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Abstract

Space one dimensional equation of longitudinal vibration of a circular cylinder under a
thermal field is obtained from the fundamental equations of an elastic body. Considering that
the radius of the cylinder is small, equations in the zero-th, and the first order approximation
are derived. The present method enables us to calculate approximate equations in any desired
accuracy.

For longitudinal harmonic waves propagating in an infinite long bar under a thermal
field, exact and approximate frequency equations can be obtained from equations derived in
the present paper. Especially, the approximate frequency equations for a small radius are
solved for several thermal conditions at the peripheral surface of the cylinder, and the phase
velocity and the damping coefficient are calculated.

1. Introduction

For the longitudinal vibration of a circular cylinder under thermal stress, a method to
derive approximate equations in any desired accuracy was presented by Takizawa and
Sugiyama”, and equations for the zero-th, the first, and the second order approximation were
derived. In their theory, however, it was assumed that the energy equation is independent of
equations of motion, that is, the so-called thermoelastic effect is not taken into account
explicitly.

In practice, the variation of the strain in an elastic body is attended by a change in
temperature which, in turn, affects the variation of the strain. Thus, it is necessary to take
into account the thermoelastic effect appropriately in developing a theory to derive approxi-
mate equations for longitudinal vibration of a bar under thermal field.

On the other hand, as for the frequency equation taking into account thermoelastic
effect, Suhubi? derived a rather complex exact equation for the longitudinal harmonic waves
propagating in an infinite long circular cylinder. The exact frequency equation is a transcen-
dental one, and has an infinite number of solutions. Recently, Daimaruya® investigated
several solutions of the exact frequency equation through a numerical calculation and
discussed the thermoelastic effect on the phase velocity and energy dissipation. An approxi-
mate solution for a cylinder of a small radius was obtained by Suhubi® and Deresiewicz? and
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the influence of thermoelastic effect was discussed.

In the present paper, for the longitudinal vibration of a thick circular cylinder under a
thermal field, a theory to derive approximate equations in any desired accuracy is presented
taking into account the thermoelastic effect, and equations for the zero-th, and the first order
approximation are derived. For longitudinal harmonic waves propagating in an infinite long
circular cylinder, the exact frequency equation is obtained and approximate frequency
equations for small radius are also derived. Especially, the zero-th and the first order
approximate frequency equations for small radius are solved under several thermal boundary
conditions at the peripheral surface and phase velocity and damping coefficient are calcu-
lated. The results obtained in the present paper are compared with those hitherto obtained.

2. Notations and Fundamental equations

Notation
7%, 6, z : cylindrical coordinate,
Ur, Uas, Uy . components of displacement,

p : density,
{ : time,

T : deviation of temperature,

T* : reference temperature,

a : coefficient of linear thermal expansion,
% : coefficient of thermal conductivity,
h : heat transfer coefficient,

A, ;¢ @ Lamé’s constants,

e 4341 20)
£= At pu

. A
- 2(A+p)

Fundamental equations

: Young’s modulus,

o : Poisson’s ratio.

We shall treat here the longitudinal vibration of a circular cylinder, so we assume that
us=0 and 9/260=0. In this case, equations of motion under thermal stress and energy
equation are expressed as :

1 00 2(0+0) 9T

(Zln+ofu2)ur+m P 1—=95 ¢ 87'"—0’ (2-1)
1 86 2(0+0) 0T ~

(d1~0+ofuz)uz+ 1_20 6’2 1_26 a aZ—O, (2 2)

(drot ) T=2 L 170 =0, (2-3)

with

1 oruy) | dus
@—7 37/ + az y (274)
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and

-1 i( ﬁ.) SN S S
dro= ” 37 7 wh Adri=4dr 7,2,[1’12'_ yz 79-[,

_ 5 : 0 ’
7 WE:“——L'/‘Z, Li=p FYEE L= aazz —%le,

P=xl(oco), y=cslco,

where a stands for the coefficient of linear thermal expansion, » thermal conductivity, ¢,
specific heat at constant volume, and ¢, specific heat under constant pressure.

