HOKKAIDO UNIVERSITY

Critical behavior and the limit distribution for long-range oriented percolation.

II : Spatial

e correlation
Author (s) Chen, Lung-Chi; Sakai, Akira
Citation Probabi lity Theory and Related Fields, 145(3-4), 435-458
https://doi.org/10.1007/s00440-008-0174-6
Issue Date 2009-11
Doc URL https://hdl. handle.net/2115/44103
Rights The original publication is available at www.springerlink.com
Type journal article

File Information

PTRF145-3-4 435-458, pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Critical behavior and the limit distribution
for long-range oriented percolation. 1I:
Spatial correlation

Lung-Chi Chen*
Akira Sakai'

April 27, 2008*

Abstract

We prove that the Fourier transform of the properly-scaled normalized two-
point function for sufficiently spread-out long-range oriented percolation with index
a > 0 converges to e CIFI*™ for some C € (0,00) above the upper-critical dimen-
sion de = 2(a A 2). This answers the open question remained in the previous paper
[1]. Moreover, we show that the constant C' exhibits crossover at o = 2, which is a
result of interactions among occupied paths. The proof is based on a new method
of estimating fractional moments for the spatial variable of the lace-expansion co-
efficients.

1 Introduction and the main result

We consider oriented bond percolation on Z? x Z,, where each time-oriented bond
((x,n), (y,n + 1)) is occupied with probability pD(y — x) and vacant with probability
1 — pD(y — z), independently of the other bonds. Here, D is a Z%-symmetric probability
distribution on Z<, hence the parameter p € [0, | D]|3}] can be interpreted as the aver-
age number of occupied bonds per vertex. We say that a vertex (x,j) is connected to
(y,n), and write (z,5) — (y,n), if either (x, j) = (y,n) or there is a time-oriented path of
occupied bonds from (z,j) to (y,n). Let P, be the probability distribution of the bond
variables, and define the two-point function as

QOP(.T, n) = Pp((07 0) - (x7n))7

and its Fourier transform as

Zy(kin) = > e* g (xn) (k€ [-m 7).
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Notice that Z,(0;n) = > .4 ¢p(7,n) is the expected number of vertices at time n con-
nected from (0,0). It has been known ([3] and references therein) that there is a p. > 1
such that

szﬁmm%<“ R

=00  (p=>pe)

In the previous paper [1] (often referred to as Part I from now on), we investigated
critical behavior of long-range oriented percolation defined by

h(z/L)
2 yeze My/ L)’

where h is a probability density function on R¢ satisfying h(z) < |2|=97¢ (i.e., |2|* *h(z)
is bounded away from zero and infinity) for large z. Here, a > 0 is the characteristic

index, and L € [1,00) is the parameter that serves the model to spread out. For example,
D]l = O(A), where

D(z) =

A= L1

See [1, Section 1.1] for the precise definition and other properties of D. Notice that the
variance 0® = .4 |z[*D(z) does not exist if a < 2.

Suppose that there is a positive finite constant v, (= ;—2 if @ > 2) such that the Fourier
transform D(k) = 3", _,4 D(2)e?™ obeys the asymptotics

N o ka/\2 2
|k|—0

(1.1)
112|k;|210gﬁ (a=2).

The assumption (1.1) with v, = O(L**?) indeed holds if, e.g., h(x) ~ c|z|~9"* as |z| — oo
for some constant ¢ (see [7, Section 10.5] for the 1-dimensional case). Let

B (Vo) " (a #2),
k, =k x {(Wlog it (az2) (1.2)
so that
lim n(1— D(k,)) = |k|**% (1.3)

Among various results, we proved that, for a > 0, d > 2(a A2), L > 1, p € (0,p.] and
k € R4, there exists ¢, = 1+ O()) such that the normalized two-point function satisfies

an 7 k’n; . Z kn; —c'|k|oN
e~ < Nim inf p(Fnin) < limsup p(Kni 1) < eI, (1.4)

Here, d. = 2(a A 2) is the upper-critical dimension of this model. We do not expect that

(1.4) holds for d < d.. Compare this result with the behavior of the two-point function for

the branching random walk on Z¢ whose mean number of offspring per parent is p > 0:
A~ ZpBRW(kn;n) _|k‘a/\2

Z;Rw(k;;n) — an(kj)”7 nlggo W e . (1.5)



The latter is an immediate consequence of the former and (1.3). We note that e~ *I” is
the characteristic function of an a-stable random variable (see, e.g., [10]).

The proof in [1] of (1.4) is based on the lace expansion for the two-point function. To
derive information of the sequence Z,(k;n) from its sum (= the Fourier-Laplace transform
of the two-point function) and prove (1.4), we established optimal control over fractional
moments for the time variable of the lace-expansion coefficients. However, due to the
long-range nature of our D, we were unable to optimally control fractional moments for
the spatial variable of the expansion coefficients and squeeze the bounds in (1.4) to identify
the limit. We note that, by the standard Taylor-expansion method, the limit has been
shown to exist at p = p. if & > 2 [6] and for every p € (0, p.| if the model is finite-range
[8]. This standard method does not work for av < 2 in the current setting.

