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An Exact Numerical Method for Calculating Fermi Energy
and Carrier Concentrations in Secoductors

——An example of transcendental equation solver——

Yutaka ABE
(Recieved June 30, 1992)

Abstract

An efficient numerical method is described for calculating the Fermi energy, free elec-
tron and free hole concentrations, and the ionized impurity concentrations in semiconduc-
tor materials. Several detailed calculations for the temperature dependence of free elec-
trons in uncompensated, and partially compensated Silicon single crystals are reported.

The Fermi energy for highly doped specimens are discussed in terms of broadening of
the impurity level and band-edge tail due to random impurity potentials.
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BB R A ICRIT S Fermi energy & carrier @ energy 44 OIREREN 2 BB IR D
LEIRANL, FEAYHEE L OERT A 22k o TEANMBEO—2>Th D, LA, %
 DEFYIEE S X OFEAYEE OB BRI 5 ZOMBEOIR Y B, BHTRTHTH
h, FZTEBCRNSRTOAELUNRT 7 r -5k, £ OEERDHEGETToOMELER
T A IDICIFR ERICAL T Tsv e ERRICHR D B EO AR BT TR D &,

D BNl OBESFEEICKEVHE (degenerate doping) DD Fuy,

2) HFEEDOEE O donor & acceptor & & ¥ compensated semiconductors 1Z ¥ V3 5 Fermi
energy DO EREM,

3) InSbh, InAs, HgTe £ ® narrow-gap semiconductors I8 )3 density-of-effective mass
@ non-parabolic band %5&,

O EVREM ORI & BRI H 13 5 trapped electrons DA, (2 hERTD elec-
tron spin pesonance DRJEA R S & EEELYWERT L 785,)
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Lo le b DRIIBET D EDHES,

T OBENR K\ & X, BB\ T energy gap DN S IeFEATIL, FRTH v ) 7HHEE
I L, Maxwell pElIs O S THRELTLE 5,

CowmX ()T, DRUDKBELT, Si#EfEREFICIRY, %0 Fermi energy & carrier
FEORERGEL L YV EHICRD 2 DOBWBELREHEOFEL, EEOCAMERLL
DTH B,

2. HEUKIZH (TS Femi energy ORE

B LEBEORE R BT A FEMAD carrier density 13, % ® Fermi energy #*IRET 5 Z LI
X o T—EBRCFOMEIRD RS DT, % band 2N EHi 7 quadratic energy dispersion % -
T\ 5 & &2, formulation D d O idED TEMTH 5, coduction band iK% electron
density, valence band ¥} % hole density %, F*4n p &T5&,
n=N.%,(n) Q2. D
p=N, &, (g —7) @ 2
TFEIND, T T T N, Ny ¥k «conduction band, valence band i3s1F % effective density
of state T,
N=2(2 zm.kT/h?)¥? Q. 3. D
N, =202 zm,kT/h?)*"* @. 3. 2
TEz2b6h3Y, Fi,
n=CE:—E/kT, &=E./kT,
Er : Fermi energy, E; : energy gap, k : Boltzman constant, : #EXBETH 5, K 1T
order 1/2 ® Fermi &% T,

_ 12 o 81/2
191/2"'(2/7[ ! >./O- 1+exp<5_77> de (2. 4)
THEz2bhb,

2.1 Density-of-state effective masses

Many-valley #2333 % Electron effective density-of-state masses
1) Density-of-state effective mass of electrons

Ge, Si &0 many-valley ¥ o¥E XTI, K 2. 1@RTHIZ conduction band 13 Bril-
louin zone DO, F ikl Wbl LB L, energy surface HEMMETH B, =D
£ @ density-of-state effective mass m % i3,

m 5 =N**(m,m #)* @ 5
ThH %2 bh%, 22T, N iXconduction band f/NMEDZL, m,, longitudinal effective mass, m;,
transverse effective mass %3,

2) Density-of-state effective masses of holes

Pl E o4&k D valence band 1%, k=0 12/ MEEX H - T 525, Ahd “HBFEL TR,
B spin-orbit spliting &= X % split band & % - T\~ %, ¥ % energy surface EREITILA L,
2. 1. OemT#iEAR energy surface 2755 Tuw 5, (k. parlic X % valence band ®
AT D energy dispersion 12,
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Fig. 2.1 Energy band of silicon. (a) Conduction band, (b)
Valence band.

