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Abstract

In the analysis of electromagnetic fields, the vector potential has important roles
especially when sources exist and quantum effects are considered. I have recently proposed
a new numerical method for unified analysis of the three-dimensional vector and scalar
potential fields on the time domain. The method is based on the Spatial Network Method
(SNM) for the Maxwell's equations, in which the use of both equivalent voltage and current
variables have the capability of treating the boundary and medium conditions by the equiva-
lent lumped elements at nodes. In the formulation of the vector potential fields, both the
magnetic and the electric vector potentials are used to give the fundamental equations to be
similar to the Maxwell’s equation. Therefore, those advantages in SNM can be inherited.
In this paper, this advantages are verified by showing the treatment of typical boundary
conditions in a waveguide and the dispersive properties of resonance absorption. It is also
shown that the correspondence of the continuity law for the equivalent currents to that for
the electric or magnetic flux can simplify the expression of the medium conditions. This
property indicates that the spatial network functions as a general network correspondent to
each expression of electromagnetic fields.

1. Introduction

In the analysis of electromagnetic fields, the vector potential has important roles
especially when current sources exist. But when true charges also exist, the combined
analysis considering scalar fields becomes essential. Also, for the Schridinger equation used
in the analysis of quantum effect devices, the Hamiltonian which gives the effects of external
electromagnetic fields is described by the vector and scalar potentials. Therefore, the
analysis by the vector and scalar potentials can be directly combined with the analysis of
those devices.

A new numerical method has been recently developed by the present author for vector
analysis of three-dimensional electromagnetic fields on the time domain. This is called as
the Spatial Network Method (SNM)V-®,  The use of both voltage and current variables
have the capability of applying the method to more general electromagnetic field problems
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232 Norinobu YosHIDA

including dispersive and anisotropic media®=®. It has been shown that the SNM is also
applied to the vector potential fields with the Coulomb’s gauge condition by defining a set of
fundamental equations, which are similar to the Maxwell’s equations, by using not only the
magnetic vector potential but also the electric vector potential®~®, Still more, the applica-
tion to the case with Lorentz gauge condition including loss term can be achieved®-%%, This
unified time-dependent formulation for both the vector and the scalar potentials is obtained
by using the equivalent spatial networks for the scalar field, in which in addition to the
conventional electric and magnetic field variables as the current variables, “F” and “F*”
functions are newly defined as the voltage variables for electric and magnetic scalar fields,
respectively, based on the analogy of the scalar potential field to the velocity potential field
in the fluid dynamics. The fundamental characteristics of this formulation in a combined
analysis including both the vector and scalar potential fields has been shown in the analysis
of a semiconductor device™ and the perfect diamagnetism®®,

The use of botk the equivalent voltage and current variables in the spatial network
realizes the treatment of the boundary and medium conditions by lumped elements at each
node. The advantage of these treatments as above mentioned can be inherited in the spatial
network for the vector potential. In this paper this advantage are verified by showing the
treatments of typical boundary conditions in a waveguide partially filled with medium and
the dispersive medium condition of resonance absorption®®.

2. Formulation of Vector Potential Field in Spatial Network

It is proved that in the spatial network shown in Fig. 1 the wave field for the vector
potentials can be simulated with taking the gauge conditions into consideration. The
characteristic equation by the magnetic vector potential “A” and the electric vector potential

[ ——)
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Fig.1 Three-dimensional lattice network for vector potential field
@ : Electric node
O : Magnetic node
——  1-dimensional transmission line



Simulation of Electromagnetic Fields by Generalized Spatial Network for Vector Potential

“S” for general medium conditions can be defined as follows.
between variables is shown.

trated in detail.

