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MODULATION SPACES AND APPLICATIONS

MASAHARU KOBAYASHI

ABSTRACT. In this article, we consider the modulation spaces
MP4(R%). Basic properties of MP-4(R%) and applications to pseudo-
differential operators and partial differential equations are described.

1 EA
T D T, modulation ZE[H & FREN 5 BEZE O REAME, &
CEal D EFH BRI T RN DISHIC DWW TORNT 5.
Modulation ZEfE] MP4 {3 Besov 24 & 3575 2 /5L Tl E T2, #
BRI DG 50 & 2| B T2 DIC Feichtinger [4] IC K D A E N7z Bigize
D 1DTH O, Wl AR DB FRROMEIEHINT
W5,

2. EEBIUEAMH
Z DHITIE, modulation ZEEDER & T DRAMHIC DN THMNT
5. %7, modulation ZEEDEENDIRD 5.
DURT, f, fY TEEL f D Fourier 24, ¥ Fourier £#12 &3 T
LT 5.

DEFINITION 2.1. ¢ € S(R™) ZRDFMZ2iiTzd X 5 ICHS.

supp  C [-1,1]", Y @((—k) =1, VEeR™
keZn

o s EREFTH. COLE fe SERYICHLT f e

0 < pgqg < oo
MPUR™) &I,
1/q
£z = (Z (CAECE k)fnm)"> <o
keZn

o~

WKD IO L THB LEHRTS. 12720 o(D—k)f = (p(-—k)F(-)Y,
(k) = (1+ k)2 LT 5. s =0DEAE, MM Mre L EL T EIC
T3,

CDEEMNS 55K ST, modulation ZEJIF X< HIENTWVS
Besov ZE L W78/ WL TEREENS. Besov ZERDEREE S L
k<.



DEFINITION 2.2 ([15]). v, € S(R") ZRDFEM7Z2HiTed K S ICHLS:
supp Yo C {€ | [§] <2}, supp v C{{[1/2 < ¢ <2},

o)+ _v(E/?) =1, VEeR™
j=1

0<pg<ooscRETH TOLE feSRHIIHLTS €
BPI(R™) &1&

o0 1/q
I£ll5es = (Z <2fs|¢w<D/2j>fHLp)q) < o0

~

b‘ﬁk@i“)uc‘:’d@%kﬁ%?% L, ¢(D)f = (o(-)f(+))Y,
(D2 f = (W(/2)F() (G=1) £T 3.

RIZ, modulation ZE DEAMNE ZFETT 5.

PROPOSITION 2.3. 0 < p,g< c0,s e R&T%.

(1) MPA(R™) & p € SR™), X pern @€ — k) = 1DED JFITHK ST,
(2) MP4(R") (Z#E-Banach 251 755 .

(3) 0 < p,g < 005X, S(RY) & MPI(R"™) DR Z2ER £ 7525 .
() 0<p <py<00,0< g <go< 00, 81> 5,55,

M2 (RY) — ME#(R™).
(5) (MP9 & LP DREf%R)
MPP(R") — IP(R") — MP"(R") (1<p
MPP (R™) — LP(R") — MPP(R") (2<p < o0).

(7272, 1/p+1/p' =1) \
(6) (Dual space) 0 < p,q < 00, s € R & 513,

(MP9(R™)) = MPS(R),
TCTT,p &p OH-RIEEZERDT 1 <p < oo DFH
0<p<l1DFH P =00 (¢ LIAKKITEET S ).
3. B TEHZEANDIGH
T DT, modulation ZEM] DT EHZA

Tty i(z—y)-€ n
o [ o (53] et sande, g e SR
NDISHIEON RN .

1 1 __
Alil=1

o(z,D)f



%9, modulation 22 - TD o(z, D) DEFMEEH L UTIEROEH

MHISGNTVE. meR,0<p<1IEfLT
S = {o(,€) € C=(R?) | 1050f0(x,8)| < Cale)" 1}
LB TDEERDKD LD,
THEOREM 3.1 (Tachizawa [13]). 1 <p,g<oo, se R £T 5.
o €Sy, = o(z,D) € LMPI(R), MP(R)).

fti/7, modulation ZEf%= > >RV o & UT VS o(z, D) DEFIHE
EHE U TR ROEHNHSNTVS.
THEOREM 3.2 (Sjostrand [12]). o(z,&) € M (R*™) = o(x, D) €
L(L*(R™)).

TIN5 2 DDEHUIIIC, H4 7% Calderén-Vaillancourt DEHE (1971)

o€ Spy=> L(L*(R™))

DIFEL > TV 5. TN HDFEMIT Grochenig-Heil 12X O & HICHA
EEniz.

THEOREM 3.3 (Grochenig-Heil[7]). 1 < ¢ <p < o0, 0 € MPI(R?") &
LT; P1,P2,41,42 %m?%&b%

P, >0, DPage < p,
1 1 1 1 1 1

P1 P2 B G p q
TDEE, o(x,D) € LMP2(R"), MP»2(R™)) WKLY %. K,
1<p,qg<oolXLT

o € M*(R™) = o(x,D) € L(MPYR"))
I AIRVAS)
4. SCHATTEN 7 J A{EH#

%9, Schatten 7 A C, DEZEMNHUEDS. 1 < p < o0, T %2 L*(R")
FoaiRy MEHZEE TS, TDLE,
T € C, < T DFREN P ICA S
(T*T)Y? DEH1HE )
TERTS. TOLE, RDT LD LD,
THEOREM 4.1 (Grochenig-Heil [7]). 1< p<2&9%. TDLE
o € MPP(R*) = o(z,D) € C,.

KR, p = 1 DE§E o(z, D) & Trace fEFR, p = 2 OKHI Hilbert-
Schmidt TFH#&Z L% 5.



5. R ITREANDIGH]

T DI TIX, modulation ZEH DRI FHRERADJSHIZ DOV TR T
T5. ZOR, BEEELEBZRDEHNASENTNS.

THEOREM 5.1 ([1]). 0 < a <2, 1 <pg< o0 &TB. TDEE,
Fourier I)\VF TS5 A ¥ —

gy = o [ g

& Mra(RY) LEREES.
REMARK 5.2. a = 208, u(t, ) = 1P ug(x) 1& Schrodinger /5FEE

i%(t,x) = Au(t,z), (t>0,2€R")
u(0, ) = up(x), (z € R")

DffL %3, Fiz LP 220 Besov ZZEDLE, RO EHNHISGNT
V5.
(1) Hérmander 'Pl” (a > 1) B LP(R") LER < p=2.
(2) Mizuhara €/PF° A% BP4(R") FAR <= p=2.
Theorem 5.1 D5, XD LM77 5.

{i%%(t,:c) = Au(t,z), (t>0,z€R")

u(0,x) = up(x), (x € R")
Df
u(t,z) = (271071 /n (IR G (£)eiEdg

WK UTRDEDIID: 1 <p,g<oo, t>0KHLT
lu(t, Marra < C(LA+t2)"*|ug||rsra.
Fourier X )VF TS5 A Y —DOFHMMICEI LT, RO EHH5NTWV 5.
THEOREM 5.3 ([16]). 2 < p < 00, 0 < ¢ < 00, s € R, t € R,
Ip+1/p=1,T%. TOLZE,

P £l ppa € ———— va, f€MPURT).
1" g € Wl € MR
Modulation ZEfIEftic &, Korteweg-de Vries /5#2x\, Benjamin-Ono
FE, JEIE Schrodinger /72X, IERRI KB 1E7% BT 4 7%
M RIS ISHENBED TN S,
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On BE and BED extensions of some commutative

Banach algebras

J. Inoue (a prof. emeritus from Hokkaido Univ).
(tEBEXREREHIR)
S.-E. Takahasi (Yamagata Univ.)
(lLEKZ - BTEFHER)

We define algebras C}(R?) and Lipgm(Rd) for n € Z, and 0 < o < 1, and then investigate
their multiplier algebras, BE and BED extensions. The definitions and results contained in

this article are generalizations of those for Cj(R) and Lip(R) which are given in [1].
§1. Cy(RY) XU Lip,  (RY) OEREZDMEE

C OO BEIE TN F v N Cn(RY) KT Lipt,, (RY) ZEE L., ZOBANERERNS L TH5,

&1 (3). HIER (CF R, llooyn): (CFRY, | [loo,n) din € N

CrRY) = {f : C" — function on R?,

s a .
RY) (0<m<n1<ix<d(k=1,..
axil"'axim EC{,( ) (Oﬁm_nal_lk_d(k 1, ,m))}
Cr(RY) = {f €Cr(RY): - — a fax €eCo(RY) (0<m<n1<i<d (k= 1’.,_7m)}
11 tm

1
SIS S ey i oo

m=11<i,<d (k=1,...,m)
AHS—E, M. F&ElE pointwise £T 5.

EE1 ([3]). (CPRY, | lloon), EETBINFyNBRERY, CH(R?) IEZD closed ideal TH 5.
ZOBPEEKA TVIVERIE P (re) = R? THY. FIVT7 7 bEH#IT identity map &—HT %,

E#2 ([3)). Lipschitz algebras, (Lip,q(R*). | lluip,,,); Livno®), | lLip, ,)»
deN, ne{0}UN, 0<a<l.
n=00DFE

Lipg o(R?) = {f e Cy(RY : p¥(f):==  sup @)= fw) < 00 }

z#y, z,yeR? l r—y |a



Lipd,, (RY) := {f € Co(RY) : p@)(f) < o0,

x J—
Ps\?)(f) - sup | f( )_ f(i/)'
z,yeR £y, M<|z|,|y| | z Y ‘

1 £lLipg... = Ifllsc + A (f) (f € Lipgq(R?)).

n=123,.. OF&F:

01— ).

Lipn’a(Rd) = {f € CF(RY) : p(a)(fa:ilmwin) <o (1< <d(k=1, ..,,n)},

Lip§, o (R?) := {feCé’(Rd): P (F) < oo, lim p{7(F) =0,
—00

(F = fa:”:czn <1 <ix <d, k=1, ,n>> },

” 1
I fllLip, o = [Ifllcon + p(f) + Z Z ﬁp(a)(f%---xim)-

m=11<i,<d (k=1,...,m)

EE2 ([3]). 0<n,0< a<1DEE, Lip,,(RY) EFHFEATHNF v NHT, Lip) (RY))
RZEDHATT7INVTH B, TOREWASTVIVEME o0 (RY) =R, FIVT 72 MR
identity map &% %, ZZ T index DRI

(n1,a1) < (ng,as) <= n1 < ng or n; = ng,a; < a.
EREEMNICIEF ZE AT 5 & ROBRDALD 31D,

Lipgma2 ; Lipgbo‘1 (Rd) <~ (7’L1,C¥1) < (TLQ,CMQ).

§2. BE #iX. BED #iX

FiZ, (A, |la) © BE 5K, BED $EKZE#ET %, A.:= {z € A: & has compact support} .
K(®,):={K: KC ®,, compact} &9 5,

E&H3 ([1])

CBE(A)((I)A) = {0 S Cb(CI)A) : HfHBE(A) < oo,where

1o 00 (s
Hf”BE(A) — sup |Z 1 ( ) ’ < OO},
0£p=3""" 1 ai@; Hp A*
€span(® 4)
0 .
04) = {o€Copu(@a): 1 =0},
Chra)(Pa) 0 € Cpp(a)(Pa) cam | 1 fll B4,k =0}
T aio (@
where || f|lppa),x = sup | 2izy a0 (i) l
0#p=3""T" 1 a;p; HpHA*

€span(® 4 \K)

PLEDREXORDT EABILT %o



(1) (Copw)(®a), || [BE(a)) EHHELINTF 2 B ([4]),

(2) C%E(A (<I>A) & Cppay(®a) D closed ideal([1]),

(3) C%p(®4) D Aif Ais Tauberian ([1]), (& A, is dense in A)
(4) o€ Cy(®a) B U TRDHGL ([4])o

o € Cpp(a)(®4) < 3 bounded net {ax}rea in A s.t.

limyepax(p) = o(p) (¢ € @a).
& dJre A% s to(p) =71(p) (@ € Py).

