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Critical behavior and the limit distribution
for long-range oriented percolation. I

Lung-Chi Chen*
Akira Sakai'

March 15, 2007+

Abstract

We consider oriented percolation on Z? x Z, whose bond-occupation probability is pD( ),
where p is the percolation parameter and D is a probability distribution on Z%. Suppose that
D(x) decays as |z|~9=* for some a > 0. We prove that the two-point function obeys an
infrared bound which implies that various critical exponents take on their respective mean-
field values above the upper-critical dimension d. = 2(a A 2). We also show that, for every k,
the Fourier transform of the normalized two-point function at time n, with a proper spatial
scaling, has a convergent subsequence to e=*I"* for some ¢ > 0.

1 Introduction

Oriented percolation is a model that exhibits a phase transition when the percolation parameter
p in the bond-occupation probability pD(-) changes its value, where D is a given probability
distribution on Z?. It has been proved using the lace expansion [18,22] that finite-variance oriented
percolation, where the tail of D decays fast enough to ensure finite variance 0% = Y _|z[*?D(z) in
particular, exhibits the critical behavior for (finite-range) branching random walk, if d > 4 and
0% > 1 or d > 4; it has also been proved that, for every p < p. for finite-range oriented percolation
[22] and for general (possibly infinite-range) finite-variance oriented percolation at p = p. [18], the
Fourier transform of the normalized two-point function at time n, spatially scaled by y/n, converges
to e~“*” for some constant ¢ € (0, 00).

In this paper, we consider long-range oriented percolation with index o > 0, where D(x) decays
as |z|7%7¢ for large |z|. In [9], Chen and Shieh studied a long-range model with o = 1 and proved
that, if d > 2 (and a certain spread-out parameter L > 1), the standard susceptibility exponent
~ and a couple of other critical exponents take on their respective mean-field values. The goal of
this paper is to investigate the a-dependence of the critical behavior and the limit distribution.
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We prove that the model exhibits the mean-field behavior if d > 2(a A 2) (and a spread-out
parameter L > 1). Furthermore, we prove that, for every p < p, the Fourier transform of the
normalized two-point function at time n, spatially scaled by nare if a # 2 or by v/nlogn if a = 2,
is bounded from below by e“"*** and from above by e~¢M*"* in n 1 oo, where ¢, ¢ € (0, 00) and
c/c =1+0(L™%). We stress that, although we do not prove convergence in this paper, our results
hold for p < p. for general finite-variance oriented percolation, which is not completely covered in
the aforementioned results in [18, 22].

Our proof is based on the lace expansion for oriented percolation. We analyze the lace expansion
for all @ > 0 simultaneously to discover a potential crossover in the critical behavior by changing
the value of a. However, since our D does not have finite variance when o < 2, the standard
Taylor-expansion analyses for the Fourier transform of the expansion coefficients for finite-variance
oriented percolation do not always work. To overcome this difficulty, we use the trigonometric
techniques that were first developed in [6] for percolation on finite graphs and later in [27] for
finite-range self-avoiding walk on Z¢. We adapt these techniques for the time-oriented setting (to
analyze the Fourier-Laplace transform of the expansion coefficients).

1.1 Model

We define the model more precisely. A bond is an ordered pair ((x,n), (y, n+1)) of vertices in space-
time Z? x Z, , where Z, = {0} U N is the set of nonnegative integers. Each bond is, independently
of the other bonds, occupied (resp., vacant) with probability pD(y — x) (resp., 1 — pD(y — z)),
where D is a probability distribution on Z?. The percolation parameter p € [0, | D||;}] equals the
average number of occupied bonds per vertex. We say that (z,[) is connected to (y,n), and write
(x,1) — (y,n), if either (z,l) = (y,n) or there is a time-oriented path of occupied bonds from (z, ()
to (y,n). Let P, be the probability distribution of the bond variables, and denote its expectation
by E,.

Our D is defined as follows. Let h be a bounded probability distribution on R¢ that is invariant
under rotations by /2 and reflections in the coordinate hyperplanes. Suppose that h is piecewise
continuous, so that [,,d%z h(z) =1 can be approximated by the Riemann sum 25 Y ;4 h(z/L)
for large L < co. We define

h(xz/L)
2 yeza M(y/L)’

where 2 /L = (x,/L,...,x4/L). Note that the denominator is O(L%).
Fix a > 0 throughout this paper. We assume that there is an ¢ < oo such that

D(z) = (1.1)

h(z) <]z~ (jz| 2 0), (1.2)

where f(x) =< g(z) means that f(x)/g(z) is bounded away from zero and infinity. We note that
the r** moment > ;. |2|["D(z) does not exist if r > «, but exists and equals O(L") if r € (0, a).
A simple example of h that satisfies the above assumptions is

(w) = 57 (lal v 1), (1.3



where A is the normalization constant. In this case, D equals

(IZ[v 1)
D yeza(l V1)~

The main properties of D are summarized as follows:

D(z) =

(1.4)

Proposition 1.1. Let A = L™, and denote by D*" and ﬁ, respectively, the n-fold convolution
and the Fourier transform of D:

oy _ ) D) (n=1), A ik
D*(z) = {Zyezd DD(y) Dl =) (n>2). D(/{;)_Q;Zde D(z).  (1.5)

Then, for L > 1, there are C' < oo and A € (0,1) such that

. 4 _p <2—-A (ke€[-mm]?,
D ||so < CAn~ =2, 1 — D(k) {> A (Ul > (e0)-D). (1.6)

Moreover, when ||k||s < (¢L)71,

. Lk|)o? 2
(LK) log o2 (o= 2).
We will prove Proposition [LT in Appendix [Al
1.2 Main results
We investigate the following two-point function:
QOp(y—l‘,’I’L—l) :]P)p((xv l) - (yan))a (18)

where we have used the fact that the right-hand side depends only on y — x and n — [, due to the
translation invariance of the model. Assuming summability of the two-point function, we define,
for k € [—m,7]¢ and z € C,

Zp(k; n) = Z (pp(xan) eik.xa @p(kv 2) = Z Zp(k; n) Z". (19)

T€Z neZy

Let C, be the set of vertices at time n that are connected from (0,0), and let C = |J,5,Cn. The
quantities in (L9) for £ = 0 and (k, z) = (0, 1) can be described as

Zp(0;m) = Ep[|Cnll, Xp = p(0,1) = E,[[C]], (1.10)



where |A| is the cardinality of a set A, and Y, is called the susceptibility. Since Z,(0;n) is sub-
multiplicative, i.e., for [,n > 0,

st ) = S8 U {(60.0 = 6030 (00 = (w0 + 1) }) < 2,050 2,000,

€L y€eZd

(1.11)

the radius m, of convergence of the series ¢,(0, z) is well-defined and satisfies (cf., e.g., [10, Ap-
pendix IIJ)

= lim Z,(0;n)"/™ = inf Z,(0;n)"/". (1.12)

nToo n>1
This implies that ¢,(0,m) for m € R diverges as m T m,, for every p > 0, because

= 3" Z,(0;n) m" >Z( ) m”ﬁ’m (1.13)

n€Z+ TLGZ+

This also implies that m, > 1 if and only if x, < co. Since ¢(0, m) = 1 for any m > 0, we define
mo = o0o. It is known [I1 2, [5, [IT] that there is a unique critical point p. > 1 such that

< if p < c) =0, if p < cs
Xp o 1 p=r 0, =P,(|C| = ) 1 p=r (1.14)
=00, ifp> p., >0, ifp>pe,

and that lim,,. x, = co (hence m, < 1) and lim,, ©, = 0.
Our first result is about an upper bound on |¢,(k, z)| for p < p. and |z| < my,.
Theorem 1.2. Let d > 2(a A2) and L > 1. Then, there is a C < oo such that
C

5p(k, 2)| < — 1.15
ol 2 o Z 1) + are() + 1= D) (-19)

for any p € (0,p.), k € [-m, 7% and z € C with |z] < m,,.

To prove this theorem and the other results throughout this paper, we use the lace expansion
for oriented percolation. We will briefly review it in Section Bl

It has been proved [21} 22] that (LI5) holds for finite-variance oriented percolation (for which,
1—D(k) < |k|*) if d > 4 and 6% > 1 or d > 4, hence

/ d?k de
[—m,m]d+1 (27T)d 2m o

is bounded uniformly in p < p. and m < m,,. By the dimension-independent results in [2, [3], this
implies that the critical exponents 3, v and § defined as

0, = (p—pc)”, Xp =< (pe—p)7, P, (IC| >n) = n'/°, (1.17)
plpe PP nloo

(k, me?®)|® (1.16)




exist and take on their mean-field values for d > 4: 8 =~y =1 and § = 2. Since our 1 — ﬁ(k‘)
satisfies (L7), the integral (LI6]) is bounded uniformly in p < p. and m < m, when d > 2(a A 2).
Let 7 and 7 be the critical exponents for m, —m,, and Z,_(0;n), respectively:

my, —my, =< (pc—p)7, Zp.(0;n) =< n'. (1.18)
PIPe nToo
Corollary 1.3. Let d > 2(a A 2) and L > 1, so that Theorem [L.2 holds. Then, m, =1 and the

critical exponents (3,v,d and T exist and take on their respective mean-field values: f =~v=1=1
and 6 = 2.