In this paper, we develop a new method to estimate fractional moments for the spatial
variable of the expansion coefficients and achieve the following result on the normalized
two-point function:

Theorem 1.1. Let a > 0,d >2(aN2), L> 1 and p € (0,p.]. There is a C =1+ O(\)
such that, for any k € R?,
hm Zp(kn,n) _ efc‘klaAQ

woe Zy(0:m) |

where k,, is defined in (1.2). Moreover,

pm n
. . 1+ —0_;’ S laPm(zn)my (o> 2), ",
1+pmpZn7rp(x,n)mZ 1 (a <2),

(z,n)

where m,, is the radius of convergence for > >~ Z,(0;n) m", and m,(x,n) is the alternating

sum of the lace-expansion coefficients. The sums in (1.6) are absolutely convergent.

See, e.g., [1, Section 3.1] for the precise definition of m,(z,n).

The most remarkable observation in the above theorem is that the constant C exhibits
crossover at & = 2. This phenomenon is observable if 7,, which is model-dependent and
contains information about interactions of occupied paths, is nonzero. We recall that,
for the branching random walk, occupied paths are independent and 7, = 0, hence C' is
always 1 as in (1.5). Therefore, the crossover behavior in (1.6) is a result of interactions
among occupied paths.

We should emphasize that our approach developed in this paper and Part I is widely
applicable, not only to our long-range oriented percolation, but also to various other (long-
range/finite-range) statistical-mechanical models. For example, our methods also apply
to show that a similar result to the above limit theorem holds for long-range self-avoiding
walk with the characteristic index o > 0, studied in [5]. Markus Heydenreich is working
in this direction [4]. His work will be a generalization of the results in [2, 12], where D(z)
is proportional to |z|™? if x is on the coordinate axes, otherwise D(x) = 0. Since the
coordinate axes are 1-dimensional, we should interpret « for this particular model as 1.

As another nontrivial application of the fractional-moment method of this paper, one
of the authors (LCC) will report in his ongoing work that the gyration radius £} of order
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r € (0, «) for sufficiently spread-out oriented percolation with d > 2(a A 2) obeys

1/r =+
A
€L )

(nlogn)

for every p € (0, pc).

The rest of the paper is organized as follows. In Section 2, we summarize the relevant
results from Part 1. In Section 3, we prove Theorem 1.1 subject to a key proposition on
fractional moments for the spatial variable of the lace-expansion coefficients. We prove
that proposition in Section 4 using a certain integral representation for fractional powers
of positive reals.

2 Summary of the relevant results from Part I

In this section, we summarize the results from Part I that will be used in the rest of the

paper.
First, we introduce some notation. Let

pD(x)  (n=1),
0 (n#1).

We denote the space-time convolution of functions f and g on Z? x Z, by

(fxg)@n)= D fu.t) glz—yn—t),

(y,t)€LIX Ly

qp(T,n) = Pp(((@ 0), (x,n)) is Occupied> = {

and the Fourier-Laplace transform of f by

fle,2)=" > flzn)e**z" (ke l-mn]’, z€C).

(z,n)EZIXZL 4
Notice that %Akf(l, z), defined as

_71Akf<l, 2 = f(l,2) - LUER2) ; fl =k, z)

= Z (1 —cos(k - z)) f(z,n) e’ 2", (2.1)

(z,n)ELIXZ 4

is the Fourier-Laplace transform of (1 — cos(k - x)) f(x,n).
In [1, Section 3.1], we explained the derivation of the convolution equation

pp(x,n) = mp(,n) + (T * gp * ) (2, 1),
where 7,(z,n) is the alternating sum of the Z?-symmetric nonnegative lace-expansion
coefficients (™ (z,n) for N =0,1,2,...:

[e.9]

mp(x,n) = Z(—l)Nﬂ;,N)(x,n). (2.2)

N=0

The precise definition of 7™ is unimportant in this paper. However, we will use the
following properties of m, and ¢,:



Proposition 2.1. Let a >0, d > 2(a A2) and L > 1. Then,

pmyy(0,my) =1, (2.3)
> nlmy(z,n)|m" <O, (2.4)
(z,n)
> (1= cos(k - @) |my(x, )| m™ < O(N) (1 — D(k)), (2.5)
(zn)
and
. 1
Bk, me?)] < o (26)
pmy(1— %) + 10| + 1 — D(k)
Aglme < Y e
(=01 (1) pmy(1 — m—p) +10]+1—D(+ jk)
1
ol) 2.7)

>< ~ )
pmy(1— 22) +16] +1— D(I + j'k)

uniformly in p € (0,p.], m € [0,m,), k,l € [-7,7]* and 0 € [—m,7].

Proof.  The identity (2.3) for every p € (0, p.] was proved in [1, (2.17) and (2.22)]. The
bounds (2.4) and (2.6) for p € (0, p.) were also proved in Part I, and can be extended up
to p = pe, as long as m is strictly less than the radius of convergence, m,, = 1 (cf., [1,
Corollary 1.3]).

