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Abstract

There exists a style of theory composing in the nonlinear programming where
frequent resorts are made to the so-called dual alternative theorems as to the
existence of the solution to a pair of linear vectorial equality and inequality. Many
such theorems are avaible but the algebraic and/or analytic proofs for them are often
very complicated. Once a geometrical interpretation is introduced, it becomes easier
to get a clearer insight into the implication of the theorems.

It has been a common practice to give such an interpretation, which is persuasive
only in the applications of the theorems to low dimensional cases. Here in this report,
an effort is made to extend the practice to the higher dimensional cases. The main
feature of the new trial of interpretation is to classify the whole polyhedral convex
cones into four distinct sets.

The correspondence between a real matrix and a convex polyhedral cone and the
mutual exclusiveness of the forementioned classification enable us to establish the
validity of some of the dual alternative theorems.

Since no new theorem is derived by this approach, the contribution, if any, of this
report is rather in engineering education than in engineering itself.
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1. 8 ©® £
mz_ﬁo)() (Fo~x7 k) @f;pxn@qfu&g Fvag, @, , am’i’ﬁ‘]éjﬁ_éf" Py TR
%
A= (ajap an), ax0.(k=1, 9, reeeeeees ,m) (1+1)

EEDLT, O, IER DE¥I RS T, B (1.1) OFMT, aveR™ a0 0D 2 UcitH T
b, ADFIDIESIIL rank A OB AERAZ L/ LAY ED T,
L=L(A)={x|x=Ay, y=R™} (1+2)
PIFT, ~7 B0 « RESEZRD L DICHET 5,
x>0 x>0
x>0 x;z0,x%0 (1-3)
x =0 =0, x=0088%&T
ADF|OE AT (LT TH#ESIEIR) 2KE/LE KA EEDLT,
K=K(A)={x|x=Ay, y=0.)} (1 4)
—fEDHECITHNT, FDHEGHCH
Cr={x|x* €0, YE€eC) (1+5)
LESHIND, LT, o2 THERESFRDT, AMOEGE L, HEHESROLSKbEED
5,

K* =K* (A)={x| AT x < On} (1+6)
BAMSE Kic it 2R ODEEIZEM & 4 5,

(K*)* =K+ =K (1+7)

KNK*=0, (1-8)

2. Bt DHHE

ADsELBEHEE a, O R" TOERREBICHER L TRD XD ICHEHT 5,
X50,5L 54, ATXER" B ZDEKMODHFEN L a OFHEFEE RO L, a DX~NDE
WKL EHT 5, £ TC, ATXDO0n& OMMBEHERD 3 2D BAIKHTHT 5 (Fig. 12H)
ATx >0, (2+1)
AT =0, (2-2)
ATx % On (2-+3)
Eq.(2 « 3) OEFAIE, X 5RO 22iesh
0Bt b,
ATx=0n (2 4)
ATX 20, (2+5)
Fig.1 #HOVTC, ATX £ 0. DD T ~XTD
BAGRA MR L, S oMEICHER S 4 DO
DM TE 2. TN o2 0T, &XTOmEE
ZIRD 4 FEERIC 4 5. Fig.1 Four distinct cases for AT X v.s,0On.
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i) #HRHE Ke & 2 DEES TS
FMTOMIABOEETH LD, TOPTHRO0EFT HH—DHTRRTEHRESN 5,

I¥=R;;ATE >0, (2+6)
i) BURME K & ZDEASFs

ixeR;ATX >0, (2 «7)

vxER; ATX 200 (2-8)
i) I EM A ERM K & 2 DEEXL

1X2%0,; ATX =0, (2-9)

vxeR";ATx £ 0, (2 -10)

Pk 3 »DBEOEM% Fig. 2 10/Rd,
iv) 7R Ke & 2 D%BE 7
V0 ATX £ O A (21D
AEDH kD SO HPIE K ICIRDFEBMSEILT 5,

T 1) FHE0DA LD AR &,
BEDOnxm v MY w7 RAICE->TERONS
AHEK (A, e, He, FL B H DT
n,m1-oie, 2L TL 2OAIKET 5,

