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An analytical framework to scrutinize the physical origin, especially nonlinear dynamical effects, of rate constants in thermal fluctuation is
developed.

A framework to calculate the rate constants of condensed phase chemical reactions of manybody systems is
presented without relying on the concept of transition state. The theory is based on a framework we developed
recently adopting multidimensional underdamped Langevin equation in the region of rank-one saddle. The the-
ory provides a reaction coordinate expressed as an analytical nonlinear functional of the position coordinates
and velocities of the system (solute), the friction constants, and the random force of the environment (solvent).
Up to moderately high temperature, the sign of the reaction coordinate can determine the final destination of the
reaction in a thermally fluctuating media, irrespective of what values the other (nonreactive) coordinates may
take. In this paper, it is shown that the reaction probability is analytically derived as the probability of the reac-
tion coordinate being positive, and that the integration with the Boltzmann distribution of the initial conditions
leads to the exact reaction rate constant when the local equilibrium holds and the quantum effect is negligible.
Because of analytical nature of the theory taking into account all nonlinear effects and their combination with
fluctuation and dissipation, the theory naturally provides us with the firm mathematical foundation of the origin
of the reactivity of the reaction in a fluctuating media.

I. INTRODUCTION

Chemical reaction is one of the most important sub-
jects of natural science through a wide range of fields not
only just for chemistry but also for celestial mechanics,1–3

atomic physics,4,5 cluster physics,6 environmental science,7

and biology.8 In the studies of chemical reactions, one of the
central concepts is the rateconstant,the proportion of the
number of the species (molecules) in the reactant state re-
acting to form the products per unit time. The reactant and
the product (states) correspond to distinct regions of the phase
space (that is, the space spanned by the position coordinates
and the velocities) of the system, with the rate given by the
flux from the former region to the latter. In principle, the rate
can differ from portion by portion in the reactant region of

phase space.9 The existence of the reaction rateconstantre-
lies on the assumption of local equilibrium, that is, the system
fully explores a region of the phase space assigned as the reac-
tant before it crosses from the region to that of the product in
the phase space. This also results in the time scale separation
between that of the exploration through the reactant and that
of crossing from the reactant to the product: the time scale
is much longer in the former than that in the latter. When-
ever one calculates the rate constant of chemical reactions,
the local equilibrium needs to hold in the region of the phase
space assigned as the reactant.10,11 To calculate the rate con-
stant chemists have long developed a concept of ‘transition
state (TS).’12–19 It was originally defined as a dividing hyper-
surface through which all the reacting trajectories must cross
once and only once before being “captured” in the product.



2

The non-recrossing property, if the assumption holds, enables
to identify the reaction rate with the flux through the no-return
TS without tracing the future of each trajectory (i.e., no need
to check how many times the system crosses the surface as-
signed as the TS). Moreover, if the reaction coordinate, lying
transverse to the TS, is decoupled from the other coordinates
of the system, its value can tell us the final destination of the
given initial condition (i.e., whether the system will proceed
to the product or go back to the reactant) without referring the
other nonreactive coordinates.

However, since manybody reacting systems generically
possess nonlinear couplings among the modes, the very ex-
istence of no-return TS and the reaction coordinate decoupled
from all the rest is not a trivial issue. It was just recently
that the existence of the (no-return) TS was established with
a firm mathematical ground4–6,20–35(one can also see several
reviews10,36–42and books43,44). The crux is the construction
of nonlinear coordinate transformation with which one of the
new coordinates is unstable and decoupled from the other co-
ordinates at some moderate conditions. The no-return TS is
then given by an equation setting the new reaction coordinate
to be zero, which also enables us to tell the final destination
of the reaction system without performing trajectory calcula-
tion. Their method to take into account anharmonicity and
nonlinear couplings among modes in the passage through the
region of rank-one saddle is based on a perturbation theory,
the so-called normal form (NF) theory.45 The validity of the
usage of perturbation theory to take into account such non-
linearity in the region of rank-one saddle has been ensured
by several studies in experiments46,47and theories48–57on the
regularity of crossing dynamics over the saddle and the corre-
sponding phase space geometrical structure (e.g., a no-return
TS) in a wide class of Hamiltonian systems.4–6,20–35One can
naturally adopt this perturbation theory without loss of gener-
ality as far as the total energy of the system is not so very high
that any perturbation treatment is invalidated. These develop-
ments, however, are all based on the Hamiltonian formalism,
which corresponds to isolated systems (i.e., gas phase).

Most of reactions in organic synthesis and chemical bi-
ology occur in condensed phase under the existence of ex-
ternal forces from the surroundings of the system. The ex-
ternal forces exerted by the environment (e.g., solvent) are
often regarded as being “stochastic” so that the molecule
(unpredictably) experiences many recrossings over the sad-
dle due to the fluctuating force. Kramers58 described the
reaction dynamics as a stochastic process in the framework
of underdamped Langevin equation along a chosen, one-
dimensional reaction coordinate. Followed by Kramers, Grote
and Hynes59 formulated condensed phase reaction in terms of
underdamped generalized Langevin equation. In their frame-
works, the effect of nonlinear couplings among multiple de-
grees of freedom of the system (e.g., solute) is not explicitly
taken into account [all the nonlinear effects are put into the po-
tential of mean force, random forces, and memory (kernel)].
Sumi and Marcus60,61 revealed that the inclusion of the other
degrees of freedom in addition to a one-dimensional reaction
coordinate is essential for understanding the viscosity depen-
dency observed in many experiments ranging from electro-

chemical to enzymatic reactions. However, there still remains
the fundamental question of along what reaction coordinate
a complex system with nonlinearly coupled multiple modes
actually follows under the disturbance of thermal fluctuation.

