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(A REVIEW OF DISC COUNTING ON COMPLETE INTERSECTIONS IN
PROJECTIVE SPACES)

= 4§ E] (SATOSHI MINABE)
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1. INTRODUCTION

1.1. Complex curve counting. Let us recall the classical mirror symmetry for Calabi—Yau (CY)
quintic . The genus zero, degree d Gromov—Witten (GW) invariant Ny of @ is given by the
following formula:

(1) Ny = / ) cton(Ea),
Mo,o(]P’47d)

where E, is the (orbi-)bundle such that Eql(; cyext, oty = H(C, f*Ops(5)). Define the virtual
count ng by the Aspinwall-Morriaon formula !

1
(3) Ng = Z 73 "d/k-

k>0,k|d

It is expected that ng € Z.

Date: 2007 4F 11 H 19 H-21 H, 2008 ¢ 1 H 30 H.
LThis is justified by the following local invariants:

1
> / ciop(Ga ® Ga) = —,
@ Mao,o(PL,d) tor(Ga 2 a3

where Gd‘(f,C)eMO,O(IP’l,d) = HY(C, f*Op1(—1)).
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Consider the generating series

5,
(4) F(T) = T° + > Nae.
d>0
Let I;(t) be the functions defined by
° _ 12, (5H + 1)
(5) N LH =) eHrdiir=l - 2 podH*
i=0 d=0 [[=(H +7)°
These are a basis of the Picard—Fuchs (PF) equation
dy . ,.d d d d
Iyt 5t 5L 1 152 +2)(5 2 L e =o.
(© ()~ 56t (5 + 1) (5 +2)(5% + )55 +4)]1(1) = 0
Under the mirror transform T'(t) = %(t)7 we have
5.1, Iy I3
T(t) = =(—0@)=(t) — =())-
™) FT) = S(EO20 - 20)

This is the mirror formula predicted by Candelas et al [1] and proven by Givental [2], Lian-Liu-Yau
[3]-

1.2. Disk counting. Consider the symplectic manifold (P, wrg) and the anti-symplectic involu-
tion on it :

(8) c: [xo,x1, T2, 23, 4] — [To, T2, T1, Ta, T3).

Let s € H(P*,O(5)) be a degree 5 homogeneous polynomial which is real w.r.t ¢, i.e. satisfies

9) s(x) = s(c(x)).

Let @ be defined by s = 0. Such a @ is called a real quintic. Let Qr be the c-fixed points of Q.
This is a Lagrangian submanifold of (Q, *wrg) (¢t : Q — P*).

We consider the disk invariants N9%s* of odd degree d which counts the number of holomorphic
discs inside @ whose boundaries lie in Qr. (Definition will be given later.)

Define

ar

(10) FEHT) =Y Nfitkes
d:odd

The mirror formula for F#** was predicted by Walcher, and proven by Pandharipande-Solomon—
Walcher. Let

(11) J(t)=2 Z e% EZT?)! :306t/2+... .

This is a solution to the in-homogeneous PF equation:

(12) [(%)4 - 5et(5% + 1)(5% + 2)(5% + 3)(5% +4)]J(t) = %a
Theorem 1 ([6, 8]). Under the mirror transform T(t) = %(t),
(13) FUk(T (1)) = Z) ((tt))

The aim of this talk is to outline the proof of this theorem.

2. GIVENTAL'S CORRELATORS AND MIRROR TRANSFORMS

Before explaining the definition of disk invariants, we quickly review Givental’s correlators,
which will be important tool. See [5] for details.
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2.1. Equivariant Cohomology of P*. Let T := {z € C : |z| = 1}. Consider the action of T® on
P

(14) (20, -+ s 4] = [tozo, -+ tazal,

where (tg, - - ,t4) € T°. Let Ao, --- , As be the weights of the induced representation on H°(P*, O(1)).
Let H := Ctop(O(l)) € H%g; (P4) Then Hr]?5 (]P)4) = (C[]‘I7 )\0, ce 7)\4]/([‘[ - )\0) ce (H — )\4) Let Cl
(i =0,---,4) be T*-fixed points on P*. An element n € H;;(P?) is determined by its restrictions
nl¢c,- Let ¢; € His(P*) be the P.D. of ¢;. Explicitly, it is given by

(15) ¢ = [[(H = M)

ki

Denote the equivariant intersection pairing by (, ). Then for example, one has

In general
(17) e = (1, ¢i),

for any n € Hz;(P*). This follows from the localization formula.