3. RT PILDOL(A),K(A) NDFTE

EDRY bVEER E nxm T b Y w Y
ZA%EFERE, EF LA ICEENEDLED
O—Fhs, FLT—HDEMR 5, K(A)
HWT HRERETH B, TableliCZ N 6D
GAYPT B b DOERERDSEN SN TV 5,
ZD—WDHEL T TERS 5,

T2) EGK(A)SIF; ATE=0,,Tx>0(3 » 1) b) Edged cone
—WHBIC L B GAERET A L =
VE, ATE <0, 67X <0 /

Eq.(1+ 6) ik, TORDEMFVEEKH /

(A ERETH S5, Bq.(1 « TITED, Qs Q.
Ee(K* (A} =K(A)

E1L 5 TEMBEESN Do

—Bg. (1« 6) k0, HE, Fxek*A);

ETX 08155, FTHbhE, KA DY

pLEBREOAE I TOT KA ICEREL

FRIUIN

a,
¢) Linear subspace cone

Fig.2 Images of different polyhedral convex cones in R3.
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Table 1 Relations of a vector € to L(A)and K(A).

Ralation No.of equation Condition
g=L (A) (1-2) iy; E=Ay

EEL(A) (3+2) X230, ATx=0,,,§" X>0
EcK(A) (1-+4) 8y =0 E=AY

EE K(A) (3.1) IXER;ATX =00, £Tx >0

T3)EEL(A) S3xx0,, ATXx=0;E"X>0

(3-2)

LADGHED 1 >THD, FEBHIRT 2) LEMTH 5, Eq.(3 » 2) OFME, EML DR &

MEOHRMALNTIEENSTED, HEMCOHLHTD 5,

4 EEAHKEOHE

2 TERL-ABHEOBMOBEYNSHEEAY, 20DEFEMLI Table2 WiRlL1, £S5,
2TEHRALEDEBFBIBOERLL > TOAEDT, N OHEBEOEMME 1S 25~ EASEHICEE

{95, cO®EME LT, ROBEMEESET 5,

Po={yly >0} m & JohH 1k ZE R
Pe={yly =>0n} m R ZE ]

Range AT={yly=ATx, x&R"}
Ker A ={ylAy=0, y=R"}

(4 1)
(4+2)
(4 +3)
(4 +4)

Range AT B XU Ker A B ZNZFNBIEHLZERTH Y, ROTHEKBRZHEMEENRT 6 &,

bbb
Range AT L Ker A, Range AT@®Ker A=R™
WHANTH L ET 2,
4.1 B K 8%
‘T 4} K(ADEHr sIFER;ATZ>00
SVY20m Ay0,
Eq.(2 « 6) BLUEQ(4 - 6)EZNTNRDLHICSERTE 5,
Range ATNPo%¢
Ker A N Po=¢
—Eq (2 - 6)%HEL, IKEQ(4 - 6)EEETHE
ay; ERange AT N Po
ay,eKer AN Pc
Eq.(4 - 5) K0,y "g,=00EZ 55, —F
y1<Po .y >0n
y.€Pc .y =0,
S yTy>0
CNEFIELZ S Eq.(4 « 6DIEESNRIEE SH L,

(4 +5)

(2 - 68)

(4-6)

(267
(4-67
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——IHEERE S 1o Bq. (2 « 6)4BET S
YyEPo, y & Range AT (1)
Eq.(4 « 5)ic kD, ROBERDENH 5,

y=yrtyx, yr €ERange AT, yy&Ker A (i)

CINCED, gex0LIGEBELT, (DOELD W ZELT

uTy=lyc >0

CDXDMEED y >O0nictt LTHRILT 5005
yx=0m, -yx EPc

-7, Eq.(4 « 6)MEESINI,

Table 2 Definitions of different cones.

