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Wrapped brane gas as a candidate for dark matter
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We consider brane gas models based on type II string theories and analyze the mass, the Ramond-
Ramond charge, and the charge on moduli fluctuations of branes wrapping over cycles of a compactified
space in the four-dimensional Einstein frame. A six-dimensional torus and Calabi-Yau threefolds are
considered for the Kaluza-Klein reduction. A large volume of the compactified space and a weak string
coupling gives rise to point particles of the wrapped branes which have a light mass and a small charge of
the Ramond-Ramond flux and of the moduli fluctuations, while the particles become very heavy in the
string frame. We find that the masses and the charges satisfy the seesaw like dual relations which become
time independent in the four-dimensional Einstein frame.
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L. INTRODUCTION

The string gas model [1] is one of the interesting scenar-
ios in string cosmologies (see [2—6] for recent reviews).
The simplest of such models treats the space as 7°. If many
strings wrap over cycles of a nine-dimensional torus, 7° at
a very early universe, the cosmological singularity can be
resolved by T duality [7]. The string gas models also
provide an intriguing idea on a realization of the large
three-dimensional space by annihilation of the strings,
while the scale of the six-dimensional torus is stabilized
by the tension of remaining strings. The brane gas models
[8] are an extension of the idea and have been considered a
cosmological role of windings of D-branes.

Although these gas models are very interesting, one of
the serious problems is the moduli stability. This problem
is a serious obstacle to build string/brane gas models con-
sistent with a realistic phenomenology and cosmology.
This is resulting from massless scalar fields that appear
on the three dimensions without the moduli stabilization.
There are many interesting works on the moduli stabiliza-
tion [9-24]. Among the stability of many moduli fields, the
stabilization of the dilaton field has been difficult in brane
gas models. Recently, we have shown that electric fields on
D-brane windings of NS5-brane and Kaluza-Klein mono-
pole (KK5-monopole) can stabilize radial moduli fields of
a six-dimensional torus 7° and the dilaton field simulta-
neously in brane gas models based on type Il string theories
[25].

According to the result of [25], gases of branes wrapping
over only cycles of T® make the energy density of a
pressureless matter, namely, the energy density is inversely
proportional to the third power of the scale factor. This
implies that we observe those wrapped branes as point
particles on the three-dimensional space. This fact leads
to the appearance of the dark matter of the wrapped branes,
because wrapped branes are not ordinary matters. The
possibility of the dark matter of the wrapped branes has
been investigated in various models. The appearance of
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light particles of the wrapped branes in the string frame, if
the string scale, Ja! is larger than the Planck length in
Ref. [26]. The large scale structure and the accelerating
phase were discussed in [12,27-30] without an influence of
the Ramond-Ramond (RR) flux, although D-branes have
the RR charges. However, the mass and the charge of RR
flux are not estimated simultaneously in the four-
dimensional Einstein frame which is required for obtaining
realistic models.

We take the four-dimensional Einstein frame, when we
consider the time-independent four-dimensional gravita-
tional constant after the Kaluza-Klein reduction. In this
frame, the realization of light wrapped branes is not trivial,
since it is known that a large volume of the six-dimensional
torus and a weak string coupling give rise to heavy
wrapped branes in the string frame for a small string length
[31].

The purpose of this paper is to study wrapped branes in
the brane gas cosmology based on type II string theories as
dark matter, using the effective field theory of brane gas
models. We estimate the mass and the charge on the RR
flux and on moduli fluctuations. These fluctuations also
provide forces between the branes. We find some models
where branes can be realized as dust particles whose
masses can be around 10 TeV scales. We take the string
scale as 1/ JVa! ~ Mpranck and consider a compactification
with 76 and the Calabi-Yau threefold (CY3), using the
four-dimensional Einstein frame which is the key idea to
obtain a light mass and a weak interaction.

The description of the effective field theory requires a
large volume of a compactified space and a weak string
coupling, because quantum corrections should be sup-
pressed and the perturbative expansions should be valid.
In the string frame, those conditions lead to the appearance
of heavy wrapped branes, as the world volume action of the
brane is proportional to its volume and the inverse of the
string coupling. It seems apparent that the dark matter
candidate of the wrapped branes may be difficult in this
frame. However, in the four-dimensional Einstein frame,
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we will show that there are cases where the wrapped branes
obtain the light mass and the small charge on the RR flux
and on the moduli fluctuations under the large volume and
the weak string coupling. We will show that the effective
masses and charges satisfy the seesaw like dual relations
which are time independent, while each quantity depends
on the time variable through moduli fields. The dual rela-
tions are one of reasons for the existence of the various
light wrapped branes with the small charges.

From the phenomenological point of view, the estima-
tion of the mass and charge is mainly done by controlling
scales of the compactified space by hand. However, in this
paper, the string scale is of the order of the Planck scale and
then the existence of light particles of wrapped branes is
quite nontrivial under the large volume. In one model, we
find that the mass of the DO-brane is of the order of
O(10) TeV, if we take the six-dimensional compactified
volume as (O(10%) X 27r/a')® where /' is the string
length and holds mpp . ~ 1/ Ja' in this paper. The square
of the effective charges of the RR flux and of the moduli
fluctuations is of order @(1073°) by the same scale of the
compactification. Then, the DO-branes are a possible can-
didate for the dark matter at a late time.

We also consider the masses of wrapped branes by a DO-
KKS5 brane gas system [25], because the system can be
stabilized by the scale of the T and the dilaton field. It is
not trivial that both the weak string coupling and the large
scale of the compactification are realized simultaneously in
the specific model after the moduli stabilization. We find
such realization of those conditions exists if the number
density of D1 and KKS5 satisfy a specific condition which is
given later. In the case of the Calabi-Yau compactification,
we cannot prove the moduli stabilization in this model,
however the dual relation is also satisfied and then we can
show that light particles are generated for the large volume
of the CY;.

This paper is organized as follows. In Sec. II, we will
give the definition of the four-dimensional Einstein frame.
In Sec. III, we will consider the effective world volume
action of wrapped branes in the four-dimensional Einstein
frame. In Sec. IV, we will show the electric-magnetic dual
relation between masses of the wrapped branes. The dual
relation explains the existence of the light wrapped branes.
In Sec. V, we will see a case in which the electric-magnetic
dual relation of wrapped branes is satisfied in the CY;
compactification. In Sec. VI, we will investigate the effec-
tive RR charge in the four-dimensional Einstein frame. The
effective coupling of the Dp- and D(6 — p)-branes also
satisfies the electric-magnetic dual relation. In Sec. VII, we
will comment on the charge of fluctuations of the moduli
fields, because those fluctuations also give interactions
between various branes. In Sec. VIII, we would like to
analyze an explicit model constructed by a D1-KKS brane
gas system. Section IX will be devoted to the summary and
some discussions.
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II. FOUR-DIMENSIONAL EINSTEIN FRAME

In this section, we shall define the four-dimensional
Einstein frame which gives the time-independent four-
dimensional gravitational constant after a compactifica-
tion. In general, the Kaluza-Klein reduction gives rise to
a coupling between the four-dimensional Einstein-Hilbert
term and various moduli fields. If those moduli fields are
functions of coordinates of the compactified space, we can
integral out moduli fields and renormalize the factor into
the higher dimensional gravitational constant. However, in
cosmologies, moduli fields depend on the time and, there-
fore, we cannot integral out the moduli fields completely.
The time-independent Newton constant can be easily real-
ized in the four-dimensional Einstein frame which is useful
to analyze a behavior of scale factors and various fields.

