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Abstract

Coupled wave equations are derived and solved for analyzing properties of forward
phase conjugation by nearly degenerate four wave mixing with boxcar type phase-matching.
The properties are discussed in conjunction with incident angles, polarization directions of
the waves and frequency detuning.

1. Introduction

Blaschuk et al.”’ and Prior® have proposed a boxcar configuration of wave vectors to
realize phase-matching in forward phase conjugation (FPC). Since FPC is considered to
have a high speed responsibility, Khyzniak, et al.®» and Apanasevich, et al.® analyzed the
transient response of FPC and have shown high speed responsibility. Heer et al.”, Blaschuk,
et al.” and Khyzniak et al.® have demonstrated FPC. Recently FPC has attracted attention
as a squeezed state generator®, but the main interests have been concentrated into quantum
properties of the generated optical field but not into properties of interaction of waves in FPC
itself.

The analyses above have assumed the small angles between directions of wave vectors
and the demonstrations above have realized under the case of the small angles. The angles
must not be zero since those waves are distinguished by their propagation directions in FPC.
When the angles become larger the effects of the angles and of polarization directions must
be considered in boxcar type phase-matching. Here we discuss the effects of the angles, of
the polarization directions and of detuning.

2. Nonlinear polarization

The i-th component of the third order nonlinear polarization P; is given by for steady
state four-wave mixing” :
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PNL¢=4J_Z’C.'LX”1¢:E;EJ;E1, (1)

where ¢, 7, k and 1 are one of the Cartesian coordinates, respectively. This expression does
not show the wavelength dependence explicitly, but it suffices to consider the effects of
phase-mismatching owing to the small detuning of probe wave(hundreds MHz for atomic
vapor, for example).

We take spatial symmetry of the nonlinear susceptibility tensor into consideration. For
gaseous nonlinear medium inversion symmetry holds and 21 elements of the third-order
nonlinear susceptibility are non-zero. Further, only three of these are independent®. After
some calculation we obtain for the third order nonlinear polarization

PYL=PNx PNy PYLg

:(Xnu/s) [2(E+’E”)E++(E+‘E+)E_]+C.C., (2)

where
E=Q1/2)(E*+E-), (3)
E+=(E")*, (4)

X, ¥, and z are Cartesian unit vectors, and c.c. means a complex conjugate. The nonlinear
susceptibility x:.,; is assumed to be real and we use y instead of x,,,; hereafter for simplicity.
Each i-th component is considered to be the sum of frequency components :

E*i=(1/2) § Ag* exp lilwgz—Fk-1)], (5)

where q=1, Z, p and ¢ indicate two pump waves, signal wave and conjugate wave, A" is a
slowly varying amplitude. The angular frequency w. is

wc=w1Tw:" . (6)

We assume that the frequencies of the two pump waves are the same (w =w; = w,). DBesides,
each of the pump intensities is assumed to be much larger than probe and conjugate intensity.
The nonlinear polarization also consists of the frequency components :

PR, = (1/2) § [Ry* exp{ilwgt—Fkgr)}+cc], i cc(7)

where R,,* is a slowly varying amplitude of the i-th component.
Case A When the polarization of the waves are (see Fig.1 (a))

Ar=A"y, (8)

A=Ay, (9)

A=Ay, (10)
and

A= AX, (1D
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each frequency component of nonlinear polarization is reduced to a simple form. Insertion
of eq. (4) into eq. (2) and use of eq. (5) lead to

R,*=(3/4) X (ATA,+24,7 A7) Aty, : (12)
R, = (3/4) x (4,7 A, +2A,7 A7) Ay, (13)
R, =(1/2) x [A* A  Acmexp(—iAk 1) + (A YA -+ A A7) A1 )X, (14)

and
= (1/2) x [ (A A Ay exp(—idker) + (AT A+ A, A,7) At ) x, (15)

where Ak is defined by

Akékc_(kl'!'kz"“kp). (16)

Fig.1 Polarization of waves and boxcar type phase-matching
configuration for FPC. When the detuning ¢ is equal to
zero, the phase-matching condition is assumed to be satis-
fied. (a) Case A: e,//e.//y and e,//e.//x, and (b) Case
B: e)//e,//y, e, Lx and e. L x, where e, is the polarization
direction.