Very recently, we have incorporated the non-Hamiltonian
NF theory62 together with the time-dependent formulation
given by Ref. 63 to multidimensional underdamped Langevin
equation without assuming the form and the dimension of po-
tential of mean force.64–66The new reaction coordinate is ob-
tained with its analytical expression as a nonlinear functional
of the position coordinates and velocities of the system (so-
lute), the friction constants, and the random force of the en-
vironment (solvent). Up to moderately high temperature, the
reaction coordinate is found to be decoupled from the other
nonreactive coordinates and the no-return TS can be defined
in principle free from the recrossing problem even under the
existence of thermal noise. At temperature increases further,
the no-return TS starts to cease. Nevertheless, the sign of the
new reaction coordinate can solely determine the final desti-
nation of the reaction without referring the other nonreactive
coordinates.

In this paper, we present an analytical formulation of con-
densed phase reaction rate by the integration of the reaction
probability naturally obtained from the reaction coordinate
with the Boltzmann distribution of the initial conditions in the
saddle region. This formulation explicitly takes into account
the nonlinearity and the multiple degrees of freedom and leads
to the exact reaction rate as far as the local equilibrium holds
and the quantum effect is negligible. As an illustrative exam-
ple, we analyze the Müller-Brown potential of multiple sad-
dles for a range of friction.

II. THEORY

A. Normal form theory

First we present a brief summary of the theory devel-
oped in previous papers64–66of the dynamical structure buried
in a thermally fluctuating environment. As the description
of the reaction, we adopt a multi-dimensional underdamped
Langevin equation:

q̈ j =− ∂U
∂q j
−

n

∑
i=1

γi j q̇i + ξ j(t), (1)

where(q1,q2, . . . ,qn) are position coordinates of the system,
with n being the number of degrees of freedom of the sys-
tem,U the potential of mean force,γi j ’s friction coefficients
and ξ j(t)’s describe the fluctuating force from the environ-
ment such as solvent. Given the reaction system, we assume
the existence of a rank-one saddle to link the reactants and the
products regions on the potential of mean force. Without loss
of generality, the origin (q = 0) of the coordinate system is
set to be at the saddle point. The fluctuating forceξ j(t) has
a Gaussian distribution with zero mean, with their variance
given by the fluctuation-dissipation theorem

〈ξi(t)ξ j(t ′)〉= 2kBTγi j δ (t− t ′), (2)
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whereT is the temperature,kB Boltzmann constant, andδ
Dirac’s delta function, respectively. For simplicity, we treat
the caseγ1 j = 0 (for j = 2, . . . ,n), that is, the cross terms in
the matrix (γi j ) are zero between the reactive mode (mode
1) and the non-reactive modes. Extension to general cases is
more involved but straightforward.

We separate the potentialU into harmonic and anharmonic
terms:

U(q) =− ω‡2

2
q1

2 +
n

∑
j=2

ω j
2

2
q j

2 +UNL(q),

UNL(q) =
∞

∑
k=1

εk ∑
|m|=2+k

αmq1
m1 · · ·qn

mn, (3)

whereω j ’s are harmonic frequencies of the non-reactive vi-

brational modes,ω‡2
is the curvature along the reactive mode

at the origin (the saddle point). The anharmonic part is ex-
pressed as polynomials of cubic and higher order with expan-
sion coefficientsαm. In Eq. (3), the formal parameterε marks
the order of perturbation. Thek-th order of perturbation is
given by the terms with|m| = m1 + · · ·+ mn = 2+ k because
the zeroth order corresponds to the harmonic approximation
(|m|= 2).

In the framework we developed recently,64–66 we
introduced a nonlinear coordinate transformation
(q1, . . . ,qn, q̇1, . . . , q̇n)7→(y1, . . . ,y2n) to transform the
equations of motion, Eq. (1), into a form as simpler as
possible. As the final form of the equation of motion, we have
proposed two types.66 One is called “partial NF,” having the
following equations of motion:

ẏ1≈{λ1 +c1(t)}y1,

ẏ j ≈λ jy j +c j(y1, . . . ,y2n, t), j = 2,3, . . . ,2n (4)

whereλ1 is a positive number determined byω‡ andγ11. Here
the coefficientc1(t) depends only on timet. The functions
c j(y1, . . . ,y2n, t) ( j = 2,3, . . . ,2n) are allowed to take any func-
tional form. In the partial NF, the evolution of the coordinate
y1 is independent of the other coordinate. The other type of
NF is called “minimal NF”

ẏ1≈{λ1 +c1(y, t)}y1,

ẏ j ≈λ jy j +c j(y1, . . . ,y2n, t), j = 2,3, . . . ,2n (5)

Here we allow the dependence ofc1(y, t) on the other coordi-
nates. The minimal NF is found to have better convergence
property than the partial NF.66

Since the transformation is constructed by a perturbation
theory,64–66 the coefficientc1(y, t) is also expanded in pertur-
bation series

c1(y, t) =
N

∑
k=1

εkc(k)
1 (y, t)+O(εN+1). (6)

whereN is the order we perform the perturbation calculation.
Note the expansion forc1(y, t) begins with order one inε.
Sinceλ1 is of order zero, it is usually expected thatc1(y, t)

does not exceedλ1 in magnitude, that is, the motion along
y1-direction is unstable. The unstable direction corresponds
to the motion sliding down the barrier when timet → +∞.
In both the cases of partial and minimal NF,y1 = 0 yields an
invariant set (i.e.,dy1/dt = 0 if y1 = 0). That is, once the
system is at the manifold ofy1 = 0, the system will remain
to stay there fort → ±∞. In the other words, ify1(t0) > 0
or y1(t0) < 0 at any timet0, the sign ofy1 will never change
because the system should cross the manifold ofy1 = 0 in
order to change the sign ofy1 (it is prohibited as far as the
form of Eq. (5) holds). The sign ofy1 remains the same for all
the time, with the absolute value increasing infinitely. Thus,
the sign ofy1 at any instantaneous time in the region of saddle
determines whether the system escapes from the vicinity of
the saddle to the reactant or the product directions.