B DFRMEBIRZED &, Cppay(®a) 2 A DENND, THDE, Cppa)(®a) & A DIFRT
35%0

E&E4 (Multiplier). (A, || ||a) LT, ( B(A) :={T : bounded linear operator of A})
M(A):={T € B(A) : T(ab) = aT'(b) (a,be A)}.
M(A):={oc e Cy(Pa):0ac Alac A}

Y VT € M(A),3T € M(A) sit. Ta=Ta (a € A).

WoT, M(A) & M(A) D &y ETOXRETH S,

AT LT @4 D Banach function algebra &% closed ideal &9 BIRICDWNTD 28D
~7

N ideal ; ideal
M(4) 4, Cpea)(®a) o C%E(A)((DA)
WFIES %, TT T\
" A ® BE-extension ¥£7zlZ BED-extension”.” " AN BE THh5 ", "AMNBED THh5%"”

BREERDE S ICEET 5,
E&ES5 (BE, BED) . (A, | [|4) KRLT,

o Cppa)(®a) Z A D BE-Jik W00, CYp s (®a) Z A D BEDHEKEL S,
.AﬁBEf%é*me)t%m)@m
o AW BED TH% %/ A=CYp, (®a)

K <L{HI5N T S. Bochner, W. F. Eberlein, J. W. Wendel , R. Doss 72D E#EHRIZLLTOEHO
AR B T N TE, B DHZEDOEBEIC > TV 5,

Theorem (S. Bochner 1934, W. F. Eberlein, 1955)
CBE(Ll(G))(é) =M(G)". (I M(G) & G LD measure algebra,)

Theorem (J. W. Wendel 1952) M(L'(G)) = M(G)",
Theorem (R. Doss, 1968) CBE(Ll( ))(G) =LY G)".
Theorem (Bochner, Eberlein, Wendel, Doss)} LY(G) i& BE 5D BED T&%%,

#H4 Con(RY), CL,(RY) @ BE and BED extensions KU multiplier algebra (ZD
WTRDFERER T,



Theorem 3. ([3]) A= C}(R?) D& &;

Cpr(4)(RY) = Lip,_11(R?), Chp(R?) =Lipy_1;(RY), M(Cy(R?) = CpRA).

&l Lip,,(RY) RU Lip, o(RY) IKDOWTIEFRDERERT

Theorem 4. ([3]) M(Lip!, ,(R%)) = Lip, ,(R?) THWY. HDLip) ,(R?) & BE 5D BED
TH5,

i21. Cj(R) D BE and BED extension 7AZN%MN Lipy;(R) & Lipgyl(R) ThsrZL, £
7z Lip),(R) » BE »D BED Th5C &k [1] TROLONHMRTH D, SEOMEOMEREZN
50RZE EOD TR LIRRTH %,

2. A2 T LYG) TERESNTHZKEE N TR Segal algebra ORER% X D JELT]
WONT wNERD D 5 ZIHRR U TIFE L e SRIEFR S N7z Lip) o (RY) DWW TH, Z0D Segal
algebra (ZBBRZEROIFFONRIE EHEZ TV 25,

BE

[1] J. Inoue and S.-E. Takahasi, On characterizations of the image of Gelfand transform of
commutative Banach algebras, Math. Nachr., 280(2007), 105-126.

[2] J. Inoue and S.-E. Takahasi, Segal algebras in commutative Banach algebras, to appear in
Math. Nachr.

[3] J. Inoue and S.-E. Takahasi, On BE and BED extensions of C}(R?) and Lip) ,(R%), preprint

[4] S.-E. Takahasi and O. Hatori, Commutative Banach algebras which satisfy a Bochner-

Schoenberg-Eberlein-type Theorem, Proc. A.M.S. 110(1)(1990), 149-158.



Three dimensional commutative Banach algebras
and (J-algebras

Takanori Yamamoto (Hokkai-Gakuen University)

This is a joint work with Prof. Takahiko Nakazi (Hokusei Gakuen University).
Let B denote a unital commutative Banach algebra satisfying dim B = 3. Let M(B) denote a
maximal ideal space of B, that is, the set of all nonzero complex-valued homomorphism. There
is a problem of classifying all B by the number §M(B) = 1,2,3 of elements in M(B) and
establishing the structure of B. If B is a (Q-algebra, then there is a problem of investigating
the contractive natural representation of B to C3. In this paper, we study the case when
$M(B) = 1, and describe a contractive natural representation of a concrete (-algebra.

H1E  —D unital AT#: Banach B8 B O &

¢ € M(B) 1% ¢(fg) = ¢(f)d(9), (f,g € B) &Ml /R ¢ IZBNT, D' e B 1
D'(fg) = D'(f)¢(9) + ¢(f)D'(9), (f.9 € B)
BT X, D' 28 ¢ ICBIT2E 1 - AMO LS. £72, RO IZBWT, D*e B* 3
D*(fg) = D*(f)¢(g) + 2D'(f)D'(g) + &(f)D*(9), (f,9 € B)

il L&, D> 28 o BT DE2 - 58w &S,

Nakazi-Osawa [2] 1%, b L fM(B) =1 751X, B* =span{¢, D', Dy} BV EDZ L &R L
. 721EL, ¢ € M(B) THY, D' X 3 KTLO unital FI#: Banach B8 B TEBINTZAK ¢
WBITA%E 1 - A5 THY, Dy iX 2 IRITD unital AI#: Banach 8] By = ker D! TE&R I
TR QBT DEL- AN THD. BMAITE2 - RMDICERBL, UTOEH 1 2457-.
38 1(1) 12BT, ¢, DL DL X 1 YT 46 B = span{g, D!, DI} #3575,

EH 1(2) IZBWT, ¢,D', D? 13 1 WMSL7Z235 B* = span{¢, D', D?*} 78p Y 320.

FEIE 1. BT unital A/# Banach B TdimB=3 £9%. 4L iM(B) =120, KD
(1) E1E (2) BEY L. 2L M(B) = {¢} Th5.

(1) g,h € BBHEELT B=span{l,g,h}, 7272L ¢* =h*=gh=0 213KV LD. K ¢ I
BUAEL- 55 DIL,D PEELT, EED fe BRKROXIITETD !

f=¢(f)+ Di(f)g + Dy(f)h.

(2) g€ BMRFELT B=span{l,g,¢%}, 7272L ¢ =0 BRVILD. K ¢ IZBITDHHEL -
WSy DY L2 - B D BMEEL T, RO feBIEIKROEICEITD

F=o(p)+ D' (Na+ ZLg



EIE 1 DOIERA. (Step 1) By=kerg={f €B:¢(f) =0} LEDD. L£>T dimBy =2
BV ID. —orx, RO (1) FiE (2) BRI Z &R
(1) g,h € B BFTEL T By = span{g, h}, ¢° =h*> = gh=0.
(2) g€ B OBFEELT By =span{yg, ¢}, ¢° =0.

dimBy =2 £V, g,h € BBEELT By =span{g,h} £&EITS. bL g?=h*=gh=07
5IF, (1) 3RV 2. b L g2 =h%? =0, gh # 072513, ¢ 1T homomorphism &Y, span{g,h}
i span{g, gh} E£721% span{h,gh} ICHE L. ZDE & k=gh LB &, K*=kg=kh=0
MY L, span{g, h} X span{g, k} E£721% span{h,k} IZFE LWV D (1) BV LS. £
BHE, =hi=0 DX (1) BHY .

WIT, o = h? = 0 TRVEBAI (2) BV IO LETT. @ £0 & LTREEEV.
1% homomorphism £ ¥ ¢% € By 7275, HHEEK o, 8 PHFEEL T ¢ = af + fg BV 3L
D, a=0E RETDEE P ALOELL B0 D > =09 £2T, glg—B)=0. ge By
£V 6lg) =070 ¢lg—f) = -8 £ 0 1> MB) = {p}. £>T g— 1% B O
TTHDH. EoTg=0LRVFE. LoTa#0. £oT By =span{f,g} = span{g, ¢}
Thd. Z0rLx, ¢ =0 %25 7. ¢ X homomorphism £V ¢3 € By b, & HERH
a,BBEELT @ =ag+B¢% EoTg(i?—a—PBg)=0. ZDLE, a#0 LRETDHL,
HP—a—PBg)=—-a#01D M(B)={¢} Z1b ¢>—a—-PFg T BOAFETTHS. L-oT
g=0&,RVFE. LoTa=0 EoT g =802 £koTg*(g—0)=0. ZDLE, §#£0¢
BETDE, ¢lg—B) = —B #0755 M(B) = {¢) Ehb g— 13 B OTHLETHS. Lo
T@=0ERVFE LoTB=0. XoTg=0.

(Step2) 1€ B7EMb, Stepl L0, ®D (1) EFIE (2) B L.
(1) g,h € B BFEELT B=span{l,g,h}, g> =h?=gh=0.
(2) g€ B»FELT B=span{l,g,¢*}, ¢ =0.
(1) DBA, EED feBITRHL, BREK co(f),cr(f), e f) B—BHUFEL T
f=colf)+a(f)g+ ()R

ﬁ‘ﬁkv)ﬁo LT ¢(f)260(f) 7§3EJZDTL+O, Cl,CQEB* VG&)% :@&%, 61:D11762:D%
ERTIEGERARKTI5. F=a+fg+~h, G=a+bg+ch LT,

FG = aa + (Ba + ab)g + (ya + ac)h

B ILD. DL X,

72k,
ci(FG) = Ba+ ab = c;(F)p(G) + ¢(F)er (G),

co(FG) = va+ ac = co(F)o(G) + ¢(F)ea(Q)
BRSO, Ko T e =Dl ¢p=D) £EITS.



(2) DBA, EED feBioxL, ERK £0), /1), f(2) B —EBRIHFEELT
F=f0)+f)g+ f(2)¢
MR SID. EoT ¢(f) = f(0) BV Lo, Zorx, 6,(f) = f(1), 6(f) = 2f(2)

&
DbHE, 8,00 € B THD. ZDEx, § = D', 6 = D? ZrREEHARAKT TS5, F
a+Bg+vg% G=a+bg+cg® IZxt LT,

TE

FG = aa + (Ba + ab)g + (ac + Bb+ va)g?

BRLY LD, Z Dk &,
(45 568 sy (0 2)
d(G) 6(G) 0:(G) a b 2c

5,(FG) = Ba + ab = 6:(F)$(G) + $(F)5(C),
02(FG) = 2(ac+ b+ va) = (2v)a + 28b+ a(2c)
= 5(F)(G) + 26,(F)51(G) + 6(F)5:(G)
BRRYVILD. XoTo =D §=D>Ths. O

ZinG,

EEOWHREFHITHNIL unitary 1751 &V Rk =A{LFTREZ0 6, £ 1L XV KROREH
5.

% 1. BlX unital T 3 x 3{THIR T dimB=3 £75. b L fM(B)=17%261E, KD
(1) F7213 (2) BV D, 7L, M(B) ={¢} Th5.

(1) RoIZBITHEL- AWy D], D) WFEELT, fEED fe BIZxtL, unitary FfED
B TROESRMNKY LD

1 00 0 00 0 00
f=¢(f)(0 1 0)+D%<f)(x 0 0)+D%(f)(z 0 0)-
0 01 y 0 0 w

72720 z,y, 2z, w I MEBOERETHD.