The same extension applies to the bounds (2.5) and (2.7), if they hold uniformly in
p € (0,p.) and m € [0,m,). In Part I, we showed that

> (1= cos(k - x))|mp(w,n)| m" < O(N) (1 SRR - D(k)),
m
(2;m) P
uniformly in p € (0,p.), m € [0,m,) and k € [—m,7]%. However, since the left-hand side
is increasing in m < m,, we obtain

Z (1 = cos(k - z))|my(z,n)|m" < lim Z (1 — cos(k - x))|my(x,n)| m"

:
(z.n) T (o)

< O()\) lim <1 S - D(k))
mlmy my
<O\ (1 - D(k)),
as required. Using this stronger bound and following the steps in [1, Section 4.2], we also
obtain (2.7). This completes the proof. u
Finally, we summarize the results for the n'™® coefficient Z,(k;n) of the series expansion
of ¢,(k,m) in powers of m: @,(k,m) =" Z,(k;n)m". Let (cf., [1, (2.33)-(2.34)])

MO 7ip (K, 110

A9 (k) = D(k) + (2.8)

pmypy(k,my)? ’
7c(-10(07 mp) _ 7c(-10(]'{:7 mp)

B,(k) =1— D(k) +

: (2.9)

7ATp(k'a mp)



where 0, (k, mp) = limyym, Om@p(k, m). Notice that, by (2.4)-(2.5),

Oy (k)| < limm > nlm(z,n)|m" < O(N), (2.10)
" (zn)
|7,(0,mp) — 7, (k,my)| < Z (1 —cos(k - z))|my(x,n)| ml < O(N)(1 - D(k)), (2.11)
(z,n)

where the O(\) terms are uniform in p € (0, p.] and k € [—7, 7]%. Moreover, since m,(x,0)
equals the Kronecker delta 6., (cf., [1, (3.2)]), we have 7,(k,m,) = 14+ O(\) and thus
AW (k) + By(k) = 1+ O(\) uniformly in p € (0,p.] and k € [—m, 7]%.

n [1, Section 2.4], we showed that, for « > 0, d > 2(a« A2), L > 1 and € € (0,1 A

d—2(a/\2))
a2 ’
A9 (k "
i Zy(ksm) = ——— < o' (k) ) + O,
pmy(Ap’ (k) + By(k)) \ Ay’ (k) + By (k)
hence

~

Zp(k;n) »'(0) p ! n=e
Zpy(0;n) AL (k) + B, (k) (A“)(k) +Bp(/<r)> Hom.
€

(2.12)

uniformly in p € (0,p.] and k € [—m, 7]

investigate the first term in (2.12).

To prove Theorem 1.1, it thus suffices to

3 Proof of Theorem 1.1 subject to a key proposition

In this section, we first prove Theorem 1.1 assuming convergence of fractional moments
for the spatial variable of 7, as stated in the following proposition:

Proposition 3.1. Let a« >0, d > 2(aAN2), L>1 and

6{6 (0,a A2A(d—2(aA2))  (a#2), (3.1)
-0 (v =2).
Then, for any p € (0,p.],

S ]2y (2, m) gy < oo (3.2)

(z.n)

We will roughly explain why ¢ is chosen as in (3.1), after the proof of Theorem 1.1 is
completed. The proof of Proposition 3.1 is deferred to Section 4.

Proof of Theorem 1.1 subject to Proposition 3.1. As explained at the end of Section 2,
it suffices to investigate the term

AV (k) n(=D(k) Bp(k)

<A<1>(/€§)i;§ T ))n = ((1+ Zi((kzj)>_w) AT ) 1_%'




Notice that, by (2.8)—(2.11) and (1.3),

36\ E (1=Dh)  [K
By(k) \ B® . n(l — D(k, k|
(1 + A(i ) o€ A Tore A0
Ap’ (k) |k[—0 Ap’(kn)  mee Ap7(0)
where
A](D”(O) =14 pm, Z nmy(x,n)my.
(z,n)
Moreover,
Bp(Ak) =1+ pm, 7j'p(oamp) ﬁp(07mp) _Aﬁp(kamp)
1— D(k) ok, 1) 1= D(k)

- 1 _|_pmp lim WP(Oamp) _ATrP(kJ mp>,
k=0 k0 1— D(k)

if the limit exists. To complete the proof of Theorem 1.1, it remains to show

]' 2 n
~ (0 _ A (k — |z|“m, (2, m) m (o > 2),
tn 220 0) = Tk 1) _ ) (Zm ’ (3.3)

|k|—0 1— D(k) 0 (a < 2).

Now we choose 0 as in (3.1) and use Proposition 3.1 to prove (3.3) for (i) o < 2 and
(i) a > 2, separately.
(i) Let @« <2 and a4+ ¢ < 2. Then, we have

0<1—cos(k-z) <O(k-z|*").