The transformed coordinatey1 can be written in the form of
polynomials in the original coordinates(q, q̇):

y1 =a1q1 +a2q̇1−S[λ1, ξ̃1](t)+F0 [ξ ] (t)

+∑|m|≥2wmq1
m1 · · ·qn

mnq̇mn+1
1 · · · q̇m2n

n

+ ∑
|m|≥1

Fm[ξ ] (t)q1
m1 · · ·qn

mnq̇mn+1
1 · · · q̇m2n

n . (7)

The zeroth order part ofy1 is given as a linear combination of
the positionq1 and the velocitẏq1 along the reactive direction,
and a time-dependent shift that is a linear functional of the
random forceξ̃1(t). The coefficientsa1,a2, andλ are given
by the eigenvector and the eigenvalues of the linear part of
Eq. (1), and therefore depend on the friction constants. The
symbolS is defined by63,64

S[µ ,ψ](t)def=
{ ∫ 0

−∞ exp(−µτ)ψ(t + τ)dτ (Reµ < 0)
−∫ +∞

0 exp(−µτ)ψ(t + τ)dτ (Reµ > 0)
(8)

for any complex numberµ and functionψ(t). The higher or-
der terms withwm come from the nonlinearity in the system.
The time-dependent coefficientsF0 [ξ ] (t) and Fm[ξ ] (t) are
nonlinear functionals of the random forceξ (t). Their func-
tional forms are determined by the properties of the system
including the friction constantsγ and the nonlinear parts of
the potential. They thus can be regarded as combined effects
of the nonlinearity of the system and the random force from
the environment. Each coefficient is expanded as a power se-
ries in the perturbation parameterε:

wm =
N

∑
k=1

εkw(k)
m +O(εN+1),

F0 [ξ ] (t) =
N

∑
k=1

εkF(k)
0 [ξ ] (t)+ O(εN+1),

Fm[ξ ] (t) =
N

∑
k=1

εkF(k)
m [ξ ] (t)+ O(εN+1). (9)

All these three groups of the coefficients in the nonlinear
part depend on the friction constantsγ although not written
explicitly.64
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The zeroth order part is given analytically in the case of
γ1 j = 0 (for j = 2, . . . ,n): we normalize the following linear
equation

d
dt

(
q1
q̇1

)
=
(

0 1

ω‡2 −γ11

)(
q1
q̇1

)
+
(

0
ξ1(t)

)
. (10)

The positive eigenvalue is given by

λ1 =
(
−γ11+

√
4ω‡2 + γ11

2

)
/2, (11)

and the corresponding linear coefficients can be taken as

a1 =
(

γ11+
√

4ω‡2 + γ11
2

)
/2,

a2 =1. (12)

This implies that as the friction constant increases the eigen-
value λ1 of the reactive direction becomes smaller and the
contribution of the position coordinateq1 to the reaction coor-
dinatey1 (at the lowest order) becomes more significant than
that of the velocityq̇1.

B. Reaction probability

Here we derive an analytical expression of the reaction
probability using the new reaction coordinatey1 and the sta-
tistical properties of the random forceξ (t). For a given ini-
tial condition(q, q̇), the value ofy1 has an average value〈y1〉
and fluctuation around it, reflecting the stochastic nature of the
random forceξ (t). The probability for the reaction is given
by the probability ofy1> 0. Let us denote the probability dis-
tribution of y1 by P(y1), i.e., the probability that the value of
y1 falls into the rangea< y1 < b is given by the integration

∫ b

a
P(y1)dy1. (13)

The distribution can be characterized by its mean value

m
def=〈y1〉=

∫ +∞

−∞
y1P(y1)dy1, (14)

and the moments around it67

µn
def=〈(y1−m)n〉=

∫ +∞

−∞
(y1−m)nP(y1)dy1. (15)

The second momentµ2 is related to the standard deviationσ
by

σ2 =〈(y1−m)2〉= µ2. (16)

The third moment divided byσ3 is known as skewness

γ ′ =
µ3

σ3 . (17)

The analytical expressions fory1
n contains combinations of

stochastic forcesξ j(t) wrapped byS-functionals [Eq. (8)].

With the statistical properties ofξ j given by Eq. (2), their av-
erage can be calculated by the following formulas64:

〈S[λi ,ξ j ]〉= 0,

〈S[λ1,ξi ]S[λ2,ξ j ]〉= 2kBTγi j F(λ1,λ2),

〈S[λ3,S[λ1,ξi ]S[λ2,ξ j ]]〉=−2kBTλ−1
3 γi j F(λ1,λ2),

(18)

with the symbolF defined by

F(λ1,λ2)def=





1
λ1+λ2

(if Reλ1 > 0 and Reλ2 > 0)
− 1

λ1+λ2
(if Reλ1 < 0 and Reλ2 < 0)

0 (otherwise)
(19)

Some formulations arising in higher orders are also
available.64

From the information of the moments, the probability dis-
tribution can be approximated by Gram-Charlier A series,67

which is a series expansion consisting of Gaussian distribu-
tion plus correction terms due to higher order moments. Note
here that in the harmonic approximation (ε = 0) the distribu-
tion is exactly Gaussian if the random forceξ has Gaussian
distribution. First we define a scaled variableỹ1 by

ỹ1
def=

y1−m
σ

. (20)

Then the probability distribution for̃y1 can be expanded as

P̃(ỹ1) =

[
1+

∞

∑
n=3

cn

n!
Hn(ỹ1)

]
exp(−ỹ2

1/2)√
2π

, (21)

whereHn is the probabilists’ Hermite polynomials defined by

Hn(z) = (−1)nexp(z2/2)
(

d
dz

)n

exp(−z2/2) (22)

(z∈ R) and the expansion coefficientscn are given by

cn = 〈Hn(ỹ1)〉. (23)

For example, the cubic part is given by

c3 =〈ỹ3
1−3ỹ1〉= σ−3(〈y1

3〉−3σ2m−m3)= γ ′, (24)

whereγ ′ is the skewness defined in Eq. (17). Since the reac-
tion probability is the probability fory1 > 0, which is equiva-
lent with ỹ1 >−m/σ , it is given by

Preaction=
∫ +∞

−m/σ
P̃(ỹ1)dỹ1

=
1
2

[
1+Erf

(
m√
2σ

)]