(2) RoIZBITDEL- Ay D L5F2- 5l D? BEELT, B fe BIxL,
unitary [FEDE R TIRDERXDELY LD ¢
0 00
D2
+ 2(f) 0 0 0 |.
ze 0 0

F2E B2 Q- BOEADHKR: contractive FH

100 00 0
f=¢(f)(0 1 0)+D1(f)(z 0 0
0 01 y z 0

727120 z,y, 2 IMEBEOERETHS.



AlZ= /37 b Hausdorff 25 X EORA#EREL, 113 A O ideal £ 95, ZDL X,
PR A/I 13 unital AJ#2 Banach I T& 5. AETIE, b L Banach 2] B 25 A/ (25 M
isomorphic 72 51X, B % Q- 28 & 5. (Bonsall-Duncan 1% IQ - 38 &EFFATWS.) $£72, FE
RPE plzxt L, A D L¥(p) /v 8% HY(u) TRL, HMEH Hardy 2560 & FES.
IDEE H=H*(uNI*+ L&D, P:H*(u) > H ZEZHELL, QB A/l O f+11Z
XL, 1ERFE SF:H - H % Sfg=P(fg), (f€A) LEDD. bLdmH=3726IF, 3
Rt Q-8 A/ & B(H) ® 3 WuTEER {Sf : fe A} IR LIS [|SF| < |If + 1.
72721 B(H) & H LOBRFMBERFEOREZRL, [|S)] 1ZEMSE norm ||SY|pa #EL,
| f + I|| V278 norm [|f + ||/ &F T

FB1EDOR 1B DITHORS x,y, z,w 1 (FOHR) FETHDHH, ROEHE 2 I1ZE
FD1TFN D RS \ODJZIZ IHMEETHL2PEPBHETH 5.

EE 2. AlX=r 32 b Hausdorff 28/ X EOBEEERL L, T1X A O ideal £15. 4
T X LOMERBELL, H=HWnIl+t EDD. Zokx, KO (1) & (2) KDY L.

(1) T={fecA : ¢(f) = DJ) = DL(f) = 0} LEDD. ZDEX ki kp ks € H
FUELT 6(7) = (k) DIUF) = (ko) DI = (Lks), (F € A) &l —ob
H = span{¢y, Yo, Y3} DLV LD, 7275 U {09, U3} 1 {k1, ko, k3} 725 Gram-Schmidt @
HETELNE H OFEHEREETHD. ZOEREICELT,

1 00 0 0O 0 0O
St=¢(f){ 01 0 |+Di(NH)C| 1 0 0)+D;(f)(0 00|,
0 0 1 y 00 z 0 0
_ I
VK212 = [z, 1) 2
_ 1 | . —(4bo, ks) |
Vsl = [(ka, i) 2 — (ks o) 2 Ilksl[2 = (s, 1) — (s, ) 2

2 I={fcA: ¢(f) = D\(f) = D(f) = 0} £EHD. ZDLE ki ko ks € H K
FLELT 0(f) = (f, k), D'(f) = (f, k), DAS) = (fks), (f € A) ®iliF=F. —o&x
H = Span{¢1,¢2,w3} ﬁ‘ﬁi@ i, =L {wl,wg,wg} X {kl,kg,kg} 76 Gram-Schmidt @
FETELNI H OERBEREETHS. ZOXEIZELT,

100 000 D(f) 00 0
Si=¢(f)| 01 0 |+D(f)C| 1 0 0 +—2—C2 00 0],
0 01 y z 0 z 0 0

_ I
TRl = (k2. ) P

2\ /kall? = (s, ) - 2 (1, ka) — (s, ks)
Jllk:alP — (s, 1) 2 — | (ks 1) 2 ¢|I/~c3|12 — ks, 1) |2 — (s, ga) P
L (Y H BTN ¢y 2FL, ||| & HICBT 5 nom |- ||y 2FT.




EIE 2 o)éiEﬂﬂO)ﬁﬁ'l' {w1,¢25w3} X {k’l,kg,kg} f)l% Gram-Schmidt @ji@‘}f'ﬁiroﬂ
7= H DIEHEREEZN G,

ﬁ_ Wy = ky — <k2,1/)1>¢1 ks — <k37¢1>1/)1 - <k3,¢2>¢2

LK 27 kg - (kay 1)y’ lks — (ks, V1)1 — (ks, Ya)tho||
%=¢%%¢®&%w5-Pﬂﬂw%+Hﬁﬁﬁ HEIIE, ay = ([, 1Y 10, &
0,7 (1,7 =1,2,3) IZ2WT, AUONEZ R ¢ ICBITDHE 1 - 5oy DY, DI, D3, $2- A%
4y D? \ZB9 % Leibniz OARE AW CEHETIEERW. O

Y = 3 =

EH 2 ICRBT DRI : B=A/ +— {SFeB(H): feA}=8
IZBWTC, ARZEROBRALERI LS. FRI2 H BHEH Hardy 22/ H2(u) AT
H=H(p)nI+ tEFDLE, Sy =51 L& BEE, 3RT Q-] B =A/I L 3Kx
unital A/ 3 x 3 1THIER By IOV, b L gM(B)) = fM(Bs) 72 6IE, unitary [FMEDEKT
SR By = By BV NLODENERRDHZETHD. BAIT B ICEBNT, T={]z|=1} k
OB A(T) (2B 2 3 kit Q-2 B, = A(T)/I & 3 KT unital AT#t 3 x 3 1745 B, IC
DWT, b L AM(B)) = tM(By) = 3 72 51X, unitary FMEDOERT By # By & L7-.

E3E BAARENOIELNS Q- BOBA
Bl1. AT 1E2 EEBRBEL, I = {f € A(T?) : £(0,0) = £,(0,0) = f.(0, )

T 5. 2= w=1¢€?du=didg/(2r)> L LTEH 2(1) Z@HAT DL, {1,2,w} X 'H =
H*(pyn I+ OEFRBERZEETHY,

100 000 000
S‘;zf(o,o)(o 1 0)+fz(0,o)(1 0 0)+fw(0,0)(0 00 |.
001 000 100

W—’

SEIX Q-8 A(T?)/I Ot f+1 DESRZ contractive RELTH 5.
B2 AD) % D={]z] <1} EoMEELL, I=224={fec A : f(0)= f'(0)
f10) = 0} ¥ 5. KM [0,1] LOEDOHE v(r) 1 [Ldv(r) = 1 it ET 5. 4

%
W(E) = [ [pdv(r )d0/27r LEDBHE, pid D Lo radial HERBEE G ky, ko, ky IXEVICE
YD, f(2) =2 Z20T, (f(0), f(0), f'(0)) = (0,1,0) 722~ 6, EH 2(2) L1,

0 0O 0 0 O
ss=cl100]|=|Cco o],
0 z O 0 Cx O

) 1/2 1,4 1/2
_ Wkl _ {/ ngy(r)} <1 g Aellme _ {foride()}?
0

12l 2,0 =T Cllksllaey  fyr2de(r) T
z 222
k=1, hy= —— hy=
: T rkdv(r) T firidu(r)
2
z VA
Y1 =1, o= Py =

{fo r2dv(r)}V/?’ (T ridp(r) 172



LoT Cz=Cmax{|z|,1} =||S¢|<1. £»TC<Cz<1. SFIF Q-8 AD) Ox f+1
D B K72 contractive RILTH 5.

# 3. Hardy Z2f H? = H?(D) & Bergman ZEf# L2 = L2(D) ® norm %
£ 152 = sup/ (reé®)Pde/2m, ||fll7: = /\f (2)[?dA(z) /If re®)Prdrdd |«

LEDD. LD ={|z| <1}, 2=z +iy=re’, dA(z) = dvdy/m = rdrdd/r T 5.
Dirichlet 22 D? ® norm %

11 = 11+ [ 1/ (e Pravad/x

EEDD. ZOLE, |flpr = (< |f17du)'? & 72 DHERBIE p \ZFELRVDG, D 13
8] Hardy 25/ H?(p) (272 B 7200,

AD) iEAHBRE L, I = 22AD) &35, H> 1ZRE py = do,-1d0/21 {ZDWT H? = H* (1)
%I?Eﬁ_ L, L2 XBE uy = rdrdf/m (DT L2 = H?(pp) ZW729720, EH 2% X =D
B LT FFJ'C%%’J Z ML x, 35T Hilbert ZZfA Z N Z 1,

H1:H2ﬂll, HQZLQOIJ“, HgZDQHIL

ETEDD L, shift (FHFE S, © Hy, Ho, Hay ~OFIRIEMFE ST, 72 ST 13, ZHENIESE
TEIE {1, 2,2%), {1,V22,V32%}, {1,2/v2,22/V/3} \CHELT,

000 0 0 0 0 0 0
SMm=gH =100, S=S"=|1/V2 0 0], S*=|+v2 0 0
010 0 V2/V3 0 0 v3/V2 0

LETS. S L ST ORI, B2 OBBREATHS. —F, St OfTHlERD S L X,
D2 TR Hardy 721 H2(u) 1072 B2V S, FHE 2 (2EX /207, D’ OPE -

(f,9b2 = (S, 9hw + [ f(re?)gre)rdrds

&Y, (4,7) By (SHeahy, i)pe = <z¢j,@bi>92 %‘1‘_%_'3?"5 EEDE OB, SH DRI
SHe L3z 7zo T, SH L S i3 Q -8 A(D)/I DIt z+ 1 OB KRR contractive REL
Thd. —F, SHBixQ-5 AD )/I DIt z+I D BR7% expansive RELTH 5.

£ 3k
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Simple proofs of some L* inequalities for Sobolev functions

Shizuo MIYAJIMA and Hisakazu SHINDOH
Wakamiya-cho 26, Shinjyuku-ku, Tokyo 162-0827
Department of Mathematics, Faculty of Science, Tokyo University of Science

Abstract

L™ estimates of for Sobolev functions u in terms of A™u and V(A™u) have been
recently obtained by N. Okazawa. The purpose of this note is to show that his results
can be, qualitatively speaking, readily obtained from textbook-level fundamental Sobolev
embedding theorem. Some generalizations and estimations of constants are considered.

1 Introduction

As a part of so-called Sobolev embedding theorems, the following result concerning the
embedding into the L* space is well known as Morrey’s theorem:

e Let m, N e Nand 1 < p < oo satisfy m > N/p. Then W™P(RY) c L>®°(RY). In
other words, there exists a constant C' > 0 such that

Vu e WP(RY)  lul Loy < Clluflwms@ny- (1)

As for the inequality (1), there remains a possibility of improving the estimate of |lu||~
by quantities other than |lu|wm.». Recently, N. Okazawa [4, Theorem 1] obtained the
following results on L™ estimates in terms of ||A*ul|z» or || VA*ul| s for some k.