2.2. Equivariant Givental’s correlators. The action of T on P* induces that on My , (P4, d).
Define Givental’s equivariant correlator Sts (T, i) as

1 Cto (E) * —
(18) Srs (T, 1) ;) i +d>T eV (;ip wd ) € His(PH[[h71, T, ).

This makes sense because evl*(ct;i"’_ifld)) is divisible by 5H for d > 0 and ghev (%&i")) is
defined to be 1. Here evy : /\710,2(]}”4,d) — P4, 9y is the 9-class at the first marked point, and
Ed72 — ./\;l()’g(]PA, d).

Let

(19) Q;h

Sy B,

d>0 Mo,2(P4,d) h—1n
where the degree zero term is defined to be 1. Then

T
(20) <ST5 (T7 h)) ¢Z> = BTZi(eTa h)a

where the pairing is taken to be linear in the auxiliary parameters =1, T, e”. Note that, by string
equation, we have

B Crop(Fa,1)
(21) Z(Q.h)=1+n7" Qd/ ——revi(ei).
B dz=o Moa@ra) D=1

2.3. Mirror transformations. Define

1 " (5H + sh
(22) st h) = = Y et ImoGH AN

H >0 [Tio [Tezi (H — Xi + sh)
Givental’s mirror theorem states that, under the mirror transformation T'(t) = %(t)7 we have

1

(23) o (T(H) ) = 15 7(1. 1)

It follows that

(24) (Sts(T(t), h), $i) = (87(t,h), i)

o()

The mirror formula (7) can be derived form this.

3. DISC INVARIANTS

In this section, we always assume that d is a positive odd integer.
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3.1. Disk invariants. Denote by M p(P*/Pg, d) the moduli space of maps f : (X,0%) — (P4, Pg),
where ¥ is a nodal bordered Riemann surface ? , such that the reflected genus zero map ( f ,C)
belongs to Mo o(P*, d). This is an orbifold with boundary (more precisely, with corners). The real
dimension of this space is 5d + 1.

Integration of cohomology classes on Mp(P*/Pg,d) is not well-defined. Therefore, we define
certain equivalence relation ~ on corners of M p(P*/Pg,d) to close corners. Let
(25) Mp(PPL,d) := Mp(P*/Pg,d)/ ~ .

Then Mp(IP*/P3,d) is a closed orbifold.

Let F; be a real vector bundle over M p(PP*/P4,d) such that Fy| s p) = H°(C, f*O(5))r, where
HO(C, f*O(5))r denotes the real sections. The real rank of this bundle is 5d + 1. Fj naturally
descends to a vector bundle Fj over Mp(P*/P%.d). (Although Fy is not orientable,) its Euler
class e(Fy) is well-defined.

For d odd, we have

(26) Nisk — / i e(Fy).
MD(IP’4/IP’D§,d)

Actually, this is a theorem (cf. [?, Theorem 3]), but we take this as a working definition of the
disk invariant Ngisk,

3.2. Multiple cover formula. Define the virtual count ngiSk by the Ooguri—Vafa formula
. 1 .
disk disk
(27) Nd = Z ﬁnd/k .
k:odd,k|d

It is conjectured that ngiSk € 2Z. The reason for evenness is that one counts the disk and its
complex conjugate separately.

The Ooguri—Vafa foumula is justified by the following result on local invariants [6, Proposition
19].

2
i, /MDml/m,d) c((Ga)r & (Ga)r) = 45

Here P} is defined by the following anti-holomorphic involution:
(29) [xo, z1] = [T, To],

and (Gg)r is a real vector bundle given by (Gd)R|(f,E)EMD(IP1/IP§,d) = HY(C, f*Op1 (—1))g.

4. LOCALIZATION CALCULATION

We shall calculate N$*¥ via localization on Mp(P*/P4,d) w.r.t. a T?-action.

4.1. T?-action and equivariant weights. Consider the rank 2 subtorus T? C T° acting on P*
by
(30) (t1,t2) - [wo, - s wa] = [wo, tra1, £] ' @a, tows, 15 "2y
Again, ¢; are the T?-fixed points. Note that only (o is the REAL fixed point.

Since this action preserves Pg, T? acts on Mp(P*/Pg,d) and Mp(P*/Py,d). By complexifyng
the action of T?, an algebraic torus (C*)? acts on Mo o(P*, d).

Let A and X’ be the generators of Hy,(pt) defined by the pull-back p* : Hy.(pt) — Hys (pt) and
equations

(31) prA)=—p"N2) =X, p*(A3) = —p*(\g) =\
The pull-back p*(Ao) is zero. For convenience, we omit the map p* and write
(32) =0, M=—Xd=X\ Ag=-M=-).

