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Non-Riemannian Metrical Properties of Visual Space
and Their Applications (II)

—Relationship Between Gaussian Curvature and a Measure of
Size Constancy and Analysis of Visual Circle—
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Abstraet

With respect to the metric introduced into the theory of non-Riemannian (and/or
Riemannian) visual space, the Gaussian curvature is obtained. From this, it follows
that our geometrical model of visual space is characterized as a Riemannian space of
variable curvature. Thus, the model must be applied to some experimental evidences
in a dark room except for visual alleys. In this connection, we substantiate the rela-
tion of Gaussian curvature to a measure of size constancy (Thouless index).
Secondly, we attempt to reproduce theoretically the Visual Circle which indicates the

metrical property of visual space experimentally, and have shown a numerical example.
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LI, LT, R oke 2 LEBOMBOBAYLS, CofEMe7 A1 ~R{LShx
K& S—EEEAERE  n=1.5" i+ Lax LY, &8, Fic visual alleys LIt
DREBICRITAERMEZE G L TR T AnBRAINLE T,

AT, EROFTET ¥ Vb gi; bR E BEMAFRIRELE, £ Gauss B OFRIC oL
T, REIOEFEE GER OB LBEMR TR GEERL, #%o Luneburg oM & o L.
BRI EA D0 2728 3 BCilalley RBRDINCHZZHIOFHREY I & BRIV BT 172 Visual
Circle EB 1z >\ TH T 5,

2 Gauss B8 & {HE IS

2.1 BEMEFILOHENLHE
BIFR L DRV OCEET Vv Vv gy ORSIE
gu=1+2(ax+b)
Jr2=gn=ax'+ @’ (2.1.D
gee=14+2(ax®+ by)
TEZbRA, T2 Ta & altparallel alley mEEEss

axt ax?=C (2.1.2)
CEENTNDLARTA—ZTHY, T ZHPLREINDIRELDTH D, £/ b & by iTH
iz

e =g,/ (2.1.3)

BIc LA LER LBAER CH D, ok, TH C 3HE () D e LT C=axbtaxt
ThHiZbhB,
HET VYN g, oL b AE—Eo Christoffel &5

LA, Z.:l:%<ahgji+ajgki_'aigkj) (3:=9/0x9 (2.1.4)

1ZB84 %5 Riemann-Christoffel ghixR 5 v

H1) B b0 RD, B0 S cisE B L €k Einstein 0@ RET 5,
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leji:%( 8z8jgm+ akaigzj— 8L48,-gkj~ O 8jgu)

—g" (G, W)[kj, m]—[4, )Lk, m]) (2.1.5)
D35, 2 %kIG Riemann ZERNT B\ TARBER 7D 6L Rane OHRTHD, 2.1LD K, Q21K
(2.1.5) Xib

Ror= ~3—‘lg‘—“2{1+ bt b— (@ —a2><xl-x2>}

TH2bNRB, L, ¢ Rg"gu=0 P OEEHERT VI A THD
E45, fE- T Gauss iz K (2

Kzz—gﬂz{1+bx+b2—(a1—az)(X’—x2)} (2.1.6)
L0 B IR L b, £, (2.1.6) Ko HHEE
_ 1+b6+b
xl_x2+ al_az (21.7)