We consider a homogeneous ten-dimensional metric and
a six-dimensional torus, 7% as a compactified space. The
scale factors are functions of the time coordinate. The T°
has six scale factors corresponding to six cycles. The
string-frame metric is given by the following equation:

9
ds%o = —200 g2 4 200 gx2 + Z e (dym? (1)

m=4

where dx? = Y3 | (dx')? is the line element of the flat
three-dimensional space, R? or T3 and the cycle of T is
defined as

0=y <2m/a. 2)

o' is related with a string length as [, ~ JVa!. The scale
factor e*() describes the scaling of the cycle defined by
(2). The four-dimensional Einstein frame is defined by the
following transformation:

X0 =0+ BB, B = B0 = A0,

o 3)
A1) =A@+ B, XD = D A,0)
m=4

where ¢ (1) is the dilaton field. " and ¢4 are the lapse
function and the scale factor of the three-dimensional
space, respectively. For the Einstein frame the proper
time of the four-dimensional space-time is defined by
¢"” = 1 which is not equivalent to the proper time of the
ten-dimensional space-time in the string frame because of
eholD) = B

By (3) the dilaton gravity sector of the string-frame
action becomes [7]
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1
Sy = [ dOX=Ge 20 (R + 4V ))
167TG10 Mo
1
— d4 n(t)+3A(1)
167Gy Ju @ 7€

9
% 6—2"(’)(—6A2(l‘) +282(r) + Z )\%1(1‘)) 4)

m=4

where the four-dimensional Newton constant and the ten-
dimensional gravitational constant are given by [31]

GlO a/
Gy=— 10— )
Yeadals 8
1
K%O = 87TG10 = 5(2#)70/4. (6)

Equation (4) shows that the four-dimensional Einstein-
Hilbert term which is given by the first term of the second
line does not involve moduli fields and the dilaton. By (5)
we find that the string length is of the order of the Planck
length. An advantage of the new variable B(r) is that the
kinetic term of the above action becomes diagonal.

III1. POINT PARTICLES FROM WRAPPED BRANES

In the previous section, we have defined the four-
dimensional Einstein frame which gives the four-
dimensional Einstein-Hilbert term with the time-
independent Newton constant and diagonal kinetic terms
of moduli fields. We found that the dynamics of the moduli
fields is governed by potential terms derived by flux terms
and brane sources after the Kaluza-Klein reduction. In this
section, we will consider the effective action of the
wrapped D p-brane, NS5-brane, and KK5-monopole, using
the four-dimensional Einstein frame and derive the energy
density of those ingredients which contribute as potential
terms for the moduli fields.

We consider branes wrapping over only cycles of 7°.
After the compactification, we see those objects as point
particles on the three-dimensional space. This expectation
is motivated by Ref. [25] which shows that wrapped brane
gases give the energy density of a pressureless matter. In
[25], we gave the effective action without a dependence of
the velocity along the three-dimensional space. We would
like to derive the effective action with the velocity on the
three-dimensional space. The effective action will be used
to read off the mass and the charge of a wrapped brane in
later sections. To derive the effective action we assume a
cancellation of total RR charges of the D-branes, because
of homogeneous distributions of many D-branes on the
nine-dimensional space by the brane gas approximation.
Thus, we will assume wrapped branes as gases of free
particles.

First, we will consider the world volume action of
Dp-brane wrapping over a p-dimensional cycle of T°. If
the Dp-brane wraps over a (my, ..., m,) cycle (0 = p =
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6), gauge fields on the Dp-brane exist along the
(my,...,m,) directions. The Dp-brane can move along
transverse directions. We assume that the distributions of
the branes are homogeneous and that the gauge field is
Abelian. Then the gauge potential and transverse coordi-
nates depend only on the time variable, i.e., A,, (1), X'(r)
(i=1, 2, 3), and X"(z). We will adopt the coordinate
system as &0 =, &M = y"a (a = 1,2,..., p). Then, the
Dirac-Born-Infeld action of Dp-brane wrapping over the
(my, ..., my) cycle, 3, is given by

(my=--m,) _
S];';l " =_Tp,/;e><2 drtlée ¢(’)\/—det(yab +27a'F ;)
»

=—@aVa)'T, [ dre= PO MO FL_ A, O

3
% {1 — e 20020 § (X (1) — 27al)?
i=1

)4
X Z e—ZAo(t)—Z)\ma (1) (Ama (t))2

a=1
6

e*2/\<J(t)+2/\mb(t)(th( [))2}1/2 o
b=p+1

where the tension of the D p-brane is given by [31]
T, = Qm) r(a)) PV, ®)

3 (Xi(1)* denotes the velocity along the three-
dimensional space. The world volume action is propor-
tional to exp(—¢)/dety,, and then the mass becomes
heavy for e? << 1 and e*» > 1.

The above action is defined in the string frame. We have
to take the four-dimensional frame to extract the four-
dimensional dynamics. Substituting (3) for (7), we obtain

S](),,;...m,,) — —Q@ma)T, [dten(t)f(l/Z)X(t)JrZZ:l Ay (1)

3
< {1 — o~ 2()+2A(0) Z(Xi(t))2 _ ﬂ(t)}l/z 9)

i=1
where A(r) is defined by the following equation:
P
A (1) = Qma')? Z e 28020024, (4 (1))2
a=1

6
. Z e 2BW=2n(0 424, (0 (xmy (£))2,
b=p+1

(10)

Compared with (9) to (7), we find the basic difference
between the string frame and Einstein frame. In the string
frame, the winding mode of the world volume depends on
the dilaton, whereas the winding mode of the Dp-brane
does not have the coupling of the dilaton field in the four-
dimensional Einstein frame. This fact implies that the
winding mode cannot stabilize the dilaton field in the
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four-dimensional Einstein frame. Namely, if we take A(r)
defined by (10), we also cannot stabilize the dilaton, since
(1) includes the dilaton with e 22" only. Therefore, the
Dp-brane wrapping over cycles of 7° cannot stabilize the
dilaton field in the four-dimensional Einstein frame, using
the cosmological background defined by (1).

The wrapped branes can be regarded as the ideal gas
based on the dilute gas approximation. We can solve the
equations of motion of A,, (¢) and X" (t) derived from (9)
as follows:

6"(0*(1/2”0”2,’;/:1 An (l)(zwa/)ef2,8(z)72n(t)72/\ma (I)Ama (1)

_ f {1 _ e—Zn(t)+2A(t) Z(Xz(t

27Ta
i=1

A(r)}m,
(n

O /DAOT, A (1), —2B(0=2n()+2A,, () yrm, (1)

3
— Umb{I _ 672;1(1)+2A(z) Z(Xl(t))z _

i=1

ﬂl(r)}l/z (12)

where we have the equations of motions and f,, and v™
are constants of integration. f,, and v™ are integers and
not continuous numbers, because of a cyclicity of the T°.
For example, v is related to a conjugate momentum
P"D’I'),m’fﬁ = aLDp m"”’/aX’”b as Pme r= v’"b/\/? by
(12). The conjugate momentum must be an integer on a
cycle of the T° therefore v™ is an integer. By the T dulaity
fm, and v™ are mapped to each other [25] and then f,,
must also be an integer. The similar property on a quan-
tized momentum is satisfied for a fundamental string as
shown in Appendix C.
We can solve Egs. (11) and (12) on A (2):

A2 X M 2 ()
T P ~
1t 22 A0 A ()

3
X {1 _ e*2n(z‘)+2A(t) Z(Xi(t))z}’

i=1

Alr) =

Al = Z ezﬁmmmm( fn, )

2aa’
+ z ezB(t)_Z)lmb(t)(vmb)z. (13)
b=p+1

In the four-dimensional Einstein frame, the potential
term is derived by

2 L

M(ml...m,,) _ _TO _
D _ 0 00
' Va9
(my=--m,)
— _e*n(t)*3A(t) 5£DI’ (14)
Sn(1)
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Using (9), (13), and (14), we obtain the potential of the

Dp-brane wrapping over the (m,; - - - m,) cycle:
u]()n;...mp) —3A(z)(27T\/—_)pT X{ /\(t)+22” .
~ . —(1/2)
+ ,54(;)}1/2 X {1 _ e—2n(t)+2A(t) Z(Xz(t))z} )
i=1
15)

This corresponds to the energy density of a relativistic
particle with the mass given by

m(m' (27T\/_)1’T X {e A2 A
+ A2 (16)

Thus, we see Dp-branes behave as point particles on the
three-dimensional space as Fig. 1. The world volume de-
cays with e 340 ag the pressureless matter.