+
∞

∑
n=3

cn

n!
1√
2π

Hn−1

(
−m

σ

)
exp

(
− m2

2σ2

)
,

(25)

where the error function is defined by

Erf(z) =
2√
π

∫ z

0
exp(−z2)dz. (26)
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C. Transmission coefficient

The transmission coefficientκ is defined as the ratio of the
true rate constant to that by transition state theory (TST). Ex-
cept the quantum effect and under the assumption of local
equilibrium, it is given by68,69

κ = lim
t→+∞

〈q̇1(0)θ(q1(t))〉
〈q̇1(0)θ(q̇1(0))〉 , (27)

whereq1 is the naïve reaction coordinate, often obtained as
the unstable normal mode at the top of the saddle,θ is a step
function, and the angular bracket denotes the thermal average
at the surfaceq1 = 0:

〈A(q, q̇)〉def=
∫

A(q, q̇)δ (q1)exp(−E(q, q̇)/kBT)dqdq̇, (28)

for any functionA of (q, q̇), with E being the total energy of
the system.

The step functionθ(q1(t)) in the numerator in Eq. (27) ex-
tracts those trajectories which arrived in the product region
for sufficiently large timet, which requires many trajectory
calculations for all initial conditions in the ensemble for dissi-
pative reaction systems under stochastic, thermal fluctuation.
The step functionθ(q̇1(0)) in the denominator corresponds to
the assumption of TST that any trajectory crossing the TS in
the positive direction is reactive. Here we present analytical
expressions of these quantities and hence the transmission co-
efficientκ by using the reaction probability Eq. (25) derived in
Sec. II B. The ensemble average ofθ(q1(t)) can be calculated
as the reaction probability by Eq. (25):

〈q̇1(0)θ(q1(t))〉= 〈q̇1Preaction(q, q̇)〉. (29)

We assume that the total energy is given as a sum of kinetic
energy and potential of mean force:

E(q, q̇) =
1
2

n

∑
j=1

q̇2
j −

ω‡2

2
q1

2 +
n

∑
j=2

ω j
2

2
q j

2 +UNL(q), (30)

whereUNL(q) is the nonlinear part of the potential given as
polynomial expansion of cubic and higher order terms. By
substituting Eqs. (25), (28), and (30), and by integration by
parts, we obtain

〈q̇1Preaction(q, q̇)〉

=
1

(2π)1/2

∫ [
kBT

∂
∂ q̇1

(m
σ

)
+

∞

∑
n=3

q̇1

n!
cnHn−1

(
−m

σ

)]

exp

[
− 1

kBT

{
1
2

q̇2
1 +

1
2

n

∑
j=2

(
q̇2

j + ω j
2q j

2)+UNL

}
− m2

2σ2

]

dq̇1dqbdq̇b, (31)

where

qb = (q2,q3, . . . ,qn) (32)

is the collection of the non-reactive modes.

Analytical expressions form and σ2 are obtained from
Eq. (7) by using Eqs. (2), (8), (11), (12), and also
〈S[λ1,ξ1](t)2〉= kBTγ11/λ1

64: for q1 = 0,

m=〈y1〉
=q̇1

+
N

∑
k=1

εk ∑
|m|≤1+k

µ(k)
m (γ,T)q2

m2 · · ·qn
mnq̇mn+1

1 · · · q̇m2n
n

+O(εN+1), (33)

σ2 =〈(y1−m)2〉
=

kBTγ11

λ1

+
N

∑
k=1

εk ∑
|m|≤2+k

s(k)
m (γ,T)q2

m2 · · ·qn
mnq̇mn+1

1 · · · q̇m2n
n

+O(εN+1),
(34)

whereµ(k)
m (γ,T) ands(k)

m (γ,T) are thermal averages at tem-
peratureT of the coefficients appearing in the expressions
of y1 [Eq. (7)] and(y1−m)2, respectively. Here we have
written γ to emphasize the dependence of these terms on the
friction constants. These dependence originates from theγ-
dependence of the coefficients appearing in the normal form
transformation of Eq. (7).

Terms likem/σ appearing in Eq. (31) can also be expressed
as polynomials by using the expansion

1

(z0 + δz)1/2
=

1

z0
1/2
− 1

2z0
3/2

(δz)+
3

8z0
5/2

(δz)2−·· · ,
(35)

with (z0 + δz) substituted byσ2. It is possible to identifyz0
with the zeroth order part ofσ2. However, we have found
that the approximation gets better if we recollect the constant
terms in Eq. (34):

z0 =
kBTγ11

λ1
+

N

∑
k=1

εks(k)
0 (γ,T),

δz=
N

∑
k=1

εk ∑
|m|≤2+k,m6=0

s(k)
m (γ,T)q2

m2 · · ·qn
mnq̇mn+1

1 · · · q̇m2n
n .

(36)
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We now rewrite Eq. (31) as

〈q̇1Preaction(q, q̇)〉

=

√
kBTλ1

2πγ11

∫
dq̇1dqbdq̇b

exp

[
− 1

2kBT

{
ω‡2

λ1γ11
q̇2

1 +
n

∑
j=2

(
q̇2

j + ω j
2q j

2)
}]

[
1+ φ ′1(q, q̇,γ,T;ε)+

∞

∑
n=3

ψn(q, q̇,γ,T;ε)

]

exp

[
−1

2
φ2(q, q̇,γ,T;ε)−UNL

kBT

]
,

(37)

with the use of the following symbolsφ1,φ2,ψn (for n≥ 3)
which are all polynomials ofq andq̇ by the above procedure:

m
σ

=

√
λ1

kBTγ11
[q̇1 + φ1(q, q̇,γ,T;ε)] ,

m2

σ2 =
λ1

kBTγ11
q̇2

1 + φ2(q, q̇,γ,T;ε),

ψn(q, q̇,γ,T;ε) =
√

γ11

kBTλ1

1
n!

q̇1cnHn−1

(
−m

σ

)
,

φ ′1(q, q̇,γ,T;ε) =
∂

∂ q̇1
φ1(q, q̇,γ,T;ε). (38)

Note thatφ1(q, q̇,γ,T;ε) andφ2(q, q̇,γ,T;ε) approaches zero
asε→ 0. In this limit, ψn(q, q̇,γ,T;ε) also approaches to zero
because the zeroth order part ofy1 has normal distribution.