BIER L LT, MENTFICAEE L A b BRI E Ins, ChbOWESLTOL S
L, Battro Hic & » TE SRR & 1352 /e % visual alleys OEEFERICK L CER Sh %,
Battro 59 11, [5x4 & U TR CHERE I AROEESY AL C visual alleys ZHERK X5 ERAYTT
W, FORBREEOLICHSEL
regular type ¢ + svisual alleys ©F — & G2 THEBRE (0) LREACDH 5 RERE
%W AR O L AR OBICAIET S
divergent type » ¢ «F — & A\ ODPEHOSMUHIET S
convergent type + « «F — £ f D OB O AR L« BioRICAE T S
Fig. 1 1235\ T, A &3 % h parallel alley & distance alley 7 — # g F L, KHRIIA
Boen 57 BB S distance alley OBH#fREY 78 v P LD TH D, AENITI,
parallel alley ©F — % S SRNTTEILL 2 TR A~ % & & @ uRD, BR b & b, % St
# (2.1.3) LT IochErrc ek, QLD RNTHELRD gD
[} ="t 0]
T3 X h b gm0 Christoffel B %% %, Zhic Xy distance alley 5 2 HHERHK
(1) drd
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regular type . O* convergent type O¥E Iy, (2.1.2) K& (2.1.3) Kb (¢, 2D |x'z
0, 2°<0} 75 B TE 2 TS eV, B - T Gauss liE OS5 0545 Fig. 2 D7D
Wb ChHBH, Fio, divergent type oA, MU < (2.1.2) & (2.1.3) Kb {(&', 29
K20, 2220} DM TE 2, MEROFBOHMILFig. 2 0AMO X 5 1Tish, Table 1 1zi3, 4%
DWERE T AERED R, Tihobb QLD RNoBELE 2R (=) OfEryRSh T
By CRBbND LS, MEOSMOBTFIEREC LV RRH, 7, Table21wix(2. 1.
6) I fE » ¢ distance alley L0 £ Sicisi) 5 Gauss lIERDEIVR STV %, hER OENE
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d? | Fig. 2 The distribution of the sign
} of K. The boundary line in
' i 5 { i given by (2.1L.7).
[‘Z} S Pom =3 =5
: i
i 3 —0' - g Table 1. Parameters which characterize
m m LT
Subject 12 Subject 17 Subject 14 the.dxstrlbutxon of K for three
] subjects.
Fig. 1 A test of the model using the
data of Battro et al.: data Subject %g (fﬁ{)
points of parallel and distance !
alleys are designated by 14 0.0717 280
triangles and squares, repec-
L ane d b 12 0.0143 3000
tively ; theoretical curves of
distance alley according to the 17 0.0701 60

model by solid lines.

Table 2. Data points of parallel and distance alleys and the distribution of K values for Subject 14
and Subject 17.

Subject 14 Subject 17

Distance  gata points K data points K

of stakes - :
(m) Dzrl?é;el dx:lag;ce calculated from  calculated from p?ﬁ;‘ﬂ d‘;‘iz;‘ce calculated from  calculated from

(m) (m) Luneburg’s method this model (m) (m) Luneburg’s method this model

30 3 3 ~{.374 9.509 3 3 'C *.135
25 2.6 2.76 0.296 0.532 2.535 2.32 C 0.144
20 2.185 2.285 0.444 0.563 2.155 1.962 C 0.157
15 1.76 1.895 0.158 0.603 1.87 1.70 D 0.173
10 1.51 1.545 —0.757 0.656 1.525 1.405 0.303 0.193
5 1.23 1.185 0.047 0.724 1.21 1.17 0.869 0.219

“C” means that K cannot be calculated from Luneburg’s method due to convergent type.

2*D” means that K cannot be calculated from Luneburg’s method due to divergent type.

*The values of Kx10* are shown in this column.

TEe - T 5BH, kit Luneburg MR IZ5E - T Battro 5233k 7-HZBOE S 4 B ST
Db T, MIBHZEMPEOFEMETHS &\ 5 Luneburg O R IHEGL L 75ty 2o
TR TL W EMCER SN B,
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2. 2 Gauss gh=R L HEEH
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Fig. 3 Parameters used to calculate
Thouless index.
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S THRAOEMCH - R OBEBRM AL E R

P xt&oRrtokE s (AR OER)

