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Free Vibration of a Cantilever Rectangular
Plate with Varying Thickness
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Abstracf

An analysis was presented for the free vibration of a cantilever rectangular plate with
varying thickness by using the Ritz method. The transverse deflection of the plate was
approximately expressed in series of the power function. Substituting the expression for the
maximum kinetic and strain energies of the plate into Lagrange functional, the frequency
equation was derived by the condition for a stationary value of the Lagrange functional.
Eigenvalues and mode shapes of vibration were caluculated numerically up to higher modes
and the effects of the varying thickness on them were studied.

1. #&

KX TR, EEFFBREABROEHES S, Vv VEEAOTRTL 2, RABKOEIC
B4 2R EHEE L Rons Y, —IEAEES N, BY O=Z>0WREETH 5 FEESFIRD
WENELT 2HE DV T ORI, MEEOPIRPY — B VEER TR EbY (EH
THBRZ b o TENDR L, FESDORHSED T, LIU 52 OFREREE Fv e
HLIBEER Y, —H, BEEHOWR, EEFBEMIROMIED 237D C05H, Yy YikEHnT
FEATRE SR A MEET 5 7o 2, BEAFEAIROEEIREE &R — N 2RO - OBEWIET
Hb,

ZOWEDID, WOEMERSEH AL, EHxx ¥ — L 0F a3V F — 2T
IR, T79 Y BBOSEEERHWS I LI o TR AR P, ZOFERED
EREERE R TR, FREAEROBEBRE IRt — P RISTEEOREEH L &
bz, MOFEOWIE L DHIRHITo oo

2. B Em R

B 1R dEERFRAEROFPRENCESER(x, y) 2L 5 2 L2 &> OS50
F—LOTHIINEF-DEREEZRO LIRSS,

il

B ITEETER B



8 AR - (U TE - VRS

T= %/ﬁzmﬁﬁﬁ({g)wwdn (1)
=g [ LR [(5) e (50)
+2u#2(882;/) <88277V£/)+2(1—V),u2(g;g;)z}dfdn (2)

22T, W BHROEMNEE, D, 3oy o & etk £, 7Y v v 8L UEES
DRE hy #FAWT Dy=Eh?*/{12(1—v))} TEZ26N5%, 7, pu=a/b FROKELTHD,
E=x/a, n=y/b B, WOEITTEETH S, Q13 O =pha'w?/D, TEHE SN 5ERITTIRES
FA=FTHY, p BEE, o IHEHKTH S,

WED EEAMCEBRNCELT2EE, IRE MDD, RO EERS,

h(&)=hh(&), h(rf):{l—(l—x)«f}}
x=h/h

AFD b BROBHFETOESTHY, x 3RELTH 2,

DUF DT, IROBMZFHABEH#EAWTRO & 5 GEHT 5,

(3)

W=3 S A Zn() -0nln) (1)

=0 n=0

b

SSRINNNNRNN

N

.

ho
N

!

|

|

|

|
h

&

1 EEFFRITEHR



TR RTRO B iR 1

AR E LT, BEEBMOSAENERLGOAEHET 2 NEEEEHV 5,

Zy(&)=&m2,  D,(y)=y" (5)
NEFEIZ, Uy VECBLTHERBEOSVIAUEE2 52 5, M) 20 £ @) ~RAL,
ST 2B L=T—U OEFEFEFMER 0L/ 8A4m=0 23 Z X2 & » T, ROIRENEHE
KSE»h 5, ,

(U —Q2T N Ayt =0 (m, k=0, 1, = ;n, 1=0,1, ) (6)
H(6) R ERE Ay KBTI 2BERIRXSFERT, CORIVBEEEQ #HETLI LT
WOBEBREEORE SN, FOEBECHICT2EENZ M EHET LI E-T, D
REITE—FEFHL I EWTER, 22T, EMPENLR(6)PORE~ MY v 7 AOBEFKIZK
DEBYTH 2,

1 1-0

(7= (¢ -
m+k+5) (n+i+1) (m+k+6) (n+{+1)
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F1 ZERFEAEROBEFEOIERI (v=0.333, u=a/b=2.0, x=Iy/h=0.2).

Q
Mode MXN
number

Type

5 X5 6 X6 7X7 ] 9x9 10X10
4.154 4.152 4.151 4.151 4.150 4.150
15.26 15.25 15.25 15.25 15.24 15.24
35.47 35.02 35.01 35.00 34.99 34.98
38.56 38.24 38.23 38.21 38.19 38.19
64.36 64.09 63.98 63.96 63.94 63.92

- 70.11 67.42 67.41 67.23 67.17

P
\/‘
i
I
wr
[ R

11.63 11.63 11.63 11.63 11.63 11.63
26.01 25.99 25.99 25.98 25.98 25.98
50.05 48.94 48.89 48.86 48.83 48.82
.72 78.44 77.67 77.60 77.56 77.52
95.80 86.42 83.61 83.58 83.34 83.31
— 130.49 129.48 124.15 124.07 123.39