The mass given by (16) has the following role as a
potential of the moduli fields. The winding part of (16) is
proportional to

expy (+

This indicates that the wrapped Dp-brane binds the
(my--+-m,) cycle where the Dp-brane expands and the
(m, . - - mg) direction is stretched like a rubber band as in
Fig. 2. Similarly, by (13) it is found that the electric fields in
A1) also bind the (m;---m,) cycle. The transverse
velocities in A (r) make a pressure bringing the expansion
to the transverse directions.

We will derive the action of the point particle for the
NS5-brane and KKS5-monopole in type II string theory
which has five spatial dimensions. In this paper, we con-
sider only winding modes of the NS5-brane and KKS5-
monopole moving along the three-dimensional space.
The world volume action of the KK5-monopole wrapping
over the (m; - - - ms) cycle is given by [32,33]

Z /\ml,(t) - Z /\mh(t))

b=p+1

3

[

Wrapped branes

FIG. 1. Wrapped brane gases can be seen as point particles on
three dimensions. Those point particles decay as the pressureless
dust with e 340,
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FIG. 2. A cycle where branes wrap is bound by the tension of
branes. Cycles where branes do not wrap are stretched like a
rubber tube in the four-dimensional Einstein frame. The cycles
are homogeneously bound under the brane gas approximation,
although this figure shows one of branes as an example.

SO = T [ doge 00" Eetzy,
5
= _(ZWH)STKKS

” [ dte—250F 20 MO+ T3 4y, ()

3. 1/2
X {1 _ 672/\0(1)+2/\(Z) Z(Xz([))z} ,

i=1
axX"m ax™

=— — (G — k %k,k,),
(:)fa aé‘:a( mn mn)

Vab 7

where k™ = §™™s is the killing vector of the S! isometry
along the (m) cycle and k* = G,,,k"k" = exp(2A,,,(1)).
We also consider the NS5-brane. The world volume action
of the NS5-brane [34] wrapping over (m, - - - ms) cycles is
given by

S = s [ o 0"ty
5

= —(2mVa!) Tyss jdte—zd’(’)“ﬂ(’“z.i:l Amg (1)

3
% {1 — e 2M(0+2A() Z(Xi(t))Z}l/z, (18)

i=1

We consider the transformation of fields as in (3) to
obtain the potential term of the NS5-brane and the KK5-
monopole in the four-dimensional Einstein frame.
Substituting (3) for (17) and (18) and replacing £](;nplmm,,)
with L) in (14), the energy density of the NS5-brane
and the KK5-monopole are given by

ugns,s...ms) — ¢ MO /a))5 Tygse POAOFT I An,

SR -(1/2)
X {1 _ e—2n(t)+2A(t) Z(Xl(l))z} , (19)

i=1
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u(ml'“ms) — 873'4([)(277 /a/)STKKSe*,B(l)*X(I)*z}\mG +Zz:1 Ang (1)

KK5
3 _
< {1 — o~ 2n(+2A0) Z(Xi(t))z} (1/2),
i=1

(20)

where Tps = Tnss = Tkks [33]. The mass of the particles
is given by

m;\’]’éls'"ms) — (277@)5TN85 X e*ﬁ(t)*)\m(,(f)’ (1)
m ") = 2mVal )P Tygs X e PO (22)

It is expected that the world volume of NS5 and KKS5
contributes to the stabilization of the dilaton, since those
objects have the opposite dependence on the dilaton, com-
pared with (16). In fact, in [25] the authors have suggested
that a D1-KKS brane gas model stabilizes the dilaton field
as well as the radial moduli fields, simultaneously.

IV. MASS OF WRAPPED BRANES IN THE FOUR-
DIMENSIONAL EINSTEIN FRAME

In Sec. III, the effective mass of the wrapped brane is
derived in the four-dimensional Einstein frame. In this
section, we would like to consider a behavior of the mass
derived in the previous section, taking a large scale of the
T® and a weak string coupling related with the dilaton field
as g, = exp(¢). The condition is required to consider an
effective field theory. It is not necessarily correct that the
Dp-brane is very heavy with a large volume and a weak
string coupling, since the world volume action has the
nontrivial coupling to the dilaton and the scale of T° in
the four-dimensional Einstein frame. We take the string
scale as 1/+/a' ~ mpyaa ~ 0(10') GeV to analyze the
mass.

First, we will consider winding modes of branes and
et = N0 By (16), (21), and (22) the mass of branes is
as follows:

(myomy)

(p=3)A'(1)
p,winding Xe ’

/

(my---ms)
NS5, winding

-5i-4-

X e~ ¢W+2X(0), (23)

/

(my-+-ms)

m PRTRR
KKS,winding 7
Va

We find that the mass of NS5 and KKS5 becomes very heavy
for e’ > 1 and e? < 1. In the case of p = 4, the mass of
the Dp-brane also becomes heavy. The D3-brane has the
Planck mass. On the other hand, for p = 2, the Dp-brane
has the light mass under the condition of ¢! > 1 and
e? <« 1. For example, we will consider exp(A’) ~ O(10°)
which implies that the compactification is around the grand
unified theory scale,

Vi = 2mJ/al exp(A))® ~ (O(10714) GeV 1S,

X e~ PO+ Q1)
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The mass of the Dp-brane is of the order of

(my - ‘mp)
p,winding

~ O(105(P=3+19) GeV. (24)

The mass ranges from O(10) TeV for p=0 to
0(10'*) GeV for p = 2. This is the nontrivial result, since
the string-frame gives rise to heavy branes for the large
volume. We should include those light states in string
cosmologies. Taking the four-dimensional Einstein frame
gives the interesting result for the mass of wrapped D-
branes.

Second, we will consider the anisotropic case, A, # A,
satisfying exp(A,,) > 1 for the large volume condition. By
(16) the masses of the wrapped Dp- and D(6 — p)-brane
can be represented as

(my+--m,) 1 ZA a(t) &2 (t)
mp,\x]/indirllg:—,exp<z m2 - Z m# )

a a=1 b=p+1

(25)
(mp+1 o)

1 6
Mg indine 77— EXP
6— p,winding 7 ( Z
a a=p+1

A, (1) & A, (1)
-2 )

Those masses explicitly satisfy the following electric-
magnetic dual relation:

(my - 'mp)
p,winding

(m,H---m(,) _ 1 2
m6*]p,winding - (\/7) : (26)
The right-hand side of the above equation is independent
on scale factors, while masses depend on the time. Thus,
masses of the Dp- and D(6 — p)-branes are not indepen-
dent of each other and satisfy a seesaw like condition. A
Dp-brane becomes light when a D(6 — p)-brane has a
heavy mass and vice versa. The electric-magnetic dual
relation is one of the reasons for this scaling property.
The behavior of the mass can be classified into three parts
by a dynamics of the moduli fields as follows.

M Xr_ A, 0 — 22:p+1 A, (1) > 0: the mass of the

Dp-brane is heavy and D(6 — p) becomes light.

() X0 A () = X5 1) A, (1) = 0: the masses of
Dp- and D(6 — p)-branes are of order O(1//a') ~
O(mpyypek)-

() X0 A, (1) = X511 A, (1) <0: the mass of the
D(6 — p)-brane is heavy and the D p-brane becomes
light.