Theorem 1 (N. Okazawa). Part I. Let 1 <p < o0 and N € N, with N/p & N. Moreover
suppose that Let 2m — 2 < N/p < 2m — 1 hold for m € N (i.e., |[N/p| = 2m —2). Then
there exists a constant Copm—_1 for which every u € C?™~Y(RN) satisfies the inequality

e < Comal|A™Hul 7PN V(AT ) 7,07, (2)

Part II. The case where |[N/p| is odd: Let 2m — 1 < N/p < 2m hold for m € N (i.e.,
|N/p| = 2m — 1). Then there exists a constant Co,, for which every u € C?*™~1(RY)
satisfies the inequality

[ull? oo < Com [ V(AT u) | 20PN || A 1y G VP, (3)

For the proof of this theorem, Okazawa used integral representations of u(x) via a series
of kernel functions, one of which being the fundamental solution for the Laplace operator
(¢f. [4, Lemma 3)). In addition, an elaborate use of cut-off functions with the help of some
inequalities including Hardy’s inequality and Rellich’s inequality ([4, Lemma 6]) yields the
proof of Theorem 1. His proof is very lengthy and his estimate of constants for some cases
of N or p is very complicated. For example, In the case of odd NV € N and p = 2, the
constant Cyp,—1 in (2) is given by Cam—1 = 2¢y Ky3/wn, where wy is the surface area of
the unit sphere in R and

k—1 1

¢, = cx(N) =Em 2<k<m+1), c:=1,
T 1
K(k,2,N):=2 E(N_4J)(N+4J_4),
m—1 g2k-1  2k=1
Ky3 —cm—‘chm_;C K(k,2,N)+2( =3 N3

Therefore, the following questions naturally arise:



e Does there exist a shorter proof if qualitative?
e Are the explicit expression for constants in (2) or (3) best possible?

In the present note, we show that, qualitatively speaking, Theorem 1 is derived by an
exercise-level simple argument from standard Sobolev embedding theorems and the LP-
boundedness of Riesz transforms. In addition, our argument readily yields a concrete es-
timates of the constants in the inequalities. Some generalizations of Theorem 1 are also
obtained.

2 Results

2.1 Main idea and the starting point
The idea of our proof is very simple. It can be summarized as follows.

1. Instead of sticking to the form A™wu or VA™u, we pay attention to the order of
differentiation and use the following quantity: For every k € NU {0} and 1 < p < o0,
we set

[ulk,p := max [|0%u| Lo(rr).
a:|a|=k

2. To recover ||A™u||r» or ||V(A™u)||Le from |ulg,p, we make use of the boundedness of
Riesz Transform in L? norm for 1 < p < 0.

Although we lose much in the second step as for the estimation of Cyy,—1 or Cayy, in (2) or
(3), respectively, this method has simplicity and uniformity as advantages.

The starting point of our proof for Theorem 1 is the following two basic inequalities that
are explained in any textbook on Sobolev spaces (e.g., [2]):

e (Gagliardo—Nirenberg) Let N € N and 1 < p < N. Then there exists a constant Cy
that satisfies
lull o gy < CillVullpowyy  (Yu € WHP(RY)), (4)

where p* :=p/(p—1).
e (Morrey) For every p > N € N, there exists a constant Cy that satisfies

lullz < Collull1s N PIVul 2P (Yu € WhHP(RN)). (5)

2.2 Unified theorem

Although the statement of Theorem 1 is divided in two parts according as | N/p| is even or
odd, we can obtain a unified form of result by using |u/k,p-

Theorem 2. For every m € N, the following assertion (INEQ), holds:
(INEQ),, For every N € N and p with 1 <p < oo and m —1 < N/p < m, there ezxists
a constant C' > 0 such that

m—N/p
m—1,p

[ulp 2" (Yu € WTP(RY)) (6)

m,p

lullzee < C'[u|

Proof. The proof is done by an induction on m.

1. When m =1, (6) follows immediately from (5). (Note that |u|; , ~ ||[Vul|r».)

2. Suppose that (INEQ),, holds for m = k. Moreover, let 1 < p < oo satisfy k < N/p <
k+1 and u € WEHLP(RN). Then, for every multi-index o with |a] < k, 9%u €
WLP(RN). Hence, by setting p* := Np/(N — p) < o0, we obtain from the inequality
(4) ||0%ullpp+ < C||VO%ul|Lr for some constant C' independent of u. Therefore, we

obtain
0<t<k = |u‘gyp* <cC ”U,|g+1,p. (7)

for some another constant C' independent of w.



3. Now we know that u € W+ (RV), hence by the assumption in Step 2 ||u/|z is
estimated as

N N k+1
lullz < Clulf =P ful )72~

1,p* ’

where C denotes another constant independent of u. Rewriting the right-hand side of
the inequality above by using (7), we can see that the assertion of the theorem holds
form=k+1.

O

2.3 Riesz transform
To connect |ulx,p with |A™u|| s or |[VA™u||», we should recall the Riesz transform. Riesz
transform R; (1 <j < N) in R¥ is the pseudo-differential operator with symbol v/—1¢; /1€l
/ §] /\ 11{ dé-
\/ (2m)N/2 Jrw |§ |

The following theorem is a standard fact in real analysis (see, e.g., Stein [6]).
Theorem 3. R; has a unique bounded extension onto LP(RN) for every 1 < p < co.

As an immediate consequence of this theorem, we obtain the following

Lemma 4. Let N € N. Then for every p € (1,00) and m € N, there exists a positive
constant C' such that

CTHA™ | e < Julomp < ClA™ullL  (Yu € W™P(RY)), (8)
CTIVA™ )z < fulam-1p < CIV(A™ Mu)l|ze (Yu € WPMHPRY)). (9)

Proof. Note that for every multi-index o = (o, @2, ..., an) with |a| = 2m (m € N),
N
ID%ullzs = RS RS RS A™ulze < (TT IR 1A™ullss,

which proves the second inequality in (8). The second inequality in (9) is similarly verified.
Other inequalities in the lemma are trivial. O

2.4 Proof of Theorems 1

Now, Okazawa’s results are immediately obtained since Lemma 4 allows us to replace |ulx ,’s
in the inequality (INEQ),, (Theorem 2) with ||A®ul|z» or ||[VA®u||zs.

2.5 Case of integral N/p
The following result treats the case of integral N/p, which is excluded from Theorem 1.

Theorem 5. For every m € N, the following assertion (INEQ2),, holds:

(INEQ2),,, If N € N and p satisfy 1 < p < N and N/p = m, then there exists a constant
C > 0 such that

lullze < Clul?y ulity, (Yue WPHPRY)). (10)

We can prove this result by an induction on m as in the argument of the proof of
Theorem 2. However, the proof of the case m = 1 requires some argument other than the
fundamental inequality (4) or (5). See [5] for details.

Theorem 5 immediately yields the following estimate in terms of || A™u|| s or |[VA™u||1»
through Lemma 4.



Theorem 6. Let1 < p < oo and N € N, with N/p € N. Then the following assertions
hold.

Part III. The case where N/p is odd: In this case, there exists an m € N such that
N/p=2m — 1, and there exists a constant Copy, for which the following inequality holds for
every u € C2m(RN):

lullz= < ComllA™ ull 57| A™ull .

Part IV. The case where N/p is even: In this case, there exists an m € N such that
N/p = 2m, and there exists a constant Com—_1 for which the following inequality holds for
every u € C2mTH(RN):

lullz < Comir||[V(A™ )| A2V (A™ )| 15

2.6 Generalization

It is easy to generalize the powers of Laplacian in Theorem 1 by 2nd order elliptic differential
operators of constant coefficients.

Proposition 7. Let L = — Zﬁlk:l a;10;0k be a uniformly elliptic second order differential
operator with constant coefficients (i.e., the matriz (aji);k is positive definite). Then the
following assertions hold.

(1) Let1<p < oo, N €N satisfy 2m —2 < N/p < 2m — 1 for some m € N. Then there
exists a constant Ca,,—1 such that

m— m—1)—N, — N/p—2(m—
full s < Comn || L™ u|| G D= NP (L= L || /P20

holds for every u € C2m~H(RN).
(2) Let 1 < p < o0, N € N satisfy 2m — 1 < N/p < 2m for some m € N. Then there
exists a constant Cs,, such that

_ 2m—N N/p—2m+1
Jullzoe < Coml| VL™ )7 NP L P2

holds for every u € C2™(RN).

As for the 2nd order elliptic differential operator with variable coefficients, only a very
limited result is obtained.

Proposition 8. Suppose that the coefficients a;j(x) of a uniformly elliptic differential op-
erator L = —kazl ajk(x)0;0, or L = — Zﬁk:l 0;(ajk(z)0k) are bounded up to second
derivatives. Then,

lullze < C VUl LA+ Null}s (Yu € WH2(R?))

holds for some A > 0 and C > 0.

2.7 Application

As shown in Okazawa [4], estimates like Proposition 7 or Proposition 8 leads to an L>°-
estimate of eigenfunctions for L. Since Proposition 8 is a weak assertion, we can obtain
only the following result for the case of variable coefficients.

Corollary 9. Let Q C R? be a bounded open set with smooth boundary. Moreover, sup-
pose that the coefficients a;;(xz) of a wniformly elliptic self-adjoint differential operator
L=- Z?,k:l 9j(ajk(x)dy) in L*(Q) are bounded up to second derwatives. Then, normal-
ized eigenfunction u, € H*(Q)NH () with eigenvalue p (i.e., |uyl|z2 =1 and Lu, = pu,,)
satisfies ||uy|lpe = O(u*/*) as p — oo.



3 Estimates of constants

In this section, we discuss on an estimate of the constants appearing in the inequalities
treated in this note.

3.1 Basic constants

In the first place, let us consider some basic constants appearing in foundational inequalities
for the proofs of the results in this note.

e (1 in (4): The following best constant has been found by Aubin [1] and Talenti [7]:

p—1 [ N-p }”P[ pI(N +1) }”N 1)
N-p|[Np-1) (N =p)I'(N/p—D)I'(N +1 - N/plwy

o As (5 in (5), one may take

(p)N/p NNV N\ (12
N wy 1-N/p \p+N ’

where p’ is the conjugate exponent for p. This result could be proved by inspecting
the proof of Théoteme IX.12 in [2]. See [5] for details. As a by-product, this estimate

shows that the explicit estimate given in [4] for constants in Theorem 1 is not best
possible.

e |R;| in LP(R"):(Iwaniek and Martin [3])

tan (%) (1<p<?2),

1 B;ll = Hp := ” (13)
— < .
cot (Qp) (2<p< )
3.2 Estimates of constants in theorems
We need another constant linking |ul|; , and || Vul|
Lemma 10. For N € N and p € [1,00), set
N2 (2 <p),
B,p) =N =)
NP (1<p<2).
Then, the following inequalities hold for every u € WHP(RY).
lulip < [[VullLe < E(N,p) [ulp (14)

It is easy to see that our method of proof gives the following estimate of the constant in
(6).
Proposition 11. Suppose that for every N € N and p € [1,N), a constant Cy(N,p) is
given that satisfies inequality (4). Suppose also that a constant Co(N,p) is given for every
N € N and p € (N, 00) that satisfies inequality (5). Then, if N, m € N and p € (1,00)
satisfy m — 1 < N/p < m, one can take the following value as the constant C in (6) in
Theorem 2:

m—2
E(N,p)N/P+m=10y (N, p* =) TT ca(v, p™9). (15)
3=0

m—2

Here, p*9) is defined by 1/p*7) = 1/p—3j /N for everyj = 0,1,...,m—1, and [] C1(N,p*)
j=0

1s construed as 1 when m = 1.



Combining the result of Proposition 11, the proof of Lemma 4 and the precise value
for ||R;||, we can obtain estimates of the constants appearing in Theorem 1, Theorem 2,
Theorem 5 and Theorem 6. For example, the following result holds.

Proposition 12. Suppose 1 < p < o and N € N, with N/p & N. Let Cp,(N,p) be
a constant for which inequality (6) in our Theorem is satisfied when C = Cyp(N,p) and
m = |N/p| +1. Moreover, let H, be as defined in (13). Then the following assertions hold.

