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Abstract

When training samples of several classes in an Euclidean space R” are given, to find
boundaries in R” in such a way that they include only samples of a certain class is one of the
most important issues in the field of pattern recognition. A subclass problem is one of such
problems where boundaries are limited to hyper-rectangles. This paper evaluates the
computational complexity of the subclass problem and shows that the problem is NP-hard.

1. Introduction

In the filed of pattern recognition, it is very important for each class to find its
discrimination boundaries which can be calculated efficiently in both processes of the
construction of boundaries and of judgement of membership for unknown samples, i.e.,
whether the samples belong to the class or not. Such processes are done on the basis of
training samples for given classes. A subclass problem? is a kind of such problems :
Boundaries are restricted to hyper-rectangles and are required to include only the training
samples of a certain class and hold the maximality among such hyper-rectangles. This
problem or its similar ones have been appeared several times in the literature of pattern
recognition®®, and some methods have been proposed to solve those problems optimally or
suboptimally. The applicable area includes not only the discrimination of unknown samples
but also feature selection®®.

In this paper, we discuss the computational complexity of the subclass problem. To do
this, we divide the problem into two stages and investigate their complexities separately.
One of them is related to a decision problem which is proven to be in the class of NP-
complete. Finally, the subclass problem is proven to be NP-hard.

2. Preparation
In this section, we give some notations and definitions. The notations should be referred

to reference (6).

2.1. Some classes of problems. A problem II consists of a set Dy of instances.
A decision proplem 11 is a problem so as to answer “yes” or “no”, given an instance I &
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Dy. One of well-known decision problems is:

CLIQUE (with K)

INSTANCE : Graph G=(V, E), positive integer K < |V]|.

QUESTION : Does G contain a clique of size K or more, ie., a subset V' © V with
[V'| > K such that every two vertices in V' are connected by an edge of
E ?

A search problem 1 consists of Dy, and for each instance I € Dy, a set § /] of finite
objects called solutions for I. An algorithm is said to solve a search problem II if, given as
input any instance I € I, it returns the answer “no” whenever § [ 1] is empty and otherwise
returns some solution s € S [/] . A decision problem can be associated to a search problem
by answering “yes” if §[/]#% and “no” otherwise.

In a search problem II, each instance I € Dy has an associated solution set §[7] , and
for the given I, we are required to find one element of S [I] . The enumeration problem
based on the search problem I is “Given /, what is the cardinality of S [/] , i. e., how many
solutions are there ?” For example, for CLIQUE, the following is the enumeration problem :

ENUM CLIQUE (with K)
INSTANCE : Graph G=(V,E), positive integer K < |V/|.
QUESTION : How many cliques of size K or more are there for G ?

Furthermore, we introduce a new class of problems. A /list problem 11 is associated with
the search problem and requires us to list (display) all solutions of S [] for a given I.

2.2 Complexity. The enumeration problems associated with NP-complete decision prob-
lems are clearly NP-hard, since if we know the answer for an enumeration problem we can
easily answer “yes” or “no” for the corresponding NP-complete problem, according to
whether the answer is greater than 0 or not. However, some enumeration problems do not
belong to the class P, even if the underlying problems belong to P®. For this reason,
Valiant” proposed a new class of complexity called # P-complete which contains many
enumeration problems associated with NP-complete problems. This class is defined as:

Definition 2.1 (Valiant, 1979). The class # P is of all problems computed by nondeterminis-
tic polynomial time Turing machines that have the additional facility of outputting the
number of accepting computations. An enumeration problem II is said to be # P-complete
when II €# P and, for all I'E# P, Il'a; 11, where ay denotes that there is a polynomial Turing
reduction from I’ to T {for the definition of polynomial Turing reduction, see reference (6))

By a similar discussion about the complexity of enumeration problems, we can say that
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the list problems associated with # P-complete enumeration problems are clearly # P-hard,
since if we can list the solutions we can easily answer the number by incrementing a counter
by one, instead of listing one solution.

2.3. Polynomial transformability. For proving NP-completeness of a problem II, it is
enough to find an NP-complete problem II' and a polynomial transformation f: I — TI,
where f can be calculated in polynomial steps in terms of the size of I € [); and has obvious
correspondence between solutions of II” and those of II. As a similar way, for proving # P
~completeness of a problem II, it is known to be enough to find an # P-complete problem I’
and a polynomial time parsimonious transformation f: I’ — II which holds the number of
solutions®.

3. Subclass Problem

In this section, we describe SUBCLASS Problem (denoted by SP for simplicity). The
problem can be written as follows.

SUBCLASS
INSTANCE : S=(5*,5",d), where S™ and S~ are the collections of d-imensional vectors.
QUESTION : List every subset P of S* such that
(1) for all y € S—, v & Rect(P) (Exclusiveness), and
(2) for any P’ holding exclusiveness, P € P’ (Maximality),
where Rect(P) denotes the hyper-rectangle which includes every x € P
within it minimally. We call P a subclass.