By the spatial symmetry of the model and using (3.2) with ¢ satisfying o + 6 < 2 and
(3.1),

Z (1 —cos(k - x)) mp(x,n) m)

(z,n)EZIXZ 4
SOk Y Jal* Py (e, n) [ my
(z,n)EZIXZL4

= O([k|"*).

|ﬁ_p<07 mp) - 7A"p<k7 mp)l =

By (1.1), we thus obtain that, for small |k,

|mumm—mﬂM%n<{mmm (a<2),
) — 1 O(1/log ﬁ) (v =2).

1 — D(k)

This yields (3.3) for o < 2.
(ii) Let @ > 2 and § < 2. By the Taylor expansion,

(k - z)*

1—cos(k-z)= + O(|k - z|*™9).



Then, by the spatial symmetry of the model and using (3.2) with ¢ satisfying (3.1),

. . k|? n
7 (0.my) — 7y lkmy) = SN e my + O(RPY). (3.4)

(z,n)ELIXZ 4

The limit (3.3) for a > 2 follows from (3.4) and the asymptotics (1.1) with v, = ‘2’—2.

This completes the proof of Theorem 1.1 subject to Proposition 3.1. [ |

Before closing this section, we roughly explain why 6 < aA2A (d—2(aA2)) for a # 2
(the necessity of § = 0 for « = 2 and ¢ > 0 for « # 2 is obvious from the above proof of
Theorem 1.1). This is a sort of preview of Section 4.

In Section 4, we will use diagrammatic bounds on the expansion coefficients 7{"
n (2.2). In each bound (cf., (4.1)-(4.3) below), there are two sequences of two-point
functions from (0,0) to (z,n). To bound 7, ||*" 207 M (2, n)m™, we will split the
power a A 2 4+ ¢ into 9; and &5, and multiply one of the aforementloned two sequences of
two-point functions by |z|®* and the other by |z|%. Here, we choose &; and d, both less
than a'A 2, so as to potentially control the weighted two-point functions, like |y|° ¢, (y, s).

Then, 3, ||*" 207 (2, n)m™ will be bounded by the product of diagram func-
tions (cf., Lemma 4.3 below). Those diagram functions are the “triangle” T),,,, which
is independent of d; and d,, its weighted version 7} (d;) and the weighted “bubbles”
W, . (02) and W) (61, 02) (cf., (4.4)-(4.7) below). As shown in Section 4.3, it is not hard
to bound W) (d2) uniformly in p and m for d > 2(aA2) and L >> 1 as long as d, < aA2.
However, to bound 7}, . (61) and W}/, (01, d2) uniformly in p and m, we will have to choose
91 to be small depending on how close d is to the upper-critical dimension 2(a A 2). As
described in Lemma 4.5 below, we will choose ¢; less than d — 2(a A 2).

To summarize the above, we have

0<d <an2A(d—2(aN2)), 0<dr<aN2, 0+ 0 =aA2+0.

To satisfy all, it suffices to choose §; “slightly” larger than ¢ and let o = a A2 — (6; —0).
This is why we choose 6 < a A2 A (d —2(a A 2)) when a # 2.

4 Proof of Proposition 3.1

Finally, in this section, we prove Proposition 3.1. First, in Section 4.1, we bound fractional
moments for the spatial variable of the expansion coefficients 7{¥ in (2.2) in terms of
certain diagram functions. In Section 4.2, we use an integral representation of a’ for
a >0 and ¢ € (0,2), which is the key to the proof of Proposition 3.1. In Section 4.3, we
show that the aforementioned diagram functions are convergent, and complete the proof
of Proposition 3.1.

4.1 Diagrammatic bounds on the expansion coefficients

In this Subsection we bound >°, . |z["|mp(z, n)|m" for r > 0 in terms of the diagram
functions T}, m, 15 ,,,, W, ,,, and W” deﬁned in Lemma 4.3 below.

p m»
First, we show the followmg elementary inequality:



Lemma 4.1. For anyr >0 and m > 0,

(o]
z|" |7, (z,n)|m™ < dzT! 21" (z,n) m
p p

(z,n) N=0 (z,n)

where xq is the first coordinate of x = (x1,...,x4).

Proof. For any r > 0, we have
d r/2 d r/2 d
o = (k) < (lel) = aPlellr =Y Jol
j=1 j=1 j=1

By this inequality and using the nonnegativity and the spatial symmetry of 7{"), we obtain

S el ol < #7737 5 oy | S0 (-1 80 o) o
(z,n) Jj= 1(:pn N=0
2O AT
Jj=1 N=0 (z,n)
= d2+1z Z |21 "7 (2, m) m™,
N=0 (z,n)
as required. [

Next, we use [9, Lemma 1] to investigate >_, . |21]"m," (z,n) m". For notational
convenience, we denote vertices in Z4! by bold letters, e.g., 0 = (0,0) and = = (z,15),
where t, is the temporal part of x. Let

bp(®) = (gp * 0p) ().