(Part I): Suppose |N/p| is even and 2m —2 < N/p < 2m — 1 for m € N. Then we
obtain

lull o < Com—1 (N, p)HZ™ 2| A™ u|| 37~ NP v (A Ly | /P22

for every u € W2m=Lp(RY),

As a consequences of Proposition 11 and Proposition 12, the following inequalities with
explicit constants are obtained if we adopt (11) for Cy (N, p) and (12) for C2(N, p), respec-
tively.

lullp= < 327 |Vul 2l Aulliy  (Yu e WH2(R?)),
ufl o < 1411 [|Au| 2 VAU|}S  (Yu € WH2(RP)),
lull e < 18.92 | Vu| ¥4 Aullit (Yu € WH4(R)).

Here, we should note that in the case of inequalities above, [4] gives much better constants.
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Further extension of an order preserving operator inequality

Takayuki Furuta

Tokyo Unwversity of Science

An operator T is said to be positive (denoted by 7' > 0) if (T'z,z) > 0 for all z € H, and
T is said to be strictly positive (denoted by T > 0) if 7" is positive and invertible.

The celebrated Lowner-Heinz inequality asserts that if A > B > 0, then A® > B* holds
for any a € [0,1], but AP > BP does not always hold for p > 1. From this point of view,

we shall show an order preserving operator inequality in Theorem 2.3 and we shall state an

implication among Theorem 2.3 and the previous known results.

Theorem 2.3. Let A> B >0 with A > 0, t € [0,1] and p1,ps, ..., p2n > 1 for natural number
n. Then the following inequality holds for r > t:

Al—t-l—-?” >
{A% L — (AT {A5(AF BP AT )2 AR AT P AT, AT ]m"A% } Q[ZHM
— A7 n times and A% n — 1 times by turns — A7 n times and A% n — 1 times by turns
where q[2n] = { ..... {[(p1 — t)p2 + t]ps — t}ps + t]ps — ... - t}pzn + .

~ 7
A~

-t and t alternately n times appear

Remark 1. Consider the following operator function f(OJ) defined by

1—ttr
L L L L L L P2 alen Jj;L_t
z == L =t L =t Zt\p, g L =t L =t noor
JO) = AF[ AT (At (A% {43 (AT O AF )P AR AF ] AT a7 " as
—t : —t
«—A™2 n times and A% n — 1 times by turns — A72 n times and A% n — 1 times by turns

Theorem 2.3 asserts that f(AP*) > f(BP') holds for any py > 1 whenever A > B > 0 with
A > 0 under some suitable conditions, that is, f(OJ) can be considered as order preserving
operator function. Therorem 2.3 is further extension of the following previous one: f
A> B >0 withA> 0, then fort € [0,1] andp > 1, A7 > {Ag(A:Z'tB”A:’zE)SAg}ﬁTF
holds for v >t and s > 1, in particular, A" > (AngAg);i_: forp>1andr > 0. Finally

an application of Theorem 2.3 is shown.




81 Introduction
An operator T is said to be positive (denoted by T > 0) if (T'z,z) > 0 for all z € H, and
T is said to be strictly positive (denoted by T' > 0) if T is positive and invertible.
Theorem LH (Lowner-Heinz inequality, denoted by (LH) briefly).
If A> B >0 holds, then A* > B® for any o € [0, 1]. (LH)

Although (LH) asserts that A > B > 0 ensures A* > B* for any a € [0, 1], unfortunately
AP > BP does not always hold for p > 1. The following result has been obtained from this

point of view.

Theorem F.
If A> B >0, then for each r > 0,

() (BiAPBE)i > (BEBPBA):
and

(i)  (A5APA3)s > (A5BPA%)

hold forp >0 and g > 1 with (1 +r)g > p+r. (0,—r)

FIGURE 1

The original proof of Theorem F is shown in [F1], an elementary one-page proof is in
[F'2] and alternative ones are in [MF],[K1]. It is shown in [T'1] that the conditions p, ¢ and
r in FIGURE 1 are best possible.

Theorem G. If A > B >0 with A > 0, then fort € [0,1] andp > 1,
AL > (A5 (AT BPAT S A5} oot (1.1)
holds for r >t and s > 1.

The original proof of Theorem G is in [F3], and an alternative one is in [MF-K]. An
elementary one-page proof of (1.1) is in [F4]. We mention that further extensions of The-
orem G and related results to Theorem F are in [MF-K-NJ,[F5],[F-H-1],[F-Y-Y], [K2] and
etc. It is shown in [T2] that the exponent value _;)1{—15% of the right hand of (1.1)
is best possible and alternative ones are in [MF-M-N],[Y]. It is known that the operator

inequality (1.1) interpolates Theorem F and an inequality (see Theorem AH under below at



4 page) equivalent to the main result of Ando-Hiai log majorization [A-H] by the parameter
t e [0,1].
82 Further extension of Theorem G

Theorem 2.1 [F7]. Let A> B >0 with A >0, t € [0,1] and py,pa,....,pon > 1. Then the
following inequality holds,

1

af2n]
A> | af{a7 [af. (4% {a8(a% B A yat}reas | a4y }”“’A%} (2.1)
— A7 and A% alternately n times — AT and A% alternately n times
where Q[zn] = Q[2n;p1’p27 -y Pns "ap2(n—1)ap2n——lap2n]
- { ..... (o1 — t)ps + t]ps — t}ps + tlps — . — t}pgn T, (2.2)

-t and t alternately n times appear

Corollary 2.2 [F6]. If A> B > 0 with A > 0, t € [0,1] and p1,pa, p3,ps > 1, then the following
inequality holds,

Az {AS[AT {A5(AF Br AT ARy AT e At | TOTTRTIRTIT

Theorem 2.3 [F7).Let A > B > 0 with A > 0, t € [0,1] and py,po, ....,p2n = 1 for natural
number n. Then the following inequality holds for r > t,

Al——H—T >
q ;v]’ﬁ:“;"—t
{A% [ AT {A% . [A7 {A3(A7 B AT)PAPAT AR L AT ]”‘"A%} (2.3)
N d
<-——A_Tt n times and A% n — 1 times by turns — A%" n times and A% n — 1 times by turns

where q[2n] is defined in (2.2).

Corollary 2.4 [F6]. If A> B >0 with A> 0, t € [0,1] and p1,p2, p3,ps > 1,

1—t+4r
} [{(p1 —t)p2+t}p3—tlpg+r

r

Al Z{A% [A%{A%(A?B”IA%)”ZA%}psA%t]mAa

holds for r > t.




Corollary 2.4 obtained by Theorem 2.3 and previous known results

Corollary 2.4. If A > B >0 with A > 0, t € [0,1] and p1,p2, p3, pa > 1,

1—t+r
H{(p1—t)pa+t}p3—tipg+r

Al=thr z{A% [A%{A%(A%BMA%)MA%}”%ﬁ]“A%}

holds for r > t.

p2=p3=1 l
Theorem G. If A> B > 0 with A > 0, then fort € [0,1] and p > 1,
Al > {A%(A%BPA%E)SA%}%::)%

holds for r >t and s > 1.

t=0and s=1 =landr=s
/ \

Theorem F. A > B > (0 — Theorem AH. IfA> B >0 with A> 0=
AT > ( AP Ag) e Ar > {A5(A BPAT T A3}y

p+r
forr,p > 1.

forp>1andr > 0.

Theorem AH-L. For every A,B >0 and 0 < a <1,
:U: (A#.B)" (1>-) A"#,B" forr > 1.
og

Theorem F.
If A> B >0, then for each r > 0,

Q=

(i)  (B2APB3)i > (B5BB3)
and

(i)  (A3APA5)T > (A5BPAR)s

hold for p >0 and g > 1 with (1 +r)g > p+r.
@

(07 —7')

FIGURE 1
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Majorization and some operator monotone
functions

Mitsuru Uchiyama (PN &)
Shimane University ( BB K FEF G HE T EER)

1 Introduction

P(I): the set of all operator monotone functions on I

P, (I) = {fIf(t) 2 0, f € P(D)}.

LP.(I) = {fIf(t) > 0,log f € P(I°)}.

P2'(I) := {h| h is increasing on (I) and its range is (0,00), h~" € P(0, 00)}.

Example: t* € LP,(0,00) NP;'(0,00) (a > 1).
et € LP.(I) N PF'(I) for I = (—o00,00).

Definition h: non-decreasing function on I
k: increasing function on J.
h is majorized by k, in symbols
h=<k (J),
if JCIand hok™ € P(k(J)).

This definition is equivalent with

o(A), 0(B) C J, k(A) < k(B) => h(A) £ h(B).

Simple properties:

(i)(Léwner - Heinz) k* < kP for any increasing function k(t) 2 0 and
0<asp

(ii)g=h, h=3k=g=k

(iii) if 7 is an increasing function whose range is contained in the domain of
k, then



h=k= horT<kor;
moreover, if the range of 7 coincides with the domain of %, then
h=k<=hor<korT;

(IV)hljk,hzjk‘ ﬁhq"!‘hgjk,

(v) if the range of k is [0,00) and h = 0, then
h=k= h"<Ek"forr21;
indeed, ¢(t):=h o k™}(t) € P[0,00) implies #(t/")" € P[0, c0).

(vi) if » and k are increasing and unbounded to the above, then
h Xk, k=<h<= h=ck-+ d for real numbers c > 0, d.

Product Lemma h,g 2 0 on [a,b). Suppose hg 7, (hg)(a) =0, (hg)(b—
0) = oo.

Then

g 2 hg=h = hg.

Moreover for every 11, 12 in P[0, c0)

g = hg = P1(h)a(g) < hg.

Product theorem For I:right open interval,
PI(I)-PII(I) c PL(I), LPL(I)-P3M(I) c PIH(I).

Further, let g;(t) € LP,(I) for 1 £ i < m and h;(t) € P7'(I) for
1 £ j £ n. Then for ¢;,¢; € P,[0,00)

IT2: %i(90) [T=y #5(hy) =TIty 9i [15=1 hs-

2 A function and its derivative

Polynomial For
{aitis, (@i 2 aitq) and for {6372, (b 2 biya),

u(t) = Ilim (t— @) (E 2 ar), w(t) = TT21(¢ = i) (£ 2 by).

Then
u(t) € P;'[a;,0), and

m<n, YL bSYi,a(1<k<m)
=v3u ([a1,00)).



This implies

u(t) € P1 a1, 00), o <u. (1)

Recall a simple fact: —1 € P(0,00), [ $dt = logt € P(0,c0).
We have generalized this as follows:
Proposition Let f(¢) be an increasing and differentiable function defined
on I = (a,0).

—f'(t) € P(I) = f(t) € P(I). (2)

The converse assertion of (2) does not hold; indeed,

£(t) = HLI € P(0, 00), but —f'(t) = (—11—2)2 ¢ P(0, 00).

About (1) and the converse of (2) we have
Theorem 2.1
(i) f(t) € P(0,00) = —f'(vt) € P(0, 0).
(ii) h(t) € P7Ya,b) = W' (t) 2 h(t)? (a <t <b).

(iii) Suppose h € P'[a,b) and f := h™ € P(0,00). Then
—f €P(0,00) <= h' < h.

3 Operator monotone function

Petz-Hasegawa[l] showed that

(t-1?
- DE— 1)

for0<r <1,

e P.[0,00) (3)

In this section we will make use of the majorization to extend (3). It is
well-known that 1

o
m S P+[0,00), ng—t— S P+(O, OO)

We first generalize this as:



Theorem 3.1 Suppose f(t) € P(I), where I = (0,00), or [ =

t—
f&) = f(a) f (a)
In particular, if f(t) > 0, then

€ P.[0,00) (acl).

t—a

log f(t) — log f(a)

Example 3.1 Suppose a; > 0. Then
t—1

o {log(t + a;) — log(1 + a;)}

t—f—l > {log(t + a;) — log(1 + a;)} € P[0, 00).