The identity 7 = 1 follows immediately from v = 1 and the inequality

My 1< © | .

5 <m, 1_po (0 <p<pe) (1.19)
The lower bound is due to (LI3)) for m = 1, and the upper bound is due to Theorem for
(k,z) = (0,1). By the continuity of x,* in p, we obtain m,,, = limy, m, = 1. It may be worth
pointing out that the trivial bound Z,(0;n) < p™ and the inequality (LI9) with y, > 1 imply
m, = p~! for all p € (0,1).

The mean-field result on the exponent 7 is in Theorem below.

The critical exponents are generally believed to be universal in the sense that their values
depend only on d and «, but not on the microscopic details of the model, such as the value of
L < co. However, the value of p. is not universal and changes depending on the value of L. In [17],
an asymptotic estimate of p. as L — oo was investigated for various finite-variance models, such
as self-avoiding walk, percolation, oriented percolation and the contact process, above the model-
dependent upper-critical dimension. Using Proposition [Tl and Theorem [[.2] we obtain the same
asymptotic estimate of p. for our long-range oriented percolation for d > 2(a A 2), as follows:

Theorem 1.4. Let d > 2(a A 2). Then, as L — oo,
1 = *2n 2
Pe = 1+§n§:2D (0) + O(N?), (1.20)

where the sum of the 2n-fold convolutions over n > 2 is O(\) if d > a A 2.

Our last results are about asymptotic estimates of the expected number Z,(0;n) of vertices
at time n connected from (o0,0) and the Fourier transform of the normalized two-point function
Zy(+;n)/Z,(0;n). For finite-range oriented percolation with d > 4 and 6% > 1 or d > 4, Nguyen
and Yang [22] used Tauberian estimates to prove that, for any p € (0,p.] and k € R?, there are
c1,¢2 = 1+ O(X) such that Z,(0;n) ~ cym,™ and Z,(k/\/n;n)/Z,(0;n) ~ e~**; sharper error
estimates for general finite-variance oriented percolation at p = p. were obtained in [I8] by an
inductive analysis of the lace expansion. In this paper, we follow the line of [22] using Tauberian
estimates to prove the following theorem for long-range oriented percolation:

Theorem 1.5. Let d > 2(a A2) and L > 1, so that Theorem 1.2 holds. Fiz e € (0,1 A %)
Then, the following (i)—(i) hold for any p € (0, p.] and k € R%:

5



(i) There is a Cy =1+ O(\) such that
Zp(0;n) = Cymy " (1 + O (n™)) (n>1). (1.21)
In particular, the critical exponent n takes on its mean-field value: n = 0.

(ii) Suppose that there is an L-dependent constant v, € (0,00) such that

. va k[ (a #2),
1 - Dik) k-0 {vﬂkﬁlog%' (a=2). (1.22)
Let
_ (vam) a2 (o # 2),
fin = o {(Uinog vn)z (a=2). (1.23)

Then, there are Cy and CY, both equal to 1 + O(X), such that

e~ Calkl®"? < lim inf Zp(kni 1) < lim sup Zp(Fni 1)

— 7 — < *%'k‘aw. 1.24
e Z(0im) — sl Zy(0m) = © (1.24)

A~

We note that our D satisfies the bound (L7) on 1 — D(k) for small k. The assumption ([22))
identifies the coefficient of the leading term of 1 — D(k).

In the proof of the above theorem, we estimate fractional moments for the time variable of the
lace-expansion coefficients. In the ongoing work [8], we have been able to show that the limit of
Zp(kn;n)/Z,(0;n) exists for o > 2 and d > 6 by crude fractional-moment estimates for the spatial
variable of the expansion coefficients. The difficulty in proving existence of the limit for all o > 0
and d > 2(a A 2) is due to the fact that the support of our D is unbounded, so that we cannot
simply bound |z|"¢,(x, n) for some r > 0, which may show up in the fractional-moment analysis,
by a multiple of n"¢,(z,n), as done in [22] for finite-range oriented percolation. To squeeze the
bounds in (L.24) in order to identify the limit of Z,(k,;n)/Z,(0;n), we may have to improve the
aforementioned fractional-moment estimates for the spatial variable. We expect that the idea may
also be extended to investigate 7 (n) = > |z["¢p(2,n)/Z,(0;n). Nguyen and Yang proved in [22]
that £ (n) < n for any p € (0, p] for sufficiently spread-out finite-range oriented percolation for
d > 4. We are aiming to show that £{”(n) < na~ for any p € (0,p.] and r < a for our long-range
oriented percolation for d > 2(a A 2).

1.3 Organization

The rest of this paper is organized as follows. In Section 2, we prove the above three theorems
assuming a couple of key propositions. These propositions are proved in Sections [dH6l Finally, in
the Appendix, we prove Proposition [Tl



2 Proof of the main results

In Sections 2.2H2.4l we prove Theorems [[.2], [ 4] and [[5] respectively, assuming several key ingre-
dients. The most important ingredient is the lace expansion.

2.1 Lace expansion

The idea of the lace expansion was initiated by Brydges and Spencer in [7] for investigating weakly
self-avoiding walk for d > 4. Later, the lace expansion was applied to various stochastic-geometrical
models, such as strictly self-avoiding walk for d > 4 (e.g., [14]), lattice trees/animals for d > 8
(e.g., [13]), percolation for d > 6 (e.g., [12]), oriented percolation for d > 4 (e.g., [21]) and the
contact process for d > 4 (e.g., [24]). Application to the Ising model was recently reported in [25].
See [27] for a complete list of references up to 2005.

The derivation of the lace expansion, the definition of the expansion coefficients and their
diagrammatic bounds in terms of two-point functions depend on which model is concerned, but
are independent of the specific choice of D. Therefore, we can apply the standard lace expansion
for oriented percolation to the current long-range setting. We will briefly review the expansion in
Section [3l

The result of the lace expansion is a recursion equation similar to that for the random-walk
two-point function

Py(x,n) = 02,000 + " D™ (1) Linz1} = 02,0000 + (4p * Bp) (2, 1), (2.1)
where 1.y is the indicator function and
¢p(x,n) = pD (). (2.2)
For oriented percolation, we have (see Proposition B.1] below)
Pp(z,n) = mp(z,n) + (M % gy * 0p)(x,m)  (0<p <DL, (2.3)

where m,(z,n) is the alternating sum of the nonnegative lace-expansion coefficients (™ (x, n):

¥ (z,n) >0 (N =0,1,...), mp(x,n) = Z(—l)NﬂéN)(x,n). (2.4)
N=0
If n =0, then 7" (2,0) = d,,,0n,0, hence m,(x,0) = 6,,, due to the definition [B.10) of 7\¥(x,n)
below. Comparing (2I)) and (2.3), we are naturally led to expect that ¢,(x,n) behaves similarly
to Py(x,n), if m,(z,n) — 04,0050 is small.