Given a sequence of vertices yy,...,y; € 74t we write

J
= Z Y
i=1

For y,, 21,9y, 22, - € 74" we define

. . L. op(Y; — Zi) + 0p(Zi — Y,
Ap(yi—lazifhyiazi) = wp(yi) wp<zi) p( ) .p( )

PR ’
Rl B Bapr) = PIEELE GBI i (210)
Lemma 4.2 (Equivalent to Lemma 1 [9]). For N =0,
0 <7 (@) — bz0 < thp(x)*. (4.1)



For N > 1,

A (yz’7 Zi; gz’+1a Zit1), (4.2)

A
S
<
5
0
::]z

7T(N>(CC) <
(Iny1=2Nt1=)
(tyq=tzy)

and, for any j € {2,...,N + 1},

j—1
™, (@) < Z ep(Y1) ep(21) Pp(y1 — 21) < H Np(Yioy, Zim1: Y gz))

Y15 YN+1 =2
Z1,.ey ZN+1
(Iny1=2ZN41=)
N
SOCALAEALS ) ERCAANE )] )
i=j
where an empty product is regarded as 1.
For further notational convenience, we let
oy () = pp(m) m',
Uy (@) = Pp(x) m'™,
A(M)(gi lazz lvyw z) - Ap(:_l_ji— Z; l;gw )m ¢
A(M)(yza 25 yz+17 zz—i—l) Ap(gi’ 227 gi+17 22'-1-1) mtziJrl .

Given arbitrary d1,d2 > 0, we define Ty, T} ,, = T ,,(01), W, ., = W, .(02) and W) =
Wzﬁ:m(&, 52) as

Ty = supzwp<y>(<w;m> )+ Y e ) U e >), (4.4)
Yy

T =10 Sl ) (<w;m> Py =)+ Lels - piie o). 65)

— sup Z Up(y) |y1 — xl\‘SQw(’")( —x), (4.6)

Wom = SUPZ 92" () |91 — :v1|52@/1;’")(y —x). (4.7)
y

Using the above diagram functions and Lemma 4.2, we obtain the following:

Lemma 4.3. For any N >0 and m > 0,

Dl [ (@) m® < (N 4 1) (T, )N ((N(1 + Typm) + TW) oW
(x.n)

+N((V = 1)1+ Tyn) + 3T ) T3, W m) (4.8)

10



Tpm ) hm . ﬂ ) W;’m _ 82, M

-------- = e R
/ . o1 m 1" . o1 O, m
= — = - = -

Figure 1: Schematic representations of the diagram functions. Fach pair of horizontal
short line segments represents g,, and the other longer line segments represent ¢,. A
bold line segment representing ¢, (x,n) is weighted by the factor m™ if the line segment is
indexed by m, and by the factor |z,|° if the line segment is indexed by . A dashed arrow
represents the supremum over its terminal point € Z*!, with its initial point fixed at
the origin o.

Proof.  First of all, by (4.1), we immediately obtain
Dl ) m® <Yy (n) By (n) < W,
(z,n) (z,n)

as required.
Let N > 1. We denote the first coordinate of the spatial part of y, by vi1: vy, =
(i, - - Yia), ty,). Similarly, we write, e.g., §J; = (i1, - ., ¥i.a), tg,)- Notice that, since

N+1 N+1
|Gl Zw (N + 1) maxc [y < (N +1)™ 3 Jyjal™,
7=1
we have that, for yy , = Znvp = =,
N+1
e R AR L N R O DRt N (PR R T
J,j'=1
By this inequality and using (4.2)—(4.3), we obtain
N+1
D [P r (@ n) m® < (N 4+ 1)y 5, (4.9)
(z,n) j'=1
where
N+1 N
Z Syl ee(yn) 1205 (z0) [T AY (@0 265 i1 Zi),
= Y1 YN+1 =1

21, ZN+1
(yN+1=zN+1)
(tyl Zt21)

11



and, for 7' > 1,

N+1

i'-1
Sp=>_ 117 (1) €57 (21) 0y (31 — 21) ( TTAY @iy, Zicas 6, 2}-))

=1 Yi»YN41 =2

Z1y-sZN+1
(’.'JN+1=ZN+1)

N
X p(yy) |2y ’62%7")(%’) ( H N (Y, Zi i, zi+1)> :
i=j’

It remains to estimate each S;. To do so, we follow the same line of argument in
[9, Section 2]. Here, we explain in detail how to estimate S;. First we note that, by
translation-invariance,

sup Z /NX;m(o, w;z,x+Y) <Tpnm, (4.10)
sup Y _ || ASV (o0, wi @ + y) < T, (4.11)
Y we

Then, by repeated use of translation-invariance, the contribution to S; from 7 = 1 is
bounded as