R wgoBEokE S (BERNFONXER DR
Eeh, 29 LC, HERED HEER E COREE L BRI E COBRY T h T, 2t & T
FE, St

ThHEz2bhb, ZhbofEdy (2.2.1) RfSAT I /B, Thouless 847
Z=log (i—j . %) /log @é’) (2.2.2)
TH 2 bhb, foid LEE (x), xD, (&, x5 B Th FnEERHE BB ONEYE T,
AL, HAOERSE (2, 2D LT, (2.2.2) X6 ix Thouless 3851 Z, (2.1.6) &
bt Gauss i K " FhFhsk 5 2 Lol b, Table 3 12ix Blumenfeld o 3 A D&% Lo,
Ge, Go s LT distance alley DB T — 2068515 Z L K OEITF IR TV 5,

Table 3. Thouless index (Z) and Gaussian curvature (K)
calculated from the data of Blumenfeld's distance

alley.
observation Subject
distance Lo Ge Go

(em) z K 7z K z K
320 24.90 2.09 - - 14.18 0.82
240 28.57 3.52  30.97 1.61 22.85 1.45
160 34.47 7.52 45.80 3.60 36.72 3.26
120 40.99 13.04 59.14 6.47 47.04 3.26

80 50.19 28.61 75.78 14.55 55.50 13.05

"The values of KX10° are depicted in this column,

—, Luneburg &R 22512 35\ C Gauss B3R % K & I OEFE M BIEA P50 <
Shd b, Luneburg® 13, k& I OEEM T Gauss BRI -1 WEDCBE RIS LR L
T, ¥ 1R 1L, Z=F (o, K™ 7p 2 B BAGRARIIT 5 & & 2 ERIRICE 2 L, Luneburg
FRBOHERAYE WL, ThbhHEEE L K OfGENKLABAE D, FItEEOER
Fe Rl o T DEREIDT B, HanBFERCBEL L, T X ToWBREBCH LT
Thouless 5% & Gauss HER(THFALEARICH Y, FEOFERXRBL TVA I Ebh b,

3. Visual Circle o figaf

Bz O B e B, 45 Gauss tER Bi+ % Luneburg RS AWATHEIC L DB
HH, EEBRACHEE ST &1, Lot alley BEROFHE ESORE S A ERET B 01T, AH
DY bR A REN TR 2 A OISR Y Hagino & Yoshioka? izt » TEE I, ~0EE
i3 Visual Circle S8 TR TV 5,

Visual Circle $£8& & (3, B N TR & &3 7OPENIC— T DI BEAFR T2 2 Y48 Qo Qu 28R
#F2] o BATMEOBEYERIEAETRCH S,
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Fig. 4 Illustration of stimulus configuration in

the Visual Circle experiment as seen from Fig. 5 Parameters used to
above. Small squares represent points of reproduce Visual
light stimuli: Q, and Q, are fixed, and Circle by means of
other points are movable on the radial the model.

tracks depicted by dotted lines.

L, i o¥h Qi %, FRBBRL T EQ #eh & T54E QQ oA LB T 5 & 51k~
I¥HERYH (Fig. 428, Hagino b i3& « OB/ (WEkE» S Q) F COERD it
UG HEfm QQ (=2, 1) 0F 23 B0 EEENH QQ 0B X LS5 L ks 15Kk Q,
DMBERHRDLERY T >0, 7ok, FEXAQ 3hs QD Q4B »EHFLXFH L5
Teo T B 458 & LTE SR Visual Circle o—1#% Fig. 4 iR+, 2 bidvF R 0B R
BT HEDR - IR LT b,

#% 513 Luneburg o4 5 & LT Visual Circle D HBRAAEILL, FOXE L TER T —
2 5vh Gauss IR PHT L T B 881 K gl /e, Luneburg o {REIC—3 L 70hs -
120 7 ZCLUT CrrErE Ciddoy s Gauss BIER A £L 5 ABFZE D€ F A% {H - T Visual Circle 0F
Bz ns o Lict b,

