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Abstract

The Laplace transformation is succesfully applied to many diffusion problems such
as stratified mediums, flux alternations at the interface, etc. This paper is related to the
classification and generalization of the image function such as types of e~%/¢™/(q-+h)";
if the transformation is defined in the usual manner as

Lify = e ar
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then the image has following two original functions f(¢) according to s,
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where g=4 p/D , F=x/y 4Dt , H=h Dt , ¢ erfc(2)=e* X i erfc(x) and roundbracketed
pairs are the generalized binomial coefficient. Both equations seem to closely resemble
eachother, but f®n<1 exclude i/ erfc (F) because of the empty sum and the series start
from different integers. The application of these equations is easy and can be dealt
with as an arithmetic problem.

In the course of the analysis, some characteristics of ® erfc (x) are revealed; a sug-
gestion of the use of ¢ erfc(x), (=e® i" erfc (2)) in addition to an usual one, an extension
of order n to negative and a correlation to Hermite’s polynomial for * erfc(x), possibly
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a new expansion of series {(eq. A-10), and a Taylor expansion of eerfc(x-+y) and repeated
integral formulas. These would be expected as new and powerful means for diffusion

analyses.
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Fig. 1. Arrangement of relatlons between image functions (e—qz/qm/(q+h) )
and original functions onto a (m,n) plane.

8/3 etc show formula numbers (numerators and singles are based on
Carslaw-Jaecer, Crank, and denominators are from Erdélyi et al.
Eqs. (3-15, 16) are present derivations.

Small circles were previously discussed (not reported).

* Carslaw-Jaecer, Crank 3, F—0OXEEN DOV TW 3,
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Fig. 2. Generalized binomial coefficients for ("l+'il:{~3> 0<e<)

Lattice points in hatched areas have values, but they are regarded
as zero because of empty sums.
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Fig. 3. Generalized binomial coefficients for <”I’+);Z:§_3> 0<e<)

Area i) is the usual Pascal’s triangle with partial cut.
Area ii) is all zero region and iii) is not defined.
Area iv) is the triangle with alternating signs.
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BURLIC X 5 BRI m=2, m<1 TR END, Ll m<1l CREBENF OLXEERE
LitWEMETHC &R E, BFELLDIWESNIRE 2HAR CEREHEHORME & 5 & \»
S5HEMEE L - TWwD, BHEEO—BRITLT LR AR TRV, TorRBLOE
{HAMER Z722CuB b0 LRl L b, InBEISRERROBEMEEN & LT i, n) OEE
FEREELCBYRENE Lt 5 CBENLES S THEROBEE BT ERFRETH 5,

m2 g n= e j - m2 2
=™ R 5 (men-3yeletie Bt | gy (o SO o0y
jamen2 - h

n (2™

ABT™ e menei 1-m | eler fc{FrH) "2 men-i-3 (- elerfe(F) o men-j-3. elecfc(F+H)
=D o A AR LILULYS " - PRI AT
o ot jan—(w ) tn-j1) (2H)™i? 'X< jgo Con { ) (2H)™ i go { "é ) (2H)™ )

it <0, then elertc ()= Hop,;, ()

nx1 |
——————
n=0 10D ™erte ()
VAT _f?
)= === H _,(Fle” ..eqtr6)
or 2t/ Hem q !
S S PO
m<l ! mz2

Fig. 4. Final setting for f (9 of S e~Pt £(f) dt—its image function.
0
The image are restricted to a type of ¢—%%/gnj(g+h)", where q=+ p/D .

AT >R 2E OB, etmerfc(x) DEA, erfc(z+y) DR, & erfc(a) D
erfc (@) L e W X BBRICE, WBH LRI hOIMGEE LTE DT,

7ok m=2 O%H 0 Carslaw-Jaecer 7o KB ST WA HES & o A T O#S & & 4 1%
LicbDbboh, WihbBBc—H2mllkschsr o,

