plate, the relations among G, H, @ and
P are determined by the exact solutions.  The relation among these parameters at the
separation point is also determined by introducing similar solution proposed by Tani, which
has one undetermined parameter. Then the quantities G, H and @ can be expressed by
either quadratic or cubic functional relation with respect to P involving one variable pa-
rameter which is to be determined by examining the exact solutions of various types of
flow. Iterative calculations are necessary to determine the value of the parameter, but
they converge very quickly.  The numerical calculation shows that the values of the
parameters are very close to each other for every case, suggesting the existence of a
universal similarity of the velocity profile at the separation point.

The separation points of a circular and an elliptic cylinder are calculated numerically
and the results are found to be quite satisfactory.

il

1. #

W 2 BT 5 OFE KO BML RO 458 e S T2 EiFF LR WBREE, Ko
Wz kT B2 0B, Lich» CHE S OHEESCIEN AR A D 5B EDOMA B O HE
THIELREETHD, Ll, BREARKNYMS 2 L, 20HRBHEO oI BEEC
BEMAE LR BRI, AR THBY, B, FHEEORECHG, FRBOMS TR Y
EERENC O T A H DD, i hVFERFAERELEE L, R EdED

*BSRRTAEESTOERE WOk L



32 HIF 2 - EERES 2

BOBREELZR VB> OEET, FRCHAVD LV IRKII VIV, DD, THEOH
B LTy, HAEBERSDET L OB s s EECcEs HEe RV T o L8
NC\5B, EREHERXOFLME L LTk Pohlhausen @ HEPA L {MbhT\505, Hljk
B CRPREEBI D R A B Do Th LT, Tani® EFHBRES BN L =41 F —

REWER, BAREIE XL OFRELEOHAC W Ta bR T R L Tani 35 % o HELE
FE A d IS B C, SR B OB R EH L, <D ORI BRBE R A b 3o &
LT, BHERAHER L =5 4% - FAFTEALRS L TELRBREM S FHECOL T~
eb DT, ZORRIHEALES —BOBIECH L TLHEAT D LB TE D,

2. % — K%

WA 5 i )5 7 O FEEE

Yy R T v TR A 1 D FE B

;% Y TR OEER S

EIHEE

TG 6R %

ERBEX
BRBHRCKTHEEFHAD AT 4 — &

s WA BT 5 EESAOIRE
BRBEMC ST HEE S ORI (U,=X7)
BRBENMC BT AEESAOHEK U,=1-X7)
; BLAEE S

<

N O R %Y R W R

s FHER X
S &

0 ; B RT5E
s HE S B B E
3. EBFERNLZOEE

BRI kT, FIEMORBREAECHT 2 EH RN, BIOHEFOAR2ED I s bx
Bitdo

du  ou ., dU,  o%u
MEC'FT)@—UI—LEE—}—VW (1)
du  dv_
Fralk T )
T, BABEBYRES Y RATERT
HifRE X
S (O, u
°f£@zﬁ@ 3)

) EE X



3 15 S SO T PR T RETE B 33
=R F—EX

- u u?
= (- ) 2

WBEFONX 2) #FEL K ) % y=0 2B y=0 FTHEHL, bk B), @) OBE
WD LD X5 IEBEHS R BB R,

U, ds}_,d3dU, 20, (ou
v Ty “d‘x“(‘“ ) U1<ay) (©)
Thr, X Q) e %FL, EELFHLLS DETE, =52 F —Fy sk
U, dd} | .83 dU, 46, (5u)®
v dv+ v dx U;( (G_y)d @
NEORB, 22T, OFDLH EkTEL
H=3 6= ®
_205(0u 40, (_a_u
P=7 (ay>0’ Q= Ulf ay) & ©)
TEHTDHE, & 6), () BO¥DIoRFLDBND,
U, d6~ 8dU, _
s +2@+H) T =P (10)
U, d(G262) 66282 dU,
Y dx 848 v ax @ 1
Ehic (10) BkD X2 EBEND,
U, d3 83 dU, 82 dU1
ST =P (3+2H)3
=A—n (12)
G
8 dU,
A= v dx
1Y, W% Pohlhausen D25 4 — 2% kdbT,
& (12) omue Ul %% U VC&@@%&
- [Umaz] =AU? (13)
Lieh, ORI EBEESTET, &ﬂﬁ%%h%o
a
S=gim 5‘ Urdx (14)
A (A1) LFEHECH S TE T, ‘(kiﬁﬁ;ﬁ%'bh%o
62 1
U0G2§ QUdx (15)