From egs. (2-1) ~ (2-3), we can see that the components of displacement u,, #,, and
temperature T satisfy the following equations.

(A7‘1+ofv2)(d7’l+£12)(Ar1+of22>ltr30, (2“5)
(Aro+xvz)(dro+of12)(di'()+ofzz)MZZO, (2“6)
(ATO+$12)(A70+£22) T:O (2“7)

where £ and ZL:are the operators defined by the relations :

of12+of22 :ofuz ‘*‘387‘2"(3[,7‘2,

5 (2-8)
xlzxzz :ofuzof‘rz—aL'rz““w—g"“,
0z
with
. 0° 1
o2 _ _ 2
L= 0z% (A+2u) L,
and thermoelastic coupling coefficient :
__1to -
d=g1—gy 7. (2-9)
From egs. (2-5)~(2-7), we obtain u,, #. and T, which are finite at the central line (r=0) :
Ur =L, ]1 ( 7ol )A1 Jrofz]; ( 7'£2)A2 ‘i“af;l ]1(7'o?fu) aa/is_ , (2‘10)
we=Jo(ri ) G b Jolr i) Gt = o (r£0) As, (2-11)
= (]1';66)5{(073112_£12)]0(7’o7fx )Al +(<fuz—$€22)]o(7’$€z)z42}, (2"12>

where A, (i=1, 2, 3) are functions of ¢ and z, J(x) and Ji(x) represent Bessel functions of
the order zero and of the order unity respectively, and operators Jo(#2:) and Ji(rL;) are
defined by :
=) L2k
]o( ?’ofz‘) :EO ( "1)’Z’2‘2'T3(W' &C:‘M,
o L2k 1 (2'13)
]x(?’ii):go(*l)kiﬁﬁ‘mﬂ—fﬁ LA
where subscript i means 1, 2, and v. By means of egs. (2-10)~(2-12) and (2-4), A; (i=1, 2, 3)

can be expressed as :
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2y~1 2 2 1+ §
A= (A2 Lty =) (22 =20 00— 2 o o ) T,

-1 2 N 1+ az 2
A=Goran Lt (£ =) (2 =2 00—AE 2oL —22) T}, | (2-19)

{8@0 1+6 c’?a'i’o}

where G,, @, and T, are the values of #,, @ and T at the central line of cylinder (»=0)

As=—Go+ (/1‘1“2/1)[4

respectively.

From eqgs. (2-10)~(2-12) and (2-14), we understand that components of displacement #,,
1, and temperature T are expressed by three quantities A; (i=1, 2, 3) or G,, &, and T, which
are functions of ¢ and z.

3. Boundary Conditions at the Peripheral Surface and Equation
of Longitudinal Vibration

As for boundary conditions at the peripheral surface of the cylinder, 7. e. at r=a, we
shall take the view that no surface traction exists, and that heat flow obeys Newton’ s law :

Are=2p <%%‘f—+ %Z; )zo, (3-1)
Arr =70+ aau/ — (3A+21) @ T=0, (3-2)

and
,g,_T+_T 0, (3-3)

where / is heat transfer coefficient. Substituting (2-10)~(2-12) into (3-1)~(3-3), we obtain the
governing equations of longitudinal vibration of a circular cylinder under a thermal field.