A comment is in order about the dimensionality of
space-times. The time-independent electric-magnetic
dual relation (26) is realized only in the four-dimensional
Einstein frame. For example, the mass of the wrapped
Dp-brane in the string frame is given by

(stringlml---mp): 1 e,¢(t)+,\m](z)+---+/\mp(t)

m._ ..
,windin
p g /a/

and the dual relation is [35]

PHYSICAL REVIEW D 81, 024042 (2010)

(string|my---m,,)
p,winding

_ (%)[_,)2 exp(—26(1) + A1), 27)

(string|m,, 41 +-mg)

X m()*p,winding

This relation explicitly depends on time. If the right-hand
side of (27) becomes large, each mass of wrapped branes
can take a large value. Similarly, using the (d + 1)-
dimensional Einstein frame given by (A2), the mass of
the wrapped D p-brane is given by

(d+1lmy---m,) 1 (3 —d S
M, windin "= X (t) + )‘m (t)
p,winding \/&7 P d—1 ¢ L;Zl a

9
- L > Am(r)) (28)

d—1 m=d+1

and the dual relation is

(d+1|my---m,) (d+1m, i mig—@arn)
p,windirllg "X mlO—(d+p1)Lp,\A;;)[1c:;1ngl)
1 )2 d— 3( 2
=|—=]) exp—— —2¢() + A (t)). (29)
<Va/ pd_ 1 m=zd+l "

The right-hand side also involves time-dependent scale
factors. Therefore, the four-dimensional Einstein frame is
a special case where the electric-magnetic dual relation
becomes scale-free.

By the S- and T-duality, it is expected that the mass of
the wrapped NS5-brane and KK5-monopole has a dual
relation as (26). Using S-dual rule in the four-dimensional
Einstein frame (B3) and (B4), the winding modes of D1-
and D5-branes are mapped to the winding modes of fun-
damental string given by the first term of (C5) with w"« =
1 and the NS5-brane, respectively. Then wrapped funda-
mental string and NS5-brane satisfy the following dual
relation:

mm) X 2 me) — LY (30)
F1,winding NS5 \/?

where we have used (21) and (C5). According to 7-dual
along the (m;)-cycle (A,,, = —A,,, ¢ = ¢ — A,,), the
mass of the wrapped NS5-brane is mapped to the mass of
the KK5-monopole as m;',’gs me) mg’é;'%) [25].
According to 7-dual along the (m,)-cycle (A,,, = —A,,,
¢ — ¢ — A,,), the mass of the wrapped NS5-brane is

(my-+-mg)

mapped to the mass of the KK5-monopole as nigs —

mg"Kz;'mé) [25]. The winding mode of the fundamental
string is mapped to the momentum mode as mg’f"‘imdmg —
m;:’rll,llzlomentum = \/%eﬂ(t)_Aml(t)’ (nml = 1) Therefore we
obtain
(my) (my---mg) _( 1 )2
m X'm =—=]. 31)
F1,momentum KK5 \/?

The right-hand side of (30) and (31) is scale-free in the
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four-dimensional Einstein frame. For

(my) (my)
mFl,Winding and mFl,momemum

mass, the mass of the wrapped NS5-brane and the wrapped
KK5-monopole becomes very heavy.

The dual relations (30) and (31) are related with the
stabilization of the dilaton field. The winding and the
momentum mode of the fundamental string is proportional
to e 2. By dual relations, the mass of NS5 and KK5 must
have the dependence of e # on the dilaton field. NS5 and
KKS5 are essential for the stabilization of the dilaton [25].
Thus the dual relation of wrapped branes plays an impor-
tant role for the moduli stabilization.

example, if
are lighter than the Planck

V. MASS OF WRAPPED BRANES WITH
CALABI-YAU THREEFOLD

In the previous section, we have found that there are
cases where the mass of the brane wrapping over cycles of
the T° becomes light in the four-dimensional Einstein
frame. One may expect light wrapped branes for the CY;
compactification. In this section, we will investigate
masses of Dp-branes wrapping over cycles of the CYj,
taking the four-dimensional Einstein frame. To analyze the
mass we control scales of the Calabi-Yau by hand because
we cannot show the moduli stabilization of the Calabi-Yau
in this paper. It is also interesting to know whether masses
satisfy the electric-magnetic dual relation found in the
previous section.

The CY; has real six dimensions, 2, 3, and 4 cycles. DO-,
D2-, D3-, D4-, and D6-brane can live in the CY3, while
D1-, D5-, NS5-brane, and KK5-monopole cannot wrap a
cycle of the CY35. In this section, we assume a large volume
(complex structure) limit and ignore any quantum correc-
tion. We do not consider instabilities of wrapped branes
and assume the supersymmetric cycle condition behaves
well. To obtain the four-dimensional Einstein frame with a
CY; compactification we redefine B(z) as

B0 = 60— 3 (5 )

where we have defined Vy, (1) = [ d6y‘/ gcy,(t). The vol-
ume of the CY; has a time dependence through moduli
fields.

If Dp-branes (p = 0, 2, 4, 6) are included minimally in
the CYj5 or its cycle, we can represent winding modes of
the Dp-branes as

(32)

my = QaVa P ToVey!”,

m(zA) = QWVMPTZVE%? X [ J,
: 54
’ (33)

JANJ,

— _ 1
m4’(A) = (277 a/)3T4VC;3/2 X 5
344

me = (277\/?)3T6Vé<{23,

PHYSICAL REVIEW D 81, 024042 (2010)

where J is the Kihler form, 34 and 3,4 are dual to the
harmonic form w, and @*. The properties of the Kihler
form are explained in Appendix D. The Poincaré dual gives

rise to
f J=[ JA @& =v4,
3 CY;

JANT =
Sia CY;

JANJA Wy = KABc'UB'UC.

Using the above equations and (D2), we obtain the follow-
ing relations between masses of wrapped branes:

I \2 I \2
m0><m6=(\/?>, Z m(2A)><m4,(A)=3(\/—a_l) .

AERY!

(34)

Equation (34) implies that m, (m(ZA)) is not independent of
mg (my (4)). In fact, by (D4) and (D5), there are relations
between those masses as follows:

me = _(277\/57)76 Im.’]\foomo,

(35)
m4y(A) = _(27T\/ZY—/)_2 Im.’]\fABméB).

Note that the dual relation for DO- and D6-branes is
satisfied quite naturally, since the dual relation does not
require details of the CY5. For instance, a large CY; with a
condition as Vey, ~ (O(10°) X 2m/al)e  gives mgy ~
O(10) TeV. We consider a large volume by a constant
scaling

A

v4 — exp(2s)vt (36)

for all cycles. The m(zA) and my4) have the following
scalings:

m — (277\/?)3T2VC_;{2 X e Svh,
. (37)
my a) — (ZW\/J)3T4VEY13/ X e+SJ<ABCvBUC

where Vey, — exp(+6s)Vcy,. Then light D2-branes and
heavy D4-branes are realized for a positive constant s. If
exp(2s)v4 is chosen as O(101°) X (277+/a')?, the mgA) is of
order O(10") GeV. Those results have the same scalings
given by (23) and (24).

The behavior of the D2- and D4-branes is more compli-
cated than the D0O-D6 case, because the dual relation for
D2- and D4-branes cannot restrict all degrees of freedom of
moduli fields. If we choose a scaling of v — exp(2s,)v4,
the masses of D2- and D4-branes vary correspondingly.
Using (34) and (35), tuning the scale of cycles of the CYs5,
we can find models having light and heavy D2- and D4-
branes.

Quite similarly, we can consider a D3-brane wrapping
over a 3 cycle. To derive the volume of the 3 cycle from
CY; data we will use a property of the special Lagrangian
submanifold (supersymmetric cycle) [36-38]. Here, we
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assume that the condition of the special Lagrangian sub-
manifold behaves well.

In general we call N a special Lagrangian with a con-
stant phase exp(if), if [36,38]

Jly =0, [sind ReQ) — cosf ImQ ][y = 0,

(38)
[cosd ReQ) + sinf ImQ ]|y = dVoly

where the holomorphic 3-form is given by

O =ZRay — Fepk J/\J/\J=%Q A Q. (39)
(agp, ,8’%) is the dual cohomology basis of (A’%, Bp) and the
real basis of H>(CY3) in that they satisfy [y, ag A BE =
52 with all other intersections vanishing.