For example, S*={x,=(0,0), x,=(1,3), x; =(3,1)} and S—= {y =(2,2)} provide an instance
(S*,5-, 2) of SP (See Fig. 1). In this instance, the subsets of S* satisfying exclusiveness are
six of §, {x,}, {x2}, {Xs}, {x1, X2} and {x4, s}, e. g., a rectangle Rect({x;, x.}) = [0, 1]x [0,
3] does not include y=(2,2). By maximality, the final answer becomes two of {x,, x,} and
{x,%5}.

In SP, we divide the whole problem into two stages of LIST EX and LIST SUB :
(1) LIST EX; list exclusive subsets of S*, and
(2) LIST SUB; list maximal elements of the set consisting of all exclusive subsets.
Related to LIST EX, we consider the following three problems :
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Fig.1 An instance of SP. Dotted lines denote rectangles
including samples minimally.

EX (with K)
INSTANCE : S=(S*,57,d), a positive integer K < [S*].
QUESTION : Is there an exclusive subset of size X or more for S?

ENUM EX (with K)
INSTANCE: S=(5*,57,d), a positive integer K < [S*|.
QUESTION : How many exclusive subsets of size K or more are there for S?

LIST EX (with K)
INSTANCE: S=(S*,5,d), a positive integer K < |S*].
QUESTION : List all exclusive subsets of size K or more for S.

Here, EX is a decision problem, ENUM_EX the corresponding enumeration problem and
LIST EX the corresponding list problem.
Furthermore, we define three problems related to LIST SUB:

SUB (with K)
INSTANCE : S=(S*,S",d), a positive integer K < |S*|.
QUESTION : Is there a subclass of size K or more for S?

ENUM SUB (with K)
INSTANCE: S=(S*,S",d), a positive integer K < |S*|
QUESTION : How many subclasses of size K or more are there for S?
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Fig.2 Diagram of the sequence of transformation used to prove that the subclass problem
is NP-hard. Arrows (with label p) denote polynominal (parsimonious) transforma-
tions from the sources to the destinations. Characters enclosed by circles denote the
classes of the problems, D : decision problems, E : enumeration problems and L : list
problems.

LIST SUB (with K)
INSTANCE: S=(5%,5-,d), a positive integer K < |S|.
QUESTION : List all subclasses of size X or more for S.

Here, SUB is a decision problem, ENUM_SUB the corresponding enumeration problem
and LIST SUB the corresponding list problem.

4. Outline of Proof

Here we give the outline to prove that the subclass is NP-hard. It is done according to
Fig. 2.

Since we already know that an enumeration problem is harder to solve than the
underlying decision problem and that a list problem is harder to solve than the corresponding
enumeration problem, all right-directed arrows in Fig. 2 are proven.

Next, we show that the decision problem SUB is equivalent to EX. This is confirmed
easily, because if the answer for the decision problem of SUBCLASS is “yes” (“no”) then the
answer for EX is also “yes” (“no”), and vice versa. This is because a maximal exclusive
subset is a subclass.

We, furthermore, show that LIST SUB with K is equivalent to SUBCLAS without X.
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For any K, if we can list subclasses of size K or more in LIST SUB, we can easily list all
subclasses by setting K =1. Inversely, if we can list all subclasses for SUBCLASS, we can
list only those of size K or more, by checking their sizes before listing. This check is done
in polynomial time in terms of the size of |S*|.

Therefore, the remaining problem to be proven is only that EX is in NP-complete. In
addition if the transformation were proven to be parsimonious, then the following fact also
could be derived: ENUM EX is in # P-complete and LIST EX is in # P-hard. Indeed, this
is shown in the following section.

5. Complexity of EX

In this section, we show that the decision problem EX is in NP-complete, that the
corresponding enumeration problem ENUM EX is in # P-complete, and that the correspond-
ing list problem LIST EX is in # P-hard. For proving this, it is enough to find a parsimoni-
ous transformation from the decision problem CLIQUE to EX, because it is known that
CLIQUE is in NP-complete already.

Theorem 5.1. EX is in NP-complete and ENUM_EX s in # P-complete.
proof. Let a graph G=(V,E) be an instance of CLIQUE and V ={vy, va,..., Vao1}.

We construct the corresponding instance S=(5%,5S",d) of EX as follows. Let d=n—1.
1. A set S*={x,, Xs,....X»} 1S constructed as :

Xo:(O,O,...,O)
Xzz(l,%,...,%)
X, (-%*,1,%, %)
&
S B 1 ] 1 1,
’. i+1 i+1 7 i1 T il 0 i+1
1 1 1

Xn—1—= U, =70 oo, .
= 1)
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Fig.3  An example of the correspondence between G and S. (@) G=(V,E), V ={v,, vi, v,
vy} and (b) the corresponding S = (S§*, S, 3), where S* = {x,=(0, 0, 0), x, = (1,1/2,
1/2), x.= (1/3,1,1/3), x,=(1/4,1/4,1)}, S-={y01 =(3/4,1/8,1/8), y1,=(3/4,3/8,3/4)}.