Table 1. Effective mass ratio of holes

Material A B C*2 Light Hole Heavy hole

Si 4.22 0.79 27.84 0.159748 0.586575

Ge 13.3 8.57 163.4 0.045527 0.218897

InP 6.28 4.17 38.9 0.090957 0.802675
GaAs 7.63 4.86 56.7 0.075941 0.590791
InAs 19.7 16.8 186.5 0.026902 0.555652
GaSh 11.7 8.19 122.6 0.481432 0.476144
InSb 35.0 31.4 437.5 0.014870 0.453105

E(k) =Ak*+/(BK®*+ CA(KEKE+ KZK2+ K2K2) 2. 6

TEINS, BEE, BHERNEW0T, CK<KBELT @ 1) ROoBEHYBHEL GEL
TEHZENREKS,
Z ?D & &, holes @ density-of-effective masses i,
mi=m,/(A+B") (1+0.033332.+0.010507 2.—1.8X107*2} —3X 10721 +...)
Q. 7. D
Eleh, TIT,
B’ =IB*+(C¥/6) )% =,=C¥[2B (AxB")] Q. 7.2
TH b, + I hole, —3E > hole IR IGT %,
1 rHEEOXEMLKITS A, B, CofE, B effective masses DEZ R,
valence band DEZREHE L, LLEOEEND
Ny=N;+N{=2@2 zmzkT/h®*?+2(zmikT/h2 (2. 13) *»
Einh,

2:2 BRHITMSMG L Fermi energy DRE

Donor & acceptor iz SiefEEDE 2, K4 DEER Np, N L X5, TOROESH
R it i,
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n+Ni=p+N} (2. 14
TE 2B, 22T, N§, Ni BHERBEECESTA 4 v{LL T\ 5 donor ¥ & UF acceptor O
BET, A THELLRA !

N§=Dp—Np{l+1/gdexp[(Eo—Es)/kT]}™ 2. 15. D

Ni=A,—N,{1+ /g exp[(Er—E,)/kT]} 2. 15. 2)

TIZTC, g, gy BB OMRE, Ey, E. 1&TH D energy A TH 5,

T TOEELRMBESE, THGEMLATHYEEOCBBE THH LW I LTHL, TNWE
DREL B &, TYERTHOBEEEOEL Y B FEL, i, free carrier KL BRT vV
>+ D screening HEHE L L b 7cdi, Bl KEROBERE L b T BBk
B LRURFEING, LAL, COMETETHMYICL S random 74T ¥ >+ LORES
ELLSERTHALERD B,

(2. 1013, Fermi energy #HET A7 DEARFTERXRTH O, n, p U ETERL &G
TIHIT 5 carrier density DFEREZ AT S Z L1122 » Femi energy 3% &k, carrier den-
sity 152 @ Femi energy I & » CT—ZE MR EZI N D Z Litins, Bk hie @ 14 i,
Lo L, BB uBEAEROE 2 LTk, o CHEFNET Y » TEARD T
e bisv, ZORREE, REITEROIES,

. BEE E A

2. 149 %
f()=n+Nz—p+N;
EEZS, BEHEOFRI, ZofwH/NCTS g KD, ThEH - Ccarrier BE, 14 v
AR BERRETH EICib, 2T, EBETAHZ &, FermiBHoMasE, kb
Fermi 5 & 72572012, Newton #ED X 5 7oA 0 F — 2 R AFE L 3 5 HEF B I 2
B CESHERNTH B,

“Secant " EIC X HEEWE, R ESEHE Y LELEEC V0T, SOBECIRFRETE
7o, B, — BB ¢ Bisection ” ERR S NENRE L, FHLEIAELND,

RROBMETE Ly, BERMAZHEC LT, Te2 s~ akhEiyr » M EBCETH
KHRBTH D, L, BREMECBEOHELYETIED L, —2DF—2%2KDHDI10
S RSIRRE O SRR L B 72 B D TEEE OBV - 7o\~ KT CiE, Mathematica 2.01 %
HFRLCGHEZfT- T 5,

X 3.1, 3.2 = Sb % dope L #%& @ Fermi energy DR EZ1l. &, conduction band D EFH
EOREZEMOHEANLFR T, ZhbOFEIE, Si D energy gap DIEEZEME BV sidhidis
B, Zhiciy, K33 R EREXFEHR L. chbOfEL TuwWinwBRhiTk T,
Fermi energy ZERB»HLRELZETTHCH - T—ELERELAZOLBHREMET & & il
PI5H, BFREEW hicfhe, WI0KMEET—CofExR & 5, - OFREEMERL -
i, Zhdb donor BELXRETH Z LAHES R, TOEEE donor BE, KO donor @
A= FAF - L VBT HDT, REOHNEELEOBEDE YR OMEHEL K
S HERB B, REOFEH T, 1+ v{bL 7 donor A4 L, freeze-out LT\ ~< DA%
M5B,

p-type ® SiiZoWTh, &< AFEFERIELR D, p-type DEBE L light hole band &
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Fig. 3.1 Normalized Fermi energy as a function of reciprocal
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Fig. 3.2 Free electron density as a function of reciprocal temper-

ature.
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Fig. 3.3 Si energy gap versus reciprocal temperature.
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Fig. 34 Normalized Fermi energy versus reciprocal tempera-
tures. Partially compensated n-type specimen.

heavy hole band D DHFEE 2 I Tikiab a3, EBEICiT heavy hole band DIRAERE
ENTRIITH 5, K 3.4, 3.5 1%, WA HE S iz SiSh, B 2&1) 0%HE D Fermi energy
LEFEEOHEHTH D, TE, BRAITTE donor O¥45 735£ acceptor ZHED T 5D
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Fig. 3.5 Free electron density of partially compensated specimen
as a function of reciprocal temperature.
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Fig. 3.6 Normalized Fermi energy versus reciprocal tempera-
tures. Highly doped case.