~ﬁ,ﬁ(m)kﬁ(n)#5¢mux&ﬁ£?5ckmib,:h&@ﬁm~o®ﬁﬁﬁm
FLHDHIEMNTET

du, U, dG] 1 Q
Sla-n%-¢ Gl-2lr-gl-o (16)
CETHERADOUVA SRR, DED X SICEET B,
_UL_ 1
Re—7—62 an

fere L, Uy ihdkueifipy, L R I 2Hbd, SHI, IhbDmEHVC, KO X 5 ik



34 pAIE AN iy 4 4

RTCEZERT 5o
=% = = 5—_Y_ \
X= Y=1 #=g =g | 9
5=0 -0 5_8 5_0 (
3 el 2L 8L
_9 _9 zﬁ%%> _£§5@Q
H=3  o=5t P=3l5y),  e=gi )Y a9
cheogvEGAE, R (14, (A5) RIWC 16) T EIFh, 2X¥DL5RET S,
o A Y
si=2 ("o
2 U’l"”‘(‘o UidX (20)
D G -
5525‘—[—7;; , QUidX (21)
S2 — (_ig_;_gi_d_G ~1_< ;Q)..
53 (H-1)7¢ GdX}YZP_GZ“O (22)

B, BEIR 22) »0BLatror, Erohr U wyLT 0L P, G, H Q %
mhHROEN X OBKE L TRDEZERRET D, UT, FOBEHLHEC O THA
%o

¥, BREOMICET Hih UlX) nbznohsds, X (20) 75 04X) skobh
5o Z2ZC A BIV n % Tani D2l HMAL, A4=0.44, n=5 LT5%, 2DI5C
LTk 03X) #E—ELE L, dG/dX=0 Lx\TK (22) oA T %, cDL: & P, G,
H, QIRESMARGET DR TH BN, fob sk (23) THEDbEND L 5 Il E S ik (5
FHUE, —DDAF 4 =2 a OBBE L THRbTZ ENTE, Licni-T, b5 X OETR

SIEE = X5 & IR

EMOEESHERE
U(x)  dYygx

(20)2: By PE—IEH

RS H—Aax) #RE
P(a),G(a}. H(a), Gla)

YES
RERMERT!
YES

X,P,G,H,Q,
dG/dX

2N B > B8l

Bx)HEOELOEE

B1 % h



5 SR BRI T T iEE 35

(22) iR T D e A FEHELRTH LR L - TkDdDEB, 20 L5 LCP, G H, QXD
B LCskEB E, R @) wAVT 0X) DERMMENFETE D, T Z Offik v
T, R @) 2R (22) wWiRTH GX) OHMAE UL Kb FCRBOHE A D ET,
ok, WIUEULUME 6 © X Huosfirszbhdhrb, dGldX HREL 5 L2, W
BBTHhDo LBDOFFMBEOWIK AR 1 mRT,

4. G, H, Q OBFHBTOEE
Tani {3 Pohlhausen D35 4 — 2 A X IERBNIC KT LHESAAD 45 4 —x2 Ly, B
MTOHEANEC AT EeERACDEE#REL, BABNCET HEES 2Kk THEE
Lo

%=1~< —%)ﬁl‘l[l—k(m—l—a)%:! (23)