Electric Node Magnetic Node

Conslituen! Equalion Variables Constitven! Equalion Variables

98¢ 88z o382 v, = A, Ghx 38z = L, 3%x |vi=-s,

An ~g—lzl’== u.g—%)‘ Iz = Sx |Fa *'g%“ =—c.g‘-/€\“‘ I$= Ay

g Y ]

30e = W3 |10 s. 3% e 3 |15 omn,

352 -982 ——eGhx Vi = A Ghx —98e = 3% |VE=-s:

D Ghx = 133 |12 =~5, |B. 982 - 285 | 15 =— A

-ag—J‘g = u.g'% Iy = S "aa-—‘,s( =—e:.ag—g""‘ [¥= A,

B 28: = 3% |1, = s | 25« = et |12= A,

—?;—ZQ = u.g% Ix ==S, —‘;——"ﬁ ='€.55~ng I¥=—Ay
Capacitance Co  =£./2 Capacitance Cs =uw/2
Inductance Lo =u/2 Inductance L =&/?

Polarization AC =&x./l-d|{MagnetizationAC” =mx./2-«d

Conductivity G =g/2-ud Conductivity G* =¢"/2-&d

(For magnetic Currenl)

Table Correspondence between vector potential variables and
equivalent circuit variables

lBk/
&

Ay Iy Z¢52) Positive Gyrator

1 v
I VP
Negative Gyrator

. '
Sz v—v—)e—l——v'

Fig. 2 Fundamental connection in the network

233

In Table I, the correspodence
In Fig. 2, the fundamental connection in the network is illus-
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VXA:o‘*S—F,u%%— (=B) (1a)
VXS:—G‘A—eaa‘? (=D) (1b)

Here, ¢* is the conductivity for the hypothetical magnetic current. In each line connected
to the node A, shown in Fig. 3, the central difference equations for the voltage drop are

obtained as follows;

Ay
——
A,
Fig.3 Arrangement of nodes around node A,

Vy(A) =V (A) ={28%x(6%/2) 28 (o xm/2) A +24% (116/2) A} VE(B)) (2a)
Ve(A) =V, (As) ={2A%x(0%/2) +20x (itotm/2) A +20% (16/2) Ac} Vi (By) (2b)
—{ V(D)) = V(D) } ={28y(6*/2) + 22, (st xm/2) D +20Y (uo/2) A} Vi(B,) (2¢)
—{Vx (D) = VD) 1 ={24y(6*/2) +2L4 (toxm/2) A+ 20y (ue/2) A} VE(B,) 2d)
Vy(A) =V (A) ={282(6*/2) +28, (togm/2) A+202 (ue/2) A} VE(CY) (2e)
Vi (AD) =V, (As) ={202(6%/2) 20, (toxm/2) A+202 (1, /2) A VE(C,) 2)
VL (E) =V, (E) ={2A7(6%/2) 20 (oxm/2) A+ 207 (11/2) At VE(C,) (2g)
Vo (Es) =V, (E)) ={24y(0%/2) 22y (poxm/2) A +207(uo/2) A} VE(C,) (2h)

Each voltage at node C,, C;, B,, B, is expressed by the currents at the central node A; shown

in Fig. 4.

V;(B}) :le (Al) "’AXA\ Vg(Bl)
:le (Al) + (80/2) AXA Vy (Bl) (33)
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G= :
ATy 1d | e
Ve lc

- 7T
5Z

Fig.4 Definition of voltage and currents at node A, with conductance
and current source in dielectric and magnetic medium

Similarly
A\ (By) =L (A — (50/2) AxA Vy (B2) (3b)
Vi(C)) =11 (A) + (&/2) &z V,(C)) (3c)
Vi (Cz) =1 (AI) - (80/2) Dzl Vy (Cz) 3d

For simplicity, the space discretization to each direction is identical and the following
abbreviations are used.

Ad=Ax=Ay=Az, A=3/3t, At=20?/at?
A=0/8, Ay=3/8y, A, =3/,

Adding Equs. (2) substituted by Equs. (3) side by side, positively for formula with incident
currents and negatively for formula with flowing out currents, the following equation can be
obtained.