€ P+[0, OO)

€ P+ [07 OO),

Corollary 3.2 Suppose f(t) € P(I), where
= (0,00) or [0,00), and non-constant h(t) € P[0, 00).
Then fora € 1

M) —ha) ¢ p [0, 00)
) A

Foh() = f o h(a)
Proof. Put f,(t) = 7 (t; @) Then by Theorema3.1

fu@ () =t ([0,00)) and fr@)(t) 2 0.

The property (iii) of the first section yields
Fata) 0 h(t) < A(t) <t

Hence fu(a) o h(t) € P[0, 00).

The following result was well-known:

t—a
—qp —

We now give a more accurate fact:

Lemma 3.3 If0<p < 2, then

fza L pe,
t—a ~

[0,00). Then



Proof. For0 <r < 1landforb:0=<b< oo,

t'r+1 _ b7‘+1 t— b

— =t =<t.
i — br + =5 —

Replace r with 1%? to get

£ — bir

-p — phl-p

—— = >t

£ — bTp

Since 177 is increasing and bijective, by property (iii),
1

t—bi-r

= < t'"P. Replace b5 with a. d
tP — b1-»

Theorem 3.4 For0<p<1,0<a,b< o0

(t—a)(t—0)

(tp — ap)(tl—p — bl—p)

S P.|_[0, OO)

Proof. We may assume p < 1/2. By Lemma3.3

b=a _p-» 2y
P —aP —

Define h by h(t'™?) =
h(t) € P,[0, 00).

So h(z) is holomorphic in the open upper half plane I1; moreover
0 < argh(z) < argz for z € IL,.

Hence for z € I1

t—a
tP — aP

. Then

z—a
< arg 2P
prmpr L L (4)

0 < arg

On the other hand, since
— t—b

1- . 1-
t ptlt“f’ i t—b+b ptl—p i € P.[0,00),
we ge
0< argzl*p;i:i—:b—l_—p < for z in II,.
Since
—b
0 < arg — s pip <,
R A
z—a)(z—
0 )
< arg (7 — @) (27 — bi-7) <7
t—a)(t—0>

(tp — ap)(tl—p — bl—p)
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Antisymmetricity Of Some Binary Relations
On Self-adjoint Operators

B £EZERROED H D ZHEERD R FE

Takateru Okayasu ([fZ [F&E#)*  Yasunori Ueta (HHH %5 HL)

Abstract

We introduce an “order-like” binary relation <« among self-adjoint operators on
a separable Hilbert space defined by: A < B if there exists an operator T on H such
that E4(A) < T*Ep(A)T for any Borel set A on the real line R. The relation < has
reflexivity and transitivity. To consider the antisymmetricity for < on the unitary
equivalence classes of self-adjoint operators, we will show that A < B, B < A imply
that A and B are unitarily equivalent.

1. iR

H % A4y Hilbert Z2[#], B(H) % H LA FBREIEMFZE O S L, B IR IEM
FORMKE B(H), LT5. ZHoOEHEMER A, BeB(H) oW, fEEDO C Lo
Borel 65 A lZxt L

E4(A) <T"Ep(A)T

BV NHE &, AgrB LKL, HDT e B(H) WFELTAKLB LR L& AL
B ETZLICXYy, FERIEAFZO2 =% U FMEROMICKT 2 “HBER < #EH
5. EoOREXEHIZ B4 < T*ET TRTZLIZT5. A>200DL &, AKrB 72
S5IF AST*BT Thd. 5, AST*BT %¥ilz L ALrB L 7257201 5 IR iED%f
fa1EH%E A, B L weighted shift {EFIE T OB % 1ED Z & DSR2 729, WIIRL Y 3272
R0,

— 75, EBED X eRIZH LT Eg((—o0, A]) = Ep((—o0, A]) ®&& A<XB £ LT
EFREND AT MUVIARF = (CL[1]) & OBEIZ- SV T,

A<rB = Ea((~o0, A]) > T*Eg((—o0, N)T

*1 WK% (Yamagata University)



ThY, ARSI TH D = LA B.

ST, TR < MU - MBREITT I LIXELICbNS. FIT< DK
RBADOEBE BRI, ThDLAME “A< B > B A b, A, Bliiz=
SZYRMEE 725527 (CL[2]) #SHD STODEHERI] LI\,

2. ZIEER < ORFEOT

TIABAMR < TN DOBIRRWEE 2o T\ 5. MIDIZ TR D Rk .

Proposition 1. T € B(H) £ L, A, Be€ B(H) % AKrB 72 5 EHERFZE L35
LE,

() o(4) Co(B)

(i) fEE® C Ed Borel £4 A lZxf L, rankE4(A) <rankE4(A).

(iif) fEED o(B) EH R - A TH % Borel FIHIEEE ¢ 123 LT, ¢(A) < T*¢(B)T.

(iv) {EE D o(B) LA 572 Borel AIHIBIHL ¢ 125 LT, ¢(A)<rd(B).

Lo (), () £, UTFAELICELNS:

Corollary 2. EH{EMHFE A, Be€ B(H) 2>\, AK B 2> B<K A 725I1%,
0(A) = o(B) 7> fEE® C L Borel 24 A IZ%f LC rankE4(A) =rankE4(A) T
H5b.

Corollary 3. FEHMEH#E A, B € B(H) o Ly —FRna L7 v Th,
AKB»B<KATHDHLEEX A BiFa=FIFRETHS.

ALTB DL &, I <T*T ThHD. BUITIRHBELY L.

Proposition 4. 1EHEMFE A, B € B(H) {225\, ALrB 72 ||T]| <1 Th
% &%, (LD o(B) FA 72 Borel AT 6 125 LT, ¢(A) = T*6(B)T.

£ ® Proposition 4 &V, ALrB 22 ||T|| < 1 251, [A® = T*B|"T (n =
1, 2, ...) THD. 2, IROMBEIEL Y LD

Proposition 5. EX/FHFE A, B e B(H) & T € B(H) {22\ T, A® =
T*B"T, A** =T*B*"T (n=1, 2, ...) DL & (EED C L® Borel 4£4 A 2% LT,

E4(A) = T*Ep(A)T + xa(0)(I — T*T).
BIZ, LR D S2o:
() T 2% K725, B4 = T*EgT.
(i) I<T*T %613, AL B.
(iil) I#T*T 72512, 0 ¢ o(A) Uo(B).
BT, A, B € B(H),, IcoWTE2 5. “HBIR < ORXTHEEZET 21057

D, ROEBRDGEmOEMZ 29, Jiud, ZHEMR < ICXT RS & bW 2 55
RTHD.



Theorem 6. A, B € B(H),, XL, LTFOERMHFTEWIZFETH 5:

(i) A<B.

(i) »H2EHMEIMERRV BEELT, VB = AV.

(i) H2EEEMAFW BNIFELT, A=W*BW »> (WW*)H IX B 257,
(iv) & B5%EAEME W BSEE LT, B = W EgW 7o (WW*H 15 B 2497,

[GEBA] ()==(ii): RELYV, D T € B(H) BFEL, {EED R £ Borel £4 A

IR LT Ea(A) < T*E(A)T. AEMEHD R _EDBorel 2405 Ay, Ag, ..., Ay &
CH DO TRNRY MADF &, &, .., bn LY, | Ay OHEVWZHK: Borel 43
k=1
n N
Ba {A: 1<j< N} EeTs Thbb, (JAr=JA, Thy, &k =
k=1 j=1
1, 2, ..., n T LEAES N e T A = U A;- ERBHETH.
JENK
IDEE,
n 2 N n
STEA(AR& | = D_IBa(A)EI®  where &= xn, ()&
k=1 j=1 k=1
N
< D IEs(A)TE?
j=1
N n n
= Z< Ep(A)T (ZXNk(j)§k>, (ZXNAj){k) >
n 2
= || Y. Es(Ap)TE
k=1

%2, R E®Borel 458 A BLUNY MLE € HISHL, Vo(Ep(A)TE) i= Ba(A)E i
LRI Vo 2505 & EOFHSILD 3 € span [W*(B)TH | ISR L |[Voal| < |||, &
({2 Vo & M = span | W*(B)TH | LOM/IMERARIZHLGRTE 5. ZZTW*(B) I B ®
%95 von Neumann B2 T 5. &Iz,

Viedy) =V ®0, zdyecMa Mt

L VIEME V 2805, R EOBorel 28 A, A LU ML € € H TR L,
z = Eg(A)TE L3< &,

VEg(A\z = VE(A)Ep(A)TE¢ = Vo( Eg(AN ANTE)=Ea(AN AN
= EA(AI)EA(A)§ = EA(AI)V:E
LR DHDTATED o(B) EOFH S Borel AIHIBAH ¢ 12%F LT V@(B) = ¢p(A)V. FTz,

Vo(EB(R)TE) = E4(R)¢ £0 VT =1. Lo T H=VTHCVH LZ2DTV 1%
HChd. HIc LTl LE V BFEOLO LS.
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(i) = (iii): M MERRV DFELT, VB=AV Th2L35. V=U|V|%2V
OISR E DL, VB=AV 8L V*A=BV* kv, |V|B=B|V|. #z U'UH =
VIHIZB 28T, $7-H=VH LV UU'H=H; T72bb UU* =1.

i,z =|V|¢ e [VIH T L,

UBz = UB|V|¢ = U|V|B¢ = VBE = AVE = AU|V ¢ = AU=z.

Wiz z € [VIH 123t UBz = AUz. i ne H ICH L, UL =H LY n=Uz &
B zeH EENE, UUze[VIH LY,

UBU*n=UBU*Uz = AUU"Uz = AUz = An.

I W =U* &34 W*BW = A.

(iii)=(iv): & (i) £V A" = W*B"W (n=1, 2, ...). &IZ R =0 Borel £
B AR L xa ZEFGEREIHIC IV ITET 2 Z &2k (iv) 215 5.

(iv)=(@1) HHALNLTHS. a

FOEFIZANT, FFIZ AKrB ThoH L&, 1) IZBITDVIIVT =1 %7
ZOZENGT OFHEIZER L, RAFOND.

Corollary 7. A2 fflgs &> TIZx LT ALyrB 2261%, A, BlZ=2=% V[d]
ETHD. Fio, HBARKTOL &, ALrB 2 61E A, BiZa=4VAETH5.

B, HBERKITTTT WA TRWE X, AKTB ThDMN A, BHRa=4% ) [EHE
LWL 57 A B, T OBIZEDZENTES.

F 7z, Theorem 6 DA (i) L0, L FTORBERHGOND. ZridKEZE 3L
BVERFE AT 2 fifk 2 52 5.

Corollary 8. A < B 7> B BKEINZ 51X, A LKEINTHS.

Theorem 9. A, B € B(H), PV &b —HRKEWTHY, A < B »
SBKATHHEX, A BlZa=F)RETHD.

3. EFHE

Theorem 6 D5 (iii), (iv) ICEA T2 LICLY, ROFEHENRHFEOLND:

Theorem 10. A, Be B(H),, N, ALK B P> BKATHDHL X, A Blida=
ZIVRAETHD.

[GEBA] Theorem 6 M5 (iii), (iv) (21T 2 W IZDWT, ¢(A4) = W*p(B)W HME
B D o(B) LA 7 Borel FIMIBIH ¢ 1Z56F L TRV LD L 3o 5.