23 o(f,z]](axk)“" < ,

)xv Ti(as) As =0, (3-4)

> {2 )jo(axk% - J;<aoﬁ,¢)},4kw

k=1

1 0As
(Cloful oz -—0, (345>

-2{]o((lof

/:i:‘x (ofuz _osz){ofkfl(dofk) _% ]0 ( éZof/e)}Ak ={. (3“6)

Eq. (3-3), i. e. eq. (3-6), contains the following two thermal conditions as special cases.
a) Peripheral surface of the cylinder is impervious to heat, that is :

oT
or

Eq. (3-7) can be obtained, if we put A=0 into eq. (3-3). Putting 2= 0 into eq. (3-6), we get :

=0. (atr=a) (3-7)

(L L) Ln T (@) Ar=0. (3-8)
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b) Peripheral surface is kept at the ambient temperature. In this case the thermal boundary
condition is :
T=0. (at ¥=a) ‘ (3-9)
We can obtain eq. (3-9), if we put z —co into eq. (3-3). Putting & —oo into eq. (3-6), we have :
2
> (£u2_£le2)]0(dofle)Ale:O. (3-10)

k=1

We shall refer to conditions a), b), simply as a) adiabatic case, b) isothermal case hereafter.
4. Approximate Equations

When the radius of cylinder « is small compared with the characteristic length (wave
length or length of cylinder), we can expand the left-hand sides of egs. (3-4)~(3-6) into power
series of radius « by using (2-13). If we truncate the series at terms of ¢*", we can obtain the
equation of the longitudinal vibration in the n-th order approximation in our theory. Now, we
shall show equations in the zero-th, and the first order approximation.

A) Zero-th Order Approximation

If we retain terms of the order «° in (3—4)~(3~6) and use (2-14), we obtain :

a@o

2

2 5, 0 N o } ;
(1202 ) Go— A5+ (30t 20 =0, (4-1)
60=(1-20) 2> —2(1+0)a Ts, (4-2)

and

. 0° 2h 1-6 & .

. 1—0 — _
<L'r— 522 +/{ >T0 140 « L7260, =0. (4-3)

Eliminating ©, from (4-1)~(4-3), we have :
9 9L 44
(L Eiw)cﬁra 2=, (4-4)
and
[, » 0° 2/1 2l (1-0)1—20) 0 J,.zﬁ_m_G_(L: )
lL'/ 8/: )(3L/ fTo 1+0 a[l 5z 0. (4 5)

Eq. (4-4) coincides with the result obtained by Takizawa and Sugiyama”, and is nothing but
the usual equation of the longitudinal vibration for a thin bar under thermal stress. Elimina-
ting 7, from eqs. (4-4) and (4-5), we get :
2 2
(L + 2 ) (1e ~ L) Gor21-0)0L R (Le-3u-2s ) Go=0. (4°6)
0z xa 0

Eq. (4-6) is the equation for longitudinal vibration of a cylinder in the zero-th order
approximation in our theory.

If we put £=0 into the equations obtained above, we can readily get the zero-th order
approximate equations for an adiabatic case.

In an isothermal case, putting 7 —oo into the equations obtained above, we have :



64 Satoru IGARASHI

To =0, (4-7)

@oz(l—ZG)%%O—, (4-8)
and

<Lﬁ-5%~> Go=0. (4-9)

Eq. (4-9) is nothing but the usual equation of longitudinal vibration of a thin bar without
thermal stress. This result shows that in an isothermal case there is no thermal effect in the
zero-th order approximation.
B) First Order Approximation

When we retain terms of order ¢ and neglect terms of O(a*) in (3-4)~(3-6), and then
use eq. (2-14) and equations of the zero-th order approximation in terms of order «? we obtain
the following equations.

26(1—2 2 3G
00 =(1-20) 280 4214 0)q T K 220320 0 G
0® 1—-20 h
_ : A 4-10
2(1+0)a 1/1+2 9L 420(1— 20) 5=t %a}ToJ, (4-10)
82 ~ aT() _ 2 284G0
<L12~E48—?—> Gr+Ea G-~ K E[a Tl
ﬂ Ltz _ 2 82 ‘2_]/Z___}8T0 _ (4_11)
+4 {/1+/,4 2(1+26)822 +xa 62] 0,
and
52 2h ) (1=0)(1-20) & , ,3Gs
2 P o P e A 2Y MY
{Lr S 2h a0 0)oL+} T+ 2l 2 L2
K 0\ B L. 52
. [20(3+20)<Lr 2 a)@LT{M +(1+60) 2y }+
+~2—h—{ e (1—60—402) aa (- a)aL,2+4h }To:O, (4-12)