We will consider D3-brane wrapping over a basis of the
3 cycle AR or By (K=0,1,---,h*") as the special
Lagrangian submanifold. Taking into account (38), we

assume the existence of special Lagrangian cycles defined
by the following conditions:

ReQIA,e = dVol,;, ImQIA,g =, (6,x =0)
(40)
Qly = Qly = --Z
—Im |Bk = dVOlBkr Re |Bk = O, HBk = _E .
4D
Those conditions imply
QO =ReZka; — iImF; BE (42)
and
ImZ&€ =0, ReF; =0. (43)

Equations (43) and (E3) give rise to Re/ Mz ; = 0 and then

the Hodge dual of (ag, BX) defined by (E1) and (E2) is

«BK = (ImM)~'Klg,.
(44)

*ap = —(ImM)]gI:BLA,

In general, a Hodge dual of a basis includes a linear
combination of ap and ,8’3 as (E1). On the other hand,
Eq. (44) indicates that (ayg, ,813) is decomposed with
respect to the Hodge dual, if D3-branes can wrap around
AK and By as special Lagrangian cycles with the condi-
tions (40) and (41). By (42), (44), and (E4) *RteA,g =
ImQ| B, is realized and then (40) and (41) give rise to
*dVol,x = —dVolg,.

The world volume action of the wrapped D3-brane is
described by

PHYSICAL REVIEW D 81, 024042 (2010)
Spz = _T3[ et =y
RXAK
= - f dte" X QP T;Vey"RezZK  (45)
where

Vol ¢ = [ ReQ = ReQ A BK = ReZK.
A

K CY;

Then the mass is given by
mE = Qava' )T,V ey *ReZE. (46)

The dual volume is also defined by
Volg, = f (=ImQ) = —f ImQ A ap = —ImFy
By CY;

and the dual mass is

Using (42) and the following relation
4Vey, = f ReQ AImQ = —ReZE ImFp,  (48)
’ CY;

m(f) and my g satisfy

N 1 2
> m® x ms ) = 4<J—07> . (49)

RE'+1

Those masses also have the following relation:
o = —ImM; jmP 50
ms (k) mMpgpmsy-. (50)

For h'? + 1> 1 the mass of the D3-brane can take
various values. For example, we consider Z!' — 0 and
then massless D3-branes appear on the four-dimensional
space-time [39]. If ReZX has a scaling as exp(3s)ReZX for
a constant s, F also has a scaling as exp(3s) F ¢, because
F is the holomorphic function with the degree two. Then,
by (46)—(48) it is found that the mass is of order of the
Planck mass for a large volume given by exp(3s)ReZ’e ~
(O(105) X 27av/a’)3. This result corresponds to (24).

In Sec. IV and V, we have considered the scaling behav-
ior of the mass of wrapped branes. For the string frame, a
large volume of the compactified space and a weak string
coupling give rise to heavy branes, while, in the four-
dimensional Einstein frame, various light particles of the
wrapped branes arise after the 7° and the CY5 compacti-
fication. Those light particles are given by the string scale
which is of order of the Planck length. For example, it has
been shown that the mass of a DO-brane is of order
O(10) TeV for Vio o ey, ~ (O(10%) X 27v/a’)S. There-
fore, the four-dimensional Einstein frame is quite nontri-
vial. If the light particles have a weak RR interaction, the
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wrapped branes may become a component of the dark
matter. We will discuss the RR charge in the next section.

VI. RR CHARGE IN THE FOUR-DIMENSIONAL
EINSTEIN FRAME

In Secs. IV and V, we have shown that various
Dp-branes become light in the four-dimensional Einstein
frame. The light D p-brane locally interact through the RR
flux. We have to estimate the RR charge, because the dark
matter should have a very weak interaction. To estimate the
coupling of the RR flux, we will analyze the RR flux and
the Wess-Zumino (WZ) term by the four-dimensional
Einstein frame. If the Dp-brane has a weak coupling, the
light Dp-brane is a dark matter candidate. We do not
consider a contribution of the D-instanton (p = —1) po-
tential, for simplicity. In this section, the RR potential is a
function of the four-dimensional coordinates, while the
fields on the Dp-brane and the scale factor depend only
on the time coordinate.

The action of the RR flux and the WZ term of a
D p-brane wrapping over a (m; - -+ m,) cycle is given by
(31]

sl f dOXN=GIF, . (1)

4K,0

s = [ expma’Fo) ASC,  (52)
RXY, q

where
1
Fpial = gy Py o0 (53)
F,y =dC,,, isthe RR flux and F,) is the gauge field on

the D-brane. In the string frame the RR charge has a
relation given by [31]

2 =Ta (54)

We will consider the dimensional reduction of the WZ
term. The gauge field on the Dp-brane is given by

Foy = A (Ddt A dée. (55)

This equation leads to a relation Fpy A =+ A Fp) = 0. The
RR potential of a Dp-brane wrapping the specific

(my -+~ m,) cycle can be expanded as
Cpiy = C" ™ (x ) dt/\df’”l A AdE™
+ Z clm ) () 4 ) i A dgm
b=p+1
“AdE™ (56)

where X' and X™ are transverse coordinates of the
wrapped Dp-brane. After the Kaluza-Klein reduction,

PHYSICAL REVIEW D 81, 024042 (2010)

C%'mm”)(x) is a scalar field on the four-dimensional
space-time and the WZ term is

S(ml my) d4x(277\/J)P,va53(X - X(1)

M,

myom dX
(e

(ml dxmb)
+ Chn —_— 57

b=p+1

First, we will consider the T® compactification. We
perform the Kaluza-Klein reduction of the kinetic term
of the RR flux and expand the RR potential on the ten-
space-time as  C,q | = (C(m1 ") gk +
St C%,lmm”)dymb) Ady™ A -+ Ady™ . Substituting
this equation for (51) and using (3), (5), (6), (8), and (54)

we obtain the following effective action of the RR flux in
the four-dimensional Einstein frame:

(ml m) f 4 1 "(ml"'m)
Ay

dimensional

6 1
X Flmimp)py - -
he p+12(~(m1 m[)>mb))2

_ )4
(g2 = 27Texp< A2y /\,,,a), (59)
a=1

P
(@R = menp( <20+ 2.3 Ay, + 24,
a=1

(60)
where
Bl g, e g e,
C’Z""“”’f’) = Q)P p,C ", (61)

Com ™) = Qaral)P , Com ™,

The effective action of F an,‘ ) has no dependence of the
dilaton. This is the fact on N = 2 supergravity [40]. The
dilaton field lives in a hypermultiplet and does not couple

with a vector multiplet.
(my-- )

We find that g, satisfies the electric-magnetic dual
relation:

g;m]"'mp) X ggﬁp;l"'me) =2 (62)

By (62) the coupling g ,,m ) can take a small value, while

(m,;+1

the dual coupling g¢") ") becomes large. The dual
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relation (62) is also understood as follows. If we add a
trivial quantity which is proportional to [ F pi2 NGy,
Gg—, = dD;_, to the action (51) and eliminate F,;,, we
obtain [ Gg_, A #Gg_, by the dual field Gg_, = *F .
Performing the Kaluza-Klein reduction, we can take the
coupling of the dual field, g2_ , 1n terms of the definition

~(ml sy, my,

(59). We consider g, ) later.

Second, we would like to discuss the CY5 compactifi-
cation. The property considered above is general and it is
expected that the charge relations can be satisfied in the
cases of the CY; compactification. However, in the CY;3
compactification, the square of the coupling becomes a
matrix defined by the Kihler or the complex structure
moduli after the Kaluza-Klein reduction [40-44]. For ex-
ample, we would like to consider the type IIA supergravity
compactified on a CY;3. After rescaling as

Cpi1 = M;lépﬂ»
the RR flux is given by
F, = ,ualﬁ, Fy= ,LLZ_IFA(L)A.