HIZ AKX B BKADOLE, FRIFMFEV,W BFELT, X =0(A) = 0(B)
AR IAEE D Borel AIHIREEL ¢ 125 LT

$(A) =W e(B)W 5> ¢(B) =V p(A)V



BHYLE, (WW*H 12 B %, (VV)H X A 2T Zhiod. 22
m(¢(B)) = W (B)W,  m2(¢(4)) = V*e(A)V

L0 T, m AEETD L, m L WH(B) B WH(A) ~0, m 1E W*(A)
b W*(B) ~DZNZh «HERT L 720, 1 (d(B)) = ¢(A), ma(d(A)) = ¢(B) %z
. ZZTW*(A), W*(B) 13% % A, B BT 5 von Neumann Bg&£4. —77,
W*(A), W*(B) XELF D & 3 I3RS 5:

= (@An) ® A, W*B)= (@Bn) ®B
n>1 n>1

Z 2T, An, By (1S 0 < 00) B, ZAERW(A), WH(B) ORHIE (uniform mul-
tiplicity) n % & DK 722 A K4y (maximal homogeneous part) Th 5. F b b,
Apy Bn {0} 127257208 972K n 12X LT, &5 1EH] Borel B pin, vn MTFEEL
T A, By lZENFN L®(pn) In, L®Wn) In Eax=FVEE25. ZOL X,
7Tl(Bn) - -An 7T2(.A/n,) - B ZY)\)\%TL [hai5) LTESZ'O AR ﬁju:, T, T2 A Y>) E%b:gfﬁxj’b
ZHAOD - HEFI B 7 0 L°(vy) — L®(pn) BE 75 1 L®(uy) — L®(vy) &
BEniZHLTEZSLZ kﬁ)tﬂﬂ%é INHOEHICH L, LATICik <% Theorem 11 %
s Z LIz LV IEARERT 5. |

Theorem 11. X, Y % compact Hausdorff ZZfil & L, ZNZh X H Y ~0D,
Y 7256 X ~of1~0 Borel R ERBFET L, X 225 Y ~D L~ Borel R
BAZDMFAET D.

FOFEBIZEATRICBIT -V v a X A COEBROGN LRI OZERE WD 2
LICLVFEHTE 5.

Theorem 10 /X Corollary 3, Theorem 9 O#ER 2 &7, Z OFEMH I Y “HHEAFG <« 2
HORRERFZ O =2 ) FEEEED EICBWTERFFE 725 2 L Nbh o Tz,

TIARAFR < IZBAE LT, & “EBUEME A, BICXLT, 25 S € B(H) BMFEE
LT S*EAS<ER” IZX->TEED THEABREZEZDZENTESD. L LSHAWT
HIUE, S*EpS < Eg 1" ALg-1B BED DT < OFEFIIRAET D, § WAl ¢z
WIBEICHE < E—FT D LIRS V. 2O BRI OV TIRA L Y 3Lt

Theorem 12. A, B€ B(H), 8L SH=H Thd S e B(H) XL, LLF
DOEITEWVZRETH 5

(i) S*E4S < Epg.

(i) SB = AS.

(i) HBEEMMRW BHELT, A= W*BW 5> (WWHH ik B #57.

(V) #2LREMERFEW WEELT, Ea= W EgW 5> (WW*H I3 B %07

AL Theorem 6 & IRIEFMKDFGMIC X 5. EOFEREI Y, § 3% 22 itk & Ff>
BAIWCL, S*EAS < Eglil A B LRMETH D Z L 3Tz, o TRODFZEED:



Corollary 13. A, B € B(H),, 38X W#EREzF> S, T € B(H) iZ*f L,
S*EaS < Eg 7> T*EgT < E4 72 51%, A, BlZ2=Z VA TH 5.

B#IZ, S, T N TRWEAICSOWT, MAEMAFE A, B 13X weighted shift
YEMIZE (Buz, FRWTH2) S, T TS*EpS < E4 <T*EgT »> A, BR==%1
FE TR WE D RBIERNT 5. ARBEI {an}, {An} and {p,} %

k#l=ay#aq, aé¢{a,:n>2} and sup|i,| <1< inf |y,
n>1 n>1

il Loz eEn, A B, Sand T %

a2 aq
A = a3 s B = (6] s
0 0
)\1 0 M1 0
S = and T=
A2 K2

EEDNE, ZTHOPBEORBIZ AT, 72 LD A Band T 13 A<rB 7»> A, B
MNa=F U RMETIZRWME L 7o TS,
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SEMILINEAR DEGENERATE ELLIPTIC
BOUNDARY VALUE PROBLEMS
CHERIERM B YERE D LP M

KAazuAaK1 TAIRA

CFE fifE)

ABSTRACT. The purpose of this talk is to study a class of semilinear elliptic bound-
ary value problems with degenerate boundary conditions which include as particular
cases the Dirichlet problem and the Robin problem. The approach here is based on
the super-sub-solution method in the degenerate case, and is distinguished by the ex-
tensive use of an LP Schauder theory elaborated for second-order, elliptic differential
operators with discontinuous zero-th order term. By using Schauder’s fixed point
theorem, we prove that the existence of an ordered pair of sub- and supersolutions
of our problem implies the existence of a solution of the problem. The results extend
an earlier theorem due to Kazdan and Warner to the degenerate case.

i CHIC

AFEEIE, PRI SYERE O — AR DWW T, BB DL h
LERLIELDTH S, FHIE, FLUT, BEXTROBRMEErEEIED JIFEW]
RO ZRA L T, EROISH NS EEETHS/3T7 XA—XIBT 5IEHN
FRD DR, T (EEROMEEL. EFEROLEEDIEIC DOV TR ZEDIGEN 5%
G2 T TE e, BIAR. ERRICHEER T, 7 Lo ADEAIE =2 —
s > OBHIDERZ #2729 RIS 2 PR ) 255 L, bl
F—DH/NEWIGEEITE. LRSI TH > TRAEBRRNET 5 T L3k
WA TEHEZ RV F =D K EVHEEICE, B3R RISV D RIS T T,
PHEFABERNEE 0, BT 5o 0T 5 LW D LEFEEBRT— 2 DFCEEN IR
Hz5 21, ZORHICBNTIE, HERRICE T %2 R0u~ )b a7 @R 55 El
2T L S BER USRI EN ARSI Z R LT,

ZTNHDWIZEHIRIC K > T, EREREADFRERICH T 2808 Robin BiFEM:
DG EIC. Leray-Schauder DEAREEFH M U Schauder OARH riEHICREI NS
AN TFEZ VA T EDWH TAREL EoTe, TOFER, HHINAZEEE
HAGDE S LTS TRzt U, fi4 Dif#%, Dirichlet Bi5R5efF
KU Robin BEFSeM72 & TRLAY Robin SBEFYEITE L U THE—MICED S T
WTED, Bzl 5147z > TORBENZTARMIE, BEEZE < IEEEcRICZ
DY RE DIEMTIERE DN Z2E 2 5 RicH 5, TOFRICK > T, Amann-Hess
[AH], Ambrosetti-Prodi [AP1], [AP2], Ambrosetti-Mancini [AM], Berger-Podolak
[BP], Kazdan-Warner [KW], Landesman-Laser [LL] I & 5 HER DB & 75 IERAY
RIS 5 eiTitsee — it 5 T e TE T,

KRB TER T ZIFEHDOILIE, KE LI T, KD 3 DDEEITHEINS ¢

Typeset by ApS-TEX



KAZUAKI TAIRA

(I) AR EE R D, WA HIERIEE | Perron IC T DIRZR DEME « £
DFERFIHT % H. FDOBR. Schauder OARH U EMNEELREZRTIZT, £z,
O LB B EETH 5735 A— R T B ROEEZHNSITIE. Leray—Schauder
DEREDH 2 S,

(IT) FEEME & —89 % TAWVEIEIE GEISE) Z2RD. #inLi e 45
& © Lyapunov-Schmidt OEAZ7 R K CHERR TRk O K Ja i BEEUE B2 (8 5

(I11) FEFR IR Z 15D 6« R 2 R DG IR E NI IR R Thii D
KRS REECEHZE S, TG, /13T A—RICET 2ROMEEICDOVT, 722
KT E %,

MBOBFRT, 77 —< (I) KDV THEL KR L, 3R DT —<Iic D0
TiX, O THL bR B,
MEOERNERUERR

Q 7%, I—71 v RZE- RY (N > 2) NOW SRS 00 ZRDOAREEE 5
%, ZOMA Q=QuUIN E. N RTOWOMEaVINT NERETH S, £T,
T ES ORI

=1

Yoo (SN, ou
(1.1) Au = —Zaxi (Za”(x)—éx—j) + c(z)u

E. WO EFEEBER D —RRICKEIRR 2 BEORMOEHER L §%. KD IEMEIC
F. RD2%&MZ2ET S

(1) a¥(z) € C*®(Q), a¥(x) = a’*(z), x € Q,

N
> a9 (@)6&; > Taglél?,  (x,6) € A x RV,
=1

(2) c(z) € C**(Q), c(x) >0 in Q.
R, & Z BEREM
ou

(1.2) Bu = a(x’)a—y + b(2')u

. WO ERFEEEERFD, — KD Robin EFYWEHE L 5, KOIEMICIE. X
D 3FRM2AET %

(1) a(z") € C*°(09), a(z’) > 0 on Of.

(2) b(z') € C*°(09), b(z") > 0 on 0.

(3) 0)0v 3. KRCHZ 5B REGHITH S,

o XL o
:E () o
ov i:la (@) ox;’

TTTn=(ng,ng,... ,ny) FHAETZEONAZERT MV TH S,



SEMILINEAR DEGENERATE ELLIPTIC BOUNDARY VALUE PROBLEMS

ARG T ROVAFEARE ARG MENE 2 E ST % 15X O NP f (2, )
XL T, BESMERE

Au = f(z,u) in Q,
1.3
(13) Bu:a(m’)g—z +b(z ) u=0 on 9N

21z u(x) Z23RD K,
—f# Robin RSN B ICBIT 2 EANEIER. RD2DTH% !
(H.1) a(z’) + b(z’) > 0 on 9Q.
(H.2) b(x’) #£ 0 on 99.

AE 1.1 BREMN BIcOWT, BEEATERERZIBNS,

(i) &L a(2’) =0, b(z') =1 %= 5iE, B (& Dirichlet &L 75D, &L a(a)) =1,
b(x') > 0 x5, HHD Robin &ff&7%%, EHIC, HFEFYERME (1.3) DIERET
HB D&, (a) a(x’) > 00on IQ THBD (b) a(z’) =0, b(z") > 0 on 9N DIFH
DELLMCRE T LD TD 5,

(i) IE (H.1) DT, B a(2’) DE B RICTHN T, Lopatinskii-Shapiro 5&
DK D L7275, o T Bk DEIFSEM B 13IB(LAY Robin B5REME75 5,

(iii) IE (H.2) &, Tk DB B i3 Neumann S&:fF& —BLxW\C & 72 Ek
5, UTFOEH 1.1 THRZ XS, HADEFIE, M558 1 EAEHE N\, (JIE
ORI HAMTH S, LHUEND, Neumann SJADEEE. 55 1 EAMHE N,
MR LEBDT, BDTERTBRENDSLDT, AFEHTIEIRNT 5,

X9, BFYAERE (1.3) I REL T #REIEHER

A: L2(Q) — L*(Q)

ZRATEHRT S !
(1) D) := {u € H*(Q) = W22(Q) : Bu = 0}.
(2) Au := Au, u € D(A).
TDELE, BRADHFR LT BEANTHRE, ROEHTHS :
EE 1.1. 7EHZE A X, Hilbert 2/ L2(Q) KBV THEHRM DIEEETH %,

&5, ZTOH 1 EAMHE N ZEMDORBINCHEMTDH O, WIST 2 EHBIE ¢ (2)
& Q TEEDEZ L S, TED5,

{ Ql(pl = >\1Q01 m LQ(Q),
v1(x) >0 in Q.