where K =a// 2 is the radius of gyration of the cross-section of the cylinder around its
central line. Eq. (4-11) is slightly different from Takizawa and Sugiyama’ s result? in terms
of order a% When no thermal stress is present i. e. @« =0, eq. (4-11) coincides with the
equation taking into account the lateral deformation in the cross-sectional plane of the
cylinder®.

Eliminating T, from (4-11) and (-4-12), we obtain :

2 2h R 9° ) 0’
(b= + E)ei--Er) st oL (Lt o)

2 4 4 82 84
—K{Eﬁ( Fa gzz > 8‘924 1— —2 5L {/{:#—2(1—0)(1—20)“ 2 o buog }+

2h , 9" h < : g9 > - 4-13
t {EG 0z* toxa L Eazz HGO 0, (4-13)
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which is the equation of longitudinal vibration under a thermal field in the first order
approximation in our theory.

If we put 2=0 into eqs. (4-10)~(4-13), we promptly get equations in the first order
approximation for an adiabatic case.

If we use eq. (3-10) instead of (3-6), and apply the same procedure as we used in deriving
(4-10)~(4-13), we have :

K* (1-0)(1—20) & . ,8Gs

. = L2 -~
To=—- L © LS (4-14)
1 0Gy , 120 ,,,[20(3—20%) o* ., ) 0Ge
Oo=(1-20) 520 4 1220 o[ 200200 5 _3_pg)er,d L2 (45)
and
, , L (1=0)1=20) , ) 9*Go _
(LimEf) G K E{o o+ gy o =0, (4-16)

Eq. (4-16) is the equation of longitudinal vibration for an isothermal case in the first order
approximation.

In a similar manner, we are able to continue the process of approximation and can obtain
the approximate equations for longitudinal vibration of a cylinder under thermal field with
any desired accuracy.

5. Frequency Equations

Let us consider harmonic waves propagating in the z direction. In this case A, (=1, 2,
3) are represented by :

Az, )=ax expli(gz+wt)}, (£=1,2,3) (5-1)

where a, (=1, 2, 3) are costants, ¢ is wave number, and w is frequency. Since operators o/
ot and 8/8z can be replaced by iw and ig respectively, we put :

. - 2__ 2 _
erzl'y—z, 5@/‘2:"612_272—, L, =—pow", ofl""AI,

2 2
xz—Az,xZﬂ—Aa:———q ofzf-—;” —q?, (5-2)

1

with ci?=(A+2u) /0, c*=pulp.
From egs. (2-8 ) and (5-2), Aiand A. satisfy the relations :

2
At det= G2t~ i1+ 0) T,
1

2 (5-3)
ci’ }
Substituting (5-1) into (3-4)~(3-6), and using (5-2) and (5-3), we obtain the following
equations.

2
(0] .
aiai= g —27) + i
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2
ZQ,ZI /‘(lz]l(ﬂ/‘ik)(lk"}‘Z’(Aaz*‘qz)jl(a/h _/162_3_:0’
. 3

2 (o= olar =225 1, (0} an—2ig{Jotans) -

(5-4)
((Z/Ia)}dszo,
2 0)2
,?_4:1 (2‘17_qz_/\if){/lkjl(aﬂk)*ﬁjo((lﬂk)}alz:o
From eq. (5-4), we have the frequency equatlon as follows.
]o(As . 3 77 ]O(AZ) _ 2 2 2
(20*{ AN - {4 T2 () 1) r -2
H Jo(Ay) (o2 Jo(As) 2 2
{7 NAVDE ~1f {24 JAVS) 1+ (st
/l3 “7] ]O(Al) _ X H ]O(A ) — .
X{ YAV H(AZ MR ){Az FAVDE 1} 0 (5-5)
where we introduced dimensionless quantities :
r=qa, H=2% 0, =9% A,=2,a(i=12; k=123) (5-6)
From egs. (5-3) and (5-6), /1, and /1: satisfy the relations :
(5-7)