We can expand the second exponential in Eq. (37) and ob-
tain a polynomial

[
1+ φ ′1(q, q̇,γ,T;ε)+

∞

∑
n=3

ψn(q, q̇,γ,T;ε)

]

exp

[
−1

2
φ2(q, q̇,γ,T;ε)−UNL

kBT

]
,

=1+∑
m

Bm(γ,T;ε)q2
m2 · · ·qn

mnq̇mn+1
1 · · · q̇m2n

n , (39)

with the coefficients Bm(γ,T;ε) satisfying
limε→0Bm(γ,T;ε) = 0.

Then, using the following formulas
∫ +∞

−∞
exp(−az2)z2`dz=

√
2π

(2`−1)!!
(2a)(`+1/2)

∫ +∞

−∞
exp(−az2)z2`−1dz=0 (40)

where

(2`−1)!!def=(2`−1)(2`−3) · · ·3·1, (41)

for positive integer̀ , and

(−1)!!def=1, (42)

we obtain

〈q̇1Preaction(q, q̇)〉

=
kBTλ1

ω‡

[
n

∏
j=2

(
2πkBT

ω j

)]

[
1+∑

m

′Bm(γ,T;ε)(mn+1−1)!!

(√
kBTλ1γ11

ω‡

)mn+1

n

∏
j=2

(mn+ j −1)!!(
√

kBT)mn+ j (mj −1)!!
(√

kBT
ω j

)mj
]
,

(43)

where the sum∑′m is taken over even values ofm only. Note
that the reactive flux is affected not only by the friction along
the reactive coordinate (γ11) but also by that along the nonre-
active coordinate (γ j j with j = 2, . . . ,n) through the nonlinear
couplings.

The denominator in Eq. (27) is obtained in a similar fashion
by

〈q̇1(0)θ(q̇1(0))〉
=
∫

dq̇1dqbdq̇b

θ(q̇1)q̇1exp

[
− 1

kBT

{
1
2

q̇2
1 +

n

∑
j=2

1
2

(
q̇2

j + ω j
2q j

2)+UNL(q)

}]

=kBT (2πkBT)(n−1)/2

∫
dqbexp

[
−

n

∑
j=2

ω j
2

2kBT
q j

2

]
exp

[
−UNL(q)

kBT

]

=kBT

[
n

∏
j=2

(
2πkBT

ω j

)]

[
1+∑

m

′Am(T;ε)
n

∏
j=2

(mj −1)!!
(√

kBT
ω j

)mj
]
, (44)

where

exp

[
−UNL(q)

kBT

]
= ∑

m
Am(T;ε)q2

m2 · · ·qn
mn (45)

is an expansion ofexp[−UNL(q)/kBT] with q1 = 0. In
Eq. (44), again, the summation with respect tom is taken over
even powers only. Here the TST flux does not depend on any
friction exerted by environment.

From Eqs. (27), (43) and (44), and for harmonic approxi-
mationε → 0, we have

lim
ε→0

κ =
λ1

ω‡ . (46)

For high viscosity limit, we obtain from Eq. (11)

κ → ω‡

γ11
, (47)

which is inversely proportional to the friction coefficient.
Thus we can recover the Kramers’ high viscosity limit as a
special case of harmonic approximation in our nonlinear for-
mulation.
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III. MODEL

As an illustrative example, we employ a model potential by
Müller and Brown,70 which has three minima and two sad-
dle points. We check the validity and the potential of the new
framework in the preceding sections by comparing it with the
numerical simulation of the model with several strength of the
friction constant. The locations, energies and normal mode
frequencies (without friction) of the stationary points are sum-
marized in Table I. For the friction coefficient we set uniform
friction γi j = γδi j .

Numerical values of the transmission coefficient Eq. (27)
are obtained by evaluating the integral in Eq. (28) with Monte-
Carlo sampling71 of both the initial condition and the random
force. For each initial condition, the trajectory is propagated
by the method of Ermak and Buckholz.72 The time step of
propagation is10−3. The system is regarded as captured in
the well region when the total energy (the kinetic energy plus
the potential) of the system becomes less thanUmin + 2kBT,
whereUmin is the potential at the bottom of each well. The
factor 2 is inserted because this system is of two degrees-of-
freedom.

In this paper we mainly deal with a saddle with higher en-
ergy (called “saddle 2” in preceding papers), which connects
Minima 1 and 3 and has a significant asymmetrical feature of
potential compared to the other saddle, connecting Minima 2
and 3, called “saddle 1.” The barrier height of saddle 2 from
each minimum is 41 and 107, respectively, which that of sad-
dle 1 is 9 and 36 (in the unit of energy), respectively.64,65 In
order that the system can be regarded as “captured” at each
minimum before visiting the next minimum with the above
criterion, the temperature should be less than≈ 9/2.

IV. RESULTS AND DISCUSSION

A. Reaction probabilities

Figure 1 shows the reaction probability as a function of the
initial condition of the system(q, q̇) in the region of saddle.q
and q̇ are the normal mode coordinates in the position-space
and their velocities, respectively. Here, the initial condition is
taken by changing the value of the normal mode reaction co-
ordinateq1 while fixing the other three variables(q2, q̇1, q̇2).
In Fig. 1(a), the initial condition is taken as(q2, q̇1, q̇2)|t=0 =

TABLE I: Name, location, energy and frequencies of the stationary
points.