N
S lalep(y) lzal®eS (z1) [[AY i 2 Gy Zi1)
=1

Y15 YN41
Z1,+yZN+1
(QN+1:2N+1)
(ty; >tz;)
3 N-1
= ZA;(;">(07W§ T, ) Z |y1,1’5190p(y1) |Zl,1|6290§}m)(21) H A;(om)(?jia ZiiYis1s Zit1)
Wy N =1
(En=1in+w)
(ty; >tzy)
N-1
< Tpm sup Z |yl,1‘5180p(y1) |Zl,1|62¢;m)(zl) H A;;m)(giy ZiiYi1s Ziv1)
w Yi5--YN =1
Z1,--,2ZN
(En=8y+w)
(t’yl 2t21)
N—2
< (Tpm)* sup Z ’y1,1|61¢p<y1) ‘21,1|6290§)m)(z1) H A;Eym>(lgz‘72i;gz’+172i+l)
w Y1 YN-1 i=1

Z1,0ZN -1
(EN-1=YUn_1Tw)
(tyl thl)

< (Tpm)" sup >l ep(wy) 21205 (21)

(4.12)
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where we have used ¢, (x) < 040+ ¥, (x). Similarly, the contribution to Sy from j > 1 is
bounded as

N
>yl e 2l (z0) [ [ A (@ Zi5 Ui, Zi)
Y15 HYN+1 =1

2152 N+1

(Int1=ZN+1)
(ty,>t=)

< (Tp,m)N_lT;;,m Sup Z ep(Y1) |21

Wity >0 Y1,21
(y1=2z1+w)

S (Tp7m)N_1T1;,mW1;,m .

200 (21)

Therefore,
St < N(Tpr) N T Wy s+ (Lpn) W, (4.13)

To estimate S; for j* > 1, we first use (4.10)—(4.11). For example, the contribution
from j = j' is bounded, similarly to (4.12), as

!

j'—1
Z ©p(Y1) @ém)(zl) ©p(yy — 21) ( H A(pm> (Yi_1, Zio15Ys, 51))

Y- YN+1 1=2
2152 N+1

(Int1=2ZN+1)

N

Xyl (yy) 2702|2005 (250) ( T A @in 255 G, zm))
i=j'
< ()Y sup Y pu(yy) 057 (21) @y — 21)
Ty
21,...,2]4
(fj/:ﬂj/-i-w)

j-1
X ( H AS(G; 1, Zic1s Uiy 21)) ’yj’,l‘élwp(yj’) ’Zj',1|52¢,§m)(zj')-

=2

IN

(Tp,m)NH_j/W;m sup Z @p(yl) ‘P;m)(zl) @p(yl — 21)
T

YY1

21,0025

(Ej/_lzﬂ]-/_l-i-:l:)

/

-1
X ( H Aoy Zim15 Uiy 21,)) (4.14)

=2

Notice that

sup » A (0, 25y, 2) < Tyom, sup » |y |M AL (0, @iy, 2) < T,
T

x
Y,z Y,z

By repeated use of translation-invariance, we obtain

(4.14) < (14 Tpon) (Tp) ' W
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It is not hard to see that the contribution from j not being either j’ or 1, which is possible
only if N > 2, is bounded by (1 + T, )(Tpm)"*T},,, W, ,,, and the contribution from

pm’

j = 1is bounded by 2(T},,,)N T}, . W/ .. Therefore, “for J >1,

p,m " pm:*

S < (N =11+ Tpm) + 2Tpm) (Tpan) N 2T Wi 4+ (1 Ty) (Tp) N WL
(4.15)

The proof of (4.8) is completed by assembling (4.9), (4.13) and (4.15). u

4.2 Integral representation of fractional-power functions

In this subsection, we use an integral representation of a’ for a > 0 and § € (0,2) to
bound the diagram functions 77 ., W, ,, and W] .

pm7

First we note that, for ¢ € (0, 2),

1 —cost

is a positive finite constant. Replacing ¢ by v = t/a with a > 0, we obtain

1 [ 1—cos(ua) 1 /2 11 — cos(ua)
o _

which is the key inequality.
To describe bounds on T ., W}, and W/ below, we define

pmo

Yill,2) = |8DM)] 1851, 2)| + 1Akp(1, 2)],
and, by denoting @ = (u,0,...,0) € [, 7|4,

hw = | & i [ 5 Ve e g 0me ), (@D
(] (27r) o

b= [ g | 1t e el (a15)

Ta(u) = /[_M]d (;i:_id /_ W%Yﬁ(z,ew)m(z,meim, (4.19)

Ii(u,v) = /[_M]d (;Zd /_ Z%Ya(z,e”m(z,mw). (4.20)

Taking the Fourier-Laplace transform of (4.5)—(4.7) (also recalling (2.1)) and using (4.16),
we obtain the following:

Lemma 4.4. For any p € (0,p.) and m € [0,m,),

1 2 1 du -
1 1 5p m
!

me — K(;Q (52 / v1+62 2 )’ (4.22)
1 5p m [t du . 25p*m (!

W// W/ I '

- Kzsl (51 K5252 ulton s(u) + 4Ks, o u1+51 / vl+52 Li(u
(4 23)
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Proof.  'We only prove (4.22), since the other two inequalities can be proved in the same
way.