2For a nodal bordered Riemann surface 3, there exists a closed nodal Riemann sueface C' together with an anti-
holomorphic involution o and a double covering 7 : C' — X such that moo = 7. There is a embeding ¢ : ¥ — C such
that m o4 =id. The triple (C,o,%) is unique up to isomorphism and called the complex double of . A holomorphic
map from a borderd Riemann surface to a complex manifold with anti-holomorphic involution can be reflected (or
doubled). See [4].
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The T2-equivariant Givental correlator Spz (T, h) is obtained from Sy= (T, k) by the specialization
of the weights.

4.2. T?-fixed disk maps. Let
(33) [+ (D,0D) — (B*,P})] € Mp(P*/Pr,d)™
be a T?-fixed disk map. The boundary distinguishes a minimal, c-invariant, central curve P C C
of the domain curve of the reflected map [f;C] € Mg o(P*,d). satisfying 9D = Pg. Define the
central degree P of f by the degree of f|p : P — P The central degree p is odd number < d. The
moduli point [fp] € Mo (P4, p) is fixed by the (C*)2-action.
Lemma 2 (Lemma 4 in [6]). The two lines
(34) L={[xo, - ,x4] €P* |zg =23 =24 =0}, L' ={[zxo, - ,24] €EP*| 20 =21 = 25 = 0},
are the only real (C*)2-invariant irreducible curves of odd degree.

If P contains a node, it must be mapped to the unique real fixed point (o. However, the above
lemma implies that f(P) = L or L’ (since the central degree p is odd). Hence Pg cannot contain

a node. Note also that the oddness of d implies that the central curve P cannot be a contracted
component. These imply the following

Lemma 3 (Lemma 5 in [6]). (i) The central curve P is P! and f|p : P — LorL’ is the Galois
covering of odd degree p. Fxplicitly, fp is given by

(35) [21,22] — [0,2Y,28,0,0] or [0,0,0,z7,25].
(ii) Mp(P* /Py, d)™ = Mp(P*/PL, d)T°.

4.3. Intersection disk term. The original disk map f € /\;ID(IP>4/IP’]‘§,d)T2 is obtained from a
half of f. A half of P determines a pair (¢,p) where ¢ € {¢1, -+ ,{4} is a non real fixed point
and p is the central degree. The data (¢, p) is called the intersection disk type of f with the real
Lagrangian P4. The half of P is called the intersection disk.

Let [f : D] € Mp(P*/P4,p)T" be the unique T2-fixed point incident to ¢; with the central
degree p and domain consinsing only of the intersection disk. The intersection disk term I((;,p) is
defined to be

e(Fpliy.0)) ,
50 I(¢i,p) =~ P e QA V).
(36) (Gi»p) eNormiy o)) Q)
Explicit evaluation of I((;,p) is not difficult. See [6, §4] for a proof. Let
15 B! A \p
(37) Cp()\,A/) = ( 1) z2) plp!! (2p)

PP IIE (- BN - E)a+ )
Then we have
Lemma 4 (Lemma 6 in [6]). I((1,p) = I(C2,p) = Cp(A\, X), I((3,p) = I(Ca,p) = Cp(N, N).

For example, one obtains the number of degree 1 disk on the real quintic (Q, Qr) as
4
(38) Nk = ndfisk =3 " 1(¢;,1) = 30,
i=1

which was first computed by Solomon [7] (using another method).

4.4. Contribution of type ({;,p). We may separate the contribution to Nc‘lﬁSk form T?-fixed
maps into those from intersection disk type:

4
(39) Nk =" 3" Cont,p (NG™).

i=1 p:odd,0<p<d
Let

(40) Cont(gi,p)(]:di‘gk) = Z e%Cont(Cim) (NgiSk).
d:odd
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It turns out that the intersection disk term can be factored out of Cont(c, ) (F' disk) by removing
the intersection disk. What remains after intersection disk of type (1,p) is removed from [f] €
Mp(P*/PE, d)TQ is a genus zero stable map with one marked point;

_ d— .
(41) [ € evi'(G) © Moa (P, “52) ",
Contributions from these maps can be identified with Givental’s equivariant correlator.

