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Abstract

In this paper, we present a framework of nonlinear system theory based on the
variational methods. We treat the nonlinear systems with C®-structures and inputs
appearing linearly, which are found in various fields of engineering, medicine, ecology,
economics and science.

Basic tools are the variational formulas AJ(t)=¢sJ(t)+ &2J(t)+ R of a functional
Jt)=F(x(t)) corresponding to the input variation Su(t) and the state trajectory x(t).
Utilizing these formulas and the approach developed by L.I.LRozonoér, we can derive
many important properties of vector fields associated with the system dynamics,
among which are a series of necessary and sufficient conditions of Complete Invari-
ance and Output Controllability. Together with the conditions of Stability and
Functional Independence, various notions and procedures of stuctural analysis and
design are shown to be reduced to combinations of these basic principles.

It is well known that the optimal control theory can be studied via variational
method. The possibilities of applications of variational approach are discussed in the
studies of local properties of control system and identification problems, with which
almost all aspects of system theory are included in the scope of our framework.
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DARBEREEZBRNTHEY 2 TIE L0,

T, B ~Wd, (VDX ui DN TOREEEREL LS TERCNEIENTEL, L,
EARFIBEPRETHENE UL,
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Invariance D MESM, +0EMAE X, WRETIHREZVNRTEHEBAINS HOIENIE, FH
Uidic k0, LBHNEELEZCEBTEAY, LTI, TO “global” #&MEERT,
3.1 RUMIVEBE Vi, .0 (x) OESR

PIFDER & 513 Rozonoér PHSH WA bDD—LTH B, BRADMAEHDEHE: &K
WHELABHBEDTEEINIG, £F, N7 P VMERBHOTIEZRD LS ITERT 5,
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WEDEHT B E, 7 FVBOREHEFHEE, Angular Bracket & ORiTid,

[D(a),D(b)] = D(<b,a>) 23
La,b>,c>+<b,c>,a>+<c,a>,b>=10 232

DD D, X5, walu, W EEEBOERLT S EE,

TR 0
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LD, W, BEHES AL,
Wipo= < Wise, 1+ 3 ulg> %

Y oh, PuBICif - TOMSDBRETE 5,
3.2 Complete Invariance D HE+45&HF

DIFToLMT, T, Mid Complete Invariance DHE+HIEME LTCRIBTH 5,
EMH1 F)DP—BEVRHESFELR:

D(\Ifi;s,il...is)F(x)=O, xeR",i=1,~--,r;s:O,l,~-; Oéllgglsgr (26)

EMET 5o BAROXDOHI, bl n BRI EARAZECLZEE L, F(x) 320
UBHRAPSERSNEREROEATH S,
13k, DRXO~7 MVEBEBOBKRTFIEEEET 5 &, BRd L0 BEEEMN,

D(\Pg;s,o...o)F(X)zo, xER“,i=1,~-',r;s=0,1,“',n—1 (27)

KEDBERITEINY, s=n—1 ETTHHTHA T EICFEEINI W, T, F(x)DBEET
FHEEE, FLRAEERTAFEOMSBELRL O, FR)DBHRNL), OB THSEHEOE, R
DI OhESDOHERBRETHY, OSBRI TREFE) BATOEEL L2 FH 0,
&ET BEHORY Fo,Fi,—%

Fo(x) & F(x),Fe(x) & D(f+ _ilujgj) Fey(x),s8=1,2, )
p2

REDEET Do Fi(x),Fo(x), - 25EL, BUICANBBICHLNLIDONF (x) TH5H & X,
F(x) D%, B} 253 IEFER (Relative Order; HMIRENPIZ LICHFE LW D EEHT 5,
Fi(x) LIBOBEIICE, AN ubBBicBEbn T 558, &1 tEMERERELT,

D(W,‘;o)FS(X)ZO, XERn, j=l,"‘,r; 520;1’2)”' (29)