Name of cone | Symbol Definition in 2 Alternative definition
. IxeRM ATE >0n Yy 20, Ay=0,
Pointed cone Fe (2+86) (4+6)
iIXeER": ATX >0, Vy >0n, Ay %0,
(2+7) (4« 8)
VxER", ATx >Orn 357 20m,Ai]=0n
Edged cone He (2 -8) (4 - 9)
a'X=0<¥; >0
NlSii (4+10)
aj x >0sy;=0
X %0,; ATx =0,
Linear % |ea0, ATx X0, rank A <n
subspace cone (2 «10)
1y >0m; Ay=0,
(4.+7)
1
Total space A Yxx0, ATx X0,
cone rank A=n

4.2 MEESS LM, 2ERM#
T5)KAEH UK SVxx04, ATx X0n
Siy>0n;AF=0,
Eq.(2 = 10), (4 « T)ERDEDICHRRTE B,
Range A" N Pc =¢
Ker A N Po3x¢
> SHEBAE S fowic, Bq. (4 « T') 2EBET %,
vy Py, y & Ker A (i)
IROBEZAESH 0, (1) 1LY Yo 0,TH b,
y=yr+ux, y» ERange AT, yx EKer A
LELDy™ERTHLICED
SyrEPe

v y=lyr [F>0,

17
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«——Eq.(4 « 7LD
y,eKer AN Po
ZoEx, 6L EqQ(2 - 100%2KETHE
2y, =Range ATN P¢
Eq.(4 «5) &0, yTy=0 L5 5H, —HItBWT, y)1€Po, ¥y €Pc L0,y >0 L1855 -
TEq.(2 « 1) @EESINLFITE S0,

4.3 # K s
T8I KA € Hpsi¥sR";ATX >0, (2« 7TH)
vxeR", ATx »0, (2« 8E)
SVy>0m, Ay %0, (4 -8)
3y >0m; Ay=0, (4 «9)

TOEE, READILT b
¥ >0sa"%=0
?;=O‘:>af)_c>0}

T4) itk,Bq.(2+ 8)&Eq.(4 - 9) OFMMEA, £/4T5) LD, Eq.(2 - 7)&Eq.

(4 - B)OHMELBREND, —F
FHATE)=(AY)TE=0,T%x=0

L, G200, ATX 200 &1, Bq.(4 < 10) D3RI T 5,

(4 +10)

. NI MLOFREICEET 5 - &HR—TE

FEDESR L, nxmew M) v 2 RAEE DL
Ec=L(A) (5 1)
E¢L(A) (5« 2)
DEDOVTND—FD, T L T—HDOANET S, COBRLTTHRIC [ZHER-THA] L&
HHe b, Lichsi-T, Table 1T, Eq. (1« 2)& Eq.(3 ¢ 2) BTHR—THN, KD Gale ©
FEENRILT 5,

T7) 1) é=Ay KR ySR™" D& 5,
0) AT x=0, ETx >0 ICfRxSR " 1% 5,
HZHR—TH 3,

R, EEK(A), § €K (A) b ZER—~ThH B, Lichi->7T, Tablel DEq. (1« 3) & Eq.
(3 » 1)K NDIRD Farkas OEEHAL T 5,

T8) 1])E=Ay it y=0,75 5N 5,
O} A"x=0,1CET x>0 75 BIEH & b
Ci:%;ﬂj\]_‘f% %)o
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Eq.(1 « D) igfE> nxm = b Y » 7 R ADERLABFEK (AN, 20050, —EDH LD 1L BI54

ZBAGE, T1) icky, Table2 o ENH—DD, ZF LT—20HDMICHIEIN 5,

9, KIAEH, KIAEFUHLUHr FEIR—TH AT L L, Table 2 o&HRic L b,

&R Gordan DTEEHET 5,
T10) 1) ATx>O0.fif xR H5d 5,
1) Ay=0,1Cy=>0nti 2MBHdH 5,
FZHEHIR~TH 5,

X5, K(A)eH o U, KIAEFH U b THEIR—TH AL & LD, ’RD Stiemke D E ALY

Héo

T11) 1] A'x>0.CfxER" DD B,
1) Ay=0,iCy >0nli 5EHEH 5,
HHR—TH 5,
IC, ACIRDE D TERRIEHETEZ 5,
A= (A4, B, —B)

(6« 1)

o2, Avidnxmy, Bldnxme = bV v 7 28G5, AL B EqQ.(1 « 1§, ETEGN

[HEq. (2 « 6L LEBRL VRS,
KA)EH:
KA EH UK T

MIER—E1 B, Bq. (6 « 2) DFE

ngR”, AITE 20m1+2m2
B'x

-B'%

(6 +2)
(6-3)