2.2 Infrared bound

We prove Theorem [L2 by comparing ¢, (k, 2), where k € [—m, 7] and z € C with |z| < m,, with
the Fourier transform of the random-walk Green’s function with a certain rate p = p,(2) € C:

A ) 1 A
Gu(k) = P (z,n)e*" = ———— D(k)| < 1). 2.5
(k) ()Z (wme** =15 Wb®I<D (25)



It is not hard to see that G u(k) obeys the following infrared bound:

Gk < ¢ — 2.6
GO S A+ Tl 71— D) 20

where ¢ < oo is independent of y and k.
Let

pp(2) = (1= @p(0,]2]) ") 50, (2.7)

where |p,(2)] < 1for |z| < my, and p,(m) T 1 asm T m,. Inspired by the bootstrapping hypotheses
used in [6] for percolation on finite graphs and in [27] for finite-range self-avoiding walk on Z?, we

define

f(p,m) = max fi(p,m) — (p <pe, m <my), (2.8)
where
@p(ka Z)
fl(pam) :p(m\/l)7 fZ(pam) = sup ~ ) (29)
ke[—mald | Gpy(z) (k)

2€C:|z|€{m,1}
fs(p,m) = sup Gy vy (k) |0p(1, 2) — 3(2p(L+ K, 2) + @p(1 — K, 2))|
kicl-ral? K 3G nz021),0-1) |G (U + 5F) Gy (L 5'E))|

2€C:|z|€{m,1}

(2.10)

for some large but finite constant K > 0 whose precise value is unimportant for the moment and
will be determined in Section [4.2l These functions will be used in the bootstrapping argument, as
stated in Proposition 2.1l below. We emphasize that, although the work in [0, 27] did not concern
the long-range models, the definition of f3 is well-adapted to the long-range setting, especially for
a < 2; since we are not using the Taylor expansion for the numerator of (2.I0), we do not have to
assume convergence of the second moment for the spatial variable of the two-point function. We
use similar functions in the bootstrapping argument in [I5] to investigate the critical behavior for
the long-range Ising model, percolation and self-avoiding walk on Z.
We prove below Theorem using the following proposition:

Proposition 2.1. (i) Letd > 2(aA2) and L > 1 and firp < p. andm < m,,. Then, f(p,m) < 3
implies that there is a (p, m)-independent constant C' < oo such that
> (@ mym" < (CHM (N >0, r=0,1), (2.11)
(z,n)€ZdxN
Z (1 —cos(k - z))|my(z,n)|m" < CA Gup(mvl)(k)_l (k € [-m, 7]%). (2.12)

(z,n)ELIXZ 4

(ii) Letd > 2(aN2) and L>> 1 and fix p < p. and m < m,,. Then, (211)-(212) and f(p,m) < 3
imply the stronger bound f(p,m) < 2.

(i1i) The function f(p,m) is continuous in m < m, for every p < p., and f(p,1) is continuous in
p < pe, with f(0,1) =1.

We will prove Proposition 2. in Section [l



Proof of Theorem 1.2 assuming Proposition[21. Note that Proposition [2.1(i)—(ii) imply f(p, m) ¢
[2,3) for every p < p. and m < m,. With the help of the continuity in Proposition 2.1J(iii), we
conclude that indeed f(p,m) < 2 holds for all p < p. and m < m,,. In particular, by (2.6) and the
definition of f5, we have

2¢
P > ~ e 2] < my). 2.13
PN S T O Tl s 1=y PSP <) (213)

To complete the proof of Theorem [L.2], it suffices to show that

plmp —[2)) (0 <p <pe). (2.14)

[\DI»—A

L= lup(2)] = @p(0,]2]) " 2

Before proving (2.14), we note that ¢,(0,m) diverges as m T m, for every p > 0 (cf., (LI13))
and that, by using (2.3),

. p(0,m)
1< op(x,n)m" = ¢,(0,m) = L <oo  (m<my). (2.15)
(x,n)%xZ.k ’ ! 1= pmﬂ-p(o’ m) ’

By (2ZI1)) for » = 0, |7,(0,m) — 1| is uniformly bounded by O()\). Moreover, by monotone conver-
gence and (ZI1)) for r = 1,

myp|,(0, ) — (0, m)| < Y |my (e, m) |y (mgy — ™)

(z,m)
< (mp—m)Zn|7rp(:c,n)|mZ
()
< (m Z Znﬂ(m x,n)my
(z,n) N=0
= (m, — JLle ZZnW z,n)m" < O\)(m, —m),  (2.16)

where the O()) term is independent of m, so that 7,(0,m,) = limym, 7,(0,m). Therefore, for
(0, m) to diverge as m T m,, the denominator in (2.I5) should be nonnegative and vanish as
m | m,, and hence

pmpﬁ-p(oa mp) =1 (O <p< pc)' (217)

Now we continue with the proof of (ZI4]). Since 7,(0, |z]) = 1+ O(X) > 0 as explained above,
we obtain

AOLD N o
2,00, 12)) ( )) = (0,2 — pl. (2.18)

1 —plz|my (0, |2]



By repeated use of [21I7), ¢,(0,|z|)" is rewritten as

(0, myp) — (0, [2])

@p(07‘z|)71 :ﬁp(07‘z|) _p‘z|+pmp_7rp<0 mp) p( - ‘Z|)+ ﬁ' (0 |Z|)ﬁ' (O m )
p\Y, p\Y, My
my(7,(0,m,) — 7,(0, |2]) )
N UG 2.19
(= (0. ) (219

By (21d), we have arrived at

2p(0.12))7" = (1= O(N))p(my, — [2]). (2.20)
This completes the proof of Theorem assuming Proposition 2.1l [ |

2.3 Asymptotic estimate of p.
We begin with the identity (2.13]) for m = 1:

1< xp =%(0,1) = % <oo (P <po) (2.21)

By (2.10) for m =1 and r = 0, |7,(0,1) — 1| is bounded by O(\) uniformly in p < p.. Since x, T 0o
and m, | 1 as p | p., we have

1 = pe7p.(0,1) = p lim 7,(0, 1), (2.22)

PP

and therefore p. = 7, (0,1)™' =14+ O(N).
To improve this estimate, we use the following proposition:

Proposition 2.2. Let d > 2(aA2) and L > 1. Then, there is a C < oo such that, for p € (1,p.),
|0,7,(0,1)] < CA. (2.23)
We will prove Proposition in Section [l

Proof of Theorem [1.4) assuming Proposition[2.2.  First we rewrite (222)) as
1= pe(fp.(0,1) — #41(0,1)) + (pe — 1) (71(0,1) — 1) + (#1(0,1) — 1) + pe. (2.24)
We already know (p. — 1)(71(0,1) — 1) = O(A\?). By the mean-value theorem and Proposition 2.2,
e (0,1) = 710, 1)] = (pe — DIy, 0, 1)] < O02). (2.25)
Moreover, by (ZIT)) for (p,m) = (1,1) and r = 0, we have #{"(0,1) < O(\)" for N > 2. Therefore,

pe =1+#{"(0,1) — (#17(0,1) — 1) + O(N?). (2.26)

10



To complete the proof of Theorem [[L4] it suffices to show that, for d > 2(a A 2),

o0

#7(0,1) — (#17(0,1) — 1) = %ZD*Qn(O)JrO()\Q), (2.27)

n=2

where the sum is O(\) if d > a A 2, because of Proposition [T In fact, (2.27) follows from the
same argument as in [I7, Section 3.1] and using Proposition [[T] The main point is that, since
p = 1, we can estimate 7,”(0, 1) with random walks. For example, 7(0,1) — 1 is the sum over
(z,n) € Z* x N of the probability that there are at least two bond-disjoint connections from (o, 0)
to (z,n) (cf., the definition [B.2) of 7{”(z,n) below). Since p = 1, each of these bond-disjoint
connections can be approximated by a random-walk path from o to x in n steps. Therefore, the
main contribution to #{”(0,1) — 1 is

33X (07w) = 53 D 229

n=2 ge7d

where the combinatorial factor % is due to the symmetry between the two bond-disjoint connections
(cf., [IT (3 11)]), which is absent in the main contribution to #{" (0, 1) (cf., [I7, (3.22)]), leading to
the factor L in the difference (2.27). The corrections to #{”(0,1) —1 and 7{"(0, 1) can be estimated

as O(\?) by applying Proposition [IT] to the error terms in [17, Section 3.1]. For example, [I7,
(3.29)] is replaced by

O(N) O( s ,
2. (1v )@ (1v (s — s))#/(@r2) <> v d/ aA2) T SO, (2:29)
t,s,s’€Z+: t=0
0<s<s'<t

where we have used d > 2(a A 2). This completes the proof of Theorem [[.4] assuming Proposi-
tion [ |

2.4 Limit distribution

Assuming the lace expansion (2.3)) and the bounds in Proposition 2.1lon the expansion coefficients,
we have that, for p € (0,p.), k € [—m, 7]¢ and m < m,,

@p(k,m)™t = 7, (k,m)™" — pmD(k), (2.30)

where 7,(k,m) =1+ O(\). In the course of the proof of Theorem [[.2 in Section [22] we obtained
pm, = 7,(0,m,) " =1+ O(N) for p € (0,p.] and m,,_ = 1, as stated in Corollary [L3 For m < 1,
Tp.(k, m) = limyy, 7,(k, m) is well-defined, due to (230) and the continuity of ¢,(k, m) in p < p.
for every m < 1, as well as the uniform bound on 7,(k, m).