{V,(A) +V, (As) -2V, (A)}
F{Vy (A) +V, (As) =2V, (A }
—[{Vi(Dy) =V (Dy) =V (D3) + Vi (D) }
—{V,(E) =V, (E,) =V, (Es) + V. (E) }]
=4Ad* (0*/2) {lsi— Tt la—Leta/Od
+4Adz(ﬂo (1+xm)/2) At{Izl_IZZ+Ix1_IXZ}A1/Ad
+4AE (0% e/ ALV, (B1) +V,(By) +V, (By) +V, (C) +V, (Cp) }
FAAE (gopto (1+ xm) ) AHV, (By) +V, (B,) +V, (C) +V (Co) } 4)
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Currents continuity equation (5a) including conductive current (5b), capacity current (5¢), and
the current source (5d) at node A, are given as follows;

Izl—_Izz"f']txl_Ixz_Id_Ic_’_IR__“ 0 (53)
Id:w(%i)\/y (5b)
Ic:450X8<—%d_>Vy (5¢)
Iz : Equivalent current correspondent to the polarization (Pg)

which derivatives gives the solenoidal current source d

density (Jx) <j R‘Ht—PR>

(5d)
After dividing both sides of Equ. (4) by 4Ad?* and taking the spatial position of each
component of the vector potential into consideration, rearrangement of the left hand side of
Equ. (4) gives;

Vy(Ag) +V,(Ay) =2V, (A) : V,(A)+V,(A) =2V, (A)

4Nx? N
_ Zi {{VX(D4%;VX(D2) }_{Vx(Dgéng(Dl) }
y X X
__{{ V. (E%;;fz (E.) }W{Vz (Eg)Z;;/Z (E) }}] (6a)

Each spatial difference in Equ. (6) is expressed by differential operator when the spatial
difference Ad becomes sufficiently small and the equivalent voltage variables is rewritten by
the correspondent components of the vector potential to clear the physical meaning.

9%V, i 2*Vy 9 [(9V, 8VZ>
Ix? oz? ay\ ax oz

_2%A, | 3%A, o [9A aAz>

=ox T8z ay\ax | oz 7

The terms in the parenthesis in equ. (7) are transformed as follows by considerating the gauge
condition related to 'div A’ from the fundamental cubic shown by dashed lines in Fig. 5 and
also in Fig. 1.

2 [ 8A X aAz>
ay\ ox oz

—— 9 (g. _i&v_>
- 8y<VA oy

= 9 g.oas DAy
=5y VA5

For the Coulomb’s gauge condition 'div A’ becomes zero, therefore,
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Mgt Sz
¢ t e
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I 1! B, =-58-¥4),
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| & I e O
S I S
: Az : y | Ax Az g J
e V2 !
2d & 1 S ‘
>y AX’/'""“?"‘!S‘“”Z;
| mgZT 7y
:/ Sz Ayll e Sxié,'x
|4/________0§X______.l// z
24d

Fig.5 Fundamental cube for defining "“div A”

3*A
_ 97Ay
oy? (8)

Then, the resultant equation of the left hand side of Equ. (4) is given as follows ;

, . BA, | 2°A, | 9°A,
. Left hand side= o + 5y + ErD)
=v2A, (6b)

The treatment for the Lorentz gauge condition is explained in the reference®.

On the other hand, the currents in the parentheses of the first and the second terms of
the right hand side of Equ. (4) is substituted by Equs. (5a)-(5d), and the average of voltages
in the third and the fourth terms of the equation converges to the voltage value at the central
node A, when the spatial difference Ad becomes sufficiently small, and the equivalent
voltage variable is also rewritten by the correspodent component of the vector potential.

Right hand side = (¢*/2) {la+1.—2AdIx, }ai/Ad
F (st (1 gm) /2) ALy + I =280 Teg bar/Ad
+ (6%eo /D ALV, (B)) +V,(B,) +V,(C)) +V,(C,) }
+ (eopto (1 zm) /4) AHV, (B,) +V (B) +Vy (C) +V, (Cy) }

(g )1e( 5ot + (2518 ) Feao( 5 v

2
O V,(A)

, @
te (1t o ?Vy (A) +& (1+Xe)ﬂo(1+7€m)w

— o (1 2m) 2Ty () = 07Ty (A1) (92)



238 Norinobu YOSHIDA

Rewriting this equation by the correspondent components of the vector potential and the
current sources to clear the physical meaning gives.