Case B When the polarizations are (see Fig. 1 (b))

A, =A%y, an

A=Ay, (18)

A=Ay + Ap 7, (19
and

A=Ay y+ Ac’z, (20)

we obtain eq. (12) for R, and eq. (13) for R, and following for R, and R.:

Rp+: (1/2) X [3{A1+A2+Acy_exp(~iAk‘ r) -+ (Al*Al—“f"Ag"—Az_)Apy*'}y
+{A, A A mexp(—idk-r) + (AT A+ A7 4,7) At V2], (21)

and

R =1(1/2) x [3{ A" A" Apy exp(—iAker) + (A, A+ At A7) Aty
+{A A Ay exp(—iAkeT) + (A)F A+ A A7) At h 2], (22)

We note R, and R, have z component as well as y component.
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3. Boxcar type phase matching and phase mis-matching Ak

It is relatively easy to satisfy phase-matching condition in the case of degenerate

interaction, so that we put
wp—w+d and w.=w—J, (23)
where >>|6]. When =0 we assume the phase-matching condition is satisfied :
Ak=0. (24)

For simplicity we assume each angle between z-axis and the propagation directions of
the waves is the same, except for conjugate wave :

62 61:622613. (25)

When ¢6+0 phase-matching problem arises. The nonlinear medium is assumed to be
infinite in x and y directions but finite in z direction (thickness L). In this case phase-
matching condition in x and y direction must be strictly satisfied”. As a result we obtain

Ak, #0 and Ak =Ak =0, (26)
Above equations can be rewritten as

Ak, =|ky|cos,+ | kelcosb. — [k, + k., n
and

|k, |sing, = k.|sind.. (28)

We assume linear refractive index is equal to unity which is adequate for most metal
vapors. When =2z X10° rad/s, for example, 6/ w is roughly equal to 0.3 1075, so that the
effect of detuning ¢ on 4. can be neglected in most situations. From eq. (27) we obtain

G(Akz)] 5 _ 2sinftanf o
3

Ak, = [Akz]6=0+[ 95 o Co )

4. Coupled wave equations

By insertion of the optical fields and the nonlinear polarizations into Maxwell equations,
and use of slowly varying amplitude approximation we obtain an equation describing the
relation between nonlinear polarization and optical field. Separating it into different
propagation directions lead to for the case B:

A L i

aazll :“‘3875:20 (A A +24,% A7) A, (30)
aA2+ ) BXG) - + ~ +

e B (A, 24,0 A0 A (31)
o’ — O [ 444 Aexp(—iBk,z) + (A, A+ A7 A7) Agy ], (32)

o2 4¢o
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0Ag” _ 3xwe

W s [ATA Apyexp(—iAkz) + (A A+ A A7) At), (33)
e 0
Aps" _ . Xwp A F - : A - A - +
5z, =T [A* A7 A mexp(—iAkz) + (ATA -+ A A7) Ay, Y], (34)
A" . xwc A+ - . A - A -
EP St s [A,*A,7 Ay mexp(—iAkz) + (A YA -+ A A7) At (35)
3 0

where z, is the propagation direction of each wave (kq/ky).

The nonlinear polarizations R, and R, contain z component as well as y component in
the case B: Egs. (34) and (35) are derived from the z component. Egs. (32) and (34)
resemble each other, but the coefficient of eq. (32) is three times larger than that of eq. (34)
and so as egs. (33) and (35).

Because of the lack of the component parallel to pump polarization in the case A we
obtain egs.(30), (31), (34) and (35) where the suffix y and z are omitted. Hereafter, we omit
description on the case A.

5. Solutions

We can easily show that A;"A,” and A,*A,” are constants by using egs. {30) and (31)
and their complex conjugates. The solutions of the pair of egs.(30) and (31) are

A=A texp(~ik'z) (36)
and
A, = Aggtexp(—iky'z,), 37

where A" and A,,* are constants of integration, and

' 2 38’“" (A, A= +24,% A7) (38)
Co
and
lezlém(/lerAz_'f'ZAﬁAlu). (39)
8co

According to these solutions self focusing or self defocusing will occur if the amplitudes are
not uniform. However, we analyze plane wave case, where the magnitudes of the wave
vectors change uniformly in space.

Now we assume intensities of the pump waves are equal to each other for making the
problem simple. Using the pump wave solutions (eqs. (36) and (37)), the pair of egs. (32)
and (33) can also be solved by transforming the derivatives with respect to z, into those with
respect to x, ¥y and z, and using the technique of separation of variables. The solution of y
component of the conjugate wave is
v T13x

ycosd

Apyo~(1=-2)sinh (2)

cy

Xexp[—i{%’icosaﬂz;%cos% Azkl vz, (40)




6 Teruhito MISHIMA, Tsugumu HON-MA and Shinji SASADE

where

7 2 (2cos 0)"'43642—[9% cos? 6 — 12k {1+(d/w) sin? 8} +Ak; cos 017 (41)
and

x& /:(?; A10+A10“:%A20+A20". (42)

The boundary conditions used for the y component are:
Ayt (z2=0)=0 and A, (2=0)=A,y". (43)

The solution of the z component of the conjugate wave is:

b ik I RO
Acz gy Apzo (1 w) sinh (vz)
Xexp[—i{ (-9——-2-(1) xcosf+ Ak, tz], (44)
2 17} 2
where
v 2 (2cos 6)"WarE—[9% cos? O— 4k {1+ (0/w) sin? O} +Ak; cos OF . (45)

The boundary conditions used for the z component are:
At (2=0)=0 and A" (2=0)=Ap". (46)

We note that the slowly varying amplitudes A¢,* and A¢.* do not depend on y and z because
of the plane wave input (egs. (43) and (46)).