Using these facts and Tauberian estimates, we first derive an asymptotic formula of Z,(k;n)
for every p € (0,p.]. Then, by using this formula, we will prove Theorem [[.5
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Since 7,(k,m) =1+ O()\) and #,(0,m,)"! = pm,, we can reorganize ([2.30) for m < m, as

Gollesm) ™ = 7, (k. m) ™t = pmD(k) = (7, (k.my) ™ = pm, D(K))

J/

-~

p(mz)—m)Az) (k,m)

+ (ks my) ™! = pmy D(K) = (#,(0,m,) ™" = prm, )

4

pmpgp(k)
:pn%(@—vﬁﬂAAkﬂm%%éAkD, (2.31)
where
A 1 A 1
Ay, m) = D(r) — Tethorm)l = Tk m) (2.32)
p(m, —m)
A 1 A -1
Bo(k) = 1— D(k) + elEme) = %p(0my) 7 (2.33)
pmy,

Similarly to dﬂ:{ﬂ) we can show that the second term in A,(k,m) is O()\) and the last term in
B, (k) is O()\)Gup(mpw)(k) = O()\)(l — D(k)) for p < pe, k € [-m,7]* and m < m,. Then, we
decompose A,(k,m) as A,(k,m) = Ag)(k) + A;f)(k, m), where

My Oy (K, mp)*1

AV(K) = D(k) — , 2.34

() = D) - el (234

Am(k,m) _ My amﬁp(kamp)il . ﬁp(kamp)il - ﬁp(kam)ilj (2.35)
b pmy, p(mp - m)

where 9,7, (k, m,) " is an abbreviation for ,,7,(k, m)~!|;n=m,. Again, similarly to (2.I6)), we can
show that the common term in (2.34)—(235) is O(A) for any p < p. and k € [—7,7]%. In particular,
AM (k) is continuous at k = 0, and AP (k) + By(k) = 1+ O()). Using these quantities, we can
rewrite (2.31]) as

1 1 .
pmyp,(k,m) = - - = - +®,(k,m), 2.36
el (1= ) Ay(k,m) + By(k) (1= )AL (k) + By(k) plhom) 1230
where
. —(1- mﬂ)fl '(k,m)
O, (k,m) = o - . (2.37)
(1= ) Ap(kym) + By(k)) (1 = Z2) AP (k) + By (k)
The first term of the rightmost expression in (2.36]) can be expanded in powers of mﬂp as
1 1 > " ( "
- . M . <ﬂ)(% b () ) (2.38)
Ap' (k) + By(k) — 2= A (k) A’ (k) + By(k) 55\ ) \ Ay (k) + By(k)

In Section B, we will prove the following bound on ®,(k,m):
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Proposition 2.3. Let d > 2(a A 2) and L > 1, and fir an e € (0,1 A2 (M2)). Then, there is an
e-dependent constant C. < oo such that

[8c®, (K, my()| < CefL — (|72 (2.39)
holds for p € (0,p.], k € [—m, 7% and ¢ € C with |¢] < 1.

By this result and [20, Lemma 6.3.3(ii)], the coefficient of (" = (mﬂp)" in ®,(k,m) is bounded
by O(n™) for any ¢ < e. Together with (Z36) and ([Z38) and using pm, = 1+ O()), we finally
obtain

m_n

in) = P I()( ) ' m-"n n
Bl = T B T <m+B<Q HolmtnT) nzly @40

Proof of Theorem using (2.40). When k = 0, since BP(O) = 0, we immediately obtain from
(Z40) that

Z,(0;n) = Cym "+ O(m;"n ™) (n>1), (2.41)

where C} = (pmpfl;})(O))_l =1+ O(X). This completes the proof of Theorem [[5(i).
To prove Theorem [[5[(ii) using (2:40)), it suffices to investigate

(1) n(1-D(k)) Bp(k)

;; ( ) " - ép(k}) W AV ) 1-D®)
(&M>+Bw0 _<G+Amm) ) (2.42)

for small &, for which /Alg)(k;) is bounded away from 0 and B,(k) is close to 0. For k, defined in
(L.23),

. A (kn) R -
Ay (kn) nfeo Ay (kn) oo A37(0)

where we have used the continuity: /Al;})(k;n) — AS)(O) — 14+0(\). By 2I2) and [Z33), B,(k)/(1—
D(k)) = 1+ O()) uniformly in k. This completes the proof of Theorem [H(ii) using 2407). M

3 Review of the lace expansion

3.1 Derivation of the expansion

In this section, we briefly explain the lace expansion (2.3)) for oriented percolation. In the literature,
there are currently three different ways to obtain (2.3)) and different representations for m,(x,n).
One is based on an algebraic approach using the Markov property [21], another one is to use
inclusion-exclusion and nested expectations [19], and the other is to use inclusion-exclusion and
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the Markov property [24]. Here, we provide a quick overview of the third approach, which is
thought to be conceptually simplest. The readers who are familiar to the lace expansion for
oriented percolation may skip this section and immediately go to Section [l

Recall that ¢, (z,n) is the probability that (o,0) is connected to (x,n). In order for this event
to occur, there are two disjoint events depending on whether there is or is not a pivotal bond for
{(0,0) — (z,n)}. If a bond b is pivotal for {(0,0) — (x,n)}, then (x,n) is not contained in the
set of sites connected from (o, 0) without using b. For (v,l) € Z* x Z, let

C(v,1) = {(y,n) € Z* x Z : (v,1) — (y,n) without using b}. (3.1)

If there is no pivotal bond for {(0,0) — (z,n)}, then (0,0) = (z,n) or there are at least two bond-
disjoint nonzero occupied paths from (o0,0) to (z,n). We denote this event by {(0,0) = (z,n)}
and define

7 (x,n) = Py((0,0) = (z,n)). (3.2)

Then, by taking the first pivotal bond b (if it exists) for {(0,0) — (x,n)}, we obtain

op(z,n) =7 (x,n) + ZIP’p((o, 0) = b— (x,n) ¢ C%o, 0)), (3.3)
b

where, by denoting b = (b,b), we have used the abbreviation

{(0,0) = b — (z,n)} = {(0,0) = 0} N {b — (z,n)}
= {(0,0) = b} N {b is occupied} N {b — (z,n)}. (3.4)

By inclusion-exclusion in terms of the condition (z,n) ¢ C®(0,0), the second term in (B3) is
Z]P’p((o, 0) =2b— (x,n)) — ZIP’p((o, 0) = b— (z,n) € C0,0))
o () gy * pp) (2, 1) — Rb};”(% n) (3.5)
where we have applied the Markov property for the first term, and

RP(x,n) =Y P,((0,0) = b— (2,n) € C(0,0)). (3.6)

Therefore,
op(x,n) =7 (2,n) + (73 * qp * 0p)(z,n) — R (z,n). (3.7)

This completes the first step of the full expansion (2.3]).
To proceed the expansion further, it suffices to consider R("(z,n). Given a set C of vertices,
we define

E(b, (z,n);C) = {b— (x,n) € C} N {A pivotal for {b — (z,n)} satisfying b’ € C}. (3.8)
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and, for N > 1 and by = (b, ...,bn),

EL(2,n) = {(0,0) = by} 0 () E(bis b3 (i), (3.9)

i=1

with the convention by = (0,0) and by, = (x,n). For N > 0, we define

Py((0,0) = (z,n)) (N =0),

7TZ(>N)<:U’n) = Z]P)p( ~2N)<x’n)) (N >1), (3.10)
ROD(n) = Y P ( ) ()N {byes — (zm) € ch+1(bN)}) (3.11)
b1

which are consistent with ([B.2]) and (B.6). It has been proved [16] 24] that
R;)N)(ZL‘, n) = W;N) (x,n) + (W;)N) * qp x 0p)(z,n) — RI()N“)(x, n). (3.12)

We note that R (x,n) involves the sum over by,...,by with bj_1 < b; for j = 2,..., N, hence
R (x,n) =0 if N > n. Repeatedly using ([B.12), we arrive at the following conclusion:

Proposition 3.1 ([16] 24]).

pp(z,n) = mp(2,n) + (T * @ * ) (T, 1), (3.13)
where
mp(z,n) =Y ()7 (x,n). (3.14)

Extending the above idea, we obtain the following representatio of 9,m,(x,n) for p € (0, p.),
which will be used in Section [ to prove Proposition

Proposition 3.2 ([16]). Forp € (0, p.),

dymy(x,m) = 1 > ()N (z,n), (3.15)

pN:l

'PropositionB.2lis a result of applying Russo’s formula [23] to ¢, (x,n) and compare the result with the derivative
of (B13). Since Russo’s formula can be used only for finite systems, we should first approximate ¢, (x,n) by a finite-
volume version ¢, g(z,n) = P,((0,0) — (x,n) in Ag), where Ag = (ZN[—R, R])¢ x Z,, and then apply Russo’s
formula. This strategy is explained in [I6 Section 3.2], where a sort of finite-confinement argument of random-walk
paths is used. Since the tail of the underlying random walk in the current setting does not decay fast, we restrict p
to p < p. and use the fact that x, < oo and Xxp.r = Z(m,n)gAR wp(x,n) — 0 as R — oco. Then, the corresponding
quantities to the first and second lines of [16} (3.58)] are bounded respectively by X, r and x3Xp r, both of which
tend to zero as R — oo, hence we obtain (315)—(3.10).
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(x,n) (x,n) (x,n) (x,n)

(0,0) (0,0) (0,0) (0,0)

(0,0) (0,0) (0,0)

Figure 1: Schematic representations of 7" (x,n) for N = 0,1,2 and II{"’(z,n) for N = 1,2. The
b’s are bonds that are summed over.

where
N ~
IV (2z,n) = Z ZIP’p (Eéz)(:c,n) N {b=1b; orb is pivotal for {b; — @j+1}}>, (3.16)
by,b I=1

with the convention by, = (z,n).