Then the gauge kinetic term of the vector multiplets is
given by

—Lf l(F2 A%Fy + Fy A *Fy)
ZK%O My 2
_ _ 1
B [m EHE QmJa’)s
; {‘_1 mNap }ﬁA A *FB] 63)
27 (2m/a')?

where (A =1, -+, h"!). ImN y and ImN 5 are defined
by (D5). Introducing a dual field Gg = F' dual 34 and Gy =
F®1qVolecy, which are related to the flux of the D4- and
D6-branes, we will consider the following term:

- - 1 - -
1 [ FynGg=— [ Vey, A Fdul,
27 Jmy, 27 Jum, ’

A 7 dual
FA A Fva

—1 Im.’]\foo }F/\*F

64
| o ! (64)
— FyNGg=—

2m M, T JMy
where we ha~ve useq (D7). Adding (64) to (63) and inte-
grating out F and F4 (A =1,2,---, h""), the gauge ki-
netic term of (63) is mapped to

f _ %[{;_1 (2W\/?)6(Imjv‘—l)00}ﬁdual A s frdual
M, T

+ {2_—; (2W\/&7)2(Imjv-l)AB}Fgual A *FdBual] (65)

where the inverse matrix on the couplings is defined by
(D6) and *ZFI%”“' = —F%”a' has been used for a four-

dimensional Lorentz manifold. We can read off the gauge
couplings is as follows:

PHYSICAL REVIEW D 81, 024042 (2010)

(8 oo = ~1 N
® 27 Qadd)s
(6 g = - I Naw.
AB T 5 (277\/?)2’ (66)

-1
(g32)® = 2—(277\/3)6(Im3\/'*‘)00,
T
-1
(8aum)"? = 5 @mvaP(ImN 12,
T
Those couplings satisfy
(8 2)ip(ead)? € = 2m) 28, (67)

where (A =0,1,2, - -, h'!). The above relation has the
same structure to (62). In type IIB theory, the coupling of
the flux of a D3-brane wrapping over a 3 cycle is given by
replacing N with M defined by (E3) [44] and taking a

suitable normalization constant.
)

We will consider the scaling behavior of g, and

gﬁ,’"‘ ..-m,,,mb)’ assuming a constant dilaton and constant mod-

~(my-eemp,,my,)

uli fields. We should notice that g,
coupling of Cy," mm”), since the kinetic term of X" (¢) has a
coupling with moduli fields such as e 282X (dX™ /dt)? in
(10). To normalized the kinetic term, we define the follow-
ing equations:

is not the true

dX™ _ gy dX™ mem) g o (meem)
r = ofn, i Cmb] r = 7Bt mb\Irmbl v

(68)

Then, the kinetic term is proportional to e ~>*(dX™ /dt)* in
(my=--m,)

(9). Using the above relations, the kinetic term of W,
is given by

& —1 (my---m,) (my---m,)
3, WV, o, (69)

(m, “.mp!mb)

b=p+12(gp )?
where the coupling corresponds with (59):

g;ml"'mp))Z _ g;ml---m,,,mb))ZI (70)

We will consider the isotropic case such as A, = A,,.
gi,m"“m”) and gi,m"“m”’m”) can take a small value for p =< 2
and e* > 1. We will take ¢* ~ O(10°) for instance. The

coupling is given by
(8" "R = (g" P ~ 000 ). )

According to the relation, DO-brane has the very weak
interaction g, ~ O(107*"). For wrapped DI- and D2-
branes the coupling is given by (g\")? ~ ©(102) and
(gi"™))2 ~ O(10719), respectively. The coupling of D3-
brane has gé’"‘mzmﬁ ~ O(1). In the anisotropic case, A, #
A, Eq. (59) with (62) has the same classification on the
mass of D-branes in Sec. IV.
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We also investigate scaling of the charges, controlling
scales of the Calabi-Yau by hand. In the case with a CY;3
compactification small couplings of wrapped DO- and D2-
branes are realized by a large —ImIN 4, because of
—ImN ;5 < (g72); 5. For example, using (4) and (5),
we consider a large volume of the CY; by a scaling, v* —
exp(2s)v? for a positive constant s. This condition gives
rise to

Im N oy — exp(6s)ImIN g,

(72)
ImN 45 — exp(2s)ImN 4p.

Using (66) and (D5), the coupling of the DO-brane can be
g* ~ 0(107°) for Vey, ~ (O(10%) X 27/a’)6. Then the
weak coupling is realized for wrapped DO- and D2-branes.
The coupling of D3-branes which is related with the matrix
My ¢ in (E3) has different behavior from the flux of type
ITA. The coupling involves the holomorphic function with
the degree two, F(exp(3s')ZK) = exp(6s’) F(ZX) by
ZK — exp(3s’)ZK. Then, (E3) implies that the coupling
matrix /M does not change for the scaling of ZX. We
may require details of the topological data of the CY;5 to
analyze the scaling of M, however we do not consider the
details in this paper.

VII. FLUCTUATIONS OF MODULI FIELDS

In previous sections, we have investigated the mass and
the RR charge of the wrapped branes to consider a possi-
bility of a dark matter candidate. It has been shown that
there are cases where the wrapped Dp-brane has a light
mass and a weak RR charge in the four-dimensional
Einstein frame, if the scale of the compactified space
satisfies a condition discussed in Secs. IV, V, and VI.
However, we have to discuss an interaction in terms of
fluctuations of moduli fields, because the fluctuations give
rise to propagations of scalar interactions between branes.
In fact, from the ten-dimensional point of view, the radial
moduli is one of components of the gravitational fields and
then the fluctuations of the moduli also give the interaction
between the D-branes [31]. In this section, we would like to
comment on a charge of the interaction without the analy-
sis of the cosmological perturbation. We consider the T°
compactification only.

The kinetic term of the moduli fields is diagonal in (4).
To canonically normalize the kinetic term of the fluctua-
tions, we define

A, = A9 + BTG, 8A,, (73)

where )\53) is a fixed constant. Then, using (9), the source
term of the interaction is given by
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Ny M p A_’(O)
551(317‘ ») o —(ZW\/J)PTPVSWGzt exp(z )ligz N T)
a=1

1 = L
X /dte"(’)<——5A +y a)lma).
2 a=1
The coefficient of the above equation gives the charge in

terms of the fluctuation. The magnitude of the interaction is
given by the square of the coefficient:

P
7Texp<2 > Y X(O)).

a=1

(74)

(75)

It is found that the scaling of (75) is the same to (59) and
the similar dual relation such as (62) is satisfied. If
2y¥P )\ﬁﬁ,)“) — X9 <0 is satisfied, the charge becomes
weak. A condition, )lf,(f) = /\5,0) also realizes a weak inter-
action on the fluctuations at a large scale of T° for DO-,
D1-, and D2-branes.

Taking into account the results discussed in previous
sections, we find that there are cases in which wrapped
Dp-branes have the light mass, the weak RR charge, and
the weak interaction on the fluctuations of the moduli fields
in the four-dimensional Einstein frame, considering a large
volume of the compactified space. For instance, the mass
of a DO-brane is of the order of O(10) TeV for Vs o, cy, ~

(O(10%) X 27/a')e. The square of the charge on the RR
flux and the fluctuation of the moduli fields is also of order
0O(1073Y). Therefore, a possibility of the dark matter arises
from the wrapped Dp-branes in the four-dimensional
Einstein frame.

VIII. D1-KKS BRANE GAS SYSTEM

We have considered the behavior of masses and charges
of wrapped branes in the four-dimensional Einstein frame,
adjusting the compactification scale by hand. However, it is
not necessarily possible to tune the scale of the compacti-
fication freely, because this tuning should be consistent
with a weak string coupling to consider the effective field
theory at a low energy after the moduli stabilization. In this
section, we will investigate a moduli stabilization in the T°
compactification, using the brane gas system of D1-branes
and KK5-monopoles in type IIB string theory [25]. A
condition for a large volume and a weak string coupling
will be explained. We will estimate the mass of the
wrapped branes.