Normal mode frequencies
Name Q1 Q2 Energy Reactive Nonreactive

Minimum1 -0.558 1.442 -147

Minimum2 0.623 0.028 -108

Minimum3 -0.050 0.467 -81

Saddle1 0.212 0.293 -72 27.1 22.6

Saddle2 -0.822 0.624 -40 27.4 22.1

FIG. 1: Reaction probabilities as functions ofq1 with the initial
values of other coordinates indicated. (a) Calculated for saddle
2 of the Müller-Brown potential. Blue diamond:kBT = 0, Purple
circle:kBT = 1, Red squarekBT = 3. Solid lines show the results of
the analytical calculations by Eq. (25) The normal form calculation
was performed up to the second order of perturbation. The Gram-
Charlier A series was taken up to the cubic term. (b) Calculated
for saddle 1 andkBT = 3. Red square: simulation. Blue dotted line:
probability distribution ofy1 is approximated by Gaussian. Red solid
line: Gram-Charlier A series was taken up to the cubic term.

(0,0,0) atkBT = 0,1, and3. The halfway pointPreaction= 1/2
can be regarded as a “boundary of reaction” that divides the
space into a “mainly-reactive” (Preaction> 1/2) region and a
“mainly-nonreactive” (Preaction< 1/2) one. ForkBT = 0, the
random force is zero [Eq. (2)] and therefore the time evolu-
tion of the system is determined uniquely, that is, the reac-
tion probability is either 1 or 0. The reaction boundary is
located atq1 = 0. As the temperature increases, the proba-
bility takes intermediate values between 0 and 1, due to the
fluctuation of the random force. The amount of fluctuation
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increases with the temperature. In addition, deviation of the
boundary to the positiveq1 direction is observed for saddle
2 (as we revealed the physical origin of the shift in Ref. 65).
The reaction probability based on the new reaction coordi-
natey1 by Eq. (25) proposed in Sec. II B (shown by the solid
lines in Fig. 1) reproduces the simulation results satisfacto-
rily including the fluctuation and the migration of the reaction
boundary outward to the positiveq1. Analytical expressions
for the second and the third moments used for the calculation
are available on-line in supplementary material73 to this paper
for the case ofγ = 30as an example. For saddle 1 the reaction
boundaryPreaction= 1/2 migrates to the negativeq1 direction
as the increase of temperature with the similar initial condi-
tion of (q2, q̇1, q̇2) being zero.65 Eq. (25) can also reproduce
the results satisfactorily (not shown here).

To illustrate the effect of the deviation from Gaussian distri-
bution ofy1, we plot the reaction probability for saddle 1 with
the initial condition of(q2, q̇1, q̇2)|t=0 = (0.1,0,0) atkBT = 3.
The blue dotted line shows the reaction probability calculated
by the Gaussian approximation fory1, that is, only the terms
in the first bracket in Eq. (25). The red solid line is calculated
by the Gram-Charlier A series up to the cubic term [n = 3 in
Eq. (25)]. Note that we can find a small improvement of the
approximation by the inclusion of the skewness. For saddle 2,
the effect of the skewness was found to be yet smaller, and the
calculation with and without the termn = 3 in Eq. (25) both
yielded a good approximation for the reaction probability.

The most striking consequence in these figures is that
Eq. 25 is analytical and does not require any trajectory cal-
culation.

B. Transmission coefficients

In Fig. 2, the transmission coefficients obtained by zeroth
(harmonic approximation) and second order perturbation de-
veloped in this work, and the numerical simulation are shown
as functions of the friction constantγ. The calculations are
performed for Saddle 2 withkBT =3, 5. Numerical values
are obtained by trajectory calculations with the initial condi-
tions sampled by the Boltzmann distribution on the surface
q1 = 0 as in Eq. (28). Hereinafter, we mainly focus on reac-
tion dynamics over saddle 2 because they were found to be
more subject to nonlinearity than those over Saddle 1.65

As qualitative trends, the transmission coefficients evalu-
ated at several levels of approximation decrease with the fric-
tion constantγ as the simulation result does. This is due to
the increase of the fluctuation ofy1 asγ increases [Eq. (34)],
corresponding to increasing number of recrossings with the
surfaceq1 = 0. The deviation of the harmonic approximation
from the simulation is already appreciable atkBT = 3 and be-
comes more pronounced atkBT = 5 (Fig. 2(a)→ Fig. 2(b)).
This is because the system experiences a wider region on the
potential, and hence larger nonlinearity, as the increase of tem-
perature, when passing the saddle. When we incorporate the
effect of nonlinearity up to second order inε in the framework
of minimal NF in Sec. II, the theoretical evaluation by mini-
mal NF better approximates the simulation results than the

FIG. 2: Transmission coefficients calculated for saddle 2 of the
Müller-Brown potential as functions of the friction constantγ . (a)
kBT = 3, (b) kBT = 5. Green diamond: results of numerical sim-
ulations. Blue solid line: calculation by harmonic approximation.
Yellow plus: minimal NF up to the second order perturbation. Red
cross: partial NF up to the second order perturbation.
harmonic approximation. Note that the partial NF shows poor
performance, which is due to the worse convergence prop-
erty compared with the minimal NF. At the higher temperature
(kBT = 5), the results of minimal NF exhibit some deviations
from the simulation, probably due to the insufficient order of
the perturbation calculation performed. This shows that the
condensed phase reaction probability based on the minimal
NF proposed in this paper is appropriate to evaluate the effect



9

FIG. 3: Values of the coefficients appearing in the polynomial ex-
pression of the numerator of the transmission coefficients. (a)kBT =
3. All the other coefficients not shown are less than 0.012 in mag-
nitude. (b)kBT = 5. All the other coefficients not shown are less
than 0.02 in magnitude. The inset shows the corresponding powers
of q2, q̇1, q̇2 for each line.

of nonlinearity on the rate constants of the reactions at such
moderately high temperatures. In the followings, our analyses
will be all based on the minimal NF approximation.