COREBHGAER (18), (19) TELINLERXTNTm & a OB E LD, Tani bk m=4
ERWTERBMOT RS, U=U—bX", (n=1, 2, 4, 8) THEADLIh2EOHRAIE
KOTURARD, THPBREBMELE L T, 2RIBVEBESSD Z EAMEL V5, &
72, m=4 L Ll &K (23) THABLRABMES A TIL, BAKR VTR D IoNER
Q __P
3G 2+ H
EREEICIME LBV E WO REND D, T2 TARE T, ZD L5 e kxR &L L bT,
WA LT 5D TRl <% HEx#T 5,

BRBEOKMERTHD P, G, H, Q %% (23) »bHilETHE, mi—E (il m=4)
ELfE & a B U THAREET A L bbb, —J, P RTOERNLLWLNLLS
5 BECOMWIE BT A B THB 1D, a Db hic P #ERIKES LT DL,
G, H Q% P OHMIMBKE L TEBTEXARTCHE, D LWL, BESMOWIKEKE
Lis\WTERFEOBH R OES LV IERT, FILURLLVWINETHH I, Tak, THL
Fo R E DT H:1T Hartree®, Howarth®, Tani® B35 X 7-BEMAMWRT A LI HVES
Nho M2~4 T ZhINLOMBEMI vEOhA P L G, H Q DRRERLILEDT,
ChboEy P OBTEALBEEEEETELZ Evbh b, TREDORMIIEK 23) Tm=4 %

(24)

. U,=X"
(Hartree
G n )
. Uyzt - X
o a Nz
. 2
-/. o 4
.
.‘A/ v 8
16} o
2 * Exact
m:S/J///
/_///
— /A.// m=4
R
T Vg b,
— " 9o -
-— -, o }/
vo ’ uo //A/°
_e="
-—""a
X .
.
1.5 : X N L s N L L
00 05 1.0

P
B-2 P r G DOBth (REEMD



36 - IR R 6

sot
4
H  ux
{ Hartree)
. Uy=1- X0
\ o a n=t
\ o
\e * o 2
ANEAN o 4
N v
Nt v 8
£ AN a
30 '\.\ g° * Exact
NN\
~
\\\.a
a
\';‘3,;
'\.’\\m=1.
m:st‘Ql}
Ty
L '\‘\N‘.\.
-~
Voo =05 T
-3 P r H OBtk (B
o Usx
L (Hartree)
15 Up=1-X"
. A n=]
o’ a 2
Q K% o 4 F-1 I & S oD B O B
oS v 8
,}// Hiemenz | Blasius | # Bt &
9// ® Exact
mes 27 P | 0.72067 | 0.44106| 0.0
,g‘ﬁ;// G | 1.62574 | 1.57258 Gs
///& m=4
,/3/5‘,3?’ H 2.21625 2.59110 H;s
T Q | 135529 | 10%073| @
%5 - 10

EH-4 P - Q OBfR (EER

LU0 m=5 L Lick xDORIEEHM TR L TH Do ek, T2 THHRONEL LRI LA-RE
TRDH DN, HEREERONI» R (23) CHE LEESA m OFED L DI X hik
FADE A BTERERA e D BECERTED 2 &b B

WE, G, H Q OBEUHLBEBEEEZ2ED L 5RET D, Tiebb, BAMEDHNEF
W EDRIZ DT, F#hFh, Hiemenz g, Blasius f#® + LCh %2 T 5 BN 5
BOWAELFRAT S, SOREMS (@=0) ©OW-CER m 2RMD AT 2 —xL LT,
WRTHAZIRD L DOE AV D,
131mP—114m? +m+6

G.= 3(3m—2)(9m2—1) r
_2(4m2—1) | .
H“'—Bm(m —1) (25)

12m3(m—1)2Gs |

= G —3Em =1 m £ 1) (4m*—1)