YR RO E S r (KR TEIXAFHOEED WL THEIRAKEIY v L ThE
Zhit

w:frds:fr,/gﬁ it de (3.1

Th 2 5h 5, Visual Circle BERWC I\ T, % 4« o BRI (WA Qo) (xR0 b BRI
IR HEMRBERE)  OT, YEERPI

x'=rcosd+L, x*=—rsginé
7o B EER Y EATE(Fig. 5 28), £« OFEBPICEB TR IN—ETHHELTIV R
T
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1 2
%:COS 4, %:~sin i

DD 20T, (3. 1) &, (2.1L1) ®ab
[ iJ 1 J o di ’ 2
= [V dx —fw/gijﬁf;; a’r————g%;(cl-FCzr)” e 3. 2

LR, L

Gi=1+42(aL+ b)cos?0 —2 a,L cos 6 sin 62 b,sin?d

C,=2(a,cos 6 —aysin )
L, CRBESERTH 5,

VﬁmlGmb%&K3H5W%%KW¢5%ﬁm5%&@HKWLT

¥'=const.

I EN TV BT THE0 5, (3. 2) AXEBCTERE v wow TR
2/3

=g lzae]"-cf
LB, oL A ST E+ 5, CORXDELE, £D 01wkt LTai g HEERE oE X
EEL <?E%?htbt%ﬂ%ﬁ@i%é%%E&%Fﬂﬁ?\]bl%ﬂittﬁﬁi& LETHLHE, Zor 2k
LT (r, 6) »F-4HEF iz Visual Circle 12 7¢ - TUBITE T 25 LTE LR IR O—3)
D Fig. 6 IR ST\ B, B 6, MERN LR O BRI T B ed b 5 T B, Bk
f9iid Visual Circle B0 7 — 2 23578 85 4 70 1 (&) LRI DEF AL > CTFR Sttt
(=7(0)/7(0) DA ZORIZT =y F ST\ 5, DR LB L 51wk k X FOER
HRBL TV 505, £ ERT — 2 0B4 T b b B/ NEH D [ 358\, 4512 40° FE T I F
DEERELKE G, CHIB L TIIkECEERT 5,

0 45 90 135 180
direction (8 : deg)

Fig. 6 Predicted and observed Visual Circles :
the abscissa represents 6 (see Fig. 5),
the ordinate the ratio of the interval of
comparison stimuli to that of standard
ones.
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B0, it Luneburg B OMEEZIC L - CTTFEINLETH - 7, THICB L TRR T,
D k¥ XDEEMOME B L < distance alley 1w$t-3 % Thouless #5#1 & DR
©® Visual Circle &85 — x ffth

D2 >ORBEICRE L TERLT - 7o

Qo TR OB L[ U < Gauss fiZRIT A & SOEEY L BEREBERICH D Z LIVRE
N QB L T 4 VB R 133 L 4, Visual Circle ot % L <CEBIT 5 b0t b
Do 1o, BHZ 40 R CREBOER T — 2 LOESKED 5 o, THIEDWTERD X 5 IEi W
WHERETH L 0% Lo,

TR S B\ i3 Landolt e W CHIT A IE T 5 BICE T RO M E o3RO B O
FHEPEETHLIBECHNIBRLEL 70, 45" R FHEoBE & EL b 2 EnH BN T
VBB RSB A BTN T 2 TR, BRI C B 1 A ERIESETH
H, KRR THE > CEAKRFEMIZ BT HEE L TEEZE O D2V, L Lishh, CFEHE B
T 5D, T b ETH I (depth acuity) & JiEE BT 5 0—>TH % BRI (vernier
acuity 12Bi U CxBerry® iz kX b, A A WEST HIcdEE L LTl 5 2 ADEE D
MIOGHEREN 133.7" H A5 ixThbl ke s L BRI OBEGEIRED OBE L » /hx<
52 EHERE I N TV B, BICHBITHE S horizontal offset GRERENIC I TIERIELH D X
VEBETELLLO)OBR L L TABIETL TV I AR TE D™, e B iR
TINBORRYTRETHLDEE L LR,
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