A12+A22:.sz—27]2_i(1+8)N.Q1, }

A2AL=72(> = Q) +iN 2. {(1+8) 7> — 2%},

with N=ac:/v>

Eq. (5-5) coincides with the equation derived by Daimaruya®.

If we put H=0, or H —co into eq. (5-5), we can get at once the frequency equation for
an adiabatic case, or for an isothermal case, respectively. The results coincide with the
frequency equations presented by Suhubi?.

If we neglect the thermoelastic effect, i. ¢. when § =0, we have /1, and /. from eq. (5-7)
as follows :

A= 00—5%, At=—p*—iN Q.. (5-8)

In this case, frequency equations (5-5) is reduced to :

nZ{m%—l}ﬂ&h {4 2/_1:72 ﬁ’éﬁll)) ~1}=0, (5-9)

which is the frequency equation obtained by Pochhammer and Chree®.

A) Frequency equations for a large radius

When the radius of cylinder « is sufficiently large compared with wave length, we can
take 1yl | @i}, 144, H —co, and Jo(Ax)/J1(Ax) ==£ i (=1, 2, 3) in (5-5) and (5-9), and can
obtain the frequency equations of thermoelastic Rayleigh waves.™®
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B) Approximation for a small radius or a long wave length

When the radius of cylinder « is sufficiently small compared with the wave length, we
can obtain the approximate frequency equations for longitudinal waves from egs. (4-6) and
(4-13). We treat predominantly elastic space harmonic waves travelling in the negative z
direction, and put :

Go=go explilgz + o)}, (5-10)

where g, is constant. We presume that ¢ is a real positive quantity and that ¢ is expressed
as :

w:a)kJrz'w:, (5’11)

with real positive quantities wz and ;.
B-1) Zero-th order approximation

Introducing (5-10) into (4-6), and using (5-6), we have the frequency equation in the zero -
th order approximation.

ey 2 , 1-o0 z_(gf 2\ ;
{;72—<C—O> ot +2H+iINQ) + HGNQla{gn @ Ql} 0,  (5-12)

with co’=FE/p.
If the coupling coefficient § is small, we can obtain an approximate solution of eq. (5-12)
as follows. When 6=0, the solution of eq. (5-12) is :

W= Wr=Wo= Cod, (5—13)
and phase velocity is :
C="""=Co. (5-14)

For small 8§, we put :

wr=wo(l+x18), wi=woy 6. (5-15)
Introducing (5-15) into (5-12), we get a phase velocity ¢ and a damping coefficient @, as
follows.

_ L 604q2 az TO* } 5‘16)

C_CO{hL 2 ¢t gt +vila®+2n/(xa))? Co ' (

1 4.2 UZ{(]2+2]/Z/(XCZ)} a2 TO* (5_17)

wr=gcod cltat+vi{g*+2h/(xa))* co

where we used the thermodynamical relation :
Py (y—1)=3 (3A+24) a* 1,7, (5-18)

with the reference temperature 7,*, and eq. (2-9) was used.
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In an adiabatic case (h=0), egs. (5-16) and (5-17) coincide with the results derived by
Suhubi? if we put 1/2 (1—2¢) instead of 1/2 in both equations, (5-16) and (5-17).

In an isothermal case, there is no thermal effect in the zero-th order approximation..
Thus we shall examine the first order approximation.
B-2) First order approximation

Introducing (5-10) into (4-13), and using (5-6), we get the frequency equation in the first
order approximation.