5
/

R2 FEHRCEERFHRD & OBEEQ 0L, (vb=0.333, MXN=8x8),
() u=a/b=1, x=hhy=1, ) px=a/b=10, x=h/h=1,
(¢) u=a/b=10, x=h/h=0.2,
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Mode (a) (b) (c)
Number EEe Gorman(4) =ES Mabie & (5) EES Mabie & (5)
1 3.46 3.46 3.35 3.32 4.07 4.05
2 21.10 21.09 21.00 20.78 14.96 14 .84
3 27.07 27.06 58.83 58.18 35.14 34.76
4 53.54 53.53 115.69 114.00 65.25 64.21
5 61.13 61.12 192.58 188.40 105.95 103.33
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THB U7z, ERTE, BDOEBEELERSEGoTWAEY, BRI S LROBEBENSL T »
WELZoTnb,
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PR 1 HEEIE (u=a/0) 2L L E ZAREFBIRONTIRE (STB) OB EE Q.
(y=0.333, M XN=8X8)
(a) EERFERAEE Go=h/h=0.2).
Mode u=alb
Number| 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
1 4.25 4.21 4.18 4.15 4.13 4.12 4.11 4.10 4.10 4.10 4.09 4.09
2 6.89 13.71 15.28 15.25 15.20 15.16 15.13 15.10 15.07 15.05 15.04 15.02
3 14.88 15.75 24.22 35.00 35.74 35.69 35.62 35.54 35.48 35.42 35.37 35.33
4 15.81 28.78 36.30 38.21 52.44 65.33 66.14 66.10 66.01 65.90 65.80 65.71
5 19.17 36.36 44.16 63.96 67.21 71.73 90.39 105.74 106.98 107.00 106.90 106.77
(b) EERFRAERGe=h/hh=1
Mode u=alb
Number| 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0
1 3.49 3.46 3.44 3.42 3.41 3.40 3.39 3.38 3.38 3.37 3.37 3.37
2 10.03 21.10 21.13  21.29 21.25 21.21 21.18 21.15 21.12 21.10 21.09 21.07
3 21.79 27.07 53.05 59.77 59.75 59.63 59.51 59.40 59.31 59.23 '59A16 59.10
4 31.07 53.54 61.56 92.70 117.29 117.55 117.37 117.15 116.94 116.75 116,57 116.42
5 33.88 61.13 84.45 117.92 143.40 192.84 195.40 195.27 194.98 194.66 194.36 194.07
RBROT v I =74 v idFA—F— T 2EBEOBRKEERT,
i 2 WEH Ge=h/h) 28T L SOEEFFREAEROBEEE Q.
(v=0.333, g=a/b=2.0, MXN=8X8)
Q
Tyke | Mode ko R (4)
number
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1 4.15 3.95 3.81 3.71 3.63 3.56 3.51 3.46 3.42 3.42
( 4.05) (3.92) (3.81) (3.73) ( 3.65) (3.58) (3.53) (3.48) (3.43)
S 2 15.25 16.09 16.92 17.71 18.48 19.22 19.93 20.62 21.29 21.28
(15.12) (16.20) (17.11) (17.93) (18.69) (19.39) (20.07) (20.71) (21.34)
3 35.00 39.03 42.48 45.68 48.71 51.61 54.41 57.13 59.77 59.76
(35.88) (39.88) (43.44) (46.67) (49.66) (52.47) (55.16) (57.75) (60.26)
4 38.21 45.31 52.51 59.60 66.52 73.30 79.92 86.39 92.70 92.68
¥ (43.61) (50.46) (57.01) (63.36) (69.55) (75.59) (81.50) (87.28) (92.93)
5 63.96 73.23 81.05 87.98 94.45 100.65 106.61 112.36 117.92 117.72
(70.60) (77.45) (84.12) (90.63) (96.90)  (102.90) (108.6)  (114.0) (119.2)
1 11.63 12.11 12.54 12.93 13.29 13.62 13.93 14.23 14,51 14.50
(12.28) (12.68) (13.20) (13.33) (13.60) (13.85) (14.09) (14.32) (14.53)
A 2 25.98 29.02 31.92 34.70 37.38 39.97 42.49 44.95 47.35 47.32
(27.98) (30.90) (33.57) (36.07) (38.49) (40.82) (43.10) (45.32) (47.50)
3 48.86 55.05 60.83 66.34 71.63 76.75 81.71 86.55 91.28 91.24
(52.52) (58.42) (63.94) (69.11) (74.0) (78.75) (83.32) (87.76) (92.11)
g 4 77.60 91.13 101.04 110.15. 118.91 127.40 135.64 143.63 151.40 151.16
(91.23) (99.19) (107.2) (115.3) (123.2) (130.9) (138.6) (146.1) (153.4)
5 83.58 103.41 125.12 146.55 167.34 186.85 203.46 216.91 229.25 228.12
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Il
Qi=4.212
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A
25=36. 36

(2:=3. 460
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() HE x=1, @) EE x=0.2, OFHREN(AZD).
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