Proposition 5 (Lemma 7 in [6]).

is 2p
() Cont(g, ) (F™™) = (Sr=(T2 ), 60) - 1(Gip).
Proof. Rewrite COnt(Ci’p)(]_‘disk) as
@) Contcp (FI9) = 3= eE477Contg (V).
r>0

Then, by eq.(21), eq.(42) is equivalent to

i CtOP(ET;I) * I(Clvp)
(44) Cont,. (Ndisk ) :/ ———evi(¢;)  ——5—.
(Ci»p) \FVp+-2 Kot (B.1) % — 1 (5>\i)(%)
We apply localization formula to the LHS and compare WithNthe RHS. Note that the T?-fixed loci
of the both sides are isomorphic. Let [f : D = C U, A] € Mp(P*/P4, p+ 2r)T°| where A is the
intersection disc of type ({;,p). Let

(45) [f,(C,z)] € evi'(C1) € Mo (P4, 7)€,

be the stable map obtained from f by removing A. On the numerators, we have
e(F,

(46) e(Fpyor) = Cop(Er) - %.

The factor 5\; comes from the nomalization sequence:
(47) 0 — Fpiarlis) — Erlir © Fplia) — Opa(5)
On the denominator of the LHS, we have

Ci—>0.

_ e(Def(f)) - e(Def(D))
(48) e(Normpy) = e (Aut(D)) .
For automomorphisms, we have
(49) e(Aut(D)) = cpop(Aut(C, x)) - %.

The factor %‘i is the automorphism of A which moves the origin x. For deformation of maps, we
have

(50) e(Def(f)) = SoptPef () -e(Def(fla))

Ctop (TCi P4)

The factor cyop(T¢,P*) comes from the normalization sequence
(51) 0— f*TP* — f*TP* @ (f|a)*TP* — T;,P* — 0.
For deformation of the domain, we have

(52) e(Def(D)) = cuop(Def(Ca)) - <2;i

—11).

The last factor comes from smoothing of the node x. In total, we have

(53) 1 - 1 Ctop(TCiPZl) 1
e(Normpg)  crop(Norg) (%‘f - 1/)1)27)‘11 e(Normg|, )

This complete the proof of eq.(44). O
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4.5. Proof of Theorem 1. Under the mirror map 7'(¢), we have

4

(54) FERT@) = Y > Conty, ) (FUN(T(t)))
1=1 p:odd
4

(55) -y Z<5T2<T<t>,%>,¢i>-I(g-,p>
i=1 p:odd v

(56) -y y L (SR 3060 - TG
i=1 p:odd Z

After explicit calculation (some combinatorial identity arising from multiple cover formula is nec-
essary, see [6, Lemma 8]), we obtain the desired result:

(57) FUHT0) = 1o 3 gﬁé”

Lo(t d:odd

5. OTHER COMPLETE INTERSECTION CY’S IN PROJECTIVE SPACES

It is possible to generalization to other complete intersection CY’s in projective spaces with
! = 1. In the following, the choice of anti-holomorphic involution ¢ on PV is similar to the case
of P4 (resp. P!) if N is even (resp. odd).

5.1. Compact examples.

5.1.1. X33 CP5 (Studied in [9].) This is the case of (P°, O(3)%?). Let

3d ll
dt/2
(58) =2 dZ;d s

This is a solution to
d d

(59) () =96 (37 + 1)2(35 +2)717(1) =

It gives the disk invariants under the mirror map.

[V EY

[

| ©

5.1.2. X, C P°. This is the case of (P5,0(4) ® O(2)). In this case, Ny = 0 for any d. (Reason :
Euler class of real vector bundle of odd rank vanishes.) In fact, it seems thhat the in-homogeneous
PF

(60) [(%)4 ~ 16e (2% +1)? (4% - 1)(4% +3)]J(t) = Cet.

disk

1o+

does not give integer ng"*" unless C' = 0.

5.1.3. X322 C PS. This is the case of (P%, O(3) ® O(2)%?). Same as above. PF operator is:

(61) [(%)4—12 (2%“) (3%+1)(3%+2)]J( t) = Cezx.

[N

5.14. Xo292 C P7. This is the case of (P7,0(2)%*). Same as above. PF operator is:

(62) [(%)4 - 16&(2% + 1)4J(t) = Cex.

S

5.2. Local examples.

5.2.1. Local P*. The case of (P!,O(—1)®2). This is nothing but multiple cover formula [6]. See
also [4].
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5.2.2. Local P? (Studied in [9].) The case of (P?,O(-3)). Let

3@-1) (3d — 2)!!
d:odd
This is a solution to
d d d 1 .

64 —)3 =3¢t (3— + 1)(3— +2)]J(t) = —e.
(64) [(5)° = 361G + DB + 2 (1) = 7
In this case, Iy = 1 and the mirror map is given by T'(¢) = I;(¢). Under these, J(t) gives the disk
invariants.
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