6. Increasing/decreasing properties of the solutions

v and v could be either real or imaginary, which govern increasing/decreasing property
of the solutions. For example, when vy is real A¢,* increases/decreases monotonously, but
when it is imaginary Ac," is a periodic function of z. We consider this in the case

[0/ |< <1, 47
using a new parameter p, which is the ratio of detuning ¢ and coupling coefficient x :
p2(2/co) (6/x). (48)

Now, only two parameters, p and 6, determine whether y (or v) is real or imaginary and p-6
plane can be divided into three regions which indicate the increasing/decreasing properties of
the solutions (Fig. 2).

Inregion I, y and v are both imaginary, which correspond that Ac,* and Ac,* are sine
functions of z. Inregion II, y is imaginary and v is real which correspond that A¢,* is the
sine function of z and Ac,* is hyperbolic function of z. In region III, v is real and v is
imaginary which correspond to that Ac,* is hyperbolic function of z and Ac,™ is sine function
of z.

In general, y and v are not equal to each other in magnitude and there is another factor
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“3” in the y component and not in the z component. The polarization direction of 4¢* which
consists of y and z components is gradually changing with increasing interaction length in the
case B. Even when y and v are simultaneously equal to zero that occurs at

100+
REGION 1
50t
| REGION I
F 20 4 g
P N ; .
o1 80 80
INCIDENT ANGLE ©(DEG)
ol REGION I
REGION 1
100}

Fig.2 Regions where y and v are real or imaginary, which indi-
cate increasing/decreasing properties of the solutions.
Region I : y and v are both imaginary,

Region Il : y is imaginary and v is real, and
Region Il : v is real and v is imaginary.
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Fig.3 Examples of conversion efficiency #, and #,.

(a) Conversion efficiency 7, and 7, vs. incident angle 4 in
the case 2 =0.85um, |xL|=0.4 and ¢=27%0.5X10°
rad/s (0.5GHz).

(b) Conversion efficiency 7, and 7, vs. detuning ¢ in the
case A =0.85 um, |xL|=0.1 and #=5 degree.
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p=(6—9cos?8) /sin?4, (49)

the polarization direction is still changing with z.

In the small coupling coefficient limit (x—0) 3 and v reduce to i|Ak,/2|, so that the
solution depends on the phase mismatching Ak, directly. In contrast, in the large coupling
coefficient limit (x—c0 or p—0) ¥ and v do not depend on the phase mismatching A#k,.

From the solutions (40) and (44), the conversion efficiencies can be obtained as

_|. 3%« . 0, exp(yl)—exp(—yL) ]
7y = ycosﬁ(l =) 5 (50)
and
o ¢, exp(vL) —exp(—vL) |
%= | eosg U w) 2 ’ (61)

Another important feature is that there are nulls in # vs. 8 curves when y (or v) is a
pure imaginary number, because the solution (40) (or (44)) becomes sinc function of yz (or
vz).

Some of the numerical calculations are shown in Fig. 3. In these figures #, is omitted
unless 7,/#7,=1 or =0 where we can not describe the waves under the assumption of
constant propagation direction. However, #, is shown since it is valid in the case A. 7,
(and the case A) shows a gentle angle dependence and wide frequency bandwidth but the
magnitude of 7, is smaller than that of 7, since the factors in the coupled wave equations in
the case of perpendicular polarization are smaller than those in the case of parallel polariza-

tion.
7. Conclusions

We have obtained nonlinear polarization and coupled wave equations to analyze the
properties of forward phase conjugation by nearly degenerate four wave mixing. Some
properties, such as polarization dependence, incident angle dependence, detuning dependence
have been discussed. The results show that there are gentle angle dependence and wide
frequency bandwidth.

It requires further analysis for the case B because it is found that y and z components
show a different behavior and the analysis above is insufficient for describing the case where
the polarization direction is changing with the increasing interaction length.

The authors are grateful to Prof. Ichiro Sakuraba, Hokkai-Gakuen University for useful
discussions and to Prof. Masanori Koshiba, Faculty of Engineering , Hokkaido University for
his critical reading of the manuscript.
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