3.2 Diagrammatic bounds on the expansion coefficients

In this section, we provide diagrammatic bounds on (¥ (x,n) and II{¥ (2, n). These bounds consist

of two-point functions, and are results of applications of the BK inequality [4] and

pp(,n) < (gp* pp)(w,m) (0 >1). (3.17)

For example, 7" (x,n) is bounded as

7T1(20) (:L‘, n) < gop(l‘, n)2 = 596,05%0 + ((1 - 5x,o5n,0) <,0p($, n))2 < 59&705%0 + (QP * @p)(xa ”)2- (3-18)

The other terms are bounded similarly. )
Let ¢{™ (x,n) = @p(x,n)m™ and define the weighted bubble W™ (k), the triangles 7™ and T),
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1
\/',4
|7

Tp = sup Hp = sup
(x,n)ezd+l ($7n)7(x/7n/)ezd+l

(xn)

(0.0) (xn)

(00)
Figure 2: Schematic representations of Tp and H,.

the square S{™ and the H-shaped diagrams H, as (see Figure )

t ) (y —x,t — if m<1
W (k) = Supz (1 — cos(k - y)) x (gp * @p)gg; ) (map * ") (y — @, —n), 1 m <1,
(z,n) (,t) (mqp * (,Op )(y7 t) (QP * @p) (y - SL’,t - n)7 if m Z 17
(3.19)
T = s > (gp* p* 0p) (W 1) - (may + 95 ) (y — .t — 1), (3.20)
1) (1)
Sy = sup Z O * pk op) (Y, 1) - (magy * ©5)(y — 2, t —n), (3.21)
(z,n) )
T su Z(%*Sop*%*@p)(yat)' (g * pp)(y — 2, t — ), (3.22)
1) (.0
H,= sup > (Grep)it) - (0p* gpx @) (Y2 — y1,ta — 1)
(m,n),(:}:’,n’) (yi,ti),i:1,2,3
X (qp * p) (Y2 — T, t2 —n) - (qp * 0p) (Y3 — Y1, t3 — t1)
X (qp * p) (2’ + y3 — yo, 0 + 13 — ta). (3.23)
The expansion coefficients obey the following bounds:
Proposition 3.3. (i) For N >0 andr =0,1,2,
r__(N) n r (m) (m)\(N—-1)VO0 ngm) (T = 07 1)7
> (@ m)m™ < (N 4 1)7(1+ 2T57)(2T™) X (3.24)
St (r = 2),
(z,n)€ZIXN D

2

(x,n)EZIXZ 4

(1 —cos(k - 2))m¥ (z, n)ym™ < 3(N + 1)*(1 + 2T;§m))(2T;§m))(N7

17
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(ii) For N > 1,

S T(en) < N+ 2T (T + T) 1)+ Hy(21)20). (3.26)

p
(z,n)EZIXZ

The proof of the above proposition is irrelevant in this paper, and is found in [26].

4 Proof of Proposition 2.7]

In this section, we prove Proposition 2] that was the key for the proof of Theorem First,
in Section 1], we prove Proposition 2.1I(iii) that is nothing to do with the lace expansion. Then,
in Section [£2] we prove Proposition [ZII(ii) using the trigonometric technique in [27, Section 5.1].
Finally, in Section 4.3, we prove Proposition2.I](i) using the diagrammatic bounds on the expansion
coefficients in Section 3.2

4.1 Proof of Proposition [2.7](iii)

First we prove f(0,1) = 1. When p = 0, by definition we have f,(0,1) =0, ¢o(k,z) =1, uo(z) =0
(cf., (7)) and hence Gﬂo(z)(k) = 1. Therefore, f5(0,1) =1 and f5(0,1) = 0.

Next we discuss the continuity of f(p,m). Since fi(p,m) = p(m V 1) is obviously continuous
in p and m, we only need to investigate fo(p, m) and f3(p, m).

Fix p < p.. To prove the continuity of f(p,m) in m < m,, it suffices to show that f(p,m) is
continuous in m € [0, m] for every m < m,. To prove this for fo(p,m), it suffices to show that the
derivative

~

R i0 - i0 2 O Gy (meioy (K
0, Do) _ On@ykame”) (1 ity O 9)<2) (4.1)
Gopmey (k) Gpmeio) (k) Gy (meie) (K)

is bounded uniformly in (k,6) €

[, ]9 and m € [0,m] (cf., [27, Lemma 5.13]). However, by
npy(z,n) < (g * pp * pp)(z,1) (cf, |

4, (5.17)]), we have

|Om@p(k,me )| < gy (x, n)ym™ ™ < py(0,m)* < p@y (0, 7). (4.2)

(z,n)

Since |G sy (mei0) (k)] > 3, the first term on the right-hand side of (£.1]) is indeed uniformly bounded.
Also, since ¢,(0,m) (> 1) is nondecreasing in m, we obtain

On G, (e (K) OmPp(0,m)

= |D(k) Oy (me'?)| < 222222 2
| D(k) O ptp(me™)| 5,0, m)?

(4.3)

which is uniformly bounded by p, as described in (£.2). Consequently, (4.1]) is uniformly bounded
by pp,(0,m)(2¢,(0,m) + 1). This completes the proof of the continuity of fo(p,m) in m € [0,m].
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Similarly to the above, we can easily show that the derivative

Gyt () (891 me) = 32,1+ by me®) + 6,1 =, me)

Om - = .
Gﬂp(meie)(l + jk‘) Gﬂp(mew)a + j'k)

(4.4)

is bounded uniformly in (k,6) € [—m, 7|4, (4,5") = (0,%1), (1, —1) and m € [0,7n]. This justifies
the continuity of f3(p,m) in m € [0, m].

To prove the continuity of f(p,1) in p < pe, it suffices to show that f(p,1) is continuous in
p € [0,p] for every p < p.. First we note that, by Russo’s formula [23] (see also Footnote [I) and
the fact that x, = $,(0,1) (> 1) is nondecreasing in p, we have, for |z| =1,

|Oppp(k, 2)| < Z Ippp(w,n) < Z(‘Pp Q1% pp)(T,m) < Xfw (4.5)
(z,n) (z,n)
3y G () () . 0
LV D) Dpprp(2)] < 32 <1 (4.6)
Gip() (F) Xp

Since |C¥ﬂp(z)(k‘)| > 1, we obtain

> (k > (k 0,G . (K
o, 5] < | BB )| BP0 <o), )
Glp(z) () Gy (k) G2 ()

uniformly in k € [—7, 7%, |2] = 1 and p € [0, p]. This implies the continuity of fo(p,1) in p € [0, p]
for every p < pe.

The continuity of f3(p, 1) can be proved in a similar way. This completes the proof of Propo-
sition [2.II(iii). u

4.2 Proof of Proposition [2.7](ii)

In this section, we prove that, for every p < p. and m < m,,, the weaker bound f(p,m) < 3 and
I1)-(212) imply the stronger bound f(p,m) < 2 when d > 2(aw A 2) and L > 1.