First we use (4.16) to bound |y; — x1|° in (4.6). The first term in (4.22) is due to the
first term in (4.16) and the trivial inequality

pr )P (y — ) < STy

N | —

To complete the proof of (4.22), it thus remains to show

D Wy + @) (1 — cos(vy)) 5 (y) < L(v). (4.24)

However, since 1 — cos Z}]=1 t; < (2J+1) Z‘j]:l(l —cost;) (cf., [11, (4.50)]), we have

(1 = cos(vyn))¥p(y) = (1 — cos(vy1)) (g, * ) (¥)
<5p Y (1= cos(vun)) (D(w) gy = w) + ¢y (w) D(y —w)).
Applying this to the left-hand side of (4.24), then taking the Fourier-Laplace transform

and using |4, (1, )| = |p,(l,e=®)|, we obtain (4.24). This completes the proof of (4.22).
|

4.3 Bounds on the diagram functions
In this subsection, we complete the proof of Proposition 3.1 using the following lemma:

Lemma 4.5. Let o > 0 and d > 2(a A 2), and choose § as in (3.1) and §1,52 € (0,2) as

6 <& <aA2A(d—2(aA2)), bo=aA2+40—0d.
Then,
T
Woim

uniformly in p € (0,p.) and m € [0, m,).

Proof of Proposition 3.1. First, by Lemmas 4.1 and 4.3 with r = 0, + s = aA2+0 < 4,
we obtain that, for any p € (0, p],

Z |IL"aA2+6‘7Tp(IL’, n)‘ mg

(z,n)

<N (N4 1) (T )V 2 (N + Thm,) + Doy ) Toimy Wt
D P P P p,mp

N=0

p,mp " p,mMp

+ N((N — 1)1+ Tyn)) + 3Tp7mp>T’ W ) (4.26)

15



Since the diagram functions (4.4)—(4.7) are increasing in m > 0 for every p > 0 and in
p > 0 for every m > 0, the uniform bounds in (4.25) imply that these diagram functions at
m = m, obey the same bounds uniformly in p € (0, p.]. Therefore, the right-hand side of
(4.26) is convergent, if A is sufficiently small. This completes the proof of Proposition 3.1.

|

Proof of Lemma 4.5. It is not hard to extend [1, Lemma 4.1] to show that 7}, ,, = O())
uniformly in p € (0,p.) and m € [0,m,). Recall Lemma 4.4. To complete the proof of
Lemma 4.5, it thus suffices to show that the integrals in (4.21)-(4.23) of I, ..., I, are
bounded uniformly in p € (0,p.) and m € [0,m,).

The integrals of jg and I5 are easy and can be estimated similarly. For example, by
(2.6)-(2.7) and [AzD(1)| < 2(1 — D(?)) (cf., (2.1)),

I(v) = / % / O len(t. ) (186D 1241, me)| + | Acgzy(1.me?)])
A d“r [ do 1 1
< 0(1 — D(U)>/ (27T)d/% |0| 11— E(Z) (|0| L1 ﬁ([)

1
> S i)
et o U011 = DL+ j0)) (6] + 1~ D(I + j'7)

holds uniformly in p € (0, p.) and m € [0,m,). Using the Holder inequality twice and the
translation-invariance of D, we have

dg 1 1
/27r 6] +1— D(1) (6] + 1 — D(L + j©))(|6] + 1 — D(l + j'0))

) U% |9|+11— D(l)(|9|+1—11§(1+jg)>2>1/2
) (/% |0|+11— ﬁ(l)(9+1%(l+j/g))2>1/2
(1% Greton)) (/2 b))
(12 ) ) (12 b))
-J5 i)

Since, by (1.1),
dt_ [ de 1 ’ o
/ (2m)? / 2m (]9[ +1-— D(Z)) = / (2m)4 (1 — D(1))? <
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holds for d > 2(a A 2), we conclude that, for §o = a A2 — (6; — ) < a A2,

Ude . U dw A
/0 s 12(0) S/O 5 O(1-D(0)) < oo,

as required.

Next, we consider the integral of L. In fact, we only need consider the contribution
from |Au<pp(l )| in Yy(l,e?) of (4.17), because the contribution from the other term
in Y~(l ¢) can be estimated similarly to the integral of I,, as explained above. Using
(2.6)—(2.7) and ignoring some factors of |f], we obtain

A A0 s s o )
= 5 Aapll ) Ipl1, ) 0, me”)

27)
O(1 — D(@) o/ 1Y
_Z>/ z+ju>><1—f><l+j'ﬁ>>/%(IHIH—W))
1
<o~ Z/ DU+ —Da+sami-bw) 7

where ;i) is the sum over (j,j') = (0,£1), (1, —1). By the translation-invariance and
Z4-symmetry of D, the integral for (j, ') = (0, £1) equals

; d4l 1
J(u) = /[Wﬂf]d (2m)d (1— D(l))2(1 B ﬁ(l _ ﬁ)) (4.28)

Moreover, by the Schwarz inequality, the integral for (j,j') = (1,—1) is bounded by

d 1/2
(/ (;wéd (1—D(+ ﬁ1))2(1 - D(l)))