45

T, T Np— N, 23RETE, activation type D7’ v v + % T EERICAE L 2B S Ny,

Np 2T Ed 5 & Lk 5,

3.6, 3.7 AHEBED Sh S LHA OV, S$ETCOMBMEE L BETELERLCE
RERLILLDTH D, O, Gelwkld s ShofRie A+ vib=F L ¥F—2U30 (9.6
meVOTi a2 1X10"me* BEELE SR ISR 25HCTH b, BIEFHIR T, Fermi energy
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Fig. 3.7 Free electron density as a function of reciprocal temper-
atures. Highly doped case.

2 Maxwell 5 bFhuxEo LTw5b, ZOFE - TNWRE > 7> Si oKBER 1, &
B R THRBBEE LRV, &L, SEBNRES VT2 000, ZDEED donor
BEW S L ETRITESLCHERE L, Fermi energy X conduction band O A W IAA TV 5
LEZLRD,

DEoREVPBETHRELLT, 2o E¥ERTHHEND D, — 2L, donor D EIES
KoOERLD BKEL b RiipH 28R L, Z~hd conduction band 1@ h ALZIRTH b, fiL
D—-o1%, conduction band DEFIREN T v £ ARl AET v v LIt - CEEI R,
band tailing 5 7= L3RR TH 5,

Band tailing D%h#£1%, Kane¥ i X » Thomas-Fermi 8l & # - THTIh TRy, SEE
DER T 2 & TH & ORBHEE R,

pPE)=yE/xdm*2Q x)H)Vz2h? 2. 11 D

y(x)= z“"Z[:(X— SHexp(—da2ds Q2. 11. 2)
ThEzbhBb, 2T,

x=(e*/e) (4 zn/kp)
T, kp i% Thomas-Fermi @ reciprocal screening length T# %, Thomas-Fermi density-of
-state
vy, 3.8 WCRT X5 nfExiED, #E- T conduction band D (x=0)X D =H L F—
DE & Z BEBRICREBEELRFORIC I 5, =2 v F — T, REEE L, exp(—E?/x»
BT B E RSB,



9 YMECRTH 7 =N I =ZAF -3 ) TIEEOTFR A EE(D) 47

028 T 1 I

Q.24

Q20 -

018 |-

012 -

0.08}1—

o ! L 11 L i
-20 -18 -16 1.4 -12 -1.0 -0.8 -06 -04 -02 O

X

Fig. 3.8 Thomas-Fermi density of state versus energy in dimen-
sionless variables.
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Fig. 3.9 Broadening of impurity level and tailing of the band
edge. Xy, normalized binding energy without the
broadening, Xg, normalized Fermi energy.

—7F, TR DO V<A DOBHD I,

P =Np/z"0)exp(x+ AEp/x) 0. 12
Thxbhb, LEOERYR S 9 wRT, COERLD, Ge Si TR, Np>=10"cm™ T, 3
FERY D DR EAA~EL L, energy gap (EiH4 L, Fermi energy (¥, conduction band
DREICA DR Z Licin b, U LB EIRET 2L, BOTMMO A 4 v ib=F ¥ -1,
BTREOBK L D ENBRING, #t-C, K32 kT3 HEHE R, Ny=1x10"%m™®
DB, TOEOWEXSLELT S,
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4, % & &

MR BT B carrier DEER L H FRHEICRD 5729 D iterative TafEMETELRRL, B
E, ¥EE=rv s br=y 2 AMBE LIRS ISERAIR TS, SIROWTIhExBRLE
BERAAIoE o0 %R LT,

1) B OEES 107cm ™ LT OB, Bl cEs B X b EFE T carrier BEE,
A F VALRSADIEE 2t Femi energy 7> b—BMICHREI NS, ZhbORMESE T, “ Bisec-
tion” EAE LUENTE L, EHAELZBEHCELNS,

i) BOWABED 1)) L) KECHEETE, RMWBL 25080 &, SV LRT Vv
12 & % band WD tailing % (2. 11, (2. 12) Rk v ZETLLERD %,

iii) Thomas-Fermi flci3, BFDEE =2 A F - DFEXERL CnERWLOT, FhrghR
YRHOBEOMBIRBERTH S,

iv) BIEE T, TMEEMEVEE T, carrier D4k v ¥V ZJRENIELET B DT, EEBA
I carrier BERWRET AL, FOEOERBILHELILS,
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