First, by (2.I7)) (recall that this is a consequence of the assumed bound (Z.11]) and the fact that
(0, m) diverges as m T m,) and (ZI1]), we immediately obtain

filp,m) =p(m V1) <pm,=7,00,m,) " =1+0(\) <2 (4.8)

Next we consider fo(p,m). First we rewrite ¢,(k, z)/éup(z)(k) as

@p(k, 2) _ - . P ~ 1 _ 7p(k, 2)
GMP(Z)(]{:) p(k’ )+S0p(k:’ )<GMP(Z)(]C) ¢p(k’z))

(k. 2) + @k, 2) P2y (K, 2) — y(2)) D (k)

7ATp<]€, Z) + gbp(k,z) (p\z|frp(k, Z) -1+ m
p\Y,

)ei w8(2) D(k), (4.9)
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where

1 1
Pl (ks 2) — 1 —— = plal (Ryks ) — Ay(0, |21)) = (1= pl2lp(0,J2]) ) + —
v RO (0 10) = (L2 Pl (0. 12D) + =51
7p(0,]2])/p(0,]2])
1= 7,(0,]2])

= plel(mp(k, 2) = mp(0, ]2])) + (4.10)

#p(0,12)

We note that |7,(k, z) — 1| = O(A), due to (ZI1)) for r = 0, and that |p,(k, z)/$,(0, |2])] < 1 by
definition. To complete the proof of fo(p,m) =1+ O(X) < 2, it thus suffices to show that

[@p ks 2)|(Imyk, 2) = (0, 2)] + (0, 2) = m, 0, 12])]) = O(N), (4.11)

uniformly in k € [—m,7]? and 2z € C with |z] = m or 1. However, by (2II)-(2I2) and denoting
0 = arg(z), we have

17y (k, 2) — 7,(0, 2)] < ON) Gy vy (k) F < OV (1 — p1p(m V1) + 1 — D(k)), (4.12)
(0, 2) = mp (0, [2))] = | D mp(e, m) 2] (" — 1)' <10] ) nlmy(z,n)|[=[" = O(N)6].  (4.13)
(z,n) (z,n)
On the other hand, by fa(p,m) < 3, ([2.6) and |pu,(2)| < pp(m V1) for |z| =m or 1 (cf., (Z7)),
@p(k, 2)] < i . (4.14)

1—ppy(m V1) +10] +1— D(k)

This completes the proof of (f.I]), and hence fa(p, m) < 2.
For f3(p,m), we introduce the following notation for f(I) =Y 54 f(z)e™™:

Acf(l) = f1+ )+ f(1 - k) = 2/(0). (4.15)

We note that ——Akf( ) is the Fourier transform of (1 — cos(k - x)) f(x):

+€ o ) Z f(z)(1 = cos(k - x))e. (4.16)

xE€Z4

pill+k)-o

Recall the definition of f3(p, m) whose numerator contains —2A,@, (1, z). Let

ay(l, 2) = pzD(1) 7p(1, 2) = Z(qp *7,)(x,n)2" cos(l - x), (4.17)

(z,n)

so that ¢,(l, z) = 7,(l, 2) /(1 — a,(l, 2)). Then, we have

AL | e Gl he) — Al 2) @l + gk 2) — (1 2)
AR e 1 I R (1 e 3
+ (0, 2) Akﬁpaz), (4.18)
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where, by 2.I1)-@12) and f3(p,m) < 2

Akﬁpa,Z) . Akﬁ'p(l,Z)
1—a,(l,2)| | 7 2)

The second term of (EIS) can be bounded as follows. First, by |e?#(e¥k® —1)| < |sin(k - z)| +
1 —cos(k - x) for j = £1,

185(1,2)] < ON) Gy (k) Gy (D). (4.19)

ol + Gk, 2) = 7 (L 2)] < Y [sin(k - 2)||my(z, n)||2]" + ) (1 = cos(k - z)) [my(z,n)||2]", (4.20)
(z,n) (z,n)

where the second term is bounded by O(A)@Mp(mvl)(k)_l, due to ([212)). By the Cauchy-Schwarz
inequality and using (2Z.I1))-(2.12), the first term is bounded by

(X |wp<x,n>||z|")1/2( R LACABIELY

(z,n):x#0 (z,n):x#0

1/2

~

1/2
< O(N)Y? ( Z (1= cos(k - z))|my(z, n)Hz|") < ON) Gy vy (k) 2, (4.21)

(z,n)

Therefore, |7,(1 + jk, z) — 7,(1, 2)| < O(N)Gyymyv1y (k) /2. Similarly, we can show |a,(I + jk, 2) —
a,(l, z)] < O(l)@up(mvl)(k;)_l , where we use

> (1= cos(k - 7)) (g * |mp]) () |2]"

(z,n)

g5p\z|(2(1—cos (k- )DW) 3 myle — m — D[

Y (:vn
N -~ >

1-D(k) 1+5(A)

+3 D) > (1= cos (k- (2 = y)) ) Imy( = y,n 1)||z|"_1)

(z,n)

J/

-~

ON) Gy (v (k)1
<102+ O(N)) Gy vy (k)7 (4.22)
Here, the first inequality is due to 1—cos(X +Y) < 5(1—cos X )+5(1—cosY) (cf., 27, (4.50)]), and

the second inequality is due to f;(p,m) < 2 and 1—D(k) < 2G, (v (k)" (since p1,(mV1) € [0,1]).
Therefore, for j = +1,

(Fpll+ 3k, 2) — Tyl 2)) (@ (1 + b, 2) — (1, 2)) : oy : 4
(1= (0, 2)(1 = ap (I + jk, 2)) < O(N) Gyt (8) ™Gy ) (1) Gl (1 +Z4k>2 |?.))
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To complete bounding A$,(1, 2), it remains to investigate Ax(1 — G,(l,2))~" in the last term

of (AI8). Let

a5 (12 k) = 3 (g% ) (w,m)2" cos(l - x) cos(k - 7). (4.24)
(z,n)

ax"(L, 2 k) = D (g ) (@, )" sin(l - @) sin(k - o). (4.25)
(z,n)

Then, by [0, Lemma 5.3],
S S ‘ﬁ”él’z) ( S DTN (ot 1) — a1, )

1—a,(l,z) 7, 2) \ = mp(l+ Jk, 2)
Sop(l"‘]k z) . 2

2 ; 4.2

+ H Py <z,z7k>), (4.26)
where, by (4.22),
(1, 2 k) = ap(l, 2)] < Y (1= cos(k - 2)) (g * |mp]) (2, m) 2] < 10(2+ O(N)) Glpomvy (R) -
(z,n)

(4.27)

Moreover, by the Cauchy-Schwarz inequality,

50,550 < (X o sin(1-0) ) Sy el i - )

(z,n) (z,n)

< 22(2 (1 — cos(! - x))(qp * |7Tp|)(x,n)|z|") Z (1 — cos(k - :p))(qp | m,]) (2, )| 2|"

(z,n) (z,n)

< 202(2+ ON))*G vty (D) Gy vy (K) 7 (4.28)
As a result, since fa(p,m) < 2 and \(A}’HP(Z)(M < (A}’Hp(mvl)(l) for |z] = m or 1, we obtain
1 N
‘Ak% < Gppmvn) (k)™ (40 (2+O(X Z G (L + jk)|
1 —ay(l, 2) =

8022+ O 1G4 8) G o1 — k>|)

<2K(1+O0N)) Gppinvy (k) > |G o) (L+ 5) G (L+ 5,

(4,3")=(0,%£1),(1,—1)

(4.29)
where K = 2 - 802.
Finally, by summarizing (LI8)-@19), (£23)) and (£29), we arrive at
G (m A [

/J'P( \/1 ( ) | k@p( Z)| - S 1"—0()\) ) (43())

K E(j,j/):(o,il),(l,ﬂ) ‘Gup(z (L +jk) Gup(z (L+ k)]
This completes the proof of Proposition [2Z1(ii). [ |
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4.3 Proof of Proposition [2.71(i)

Proposition [2.1](i) is an immediate consequence of Proposition B.3(i) and the following lemma:

Lemma 4.1. Let d > 2(aA2) and L > 1, and fix p < p. and m < m,,. Then, f(p,m) < 3 implies
that there are (p, m)-independent constants Cr, Cy, < 0o such that

T\ < Cr), W (k) < CyAGy vy (k)" (4.31)
Proof.  Note that the Fourier transform of o™ (z,n) = ¢, (x,n)m" for m < m, is

S5(m) Z (P(m) zka: an _ Z Spp z, TL zka: me 9) p(k,’meie)' (432)

(z,n) (z;n)

By fi(p,m) V fa(p,m) < 3 and ([2.6), 7™ is bounded as

n<wm [ DR [ gtk e )
9 ddk: 3c 2 3¢
§3[mﬂ / ( 5+ 10+ 1 D%J;mﬁ;+w+l—ﬁ%>
ddk - *M
<o) /H . DW =03 =) D™ 6) < O, (4.33)

where the last inequality is due to (LO) and d > 2(a A 2).
To prove the bound on W™ (k), we first note that, by (g, * ©p)(y,t) < (gp * @y * ¥p)(y, ) for
t>2

Z (1 —cos(k - y)) (g * ) (Y, 1) - (g * ) (y — 2,1 — 1)
_pz 1—cosk: y)D() (gp * ) (y — x,1 —n)

+ Z 1_COS]{7 y))( * G * 0p) (Y, ) - (qp * p) (y — ,t —n). (4.34)

In the first sum on the right-hand side of (£34]), 1 — n must be larger than or equal to 1. If
1 —n =1, then, since (g, * p)(y — =,1) = pD(y — ) < p|| Do < CpA (see (L)), fi(p,m) <3
and 1 — D(k) < 2G,,, (mv1) (k)" (see below ([f20))), we obtain

pz (1 —cos(k-y))D(y) - (gp * pp)(y — z, 1)m < PCA(1 — D(k ) < 18C)G,, vy (k)71 (4.35)
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If 1 —n > 2, then we use (g, *p)(y, 1 —n) < (gp* gp * ) (y, 1 — 1), f1(p,m) V fo(p,m) < 3, [2.0)
and 1 — D(k) < 2G,, (mv1y (k)" to obtain that, for m < 1,

pY (1= cos(k-y))D(y) - (mgy * mg, * p§)(y — x,1 —n)

R aélr . do 33¢
<3(1 - D) /[m]d (2m) b / o o H 101+ 1=D()
< O(1) Gy oy () /H i - 7 SO0 Gt (7, (4.36)

where the last inequality is due to (LG) and d > a A 2. The other case of m > 1 can be estimated
in the same way.