&0, AE>0m, BTX=0n, % 2 5,77, Eq.(6 « 3) DEE, y=5,", ¥5, yv" )" >Ompzmy & L

T,

A1 g +BY v ~BU=A1 J1+B(Fo ¥ ) =04
E0,Ge-Ps=h BT

A1 +By2=0,, §; >O0n
%18%, £ T, BAHSEZ TROEEEE 5,

T12) ADZETRHE S
1) A"x>0n,, B*x=0., itfxsR "13& 5,
I) Ay +By:=0.C, y1>0m 8 BEHH 5,
HHR—~TH 5,

CDEME, Tucker DEMEEIIN L OB EATZHKRL, BHEDOL &ETIL) 10/

&Y Do
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PLERTI2) 2R0OTHE, —D0O< Y w7 20A5EOEETH L, LrL, TORDERE
DT, LW LEDE, KD Slater DEHTH 5,

T13) ni7T, #hZFho, a, b, ¢, difEHo=rY v 7 2A, B, C, DsH-T,
A, BIETHWET L, COB, kD I), M) FFHIR—TH 5,

1) ATx>0,, BTx >0, CTx =0, D'x =04 (6 = 4)
IR xR 15EH 5,
) Ay.+By,+Cy. +Dyy=0, (6 +5)
i) #2204, yp =0, y. =0 (6 +6)
ER AT
i1) ya=0a, gy >0, y. =0, (6« 17)

&Cf@?‘, yaERa, ybERb, chRc, ydERd b b

FHREDHBETL DOEEBABREINHET A EETELWD, ZHO< M) v 2 2EGL4NT
D DFEFEEA TG 57 DHBOENE & 75 5 E A Table 2 £ 0RO &L H ICET 5,

T14) Eq.(1 « 1) KHEHIFEED nxm = MY v 7 RAIKL,

ATx =0, x=R" (6« 8)

Ay=0,, y=0, (6 9)
WWHEHRRAE RIS @D b,

ATx+y>0, (6 «10)

K(A){Z Table 2 DL FNLHDIHETH 5,

KAEH DEE,EqQ(2 « 6)Dx%Ext L, y=0,E 9413, Bq.(6  10) A3 &4 5,
KAEHDEX,EBq.(2 - TDDx%x,Bq.(4 - 9)DygryldsL, Bq.(4 -10) o¥H
DWZICEq.(6 « 10) Mtz SN 5,

KA UAr D& E,Bq.(4 7)) Dghydl, x=0.LHNF L0,

Table 3 Dual alternatives.

Theorem Dual alternatives
name Geometrical Algebraic
o4 ER"' A’I‘x :O
1 eL(A =L (A TYSR™; E=A TR m
Gale & ) &L (A) y é=Ay £7x =0
fxeR™ ATx <0,
Hyy > . = ’ -
Farkas E=K(A) EEK(A) y=0. E=Ay £Tx =0
KCA) K(A)eHs iy >0,; Ay=0 IxeRY ATx >0
Gordan A AR A ® Yy 20 Ay=0, ; m
Stiemke | K(AEHUAr | KIAEHUH: |9y >0, Ay=0, |*x&R"; ATx >0,
K(AeH UK | K(AeAs 4y, >0p,, y2&R™ | 3xER”
A=[A4, B, ‘IB] ER ™ (mrrems ; Ay +By:=0, ;ATx =0, BT =0
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T14) IWHFE LT, T13) 32N 42 EHEA MR 285 Y i Lo TR
irote UL, TI13) 1) &, KA K(B)ed:, KOsy i, K(D)edL
P, Pig2 TXEEDLINTOLEMARETEEETH D, tOEEN) PRRALLEBVER, Lo
foAax DENMOIEFFE (1 )Eq.(6 « 6)DEFEE) & L 3&b, OIEHRE(i1)Eq.(6 « T)DH
B WWHATLEY &, o~y P VDI ARASGHKRL TEAWICREAL LETERWTEAE
ST B, DD BEEAHICAE SO EEMATH 505, BEICHL, TOBOBEHENT
BAEHZH DT EE, —MOTH BB ICERISDbDEET L, e D/MFOEETT
NTCTH-T, TORABLHASOF LI A2 STFRTBHED T,

Table 3T AMEG CHl - 7 “HIR—THA T LD TR LI,

51 A STk
D) OL ~rn )7y (BIREHR | R EIE(1972), pp.216 R