7 B R ARk oLy Ie HERE R 37

Hiemenz f#, Blasius i, & JO@EESCOMEIE 1R,

5. G, H, Q ODREHTORE

G, H Q PEBHCELTHIHETHL - LEHL, “hb%id Hiemenz f#, Basius gk
IO (25) THZOLNBEAXMETDH LS P D2KRB IV KK TELTZ LT 5,
CNBEDRICIIRED 2T A —2 m BNEFTNRTHDT, TOMEMARET D IcdE 2R
TEORCEFTCRHEFEROBONLCOBRAR DV, HEETED X5 bon#~R3
DB, CDId, m &5 2 —-2E1LT G, Hy, Q H3kDEL CTirTExHT G,
H, Q % P 0oHHEKXCTEPL, Wl LMt TR (22) 2#ME, MEMHLELIhSLEH
e Xe 525 ms #RVGHET, U=1-X* OBEDOHFHARS WRTH, 2% L &
VoL me,=4.13, 3WROD L XL my=4.02 THDHZ LD b, £2D0H Al
T35 ms &2HKK, SWROBELDOVTES THRT, CORCALNE X5, ms OfHICIL
NI D DIELDENELREY, HMEMARCEEINIEELHZET L L, BIE—EELYLEL L

#=-2 WLWhHLABORR & HMELAE
No. IN # SEREMIONR | X
1 Howarth® 1-X 0.120
2 Leigh? 1-X 0.1198
3 Tani® 1-X? 0.271
4 2 1—-X* 0. 462
5 z 1-X8 0. 640
6 Curle® X—-X3-0,1216X° 0. 6245
7 7 X-X3 0. 6551
8 2 X—-X%+0.0789X3 0. 6647
9 Terrill® sin X 1. 8230
10 Hayashi!® Xe=¥ 1.3125
Inoue
Tsuji

£-3 LWhALARRHMOFIEE LT
U=1-X° fet0u2) il O A 2 %
%5' ais WE2, 3 ERER 2HR,
X 3N L B FERAY FbT
’ No. Msy % Mg
40 1 4.716 (3.60)
‘ 2 7 2
3 4.270 3.904
i 4 4.139 4,025
35 5 4,328 4.391
l 6 4.792 5.176
- 7 4113 4.103
] 8 477 5.088
%0z : 048 Xo 047 9 3.994 3.880
s s w7 10 3.948 3,752




38

Hx T,
4.21 #ERHTEC Lt 5,

PES D,
2 KD B

SUKADEE

D g

# AWK (26),
I bbb X A WAREOIICRT A EEE O EBEILSSUATH D, B

ENbn B,

B DNEERY £ 5 T,

ik

% -

IIRE Y B

G=0.154P?+0.010P+1.538
H=0.751P?—2.213P+3. 421
Q=0.936P2—0.143P+0.972

G=—0.058P%+0.214P%+1.536
H=—2.119P%+3.294P?—2. 982 P+ 3. 447
Q=0.403P*+0. 455P2+0. 968 j
6K (26), (27) ZARLIbDTHAA, 2HRANTHIKRKNTHMEOMIC Lz £%ER

J

— 2R
201 - 3R 135
6.0 o Exact H
130
125
05 " 20
0 05 p 10

Ej-6

6.

oo
*-4 BHGE FHs L 0%
No. |4X/Xsx1000%) | 4X/Xs x 100(%)
2 2.980 1.544
3 —0.334 —0. 452
4 —0.934 —0.514
5 —0.008 0. 461
6 0. 907 1. 167
7 —0. 425 —0.164
8 0. 817 1.084
9 —0. 818 —0.547
10 —1.182 —0.911

R P, G, H, Q otk

wE LB H

@) R CTGE ORISR OHEEM B &, BERCHT S

2 BB E AL Ws,=4.33, 3 RAD
CheofExfivbs s, G, H Q DEHEWNLEHEILTOL 5K

%éﬂl@ 7”33:

8

(27)

BEDORIE LR L

-5 FBREREATEOKBRL ORI
mo| ok B o R | K F Kk
- Roshko!® 80° 2k ; 78.4°

" | Achenbach!® 78° 3kE;; 78.9°
| Wilandd | T4°< X< T8° | 71°
FEFIRE =06 |
77 | Schubauert® 126° 134°
e=0. 941)
e BELE