To complete the proof of the bound on Wlﬁm)(k), it remains to show that the second sum on
the right-hand side of (£34)) is bounded by a multiple of )\(A}’Hp(mvl)(k:)_l. Using 1 — cos E?Zl X; <
722:1(1 —cos X;) (cf., 27, (4.50)]), we have

(1= cos(k-y))(ap * g * 0p)(y, 1) < Tp? Z ( (1 = cos(k-u))D(u)D(v — u)p,(y — v, t — 2)

u,vEZ4

+ D(u)(l —cos (k- (v— u)))D(v —u)p,(y —v,t —2)

+ D(u)D(v — u) (1 —cos (k- (y — v)))gop(y —v,t— 2))

(4.37)
Recalling (416]) and using f;(p, m) < 3, we obtain that, for m < 1,
> (1= cos(k - ) (gp * o * ) (Y, 1) - (Mg % 95) (y — 2, — n)
(y;t)
. . ™ df "

<7-3*(2(1 - D(k Dﬂ/—w’ (m) (], e~
<t (20-00) [ D02 [ a0 a0

[ AL DOP [ el e ) (1.35)

[—7,m]d (27T)d — ? . .

Similarly to the above, by using 1 — D(k) < QG,up(m\/l (k)= fQ(p, m) < 3 and (2.0), the first term
on the right-hand side of ([#38) is bounded by a multiple of AG), (mv1) (k)™ when d > o A 2. For
the second term on the right-hand side of ([A38§]), we use fa(p, ) f (p,m) < 3 to obtain

di T 160 A . y
/md (27)d |D(l)|3/ﬂ— 1202, (1 €7) |25 (1 e
< FKG ( vl)(k)f1 Z / dl ﬁ(l)Q
>~ Hp(m . (=] (27T)d

T dh o o
X / - |Gup(eie)(l +]k:)||Gup(ele)(l +j,k;)||Gup(me*w)(l)|' (439)

24



By using (2.6) as in (£.33), the summand is bounded by a multiple of A for any k (the worst case
is when k = 0) as long as d > 2(a A 2). This completes the proof of the bound on W™ (k) and of
Lemma 4.1 u

5 Proof of Proposition

In this section, we prove Proposition that was used in Section to prove Theorem [[.4l First
we note that, by (3.15)),

10,7,(0,1)] Z Z I (2, n) (5.1)

N

where IIY) (x,n) obeys the diagrammatic bound (B.26), with TV < C; A as in (A31]). Therefore,

to complete the proof of Proposition [2.2] it suffices to prove the following lemma:

Lemma 5.1. Let d > 2(aA2) and L > 1. Then, there are C;,Cy < oo such that, forp € (1,pe),
T, < CsA, H, < Cy). (5.2)

Proof. 'The bound on fp can be proved in the same way as in (£33]). Taking the Fourier transform

and using Theorem and p. =1+ O(A) <2, we can bound H, as

T dby

Ap(kjl’eiel)IQ

—T

dk, dk, - R R
H, §p5/ ) =2 D(k1)? D (ka)?| Dk — k)]
[—m,m]2

Bp(ka, €2)]
d d R . s 2
S 25/ d kld d de D(kl)QD(kQ)Q/ d_el( C _ )

[—,m]2d (27‘(’) (27’(’) _a 2m |01| +1-— D(kfl)
S )
- 02 + 1 — D(ky) 100 — 05 + 1 — D(ky — ky)

/ ddk1 dky D(k1)2D(ks)? /”d_@1 o(1)
et G )T (1= D)2 S 27 (03] + 1= D)1 + 1= DUy — k)

A

ddk? D(kZ)z d?ky D(ky)?
o )/[—w rjt (2m)4 (1 = D(kz))? /[—w,ﬂ]d 2m)? (1 — D(k1) V D(k1 — ks))? 58)

To prove the bound on H, in (5.2)), it suffices to show that the last integral with respect to k;
is O(A) for every ko. Since this is trivial if D(ky) > D(k; — ko) (then the integrals in (B.3]) are
decoupled, each of them is O())), it is sufficient to prove that

d’ky D (k1) _
/[mr]d (2m) (1 — D(ky — k2))? =0 (5.4)

(ki — Ky, ei@1=02)|7

IA

IA
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However, by (L6), the integral over ||k; — ks||oo > (/L)™' is bounded as

/ Ak, D(ky)? _ 1 Ak,
I —kalloe eyt (20)T (1= D(ky = kp))2 — A% Jipma (21)°

Moreover, by (7)), the integral over ||k1 — ks|ls < (/L) is bounded as, for a # 2,

d D 2 (en)=t
/ d kld . (kl) < O<L2(aA2)>/ dr Td7172(aA2) — O()\) (56)
Ir—kalloe<ery=r (2M)T (1= D(ky — ky))? 0

The case for @« = 2 can be estimated similarly, since the log divergence as |k| — 0 in (L1) is
unimportant in (5.6) as long as d > 4. This completes the proof of Lemma [5.1] [ |

6 Proof of Proposition 2.3

In this section, we prove Proposition that was used in Section 2.4] to show (2.40), the key
ingredient for the proof of Theorem

First we derive an expression for 8:®,(k, m,¢). Since A,(k,z) = A;)“(k) + A;Q)(k,z), where
flg)(k) is independent of z, we have

~(1- Qg

(1 = QA (k,myC) + By (k)

~

AR (k) = (1= ¢
(

( mpo

((1 = QAL (k) + By(k))
)8<A;f)(k myC)

(1= QAY (k) + B,(k))

8¢<f>p(k;, mpC) = 84

(1= O Ak, mpQ) + By(k))
N —(1 = QAP (k, myC) AD (k) + AP (k, myC) — (1 = QAR (k, my)
(1= QAP (k) + By(k) (1= Q) Ay(k,myQ) + By(k))”
(1= QAP my) A 6
(1= QA m,C) + By(k) (1= QAP (k) + By (k)
Recall that
Ag)(k’mpo _ Octip(k,myp) ! _ ok, my) "t — 7y (K, mpQ) ! (6.2)

by pmy(1 =) ’

where 9¢7,(k, m,)~" is an abbreviation of O¢7,(k, my¢) ™ |ez1 = mp0.7,(k, 2) .2, so that

(1= 0 (k) = (1 - ¢) oy - Tebe) = Rllm) )

pmy(1 =)
_ Oty (b, myp() ™! _ (ks mp) ! — A (K, mpQ) !
pmy pmy(1—¢)
_ aCﬁp<k7 mpC)_1 - 8C7%p(k7 mp)_l 12
= e + Ap (k,my(). (6.3)
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Therefore, Af)(k, mp¢) — (1 — Q)@CAI?)(IC, mp(¢) in ([6.I) can be replaced by af” (k, m,(), which is
OcTrp(k, my) ™ — Oty (k, myC) ™"

pmy

ay’ (k,myQ) = (6.4)

Now, Proposition 2.3l is an immediate consequence of the following lemma:

Lemma 6.1. Let d > 2(aN2), e € (0,1A M) and L > 1. Then, the following hold uniformly

an2

inpe (0,p], k € [-m, 7|4 and ¢ € C with || < 1:

(i) There is a positive constant ¢ such that

(1= Obth e+ B o i

- 0Apm) + Byy| - f =T o
(i) There is a finite constant c. such that
AP (k

In the following proof, the constant in the O( ) term is independent of p, k£ and (.

Proof of Lemma [61)(1). Since both bounds can be proved in the same way, we only prove the
bound on |(1 — ()AL (k) + B, (k).