2
= 00" Ay (A) + (o + 60") 2 Ay () + euarr Ay (A))
_ﬂJRy (AI) - 0'$Pky (Al) (9b)
Here, e =&, (14 xe), 4 =po {1+ xn) and Jgy, Pry: y-directed component of Ji, Pr. Resultant

equation of Equ. (4) expressed by the correspondent vector potential component A, is
obtained as follows from Equs. (6b) and (9b).

2
Vsz—eﬂga—fZL~(ﬂ6+w*) aaf-‘zv —06*Ay=—pJry— *Pgy (10)

The vectorial expression for all the components is given asfollows.
oA
ot

2
VZA—E/z—aa—ﬁ—-(ﬂo‘+w*) —oo*A=—pyJi—oc*Py (1
The combined vectorial wave equation for both the magnetic and electric vector potentials
is given as follows.

i e -or) () (
2 _ «y_ Y s O
{V M5tz (ko +e0™) at % S eJg*+oPe*
<JR* : Magnetic current density )
P:* . Equivalent magnetic polarization source density

(12)

Conventionally, the second terms in the right hand side of the above equations are omitted
because of their hypothetical properties.

3. Analyzed Results

To show the advantage of the spatial network formulation for the vector potential, the
treatment of boundary and medium conditions are explained.
3.1 Boundary Condition

To show the advantage of the method in the treatment of boundary condition, the fields
in the rectangular waveguide shown in Fig. 6 is simulated. The waveguide has the metal

S.=0(v 4% =H, =0,
(Magnetic Wall)]

Symmetrical Plane (for TE ) A =0 [""‘g—ﬁ\‘ =E, zoAy

Observed Plane (Electric Hall)] X
Input Plane Z
= T
,_,L.___—--—;/Pgrfect Conduct’ive Wal o = o = — 20ad
it B
— —— — —Air Region— ~ —f- ————— . . Medium Region- — - A
{‘ 4 404d
F 1504d 4 15044 1
I 3004d 1Maching Load

.. R, = AWLM
Suesare GEuagSe M TS R

(Medium Interface) Re =77= (io :{3 Aol
(Free Boundary )

Fig. 6 Definition of typical boundary conditions in each part of rectangular wave
guide model, in the rear part of which the medium is partially filled.
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wall with the infinite conductivities and its rear portion is filled with dielectric or magnetic
medium. Therefore, some kinds of boundary conditions, such as the electric wall, the
matching termination, and the air-medium interface, can be treated as shown in the figure.
In Fig. 7, an example of the electric field distribution is shown. The standing wave in the
fore part caused by the air-medum interface is observed, and the flat distribution in the rear
part caused by the matching termination can be also observed. In Fig. 8, the variations of
reflective coefficients caused by air-medium boundary are shown as a function of angular
frequency normalized by the cut-off angualr frequency wc of the waveguide. The good
coincidence with the analytical results is shown.

w/o,=1.33

R e 1
0 =10 150 £0=2.0 300,y

Fig.7 Electric field distribution in the wave guide (w. ©.=1.33, &=2.0)

!rlu ——— Analytical Results Irli

0.164 \ O ® Computed Resuits 0.4

Wile .

Fig.8 Variation of reflective coefficients caused by the air-medium boundary in the
waveguide as a function of angular frequency normalized by the cut-off angular
frequency .

|| : for dielectric medium
||, : for magnetic medium

3.2 Dispersive Medium Condition

In this section, it is shown that medium conditions can be treated as lumped elements at
each node that decide the voltage-current relation approximated by the trapezoidal formula-
tion of the characteristic equation of the medium including dispersive properties..
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The characteristic equation, as an example, for the resonance absorption characteristics
is given as follows.