2 2 2 2
{#—(f})Q3k01+2H+iNxz)~€}[w2+2H+¢Auz)#v2+{f—<f%)5%}1%]+
Qo

7
1-0 ay 2_,1—20{1202 s _ <3L>2 2 2_<£l>4 4}12
1129 yoyo[3yr (L fer -1 (25, v raa-o (&) e () ei}]=0
(5-19)
When we put § =0 and use the zero-th order approximation in terms of 4%, we have :
2
CUR:COC](l—‘g'KZCJZ), w; =0. (5-20)
For small §, we introduce (5-15) into (5-19) and obtain :
IR ORI | co' g* e’ T¢ {1+4 1+20) K? g% —
c—c{l TK + 2 colq? v +2n/(xa)})® co ol )
K o?colqt — v (g +2h/(xa))o® ' +4R* [(x a)*) }] (5-21)
- cotg? +via®+2h/(xa))? ’
and
1 co' Vi gt a® To [ 2 2,2y _
- +2nh 1+40(1+20)K
w1 2cO2q2+u4{qz+2h/(%a)}2 o {q /(%a)}{ ( q }

— ok o?cotq*{q? +2h) (x a)}+ WP (x a){c’a® — v (> +2h/(x a))?} 1
cltq* vt +2n/(xa))’ '

(5-22)
If we put 2=0 into egs. (5-21) and (5-22), we can obtain at once the phase velocity and
the damping coefficient for an adiabatic case.
In an isothermal case, introducing (5-10) into (4-16), and using (5-6), we get :

. (C) 2}_L Z{ 2 2 - (1=0)(1—20) }: .
If we put §=0 into eq. (5-23), we have :
OJ
a)/e:Coq(1~—2—K2(12), w;=0. (5-24)
Substituting (5-15) into (5-23), we obtain the following results for small §.
2
c::cO(l-—{§—1(2q2>, (5-25)

and

2 .4 2 2
w[:ié_ Coyzq a/CTo - (5-26)
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6. Discussion

In the previous section, we treated space harmonic waves and obtained an approximate
solution of frequency equation for small radius assuming that thermoelastic coupling coeffi-
cient (8) is small. In a similar manner, we can treat time harmonic waves. However, we treat
the time harmonic waves in a somewhat different manner in this section. We assume in eq.
(5-10), that @ is a real positive quantity and that ¢ is complex quantity :

q=qr—iq:, (6-1)

with real positive quantities gz and g,. If we introduce the quantity 2= y* w/¢? the frequency
equation in the zero-th order approximation, (5-12) can be written as :

{”2_<_2_>2 _(212}<772+2H+z' %2 >+i };Z ‘%2 5{37;2—<—2~>25212}=0. (6-2)

The quantity @ is sufficiently small in most engineering materials even for extremely
high frequency?. So, we expand gz and ¢ as :

QRZXO+X1.Q+X2.92+"’, }

(6-3)
Gr =Yot+y1 L4y, Q24+,

Introducing (6-3) into (6-2), we obtain the phase velocity ¢=w /¢gz and the space damping
coefficient ¢, for small £ as follows.

T el (e Bog e B Be) e

w=yE b (1) 1v2g 5 e (65
with

a=<%‘:—>2<1+3%;‘;a>, B:<g—?>2{1+2(1~0)6}_ (6-6)

If we assume that § is small and neglect O(5?%)in the bracket of eq. (6-4), we obtain :

C:\/%—C"{l” 2(1787)_36(71)3—20> <1+?Qf§ )592}. 6-7)

This result is different from the phase velocity derived by Deresiewicz® for an adiabatic case
(H=0):

C:\/_gvc"{l_ 8(1+(;);(01)2—20)2 92}. (6-8)

From eq.(6-8), the phase velocity does not contain the thermoelastic effect in terms of order

£?but our present result, eq. (6-7) shows the thermoelastic effect in terms of order Q2
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