We consider the following four cases: (a) R( < 0; (b) ¢ > 0 with R(1 — ¢) > (1 — ();
(c) RC > 0 with R(1 —¢) < (1 —¢) and D(k) > 1 —A; (d) RC > 0 and D(k) < 1 — A. Note
that these four cases exhaust all ¢ € C with |(| < 1. For the moment, we abbreviate fl;})(k;) to A
and B,(k) to B.

(a) Since A, B € R and |w| > |Rw| for any w € C,
(1-¢)A+B|=|A+B—A(| > |A+ B+ AR(—()|. (6.7)

Since D(k) > —1 + A holds for all k € [—m,7)¢ (cf., (LB)), we have A = D(k) 4+ O()\) >
—1+A—=0O(M). Since A+ B =1+ O(\) and R(—¢) > 0, we obtain

|A+ B+ AR(—()|= A+ B+ AR(—¢) > A —O(N), (6.8)
uniformly in the concerned (.
(d) Using R¢ > 0 and D(k) <1 — A, we can prove (6.8) similarly.
(b) Since A+ B =1+0()), B >0, R¢ > 0, and R(1—¢) > J5|1 = ¢| for ¢ in case (i), we obtain
(1 =QA+ B|=[(1-()(A+ B)+ B¢ = |[(A+ B)R(1 - () + BR¢

1 - O(\)
> (A+B)R1-¢) 2 —Z= (1= (69)
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(c) Since A = D(k)4+O0(\) >1—A—0(\) and |3(1—¢)| > %H — (| for ¢ in case (iii), by using
the imaginary part (i.e., jw| > |Sw| for w € C) we obtain

1-A—-0(\
(1-0a+ Bz 1480 -0l =80 -0l 2 =222 - @10
This completes the proof of Lemma [6.1](1). [

Proof of Lemmal6(ii). First, by adding and subtracting, we can rewrite Al(f)(k, mpC) in (6.2)) as

. Octrp(k,my) 7p(k,my) — 7, (k, myp(Q)
A(Q)k:,m _ CApvp pvf) pip
) = g P+ g1 — Qe 5y k. 1, )
_ Oyl my) = SR (5 (k) — iy my )’ (6.11)
pmytiy(k,my)? pmy(1 = )y, my )7, (K, () .
and ai? (k, m,y(¢) in (6.4) as
&;}2)(k’mpo _ 647?7(]@ my) _ 8<7ip(kvmpo _
pmypy(k,mp)?  pmyf,(k, my()
_ Octtp(k,my) — Oty (K, myQ) N (7 (k,myp)? — 7k, mpC)?) Oty (ky mypC) (6.12)

pmypy(k,my)? pmypTyp(k, my )27, (K, mpC)?

Since pm,7,(k, my)? =14+ O(N), 7p(k, mp()* =14+ O(N), |0c7,(k,mpC)| = O(N) and |7,(k, m,,) —
7p(k, myC)| = O(N)|1 — (|, the second terms in (6.11)—(6.12)) are O(]1 —¢]). To prove (6.6)), it thus
suffices to show that the numerator of the first term in (6.10]) and that in (612) are both bounded
by O.(1)|1 —(|¢, where the constant in the O(1) term may depend on €. Since both can be proved
similarly, we only prove that |0:7,(k, m,) — Oc7,(k, myC)| < Oc(1)|1 — (|-
Note that

|07y (K, my) — Ocip (K, mypC)| = Z n(l =" hmy(z, ”)eik'xmz
(z,n):n>2
< 3l =yl (6.13)

(z,n):n>2

For n > 2, we have

< 2l 11— <2[1—=(|n.  (6.14)

1-ei=|a- ey () a-or

Moreover, for € € (0,1), we have (cf., [20, Section 6.3])

n—2
> ¢
=0

n

2 [’
1+e — 7np1/(1_6)d 6 15
" g ¢ P (6.15)
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Applying these to (613) and using the diagrammatic bound ([324)) for r = 2 and T3’ < C;\ with

mp:mp(fpl/(1 9 we have
ety (k — Oetp(k < 21— Ood 2 7 6.16
|07t (K, ) c7ip (K, myC)| < 1-or(1—e J, P Zn (2, n)| 10, (6.16)
(z,n)
2(14+2C: M) |1 = (] N_ /°° i
(N 4 1)2(2C\)¢ dp St
- (1-¢T(1—¢ Z_ 1 ) 0 Pop

where, by (LI3) and p < pm, =1+ O(A),

e i A df C °
[ som o0t 12 .
0 (2m) 2w \p(my — 1) + 10| + 1 — D(k)
[ee) C@,pl/(l—e)
X dp I -
o pmy(l—e ) + 10| +1 - D(k)
d  0oQ 0 et/
§/ yi <A ) / dp o —. (6.17)
2m)d (1 -Dk)2Jo T 1—e 0 41— D(k)
However, since
o e—pt/ 079 o0 (1—¢€)s e ®
d - = / ds - =sl7¢
A e b S P11 bw  F )
1 _ o0 1 —€
< 61(/ dses—i-/ dss—A)
1—e" 1 0 s + 1— D(k)
1— 1-D(k) —€ 1
< 61 (1 +/ ds i - + / ds 516)
1—e- 0 1— D(k) 1-D(k)
1—e (1—D(k)~  (1—-D(k)
1 1
1 —et ( * 1—e¢ * € ’ (6.18)
we obtain that
> dk O.(1
/ dp Sy < / A< ) < 00, (6.19)
0 @m)7 (1 - D(k))>e

as long as d > (2 + €)(a A 2), due to (L7). By (6IG), this completes the proof of |07, (k, m,) —
Ocp(k, myC)| < Oc(1)|1 — (] and of Lemma B6.(ii). u

A Proof of Proposition 1.1

In this section, we prove the bounds on D summarized in Proposition [Tl Since the bounds on
1 —D(k) in (L8] are equivalent to [18, (1.20)—(1.21)] whose proofs are independent of the range of
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D (see [I8, Appendix A]), it thus remains to prove the bound on ||D*"||,, in (L) and the bounds
on 1 — D(k) for ||kl < (¢L)7" in (7).
First we prove the bound on || D*"||,, assuming (L7)). By definition, it is trivial when n = 1.

For n > 2, we let
R={ke|-mmx|: |k < (L)"", D) >0}, (A.1)

so that |D(k)| = 1 — (1 = D(k)) < e"=P®) for k € R, and that 0 < |D(k)| < 1 — A for k ¢ R,

A

due to the bound on 1 — D(k) in (LG). Therefore, for any = € Z%,

dk . dek > dk 4
D*(z) < D))" < | o e "TPE) L (1-A "2/ D(k)?, (A2
0= [ D0 < [ et amay [ SG bur. (a2)

where the integral over k € R® = [—m,7]*\ R is bounded by [|Dl|o(1 — A)""2 < O(X) n=#(@"2),
For the integral over k € R, we use the bounds on 1 — D(k) in (LT). If a # 2, then

d?k A > dr T (%)
—n(1-D(k)) / = d_—enr _ an2
/R(27T)d e §c)\/0 e = (A D) (en) @D (A.3)

for some ¢, ¢ € (0,00), where r = (L|k|. If a = 2, then

%k : td , > d " T(4)A
/R (27T)d e—n(l—D(k)) < I\ 7T Tde—cmglogﬁ < C,)\/ _T Tde—c nr? _ (2 (A4)
0 0

where ¢’ = clog § > 0. This completes the proof of the bound on ||D*"||« in (LG).

Next we prove the bounds on 1 — D(k) for |k| < (¢L)~! with L > 1. Since ||k||oc < |k|, this is
sufficient for the proof of (LT). First we note that, by the Riemann sum approximation,

% > /L) = /R d'z h(z) +o(1) = 1+ o(1), (A.5)

where o(1) — 0 as L — oo. Therefore,

A

1—D(k) = (1+o0(1)) (I + I, + L), (A.6)
where
L=L"" > h(z/L)(1-cos(k-x)), (A7)
x€Z4: x| <lL
L=L"" Y hx/L)(1 - cos(k-x)), (A.8)
adilen
=L Y hz/L)(1 - cos(k-x)). (A.9)

:rGZ‘HmEﬁ
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However, by (L2) and using 1 — cos(k - z) =< |k|?|z|? if |z| < o and 1 — cos(k - x) < 2 otherwise,
we obtain

L <OWRP) Y Jal* = O((LIK)?), (A.10)
T €Z%:|x|<lL
O((L|k|)o"? 2
B0 ) 3t { (LIkp) (et 2) (A1)
. O((L|k[)*log z7) (= 2),
£L§|m|<ﬁ
L<owy Y e = O((LIk)). (A12)
er‘HﬂZﬁ
This completes the proof of (7). u
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