For constructing S™, we need the following y,;:

D S 31 1y
Yoim \ oy om0 2 Zn) G=1)
7
v
/D +1/GFD 3 V/EFD+Y/G+HD 3 1/ G+ 4L/ G+
yz_]_( 2 ,...,4, 2 ,...,4, 2 )
“’1/(7,‘+1);~1/(j+1)) (1<i<j<n—1).

Then we construct S as follows. S~ is initialized by an empty set. Next, by examining
every pair of (v;, v;), (1<j), we add y,; into S~ only if (v;, v;) ¢ E. An example is shown in
Fig. 3.

Under this preparation, we can observe the following relations (see Fig. 3) :

(1) v € Rect ({Xiyxj})
(2) ¥y & Rect ({x4,x,}) for any different (x,,x,) from (x,,%;), (£</)

Relation (1} is obvious from the way of construction of y;;. For Relation (2), we use the
observation that at least either of the following two relations is always satisfied :
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(3) Rect, = Rect ({Xo,X1,Xoo1,Xir1,Xn1}) 2 Rect({x4x.})
(4) Rect, = Rect ({Xo,X1,X 1, K501, Xn1}) 2 Rect({Xuwx))

Here, Relation (3) holds when x, # x, and %, # x,, and Relation (4) when x, # x; and x, #+
X;.

Thus, it is sufficient to say that y;; € Rect, and y,; € Rect,. We examine two cases
according to 7= 0 or not. First, we consider the case i# 0. The interval of Rect, in the
i-th dimension is [0, _max x;], where x; denotes the i-th component of x, and the i-th

, XFEX;

component of y;;, v ¥, is 3/4 Since y ¥ = 3/4 > 1/2 > Jnax .z, we can obtainy,; & Rect,.
By a similar way, we can confirm y,;; & Rect, .

Next, let us consider the case = 0. The interval of Rect; in the i-th (7# ) dimension
is [1/n1] ,and y¥=1/2n. Since y¥=1/2n < 1/n, we can obtain y,; & Rect;. For Rect,,
by the same reason as the case i+ 0, we can conclude y;; & Rect,. After all, Relations (1)
and (2} are confirmed.

It should be noted that (2), (3) and (4) indicate that for any subset A of S*, A includes x;
and x; necessarily if A includes y;.

Remaining task is to examine the correspondence between solutions for G=(V,E) in
CLIQUE and those for S=(5*,5",d) in EX. We consider an exclusive subset P € ®(S+,57),
P = {x.Xs,0Xso), (£>2). Let G,=(V,E,) denote the subgraph of G induced from the
vertices corresponding to the elements of P, V,={v;,vs,..,Vs}. Since an exclusive subset
whose size is more than 2 is automatically a 2-ary complete subset®, i. e., any pair of elements
of the subset are exclusive, we can conclude that Rect({x;,x;,}) does not contain any y € S~.
Thus, every pair (v;,v;) of V, belong to E and this means that G, is a clique.

Inversely, we consider a clique G'=(V",E") of G such as V'= {v,,vs,..,v.} (£ > 2)and
the corresponding subset of S*, P,.= {x;, Xs,...X.}. Obviously, Py is 2-ary complete. Is P
an exclusive subset ? The answer is “yes.” We show this as follows. Let us assume Py is not
an exclusive subset. Then, there is y;€ S~ such that y,;& Rect(P,). From the previous
argument, this means that P, must include both of x, and x; such that y,< Rect ({x.%,}).
This shows that P, is not 2-ary complete. This is a contradiction.

Now we discuss the case that the size of an exclusive subset or a clique is one. In this
case, it is easily confirmed that the exclusive subset is a singleton set and the corresponding
clique is an isolated vertex.

By above observation, we could find a parsimonious transformation from G in CLIQUE
to S in EX, because it is a one-to-one mapping. Since this transformation can be done in
polynomial time in terms of the size of G, the theorem is proven after all. []

6. Conclusion

We treated a problem called a subclass problem and analyzed its computational complex-
ity. As a result, we proved that the problem is NP-hard. Whether the problem is # P-hard
or not is still unknown, but it seems to be # P-hard because the subclass problem seems to
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need in advance to list every exclusive subsets in the worst case and the task is # P-hard as
we showed in this paper. These results show that the subclass problem is substantially hard
to solve, but this holds for the worst case. The practical problems, especially many prob-
lems in pattern recognition, many instances have probably good properties compared to the
worst case. Therefore, we have to analyze the complexity of the problem in average or for
more limited sets of instances. At present we try to analyze one of the concrete algorithm
solving the subclass problem. It will be appeared in one of our further works.
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