9 S35 LR O3 IR e 39

DBRA B S kLI LT, g RO Edbh D, FloAREEEOZ
WA RN BRI, FREE RO A LT, £hEh Achenbach'®, Roshko'®,
Wiland!®, Schubauer'® oSEEEE & HlE Lico RO EFDOHEREFTN, hbOHEEMEE
FES R L IR X\ — 50 R T, Yok, IR XOMELEO/N S LTRSS LB
t¥, Parkinson & Jandali'® O#Fik & H L 5 a2 BV TR B H B 2D TH 5D 4,
Parkinson & Jandali @& F A%, HEOBORKEZWIEMNRe L v XOREA S, WMEEOWECS L
TRFEY Tz, MOEOK X Schubauer DM LCik, BRI VELRICHES
Hi A BABGE L L TR AT - 720

7. ;l‘n

il

FIfe a5 SERBORMEGA, BE IR HEET 2 o0 B o RE L, BABSER
OB BEBBEREEEL T, EHERS R L =x 1 ¥ -Bo e 0A L THv-T
W DTH BN, RE LB A & R o Auesd U E MR A, E s T o
WHICH L CE—DDRED AT 4 — 4 % B UME MRS & DT, BEHOWWIE IS 5 5
D2EBIVBKDEFRTHLZBNR T D, HHRPD AT 24 — 2L, BEBROBELA TV
WAHLHIEBOWN AWML C, FEETEEL, chifvCRAEMLBEIUEER L L <hH
Bo THDDOBEK A THEEA S ROV THELCERE, FHhebBV—HA R
LT, fkoZEmniERIhictBbhb,

Tk, PUEEHEACHE KSR v v — FACOM 230-756 1= X » it

2 £ X #®

1) Schlichting, H.: Boundary Layer Theory, 6-th ed., McGraw-Hill.

2) Tani, I.: On the solution of the laminar boundary layer equations, 50-Jahre Grenzschichtforschung,
(Ed. H. Gértler and W. Tollmien, Braunschweig, 1955).

3) Hartree, D. R.: On an equation occuring in Falkner and Skan’s approximate treatment of the
equations of the boundary layer, Proc. Camb. Phil. Soc., 33 (1937), 223.

4) Howarth, L. A.: On the solution of the laminar boundary layer equations, Pro. Roy. Soc. A-164
(1938), 547.

5) Tani, I.: On the solution of the laminar boundary layer equations, J. Phys. Soc. Japan, 4 (1949), 149.

6) Rosenhead, L.: Laminar boundary layers, Oxford Univ. Press, (1963), 224, 232.

7) Leigh, D. E. F.: The laminar boundary-layer equations, A method of solution by means of an
automatic computer, Proc. Camb. Phil. Soc., 51 (1955), 320.

8) Curle, N.: Accurate soluiton of the laminar boundary layer equations for flows having a stagnation
point and separation, ARC R & M 3164 (1960).

9) Terrill, R. M.: Laminar boundary-layer flow near separation with and without suction, Phil.
Trans. Roy. Soc. A-253 (1960), 55.

10) Hayashi, N., Inoue, K. and Tsuji, H.: Solution of laminar boundary layer equations involving
separations, Phys. Fluids, 12, suppl. II (1969), 283.

11) Parkinson, G. V. and Jandari, T.: A wake source model for bluff body potential flow, J. Fluid
Mech., 40-3 (1970), 577.

12) Achenbach, E.: Distribution of local pressure and skin friction around a circular cylinder in
cross-flow up to Re=5x10% J. Fluid Mech., 34-4 (1968), 625.

13) Roshko, 1.: A new hodograph for free-stream line theory, NACA TN-3168 (1954).

14) Schubauer, G. B.: Air flow in a separating laminar boundary layer, NACA TR-527 (1935).