WBIED DT L, ThHb, COBRNTERINS F.(x) iid, AADvEHbLNEL,
4N BATERINAP.X)PBHEL0S x € RP TuzBICEET S0,
3.3 HARTHImEE

EHORBR ~W0HAEH T local WER/E, N7 VBN EH W global 703k & DOREE
i, HAOTHEHEEOZSZEICBOTHERBICEDLN S, global i3, Rl KEBWVWT, ASJuk
st L THAIF(x) A5 Completely Invariant T & &, F(x(t)) OEFHRIATu)B LU ZFDE
Dou DEEBAEZZIARTTHD, r=m=1&LT, ORDKEY 217,
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D(Wiis,0... 0dF(x)=0,8=0,1,",p~2; D(¥;p-1,0...0) F(x) %0

XxXER, 1 <Xp=n 30

LB EE, HAFR)BANVKEIDAIFIE TS 5 OO NBE+DEMEALE S, ORICHED
NBPIEFMIEERT, SERGANLERLFAETHSY . COEMD, BuBx(t) = x(t;t, X0,
u(+)) iCit->TD local WEBRTOHIAIHIEM LEMETHE L, F—ENOERORXE
mwfﬂwfgém —HD, T ATTMEHDEEORMETEEBETNEETHESATOR
WS, RORGEENAOEHEESDETHOEE T TELIEDDRENE LN S, REIIR
%50

4, %Lﬁg*ﬁ &5 nxn

TR RETHERICE, HAFTEOHEEZDORBICBT 28BHARNE LT HBEE, AND
BVEASEIC PO SIS, ROBBANRLET HEELEH B, FIEDOH L LTI, &HE
I - SR - v — BT BT B Tracking B - ¥5 X — y BHOBE AT S BREMR
Wi EMbo, ENHANREG) ~W0 M@ (EEMICR) BOTHLTEBB L, 1, #%
FOM & LT, aIsige: - e - R - EREE - BEE - BT HBAEROE - Hy
27 LDFEE - AELET LSRR DO RS - € FVBREEHHROBRH L ENRE, bEAHA, C
D local MWHEHE & global WHEHEE %, HWICHIICHFAAZEDES SO TR, FiFHCd B
N BYTHDH, TOETHE, BEOMBOW 2P0 T, ZDEZHEZHHELL D,
4.1 wHlEE

L, R, kKBWT, AFuicBdL T Completely Invariant & 785 BEEZER L »»
FELEY, EOHETERTS 5, £HO %, —BEIREMSFHELR

2 D(Wi;s0...0) E(x)=0, i=1,,1r;8=0,1,,n—1 81

EEZ, LEVERSNITERE (L] £RDL, (X)) oM HEROEE dim (2] &K
Hd &, FRR~ICERE,
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LEMETH B, o, BEERERDESICH, @ﬁ®7%@%® L —HT B L
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PR EEEREEBEONIETTHB, L, XK6) OFEEIET A HEBTDLD
z tiﬂimﬁ’ca‘béo
42 Al R
H1H25 CERAKE LTOFX)DOEAELSNTYW L, ABOESEHV2EZHE, £O
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Lich-T, B LRMIBNT, AZTudB 0 TH2HEoE, BREERKICEREL BT
hi(x) 2 hi(x), hi(x) 2D+ Gu hj(x), -,
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X0 nEHOMN B ARSI ENTEEEE, RUVEFATRATHE LERTE D, COEKT
OFERRMME, AN ud0THLTHAVES L, BEERKEROEAICEERDE#RE —BT
b F1:, TDEE, ZOMNBIUR~DOANESHETANIE L THVT, ROREx(L)D
EAHET T 2GR BRSO RV TRETH B 45, BITHR~ 3B,

0T, QROEKEDI BT, u=0&B0T, MYBEOOHEB NN THEIEEIERESD
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Bk > ThhbEHIcEEE 5, ux0D54 , BDROBEFOEL DL ML ST, &l
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4.3 IE#RE (Canonical)