; (/ éfé 1-D(~ vz1>>2<1 - b(z»)m -/

Therefore,
(4.27) < O(1 — D(%)) J (w). (4.29)
Now we show

J(u) < O (u#r2Dn0), (4.30)

which is sufficient for the integral of I; to be convergent for d; < a A2 A (d — 2(a A 2)).
Let

={lel- ]d I > Su}, (4.31)
={le[-ma]: |I| < 3u, | <|l—4d|}, (4.32)
={le[-mn|: |I| <3u, I—a <|lI}. (4.33)
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Notice that 1 — D(I — @) > O(|l — @**?) for any | € [—m,7]? and u € [0,1] (cf., [1,

Proposition 1.1]). Since |l — @] > |I| —u > 3|l] for | € Ry, we have

/ a9 1 <o) / d9 <0 (d—3(a/\2))/\0)
r, (2m)7 (1—-D()*(1 —D(—u)) 7y 130D =

Moreover, since |l — | > § for [ € Ry and |I| > § for [ € R3, we have

/ a4 i 1 _ < O(uaA2)/ d_dl < O(ud*3(aA2))
r, (27 (1— D(1)2(1 — D( — @) ~ <y 1D = ,

and

d d
/ d ld _ 1 _ < O(u—2(a/\2))/ d /Z\Q < O(ud—S(a/\Q)).
R (2m) (1= D(1))2(1 - D(1 - i0)) ui<gu 111

This completes the proof of (4.30), as required.

Finally, we discuss the integral of I,. We only need consider the contribution from
|Aapp (1, €9) || Aspp (1, me®)| in Ye(l, ) Yy(l, me'®) of (4.20), since the contributions from
the other combinations are bounded similarly to the integrals of fl, fg, I as long as d >
2(aN2), 01 <aA2N(d—2(aN2)) and 62 < a A2. Using (2.7) and ignoring some factors
of 0|, we have

a4t [ do A i
/(2ﬂ)d/ |[Aagp(l, )| Agpy(l, me”)]

0(1 - D(i)
S / DU+ @)1 - D(i 1 ;)

(91,31),(32,35)
. /_ 1 - D(@)
2 (10] + 1 — D(1 + j21))(|0] + 1 — D(I + j4¥))

(4.34)

Notice that

1
(j; / (16] +1 = D(I + j0))(|6] + 1 — D(1 + 5}7))
1 2
< _ < -
Z ) 1= D(l + j20) v D(I + j37) ]20;1 — D(I + jv)

The contribution from j = 0 is bounded, similarly to (4.29), by O(1—D(&@))J (u)(1—D(%)),
where (1— D(@))J (u)/u't" is integrable if ; < a A2A (d—2(aA2)) and (1 — D(7))/v!+02
is integrable if 05 < o A 2 (see around (4.30)). On the other hand, the contribution from
j = +1 is bounded, due to the Schwarz inequality and the Z¢-symmetry and translation-

18



invariance of D, by

O(1 — D(4)) 1 - D(®)
JZJ/ D(1 + j1ii))(1 — D(I + jiii)) 1 — D(I + j?)
O(1 — D(a))? 12
< </ = D+ 7@)*(1 = D(I + j;a))

(41,41)

) </ ddl (1 - D(9))? )1/2
(2m)® (1 — D(1 + @) (1 — D(I + j0))?

<0(1 - D(@)(1- D) z J((1 = guu) I (v = jitul)?
(J1,41)

—0(1-D(@)(1- )(( V2 4 J(2u)"2) J(Jv + jul) 2

+ J ()2 (v - juy)1/2). (4.35)

»—A\

It is not hard to show that J(2u) and .J(v+u) obey the same bound as J (u) for u, v € [0, 1].
Therefore, the contribution to (4.35) from J(v + u) is bounded by O(1 — D(@))(1 —
D())J(u), which divided by u**1 41492 is integrable if d > 2(aA2), 6, < aA2A(d—2(aA2))
and 09 < a A 2, as explained above. Moreover, since

3

= do R 12 5 2 12 O(u(a/\2—52—1)/\0) (04#2)
—_—

O(ud—S(aA2) /\0+1)

d—3(aNn2)
§O<u 2 A°>,

and

dv AN 2 d—3(an2) U dw A
/[01]\[u 3u) pl+oe (1 - D(U))J(’U N ul)l/Q = O(u ’ A0> /0 pl+oe (1 o D(U))
272
< O(u d73(2a/\2) /\0)

we have

1
dv A\ 2 d—3(an2)

/0 V1+o2 (1= D(@))J (v —u)*? < O<U 2 AO), (4.36)

i.e., the left-hand side of (4.36) obeys the same bound as J(u)'/2. Therefore, the contri-

bution to (4.35) from J(|Jv — ul), divided by u!*%1v1*+% is also integrable if d > 2(a A 2),

< aA2A(d—2(aAN2)) and ds < o A2, as required. This completes the proof of
Lemma 4.5. [ |
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