At a matter-dominated era, the velocity of wrapped
branes may vanish, on average, in a very large scale.
Then, we will consider the case of X’(¢) = 0 which means
that wrapped brane gases are completely nonrelativistic
particles [25]. We have assumed the cancellation of the
total charge under the brane gas approximation and then
we can use the results in Sec. III. We analyze a type 11B
brane gas model in which the D1-branes wrap over each 1
cycle and the KKS5-monopoles wrap over the (45678)
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cycle and its cyclic permutations. We will take the follow-
ing initial condition,

fm, =2ma'f,

to obtain the analytic value of A,(¢) and B(¢) at a minimum.
The choice of this initial condition represents the fact
where the initial gauge fields on the Dl1-branes are the
same for each cycle. This condition may be natural for
the isotropic expansion of the internal space. The above
condition provides us the following energy density:

v =0 (76)

UHB = e73A(1) X (NDlml + NKKSmKK5) (77)

where Np; and Nggs are the number density of the point
particles. This number density is a constant because the
number density is decided at present as ¢4~ = 1. The
scaling of the number density is controlled by the scale
factor ™). mp, and myys are given by

9
m, = (277\/&—’)T1 Z e~ /2AOFA (] 4 202B0F1)1/2,
a=4

(78)

9
mggs = (277'\/?)571](](5 Z eiﬁ(t)Jr)\”(t). (79)
a=4

If all moduli fields are fixed, U'B is equal to the energy
density of a pressureless matter as p ~ e~ 34,

By (78) and (79) U"B takes a positive value. Thus the
minimum is given by U™ /0B = aU"B /9, = 0. (55 —
ai).,,) U" = 0 gives

el = o) = LN () (80)

for (a,b =4,5,...,9). Using (80) and the minimum con-
ditions, we obtain analytic values of moduli fields at the

minimum [25]:
2N
2 min. =— J— KK5
Rl w/fz o (81)

, 1 \l/6/ N, 1/3
SRR
2f NKKS

As shown in Sec. 111, f is an integer, therefore the stabilized
value of moduli fields cannot continuously connect to
another stabilized value under the 7 compactification.

These equations have a relation as e?%mn =
@2Buin TOXy, = £=2 The dilaton field at the minimum is
given by

2Pmin. = i (83)
fZ

where we have used (3), (81), and (82). By (82) and (83)
there is a relation between Np; and Nkys as follows:
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N, D1

Nkks

i \/567¢min,+6)‘:nin., (84)

If a large volume of the T°, exp(A/ . ) > 1 and a weak
string coupling,

1

72 <1 (85)
are imposed at the minimum, (84) gives the following
condition:

8s = exp(d)mim.) =

Np; > Nggs. (86)

Equation (86) indicates that the wrapped DI1-brane gas
dominates the components. The number density of KKS5
has very low number density by the relation (84) and then
KKS5-monopoles may survive the annihilation by the heavy
mass and the low number density on the three-dimensional
space.

Equations (82) and (83) show that the string coupling
g, = e®mn is related to the scale of the compactification
through the initial condition of the electric fields on the D1-
brane. We require a weak string coupling g, << 1 and a
large scale of the compactification e*min > 1. 1f we take the
specific initial condition as 1 << f? in (83), the weak string
coupling is realized. However, Dirac-Born-Infeld action
has upper bound for the electric fields. This bound is given
by

1-A@) >0 (87

in (9) because of X‘() = 0. We have to check that the initial
condition satisfies (87) at the minimum. Substituting (81)
and (82) for (13), we obtain the following condition for a
D1-brane:

2 2ﬁn1in.+6/\l i 1
e min.
l_ﬂmin.=1_ f 7 - —.
1 —+ fzezﬁmin._*—é)tmi“» 2

(88)

Therefore we can take the initial condition satisfying 1 <
12 because (88) does not depend on any initial condition in
this model. By (84) and (87) we can take the weak string
coupling and the large volume of T° simultaneously.
Finally, we would like to estimate the mass scale of the
branes. At the minimum given by (82) and (83), the scale of
T° is isotropic, i.e., etamn = etwn for (a =4, ---,9).
Then, the mass of one of the DIl-branes and KKS5-
monopoles defined by (78) and (79) is given by

e 2/\I’nin.

(m]) —
m, |min. - X Mpjancks

(89)

e - d’min. +4A|’nin.
min.
242

where mppe = G, /2 = 23/2/Va’ ~ 0(10"°) GeV is the
four-dimensional Planck mass. If we take a weak string
coupling e®m» < 1 and the large scale, etmn >> 1, the
mass of the KKS5-monopole becomes heavier than the

(mr"m,s)l

MgKs X Mplanck
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Planck mass. On the other hand, D1-branes become light
particles under the weak string coupling and the large scale
of T°. If we consider e*min. ~ O(10°), the order of the mass
is given by m; |, ~ O(10°) GeV.

In the present section, we have considered the brane gas
model constructed by DI1-KKS5 as a simple model of the
moduli stabilization. It is found that (85) and (86) are
required to realize a large volume and a weak string
coupling at a minimum of the potential and the D1-brane
gas becomes light.

IX. SUMMARY AND DISCUSSIONS

We have considered a possibility of the dark matter
candidate for wrapped branes in brane gas cosmologies
based on the type II string theories. Using the four-
dimensional Einstein frame, we have investigated the
mass, the RR charge, and the interaction on fluctuations
of the moduli fields. This analysis has been done by the
description of the effective field theory, taking the string
scale as 1/ JVa! ~ Mpianck- A large volume of the compac-
tified space and a weak string coupling are required to
suppress string excitations and to obtain the perturbative
description.

We have found models where D-branes wrapping over
cycles of a compactified space has a light mass by the large
volume and the weak string coupling, after the 7° and the
CY; compactification, while the mass becomes very heavy
in the string frame. The masses satisfy the electric-
magnetic dual relation between a Dp- and a D(6 —
p)-brane. The four-dimensional Einstein frame gives rise
to the dual relation which is time independent although
each mass depends on the time coordinate through moduli
fields. The string and the (d + 1)-dimensional (d # 3)
Einstein frame, on the other hand, derive the dual relation
depending on the time variable. Thus, the four-dimensional
Einstein frame is the special case and the electric-magnetic
dual relation gives the mass hierarchy. For example, the
mass of a DO-brane is of order O(10) TeV, if we take a
large volume as Vzeo o cy, ~ (O(10%) X 277y/a’)5. Similar
dual relation, which is time independent, is realized for
(F1, NS5) and for (the momentum of F1, KK5) for the T°
compactification. The effective charges of the RR flux and
of the moduli fluctuation have been investigated. The
charges between the Dp- and D(6 — p)-brane also satisfy
the electric-magnetic dual relations and then there are
cases in which the wrapped Dp-branes obtain a small
charge for the large volume and the weak string coupling.
For instance, the square of the charge of a DO-brane is of
order O(107) for Vi o cy, ~ (O(10°) X 2m/al)e.

We have considered the behavior of the mass of wrapped
branes, using a toy model constructed by a D1-KKS5 brane
gas [25] where radial moduli fields of the 7% and the
dilaton are simultaneously stabilized. The effective field
description requires a large volume of the compactified
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space and a weak string coupling, however a point where
all moduli fields are stabilized depends on models and the
realization of the condition is not trivial. In this model, the
condition of the large volume and the weak string coupling
imposes (85) and (86) at a minimum of the potential of the
moduli fields and then light D1-branes appear for a large
volume of the T°.

Taking the four-dimensional Einstein frame is very sim-
ple, however quite nontrivial results among masses and the
charges are realized. We should consider the light wrapped
branes in string cosmologies because of the very small
charges. Those ingredients may be a candidate for the
dark matter. We have considered no -Schwarz Nevue-
Schwarz 2-form and no quantum correction. Those quan-
tities may give the wrapped branes interesting results,
using explicit CY3 compactifications.

To check the possibility on the dark matter more rigor-
ously we have to investigate the density perturbation of the
dust of wrapped branes. If domains with dense gases
appear on the three-dimensional space, interactions on
the RR flux and on the moduli fluctuations may have an
interesting role for the evolution of the density, because of

O((gy""""' V) ~ O(Gy(m i) by (5), (16), and (59).
The density perturbation has been considered in various
brane gas models [12,27-29,45,46].

In the brane world model, the wrapped branes distribute
in a bulk space as well as on the brane expanding the three
dimensions. Then, various bound states may arise between
many branes and the dark matter of wrapped branes may
have interactions with the dark energy through the cou-
plings of moduli fields. It may be interesting to investigate
the dynamics of the Universe with the light branes in the
four-dimensional Einstein frame for various models [47—
65].