2
T +y S+ otP= ek (13)

Here,

E ! Electric Field

P ! Electric Polarization Vector
xe - Electric Susceptibility

v I Attenuation Factor

@, . Resonance Angular Frequency

By using the relation between the electric field and the vector potential, the above equation
can be rewritten as follows.

&P, dP dA

“ar Trgr TetP= Texe g (14)
Then,

d [ dpP

dt< at TeexeAtyP > wiP (15)

Integrating this equation by using the trapezoidal rule gives;

dP dpP
[dt +eoxeA+yP} [dt +eox9A+'yPL_m

—— ‘“’ON DO by 4L p(t—At)] (16)

By arranging each term, the following equation is obtained.

BB 4 e © +(v+ 225 e
=— ﬂf’—zéip (t—Aat) +K(t—At) (17a)

Here,

K(t— a0 =9+ et yP] (17b)
The second application of the trapezoidal rule to Equ. (17a) gives.

P() —P(t—ab) +-22L0 (A (1) +A (- aD)

+—%t—<y+ w"At>[P(t)+P t—At)]
—— woAt [P(t— 20 +P(t—240 1+ -SHK (- a0 +K(E-240)) (18a)

By substituting the last term with the next equation derived from Equ. (17b)

wOAt

K(t—2A0) =K ({t—At) + L= [Pt— At +P(t—241) ] (18b)



Simulation of Electromagnetic Fields by Generalized Spatial Network for Vector Potential 241

Equ. (18a) can be arranged as follows.

A +—2 (14 xaty “’"Z’ftz )P(t)

eoxeAt\ 2
At 2 /_'yAt_ngtz> - 2 _
Alt—Aat)+ onem\l 5 1 Pi—at) + oneK(t At) (19)

This resultant equation is simpler than the following equation between the electric field and
the displacement current used in the spatial network for the Maxwell’s equation. I, is the
displacement current through the polarization.

E(t) — EOXZN<1+ ”?t + “’"Z’ftz >Ip(t)
= —E(t-ab+ szzAt<1+ Yol 4 SIA0Y (- at)
wcim(’”L wgftﬁ(t_&t)_?:éZt_K(t“M) 0
Here,
K(t—At)=—%[P(t—At)+P(t—2At)]
+ LB B (- AD +E(t—24D] +K (- 240 (20)

This is due to the fact that in the network for the vector potential, the equivalent current
corresponds to the electric or magnetic flux density. In Fig. 9, the variation of complex
dielectric constant for the dispersive dielectric with resonance absorption is shown as a
function of angular frequency normalized by the resonance angular frequency w, . The good

coincidence with analytical ones is shown.

Er
F1.2

Xe=0.75
r Yiwe=0.7
2.0q .
"
3 -
187 palytical Results Lo.s
4 ©0 Computed Resuits
1.24 -
0.8 Lo 4
0.4 0.2
[+] 0I T T T \0_‘97“ 0.0
0.1 0.2 0.5 10 2.0 5.6 14.0

Fig.9 Variation of complex dielectric constant for the dielectic with resonance
absorption as a function of angular frequency normalized by the resonance
angular frequency .
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4. Conclusion

The spatial network for the vector potential including medium conditions is formulated.
In the network, the boundary and medium conditions are treated as the same manner in
the spatial network for the electromagnetic field variables.

The boundary conditions can be easily formulated by using the correspondence of time
derivatives of both the magnetic and electric vector potentials to the electric and
magnetic fields, respectively.

The formulation of the medium conditions including dispersive properties is based on the
fundamental characteristics of the network that in each node the continuity law of the
equivalent currents is related physically to that for the electric or magnetic flux. This
property can simplify the expression of the medium conditions because of being needless
of its time derivative correspondent to electric or magnetic currents. This means also
that the vector potential has the intimacy with the mechanism of the medium character-
itics.

These obtained properties indicates that the spatial network functions as a general
network correspondent to each expression of electromagnetic fields. The application of
the spatial network to the Hertzian vector also confirms the generality of the spatial

network®7-08,
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