KREDOHFEICLOFEREEZRDLFELLDIEFA@ XL LIERRCHb, bbb, &L
F(x)B%0), OHEATHO, ZOWMEEES P THEbDEL, Bl x()ITH-> TR(x()) 28
LTI,

F0:F11F29"',FP~2:Fp'l,Fp‘lzFp+dglua<t)D(ga>Fp—l(X(t))’"' 34
&1, TOFWE Fy, Fi, o Foory, Fo®ir LOEEEZEIC &N, Canonical Form #D D T

Hb, wmEEAEEL, BELUBERE T IDI LY, BERIHT 2 EEEDOROH 2448 ¢
BIET, HIEORENLEHOS LILTEHEDS, TUIKHT L IEREERDBELENTEEY,

ZDIEERE, SARLILL T, #H f%ﬂ@ﬁlﬂii D B RO BB O ¥IE KM Ak
LBOMFEAE L THONT, TORBROERELIVRS S, XhdiTkDEERIE, 5
bDEEZ LMD, COHEDHMEERTECTH D, Fz, FEFEEZAVIUDE, FRORENT T
BAITEALWOHNRD S LT, HEWERL, KHLLOBERTHE2POIIREHELSES
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DO—BILTH 522,

7545, IF#REE (Canonical Structure) T2V T, FIEBMEIC >V Tu=0hux0hick 5
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4.4 ETHHIERD
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A9,

ENENDOLETFEMHE T TIRIFICELZOSNTOADT, 2hEMAGE THOIUE X W,
Lf‘_ L, TZTD Complete Invariance i3, MDA W (j=x1) i)>é:0)J:7'C&3'>'C¢> H

cwmb BDEAT w DA THBL EEEFET B, CORIRMBEEAMAEHEEHNBE,
DT HHERTH 5 12 DOBETDEBE, ROZOOEESED I ETH S,
%FFI (Complete Invariance) 77 yvi=hi(x)(i=1, =, r) DEFRFITH LT, &I
$Dfco,

D(¥;. 5,5 (x)=0,j=1,...,r;5j1ss
=0,1,..350<gi ;g ...gis =1

gD (MAREIEE) |7 vi=hx) =1, -, 1) DFNFRICHL T,
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ThsrLx, & yITH L THINER p! MEELT, wAbisn o,

0<p EMis D(Fi5pimy 0. g H'(X) 0, i=1,,r 81
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u=a(x)+B(x)v (38)

ek, ZUBETEHEREL S OO NBENEER
W& yi=hi(x) i LT, WINER p' BELET 5,

D(¥,;0) hi? (x) -~ D(¥,, o) h #(x)

It
A
[ax)
©

rank
D(W,30) b # (x) D (W50) hp'¥ (x)

DT OPIED D2 ETHB,
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HH DB, HAEIEEISEO — R SEESRENE, ABOAENZOT TR TE S,
4.5 HMEETHLHIMROREY

FZRATISAESRBIBI/EAT 28D &L, (1), ROhbDIL,
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CDOWTEZ LD, BIHEFERIC r=m & LT, AEWOEENy KBLONT, houly D
FEUEATTHO B T T LRER E BB LS ITRET 4 - PNy JHIEED B L ENBTESLTH
By OIS, AEGFELANNO—EEALLT, ANDHAHMAVBHINCEEEE2 713
WE DA EBED Complete Invariance DEEE, HAFHIEEOFELHESE TRV T EIEH
EDTHbBo SIS Q IR THIGT 505, ETHHEROBRILML2AET IETE
HidskF 0, BERD/ 5 4 — 4 BHOEEOZRE~OLHO TR H 5,
4.6 HYRF LD