COBERDHIY, TERBFHRE, EAHEREROHEAR L WICIZEE L, B EH#EK
LE,
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116 A-1 h-Hw X B e /glg+h)r OEH
n A1 OWD T 77 A4 X B RBIK, BREBOBIRLT CreXaifFE (13/16) L, FIMA™
Thz, Thbd

e~ 9z

alg+hy = D-L {E—TJJE)T ez Ao ) erfc <——£_?. +h\/7)7>} (13/16)
BT h LR ERRLIALE 2 Th-D)E#T 5,
e—-(I:l: d n~1 1 _ . e_qx
q <_dz> (]+ll - (_) 1(71—1)! q(q_{_h)?t (A-_l)
x?* n—1 o
B D h#s = L{e‘ it ('5%) [ (Tff: o D‘) erfc (—————‘/Z%t_ +hy Dz )]} (A-2)
BIDEANTEFA T =y YOEBRZ LD
d n-1
(gg) {<4nf””¢“)eﬁc<JM% +hJDt»

_ D Z (71—‘1> (71%)” 1= e(11+1v')”.<—£1—> erfc (H+F)

r=0 7

EAD h o =

m=ny DL (A-3)

F=z/4 4Dt

EEBT B, MBFr=00LEOAETERIERDOT, ThEXHLT,

= Dt »! {(_Jc_iﬁ)n—l e(H+Iv’)2} etic (H+F)

Il L L IS

L&, RPELFE 2HD erfc(H+F) MO T 5 &

di{ erfc (H+F) = T—: —TE (A-5)
THBHID, W (d/dHR1 20 (I dH 1T B je Vh E T AU L. ZHILR D =
3= b OSERD RFIH L CERWETH D,

Hy(z) = (=) e** _i_)n et = D%?] _(=mat (22)n—2m (A-6)
" dx meo M (n—2m)!
T — o n —zt d_\* zt — (] ___71!____ n—2m ;n
Hyliz) = ive <dx> ¢ = mZ;O m ! (n—2m)! (2z) :
(Z: imaginary unit, used only here) (A-6")

IRBEHCTESHMBEE LD A - RS EFEEETE

n—1
4 \r! o2 e (727 (r—1)! B8 orfc (H+ F)
<7H_) [€(H+IU erfc (H+F)] = {'\/ 4Dt (H+F)} { mZ=0 ] (72—1 2m) (2H+2F)Zm

n-— 71
+ __‘2;:‘- 'nil [ i ] [ Z ] (71—1) ! (_)T+m/
J7 2 He e rmlin—1—r—2m) /o —1—2m)) 1 QH +2F)em+im'+1

(A=T7)
ThbH, COBREELDAMHFRCARAL, ELD LS EFELTROBEBREZE S,

n—1
A N P A s v i 71 eEFTI arfe (H+ F)
oo I)L{e4“ —AADE(HAR)'T B e o TGH 2F P

2 ni]l [ = ; T] [ T;1 ] (_)r+m' (2H+2F)~(2m+2m'+1)

+ Ve A 20 25 rmlln—1—r—2m) o/ 1 (r—1—2m)!

(A-8)
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ETCLo{[ DA VEMHRIECH DL, ThIEIRERE Cerdca)®, n=0L 1
ToRRAEBIR (erfe x) LIEFBAM () HMEH LCEE Lo b 0 L EERBRLS 5.
FoRERBBIT 2 X <abhfcfifbX

2n i erfc (x) = "2 erfc(x) —2x " erfc (), <i erfc(x) = 7—;—‘ %, Perfc(x) = erfc (:C)>

(A-9)
RV, OB TR TE AR ORI T 5,

n/2] z°
e it erfe (x) = (— ) {[Zz e” erfc(z)

mao m ) {n—2m) ! 2xp™

n 21 [ 5 ] [ = ] <_)r+m' (Zx)—(2m+m'+1) 2

} (n=0) (A-10)*

Ml

=

o Feomln—r—2m) o | (r—1—2m)] o
(A-10) kb n % n—1 TEEMZ, hor=HIF &\ MEY (A-8) Ric At s & k%
B5,
P
qlg R

= DL {e—Fc(-x/ 4D¢ (H+F)ym-1 eH+ 1" v erfe (HA+F) }

(—(H+F)