What is the physical origin to make the actual transmission
coefficientκ smaller than that of the harmonic approxima-

tion? One may anticipate that, as temperature increases, the
system is subject to larger nonlinear couplings between the re-
active and the nonreactive normal mode coordinatesq, result-
ing in recrossings over a surface ofq1 = 0 and decreasingκ ,
just as in the case of saddle crossing in Hamiltonian systems
dependent on the total energy. In condensed phase reactions,
there are effects of the environment through the fluctuating
force and the friction constants in addition to the nonlineari-
ties, and also their combinations as in Eq. (7). Our theoretical
framework presented in this article can identify what the dom-
inant contribution to make theκ deviate from the harmonic
approximation: We can analyze the contribution of each term
appearing in Eqs. (43). Here we define

B̃m
def=Bm(γ,T;ε)(mn+1−1)!!

(√
kBTλ1γ11

ω‡

)mn+1

n

∏
j=2

(mn+ j −1)!!(
√

kBT)mn+ j (mj −1)!!
(√

kBT
ω j

)mj

,(48)

which appear in the numerator [Eq. (43)] of the transmission
coefficient [Eq. (27)]. Figure 3 shows the value of the coef-
ficient defined above for each combination of the exponents
(m2,m3,m4) of (q2, q̇1, q̇2), respectively, as functions of the
friction constantγ.

We can see that the main contribution to the decrease of
κ compared to the harmonic approximation comes from the
constant termB0 with (m2,m3,m4) = (0,0,0). Here the word
“constant” is used to mean it has no dependence on the vari-
ables(q2, q̇1, q̇2). Note however that it depends on the friction
γ, the temperaturekBT, and all the coefficients in the expan-
sion of the potential [Eq. (3)]. For high friction, this term is
clearly the dominant. For lower friction, the other terms also
make some contribution but the constant term is still signifi-
cant.

The constant termB0 originates only from the constant term
F0 in the expansion ofy1 in terms of (q, q̇) [Eq. (7)]. To
demonstrate the importance of the termsF0 in decreasing the
κ from the harmonic approximation, we perform another cal-
culation on the reaction probability (i.e.,y1 > 0) by replacing
Eq. (7) by

y1 =a1q1 +a2q̇1−S[λ1, ξ̃1](t)+F0 [ξ ] (t). (49)

The resultant transmission coefficients are presented in Fig. 4
at the same temperatures with the same initial conditions. Cal-
culationswithoutF0 but with all the other terms iny1, that is,

y1 =a1q1 +a2q̇1−S[λ1, ξ̃1](t)

+∑|m|≥2wmq1
m1 · · ·qn

mnq̇mn+1
1 · · · q̇m2n

n

+ ∑
|m|≥1

Fm[ξ ] (t)q1
m1 · · ·qn

mnq̇mn+1
1 · · · q̇m2n

n . (50)

in place of Eq. (7) are also plotted in Fig. 4.
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FIG. 4: Transmission coefficients vs friction constantγ for saddle
2 of the Müller-Brown potential. (a)kBT = 3, (b) kBT = 5. Green
diamond: results of numerical simulations. Blue solid line: harmonic
approximation. Yellow plus: minimal NF adding solelyF0 to the
harmonic approximation iny1. Red cross: minimal NF including all
the nonlinear contributions excludingF0.

FIG. 5: Transmission coefficients vs friction constantγ for saddle 2.
(a) kBT = 3, (b) kBT = 5. Same as Figs. 2 and 4, but the minimal
NF calculations are performed in different ways of the inclusion of
the effect of theF0. Upper triangle: the minimal NF calculations in-
cluding theF0 only in the mean of the reaction coordinatey1. Lower
triangle: the minimal NF calculations including theF0 only in the
variance of the reaction coordinatey1. It is interpreted that the in-
crease of the fluctuation is the main cause to make the transmission
coefficients small.
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It is seen, especially for large friction, that the calculations
including only F0 in y1 [Eq. (49)] reproduce the simulation
results satisfactorily, while those with all the other nonlinear
terms excludingF0 show almost no improvement from the
harmonic approximation. This supports the conclusion that
the main contribution to the decrease ofκ compared to the
harmonic approximation comes from the constant termF0.

In previous papers,64,65 the physical interpretation forF0
was given, which arises fromboth the random force exerted
by the environmentand nonlinear couplings between the re-
active and the nonreactive modes. In the present system of
two-degrees of freedom, first the vibration of the nonreac-
tive modeq2 is excited by the kick from the environment
expressed as the random force along the nonreactive direc-
tion ξ2(t). Then such vibrational excitation in the nonreactive
mode affects the motion along the reactive mode through non-
linear couplings, making the effective reaction barrier migrate
outward to the product direction along the reaction coordinate
q1 from a surface ofq1 = 0. This implies that, even when
the system crosses the surface ofq1 = 0 from the reactant to
the product side, the system more often returns to the reac-
tant region because the effective barrier “escapes” toward the
product direction. We can conclude such “combined effect”
between the kick by the environment and the nonlinear cou-
plings of the system, yielding the migration of the effective
barrier to the product region, is the main contribution to the
decrease of the actual transmission coefficient from the har-
monic approximation. AlthoughF0 also contains the terms
nonlinear inξ1(t), which comes from the nonlinearity along
the reactive direction, the contributions fromξ2(t) have been
shown to be dominant in the case of saddle 2.65

We have shown that the termF0 makes the main contri-
bution to decrease the value ofκ smaller than the harmonic
approximation. The next question is then why the transmis-
sion coefficient becomes smaller when the termF0 exists. The
effect originates from the kick by the environment along the
nonreactive mode expressed as the random forceξ2(t). There-
fore the termF0 has its own statistics such as mean and vari-
ance in the ensemble of all realizations of the random force.
Here we investigate whether the termF0 affects the transmis-
sion coefficient through the mean or the variance. To this end,
we further perform calculations in which the mean of the re-
action coordinatey1 is evaluated by the expression withF0
[Eq. (49)], while the varianceσ2 is approximated by the har-
monic part:

y1 = a1q1 +a2q̇1−S[λ1, ξ̃1](t), (51)