RO v 27 LDORFDAIREE 18 B 54, BT LEHOBE LRk, INEHERC
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Luenburger® I X DRBE N i, WERCHT 54 7 —-~ (REFRIER) OFRHHikE, 8
EOEMOIT A SE, FOEARMMEED, 1. HERED ANICHT % Complete Invari-
ance, . #TEB|REOETICHE TS Stability, . HIOBEML(x) EHESNIBEHP(x) &b
DOETnHORBKOBIKAILHE, KhE I bbb, LIkh-T, ThoOREME2FR s
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LT 2 EREETHD. TOFMEBENIRIFICOVLTHE, X5 2EHahicl,
A EIE Y - AR B A RGE, LRSS ORET L E, ELE SRS EN D B, —
IEEMBEETRICHL EEZ T B,
4.8 EFINBREHNBROFZH

EFNVICBRT B E0H T LR, EFLVOHNLOROBNETDOIEBEDL, ANIKH0T,
EFUEERRICE L T Completely Invariant Tdh 1), HDOFDEEMNL ol 5E X0
Wiid Tk, DFVDRETHHLEEZELE, T5HE, T VENIRORITERIEDO A 7
P SOBFEFHEBBRICITA S, COREE, SOIRBEEELLENTE, THARNELAFT
5D,

b. BEEHLUHEE

BIENCOR LIk S ie, A0 TRIE TS 5 EMIEHIEZO KIZH73 (global) MED M &
BHOMEHIE, OB ~10 & b Ehnt: Complete Invariance & HTa[EIHM: &L D, — 2D
HWHEICEWTHT 5 &N TE S, REKOHA L L, FEELLLBOEZLUWEL, i
TS LTid, By —BEESFENSE S THESED AFIBRB A » Toiud k<, M
LBEETHb, EHAXB~WOARDH A THS, BN (local) M & RETOHERICD
UNTIRIBRIED - 728, Bl B2 SR VLTI, 2{OWELD B, BREBTEI,
ERHRRERANEEE, ST DEHATHELEINTV S, BREOKHNH D Z 5 IcH
b, BEWDOHEICO>HTI, 4.2 Wi~k Hic, KBHITERIZROREE x ORBEEHV(x)
DEVEERRIT & A LERIC L » THRA B, BUBOEHICE T 2EEEES AN EESHERWY
R OTET X0, ST - FERE - SROEOREEOHESHE BEOHER & FEES
BEiENH B, T, RORBFEIBL T, Volterra ##d 53 Wiener—Hermite BB 4 H
BEHENDEBOFEOEELHE THE 7V VB EEAENS D, TOERIKH+FHHL
BEHDEEAONDS, COLDIT, NBEKOWEIIE T, ROMSE - it - ZEH - BES
WL LD ETEAROAER, ERE VAT LBGABRT A0 EORMELDBETHA S,
T, PRLCESAHFREHLLERE, +oERNTH S,

L LIS, ABOFEICE, SN THEI200BRLELETETHA D, MO
B ARKBH AP ERICBELTECETHATH S, LU OREMbH 50, REEE
R LoD h 5 ML v 2 7 L iR, BRIV TSI EREL OAANLSHRREELEZ 5
THhHD, IR, ROCHAHTAERT 5L &, ARBOAFREEGRICBVTS, IHH
DEICENTS, ISICHRERIEONRAON G, 5k, 48THE, HA7 41— FNy 20
L BFE - ZBET o Ry P OETHBLHIED - BREHR OB L S DT R
ST T, ABRESOHFEEAMOTELNE, T4 VSV AEROBERT L 2DEHD
DWW T b » 72, Rozonoér OFEE, ZORFICSIEINIYD, £z, BHICAH
2Et, WEENHBREES RN > TRBSNEZ~DIGE G ERETH S0, Licdi-T,
ENCE B local 7847, IREEZEISEAD LD global HEHICKBIE L HFEx2A DT AT
LISTEBILOE, 4 v v AHIlR, SHAEERRICEKBOAELIGRTS, A LR EN
BUOHPNBETHAD, Ll, BEHEERIC VT, BEFEGTHLINE S, ZOHEERMA
FTLOEGTIFAN,

BT, COBRIC, TR CTHTEORIEE, 3230 EEBEPCHELTTFE 48D
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