IlL{e 557 4Dt " (h47ﬁ”'45%?>~ﬁ—1mfc<h¢75?~kzﬁfﬁfj}
(A-11)
A-1D) T AL TRDIe— R G-15) b m=1 DEETH L Z LA FHEIDLNE S,
A-2 BREHEC IS AOHE
AXO DML AZHEELLRERD L5 L5, M h=0 L LD TRARER TS
e DD, FIIEA6) KD (1) RAEHTHHMBEEYT LT CAa 5, 16)REFie F(h) &
36. <0

fh) = D) i

{ ( T DL ) erfe <7/—71%7 +h«/7)?> - 7:;;: (—2hy De) eior erfe <ﬁTT> } (16)
hn

_ D & (NUM
= (=» ¢ |'DEN

HEEIY{ YHROSTF, 98EMN2ch Ch-1)E#ST 5,
n~-1 n-1
(%) NUM = <jh> [ ( NiDt +h‘/m> erfc <W-—%* +h«/7)7>]

d \*"1[n-1 e
‘(dh) (5} (-aniDey e exte (57 )]
J4Dt 71— 1)1 &+F fn-lorfc (H+ F)
— 4D ) (n—1)! ¥ exrfc (F)

(%y DEN = <iy A% = n!h

*A-LO)RBFEELR L THLAE I N LRTH D LEL T 5, BRIL eerfc (@) BP0 b RICE
merfe () WABBEMTELIM BB HEVCEENER LD B,
n=0 O (A-10) KOH 1 @EFL m=0 OHEO % (REK=1), %2 HEFL & B LR,
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(n—1) MO 5Tk
. _ Dot . (dJdhy= NUM
oy SO = oy e o (ahy=T DEN
_ (= 4Dt) Y (n—1)! Lim I L orfe (H+ F) —e™ erfc (F) 0
nl P h -0

IO

TAREWTH B, L LERIETAMOS TS &

n~—1 n _— .
<“déh“> <-‘—§%> NUM = <—d_) NUM = (— 4 4Dt )2 n | 5 2 orfe (H+ F)

dh
(é%)"DEN::nI
TH D, REVHBEE I T
. D s . (d/dnr NUM
lim f0) =~ etor lim ~7 735 DEN
D (=« 4D¢ Yl eHFI gnerfo (H+F)

2
= —Z— e—ip; lim i
(=) 0 n!

= De~'4—f,% ¥ i erfc (F) 4 4Dt » o —Z

T NAD
®#H/%, TR E VD ¥ CEB E R OE SR GBER—RBIROBIR (1) KE B,
A-3 HEmPAOBOESE LM i erfc (@), Ticlte merfc(a), (=¢* ™™ erfc ()
=3 = OEHENOPER
B PR & erfe (2) KA TEFE S h D,

" erfe () = Sw " lerfe (&) dE n=12, -

z

EDOBRIL x B LR LB TR TS 5,

" lerfe(x) = <— %) " erfc (z)

Wﬂah@»z(—é%)mdaku»=<—iéfawda@

L n<0 DPERTL ZDOETERIKELT

Thb, TTCLXPEDIFEA-LIFAEKXNTRLI=L I - DL Hy(x) TEEB
5, Tibhb

i'l erfc (.’13) = 7_%;: Ho(x) e‘l‘e ; e—l erfc (x) — _;/:_

i~2erfc(x) = 7%_-‘ Hy(z):="; e ferfc(x) = 7}—‘ H(x)

~— W R D BRDIHILT B
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. 2
i“merfc(x) = =

. 2
Hyf{x)e™™; e ™erfc(z) = " Hypoy(2)

DX EREE YRR E T HEOREMB " erfc (@) RTh 2B BIE—2DE LT

filic e B U ererfc(x) & LTBLSETEDn I BWTEBRBTHLIEN D Th<ADn
CoWnTd, =43 = FPEHEAANEBETCOENDZ ERHLNTH S,

EEHIUEH
D diffusivity
F variable xfy 4Dt
H variable Ay Dt
L Laplace transformation operator
Lt inverce Laplace transformation operator
» parameter for L {f(t)} = g F@e Pt dt

0
g, h parameters g=4 p/D, h is related to the flux at the interface.
T k,m,m/,n, v, 7 integers

t time
e arbitrary constant but 0<e<1
e" erfc (x) =% " erfe (z) A single “¢” is not used except et*’,

& erfc (x) = eerfc(x)

23]

" erfc (2) A single “

2 « 2
Perfec(x)=erfe(x) = VTj e de

as an imaginary unit is not used except Eq. A-6,

H, (x) Hermite’s polynomial defined by H,(x)=(—)"e* (d/dz)" =~
(m;i—f;]) extended binomial coefficient

I'(n) gamma function

[m/2] Gauss symbol
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