ACKNOWLEDGMENTS

The authors thank the Yukawa Institute for Theoretical
Physics at Kyoto University. Discussions during the YITP
workshop YITP-W-08-04 on ‘“Development of Quantum
Field Theory and String Theory” were useful to complete
this work. We also thank Particle Theory Group of the
Yukawa Institute for Theoretical Physics for fruitful dis-
cussions. We would like to thank Tohru Eguchi, Kenji
Hotta, Tetsuji Kimura, Hideo Kodama, Shinji
Mukohyama, Misao Sasaki, Naoki Sasakura, Seiji
Terashima for useful and helpful comments. M. S. is sup-
ported by a Sasagawa Scientific Research Grant from The
Japan Science Society and by the Hokkaido University
Clark Memorial Foundation.

APPENDIX A: (d + 1)-DIMENSIONAL EINSTEIN
FRAME

We will decompose the ten-dimensional space-time as
10=(d+1)+(10—-(d+ 1)) and take the (d+ 1)-

024042-13



MASAKAZU SANO AND HISAO SUZUKI

dimensional Einstein frame. The (d + 1)-dimensional
Einstein frame is obtained by a toroidal compactification
of the circumference of 27v/a’e?

1
d"°XN—=Ge >R
167G, f Ge

1

m a8

where the (d + 1)-dimensional gravitational constant is
given by Gy, = Go/(Qmva)19=@+D To obtain this
effective action we will consider the following variables:

— 2 — ,2A
G,ul/ =e Bdﬂgdw‘—l,,u,w Gmn =e mamn’

2 1 2
ﬁd’_i Z Ams

d—1 m=d+1

(A2)
ﬁd+ 1=

where (u,v=0,1,---,d) and (mn=d+1,d+
2,--+,9). Equation (A2) defines the (d + 1)-dimensional
Einstein frame. If we consider d = 3 and B3, = (3, the
four-dimensional FEinstein frame defined by (3) is
recovered.

APPENDIX B: S DUALITY IN THE
FOUR-DIMENSIONAL EINSTEIN FRAME

The S-duality rule is defined by the ten-dimensional
Einstein frame. Using (A2) in the case of d = 9, we obtain

1 1 A
Gap = €*Pgioa Bio = Z¢ = Z('B + E) (BD)

where (A, B=0,1,---,9). B9 is related with variables
(8, A) which are defined by (3) as (B1). Then the S duality
is given by ¢ — —¢ which means that the string-frame
metric transforms as

Gag— ¢ ?Gap. (B2)

To find the transformation rule of the S duality in the four-
dimensional Einstein frame we will assume

/\m - )‘m + fS-duall B - B + fS-dual~

If this transformation represents the S duality satisfying
(B2), the action (4) must be invariant under this trans-
formation. Substituting (B3) for (4), the S dual invariance
requires

(B3)

— 1
fS-dual - _E‘;b'

It is found that this solution satisfies (B2), substituting (B4)
for (B1).

(B4)

APPENDIX C: FUNDAMENTAL STRING GAS

If the fundamental string wraps over a cycle of T° and
we choose 0¥ = 1, 0 =< ¢! =< 27v/a’', we can assume

PHYSICAL REVIEW D 81, 024042 (2010)

X0=1 XM= X"a(1) + wheo,

(CD
(a=1,23,-+,6),

where we have considered the only zero mode and w'«
indicates the winding number of the string. The above
assumption is motivated by X"«(r, o' + 2m/a') =
X"a(t, ol) + 27Ja'w™. We do not consider a depen-
dence of X' (i = 1, 2, 3), for simplicity. The induced metric
is given by

6
Yoo = _€2A° + Z 62/\,“” (Xm")z,

a=1

6
Yo = z o XMaw™a,

a=1

6
Y = Z e (wa)?,
a=1
(C2)

We will impose 7y,,, = 0, the meaning of which is ex-
plained later. Then the world volume action of a funda-
mental string wrapping over a cycle of T° is given by

SFI = _TFlf da’odalw/—'y
RXZ,

6
~CaVaty [dren] Y oy
a=1

6 . 1/2
(1% v niin)]

a=1

6
_(ZW\/Z)Tpl '[dt6’3+’1{z 62/\7”" (Wma)2
a=1

6 . 1/2
X (1 _ Z 62)\"1”—2B—2n(xmu)2)} (C3)
a=1
where T, = Tp,. The equation of motion is

- 2A 2 172 +B,2A 2B—2ny
S P (wre)?) T en B2, 282 me
a=1

6 . 12
— ”m,,{l _ Z 62/\»1,,_2.3—2”()("%)2} (C4)

a=1

where n,, is a constant of integration. By the definition of
the energy-momentum tensor (14) and (C4), we obtain

—3A

Up = € Mg

6
= e_3A(27T\/Z7)TF1 { Z €2B T2, (yMa)?
a=1

6 172
+ ) P2, (nmn)z} . (C5)
a=1

Substituting (C4) for y,, = 0, we obtain
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6
> n,,whe = 0. (C6)
a=1

If n,,, and w™« are integers, (C6) indicates the level match-
ing condition, L, — L, = 0, for the only zero mode. The
mass mg is invariant under the 7T duality, (A,,, — —A,, ,
¢ — & — A,,) with (n,, — w').

APPENDIX D: KAHLER FORM

The Kihler form J is expanded by a harmonic form w,
which is a basis of H"!(CY3) as

J=1v%w,, (D1)
where (A = 1, - - -, h"1). It is useful to define the following
quantities:

KABC:[ wA/\a)B/\wC,
CY,
Kap = f ws A wg AT = Kypcv€,
CY,
KA :f (()A/\J/\J:KABCvBUC,
CY;
K = J/\J A J = KABCvAUBUC - 6VCy3.
CY;
(D2)
Using the following relation [66],
3K 1
*wA=—]/\wA+§?AJ/\J, w/ =5 A,
(D3)
we obtain
3 K4 Kp
ws A*wp = —K, g += . D4
R (D4)

Equation (D4) is related to gauge couplings of the vector
multiplets in the low energy effective action of type IIA
supergravity compactified on a Calabi-Yau threefold. If the
NSNS 2-form B, vanishes, the matrix of the gauge cou-
plings is given by [41-44]

X
Im Ny = B —Vey,,
(D5)
ImNAB= _[CY CUA/\*(()B.

Introducing K48 by KABK, - = 64, one derives the
inverse matrix:

(mA 10 = =2

(ImN 148 = — N

(D6)

PHYSICAL REVIEW D 81, 024042 (2010)
where we defined the dual basis @4 € H>?(CY;) by

fc oy &8 = 6%, (D7)
and
[ oA A %8 = _KAB_i_M,
CY, X
x@h = (—KAB + 31,;:3)&)3‘ (D)

APPENDIX E: HODGE DUAL OF (ay, ﬂk)

{ag, BKY} are both 3-forms and those Hodge duals are

also 3-forms which can be expanded in terms of «p and ﬁk
according to

*ak=Ak£ai+BkLA,8£, ED)
« B = CKla; + DR L.
Using
[ ap A ,Bi = 51;:(,
CY;

one derives

Bgjp =f ag Axap =[ ap AN*ag = Bjg,
CY; CY,

_ kL — Bk,\*ﬁz:f BE A gk = —CLK
CY; CY;

—Aki= BiA*ak=j akA*ﬁ£=DLI%.
CY; CY;

The matrices A, B, C, D are determined in terms of a
matrix M [67,68]

A= ReM)ImM)™ !,

B = —(ImM) — ReM)ImM) ' (ReM), (E2)
C=ImM)7},
where
Myp=Fgp +2i (Imj;)ﬁgz;f)lzgﬁ NZN. (E3)
The matrix M satisfies
F = M2t (E4)

where we have used the following relations on a holomor-
phic prepotential F with respect to ZX:

1. oF . 0F;
F=-ZkFe Fo=—L=ZKFpr Frp=—2L
2 R Rk RL KL=k
(ES)
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