resulting in only the first term in Eq. (34). We also perform
the other way, that is, the mean of the reaction coordinatey1
is evaluated by harmonic approximation [Eq. (51)], resulting
in only the first term in Eq. (33), while the varianceσ2 is
evaluated by the expression withF0 [Eq. (49)]. The results
are shown in Fig. 5. It is seen that the varianceσ2 carries
the larger contribution to the transmission coefficient than the
meanm. Physical interpretations can be given as follows: In
Eq. (49), the term−S[λ1, ξ̃1](t) expresses the effect of the di-
rect kick along the reactive direction by the random force from
the environment. Its fluctuation, which increases with increas-

ing γ, causes recrossings with the dividing surface. This ex-
plains the decrease ofκ with γ in the harmonic approxima-
tion. The additional termF0[ξ ](t) in Eq. (49), coming from
the nonlinearities, also has a fluctuation due to the fluctuation
of ξ2(t) (recall that theF0[ξ ](t) expresses mainly the effect
of the random force along the nonreactive mode affecting the
reaction through the couplings). Due to the additional fluctu-
ation, recrossings with the dividing surface increase, resulting
in the decrease of the reaction probability.

In Fig. 3, it is seen that the contribution from the terms with
nonzero powers of velocities (q̇1 or q̇2) decay with increas-
ing friction γ, except for the terṁq2

1. [Recall that the con-
tribution B̃m to the transmission coefficient with the combi-
nation(m2,m3,m4) comes from the coefficient ofqm2

2 q̇m3
1 q̇m4

2
in the polynomial expansion of the integrand Eq. (39)]. This
fact corresponds to the transition to the overdamped regime
where the effect of initial velocity to the motion becomes neg-
ligible due to fast damping. On the other hand, the termq̇2

1
comes from the Taylor expansion of the reaction probability
[or, strictly speaking, the derivative of the reaction probabil-
ity, since we use integration by parts in Eq. (31)]. The reaction
probability is expressed in terms ofm/σ [Eq. (21)], where the
main part ofm is q̇1 [Eq. (33)] and the fluctuationσ has a
contribution from the nonlinear termF0. Thus the polynomial
expansion in Eq. (39) contains terms ofq̇2

1 with the coeffi-
cients reflecting the effect of the fluctuation ofF0, which does
not decay asγ increases as can be seen by the(0,0,0)-term in
Fig. 3.

V. SUMMARY AND OUTLOOK

A framework to calculate the rate constants of the chemical
reaction in condensed phase was presented. With the multi-
dimensional underdamped Langevin equation, we treated ex-
plicitly the effect of fluctuating environment (through friction
and random force) and the nonlinearity in the potential of
mean force. The reaction probability is analytically obtained
as the probability that the reaction coordinate (buried in ther-
mal fluctuation and nonlinearity of the system) takes positive
values. The integration with the Boltzmann distribution of the
initial conditions in the region of saddle leads to the reaction
rate constant. The physical origin of the rate can be led by
the analyticity of the present formulation. The contribution to
the reactivity (the sign of the reaction coordinatey1) can be
classified into the linear part, the (direct) environment (e.g.,
solvent) effect, the nonlinearity intrinsic to the system (e.g.,
solute), and the combination of environment and nonlinearity.
The rate, which is statistical property, can be understood in
terms of the statistical properties of each component such as
the average, the variance, and the higher moments.

As an example, we illustrated the present scheme by ana-
lyzing the model potential of Müller-Brown as the potential
of mean force with a range of friction constant. The transmis-
sion coefficientκ was found to be smaller than the harmonic
approximation. The physical origin was identified as arising
from theF0 component that represents one of the nonlinear co-
operation effects between the nonlinearity of the system and
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the random force: The vibration along the nonreactive mode is
excited by kick from the surroundings, which then affects the
reactive mode through the nonlinear couplings. This effect has
its own fluctuation due to the random force. The additional
fluctuation causes an increase in the number of recrossings,
resulting in a decrease of the rate.

Although theF0 component was turned out to be dominant
in the present example, the other components in the expres-
sion of the reaction coordinatey1 can in general contribute to
the rate constant, and the amount of each contribution clearly
depends on the kinds of system and the conditions (i.e., tem-
perature and friction constant). The present method is ex-
pected to provide a useful tool for understanding the physical
origin of the reaction rate in fluctuating environment.

In the pioneering work by Kramers58 he found that the rate
constant becomes proportional to the inverse of the friction
constantγ in the case of high viscosity whilst it becomes pro-
portional to theγ in the case of low viscosity, resulting in a
turn over of the rate constant as a function of theγ. The corre-
spondence of our theory to Kramers’ low viscosity limit is not
straightforward because the rate determining step in the limit
is the excitation in the reactant well (energy or action space
diffusion). Furthermore, his original treatment of the low vis-
cosity limit is based on one degree of freedom Hamiltonian,
very weakly coupled with the environment, in which the con-
stant of action is well defined through the whole space from
the reactant to the product. However, in the case of many
degrees of freedom systems, the very existence of the con-
stants of action through the whole phase space is far from
trivial due to the existence of chaos (nonlinear resonance)
of the system.74–76 Thus the assumption of the Boltzmann

distribution, corresponding to the sufficiently fast vibrational
relaxation in the well region compared to the time scale of
passage through the saddle, may need further investigations.
For Hamiltonian systems, concepts of resonance overlap77 has
been developed concerning the vibrational energy transfer in
the well region. Also, the investigation of area-preserving
Poincaré map9 has found a phase space separatrix function-
ing as a “transition state.” Unfortunately no theory is known
for the extension of these works to non-Hamiltonian, dissipa-
tive systems with an external time-dependent driving force. It
would be interesting to seek for such extensions.

Another possible extension of the present theory is to the
case of colored noise. If the time scale of the motions de-
termining the reaction dynamics overlaps with the time scale
of solvent motion, the autocorrelation function of the fluctu-
ating force is no longer approximated by the delta function
but the values of the force at different times are correlated. In
such cases, the fluctuation-dissipation theorem demands that
the equation of motion should be replaced by a generalized
Langevin equation with an appropriate memory kernel.78,79

We will report this extension elsewhere in a separate paper.
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