AT, 18T A—H— t ITMAF T B IFFICIE f(x, €, 1) ITDWTRD 4 5472
ER
(F1) B f(z,6,) 13, O x R x R _FCEHESNI2H 5D SSUEER TH 5.,

(F2) fERED m € RICDWT, R h(z) € C(Q) MFHEL T, £TD z € Q,
E>m,t e RICHLT, AER

of
ot

g}%l

(x,&,t) > h(z) >0
NS URVASN
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(F3) &TD z € Q LARKENZE S HE t IOV T, AFEX

lim supg_, o, &g—’-t—) < A1,
liminfg__,+oo f(x%£7t) > A1
MY 37, B
(F4) &2TCD z € Q LARXENZE) < HZE ¢ 1TDOVT, AFX
lim sup M < 400
E—+o00 5
AL AIRTASN

AFRORAIOEHINE. LP filK?D Sobolev ZEEDOPEHA T, IERHESFMERE (1.3)
DIROEEE TH ST % 2 & ThH 5, ROEHUT. (7T 502 Kazdan—Warner
[KW] U Amann-Hess [AH] ZiB{tA Robin SISO ENIRGR U TAERTH
A
EE 1.2. XD 85&M2RETS !

(a) [FED m € RIZDOWT, B h(z) € C(Q) PMFIEL. 2TD 2 € Q, € > m,
te RICHLT, AFEX

of _

a(:c@t) > Nh(z) >0, ze
WE D 37D,
(b)) Z2TD t e RICDWVT, AFX
lim sup (z,€,1) <M
£——o0 f

DR DD, 7L, PRI 2 € Q I2DWVT—hkET B
(c) B8 51, t1, c MFIEL, BTD z€Q, s> s WKHLT, AFEX
flx,s,t1) —Ais >c
A5 AIRYASN
TDEE, FE to MEEL T, IFRBERAERE (1.3) OfF u(z) € WP(Q)
(N <p<oo)ld, t >ty BERIEFE. t <to EHEPEIEL—DHFET B,
% 1.3. JERRIEIHE f(,&,t) ERDEE TS -

f@,&t) = folz) +tr(z) +g(z,§).
TTT. folz) € C®(Q), r(z) € C=®(Q), r(z) >0 in Q, g(x,§) € C*(QxR). &
B, BB g(z,6) 1ITDWVT, RD 25422 v < M1, k, s+ DEIET S E
DEITB:

(a) s <s_ x5 g(x,s) —vs > k.
(b) s >s. 725 b g(x,s) — \is > k.
TDEE, FH ty MFEEL T IERIEESMER -
{ Au = fo(z) +tr(z) +g(z,u) inf,

Bu:a(x’)g—g +b(z"Yu=0  on 0N

DR u(z) € W2P(Q) (N <p < o) &, t > to THRIFFE. t < to EHEA%EL
4}: %)_‘Oﬁﬁg_éo



SEMILINEAR DEGENERATE ELLIPTIC BOUNDARY VALUE PROBLEMS
% 1.4. IEEEHE f(x,&,t) IROFHIZIELET S -

f(ajvé.?t) = fO(x) +t§01(1:) + g(é-)

) TH-> T, g(¢&) € C*(R) FRMPAE T 5, ETHIT, 2D
+00) MMFIEL. &~

@
(

TTT folz) € C
_OO); g

DMRRE g/ (
0 < g'(—00) < A\ < g'(+00) < Aa

Ziiled &9 %,
TDLE, Tty DFEL T, JFRIBES MR &

Au = fo(x) + to1(x) + g(u) inQ,
Bu = a(x’)‘%j— +b(z)u=0 on 0N

Dff u(z) € W2P(Q) (N < p< o0) &, t >ty TBORBIFFE. t =to BHIEHE—D
FEL., t <ty O TE 2EFEET 5,
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Interpolation sequence and closed range integration operators

Rikio Yoneda

Otaru University of Commerce

Let D be the open unit disk in complex plane C. For z,w € D, 0 < r < 1, let
— 2| and D(w,r) = {z € D,p(w,z2) < 7"}. Let H(D)

Pu(z) = 1w — and let p(z,w) =
—we

be the space of all analytic functions on D.
For o > 0, the space LY is defined to be the Banach space of Lebesgue measurable functions
f on the open unit disk D with

| f llzee= sup (1 - IZI2>a |£(2)] < 4o0.
z€D

Note that Lg° = L* is the classical Banach space of Lebesgue measurable functions f on the
open unit disk D with

| fllzee= sup[f(2)| < +oo.
zeD
For a > 0, the Bloch-type space B of D is defined by
B* = H(D) N L.

The space of bounded analytic functions on D will be denoted by H°.
Let a > 0. Then the space B, of D is defined to be the space of analytic functions f on D
such that

I f lga=1£ Q)+ || f IBa< 400,
where || f ||B,= sup(l — 2% |f'(2)|- Note that By = B is the Bloch space .

The little Bloch space By is defined to be the space of analytic functions f on D such that
(1— |z )£ (z)] =0 (lz] = 17).

For « > —1 and p > 0, the space L ((1 - \le)QdA(z)> is defined to be the space of
Lebesgue measurable functions f on D such that

1

£ Nenamtepreacan={ [ FEPa+ D@ - =)A= |7 < +oo,
where dA(z) denote the area measure on D. The weighted Bergman space is defined by
L5 ((1 - |2?)?dA(2)) = H(D) N L” (1= 12%)dA(z)) .

For @ > —1 and p > 0, the weighted Dirichret space Dy is defined to be the space of
analytic functions f on D such that

[ A=Y @ 1DAAE) < oo
1



In the case of « = 1 and p = 2, then D% = H? is the Hardy space. In the case of a = 2 and
p =2, then D2 = L?l is the Bergman space.

Let X, Y be Banach spaces and let T' be a linear operator from X into Y. Then T is
called to be bounded below from X to Y if there exists a positive constant C' > 0 such that
| Tf ly>C || f |lx for all f€ X, where || * ||x, || * [y be the norm of X, Y, respectively.
And we define the operator infimum norm by the following:

| T lint x—y=_inf [Tz |y .
llzllx=1

For ¢ analytic on D, the generalized integration operators J, is defined by the following:

B = [ T HOF ().

Theorem.l.([l]) Let a > —1andp > 1. Then for g analytic on D, J, is bounded on
the weighted Bergman space LE, ((1 — |z|2)o‘d,A(z)> if and only if g € B. And J, is compact
on LF ((1 — lz]Q)O‘dA(z)> if and only if

lim (1-[2/%)|g'(2)| =0  (i.e. g€ Bo).

lz[—1

A sequence I' = {z;} is called an uniformly dense sequence if
(1) T = {z} is separated, i.e. , Ig}éf p(zg, zn) > 0,
n

(2) There exists a r < 1 such that D = UpD(z,7).

A sequence {z;} is called an uiversal interpolation sequence if for each {wy} € [°°, there
exists a function f € H® with f(z) = wg forn=1,2,---.
For p > 0, a sequence {z} is called an interpolation sequence for HP if for each {wg}
with Z(l — |25|®) |wg|P < oo, there exists a function f € HP with f(z;) = wy forn =1,2,---.

k
For o > 0, a sequence {z} is called an interpolation sequence for B* if for each {wg}

with sup,(1 — |2x|?)¥wk| < oo, there exists a function f € BY with f(z;) = wy forn=1,2,---.
Forp > 0 and o > 0, a sequence {z;} is called an interpolation sequence for LP ((1 — |z[*)*dA(z))
if for each {wy } with Z(l — |25|?) 2w |P < o0, there exists a function f € L ((1 — |2|*)*dA(2))
k

with f(zg) =wg forn=1,2,---.
If z, is a zero of a Blaschke product B(z) (¢ H*), then

H p(2zj,2n) = (1 — ’Zn|2) lBI(Zn)I .

j#n
A Blaschke product B(z) € H™ is called interpolating if the left hand side is bounded away
from zero independently of n. So if B(z) belongs to the little Bloch space By, then it is definitely

not interpolating, since the right hand side goes to zero uniformly as z, — 1.
In [3], C.J.Bishop studied the bounded function in the little Bloch space By. By Theorem

1.1, g € By is the equivalent condition with the compactness of J; on L2 ((1 - |zi2)o‘dA(z)>.
In this paper, we study when J; is bounded below on L? ((1 - |z|2)°‘dA(z)) ( Jg is not

compact on L2 ((1 - \2\2)adA(z)) ). And we characterize the interpolation sequences for the



Bergman space, the weighted Bergman space and the Bloch-type space B (a > 0).

The interpolation sequences for H* (the space of the bounded analytic functions) is de-
termined by L.Carleson using uniformly separared sequence. And the interpolation sequences
for the Hardy space HP is also determined by Shapiro and Shields using uniformly separared
sequence. And the interpolation sequences for the Bergman space LP is also determined by
Kristian Seip using Seip’s density.

Definition 2. Let a > 0. A set T of the open unit disk D is called a sampling set
for B if there exists a positive constant C > 0 such that

sup(1 — |2[)*[f(2)] < Csup(1 — [21*)*[£(2)],
z€D zel
for all f € B“.

Theorem 3. ([17] ) For any inner function ¢, the following are equivalent:
(i) The operator M, : L2 — L2 is bounded below,
(ii) ¢ is a finite product of interpolating Blaschke products.

Theorem 4. ([23]) Let 3> o > 0. Suppose h € H(D) with sup(1 — |2|2)P=|h(2)] < +o0.
z€D
Then the following are equivalent :

(1) My : L? ((1 - \z\z)%‘dA(z)) — (- |2")2dA(2)) is bounded below
i.e. there is a constant k > 0 such that

([P0~ 127} = k{ [ 170RA ~hPaae)

forall f e L2 ((1 - lz|2)2°‘dA(z)) ,
(2) My : B — BP is bounded below,
(3) There exists a positive constant € > 0 such that {z e D,(1— |z h(z)| > e} is a
sampling set for B*.

1
2

Moreover | M lling,£2((1-[2[2)20dA(2))— L2 ((1—|(2)20dA(2)) S M llint 5o—5

~ inf fsup(1 = lpu(2)%)(1 = [21*)*~[h(2)] .
weD LzeD

Theorem 5. ([23]) Let o > 0. For any inner function ¢, the following are
equivalent.

(1) M, is bounded below on L2 ((1 - |z|2)2°‘dA(z)),

(2) There exists a positive constant € > 0 such that {z € D,|p(2)] > e} is a sampling set
for B,

(3) int {sup(1 ~ [eu(2)) ()1} > 0.

(4) ¢ is a finite product of interpolating Blaschke products,

(5) For some e >0and 0 <r < 1the area of the subset of the disc D, = {w cp(z,w) < r}
where |p(w)| > € is comparable to the area of the whole disc D, z € D.

Theorem 6([24]) Let 3> a > 0and g € H(D). Suppose that J, : B* — BB is
bounded. Then the operator J, : B* — BP is bounded below if and only if there exists a



positive constant € > 0 such that {z €D, (1- |z|2)’6_°‘+1[g'(z)\ > e} is a sampling set for B

Theorem 7. ([24]) Let o > —1. There is a constant C > 0 such that
/ 1F(2)]P(1 = |2[*)*dA(z) < C/ [f(2)]2(1 = |2*)*dA(2)
D G

for all f € L? ((1 - \z|2)°‘dA(z)> if and only if a subset G of D satisfy the condition that
there exist 6 > 0 and r > 0 such that §|D(a,r)| < |D(a,r) N G|, where |D(a,r)| is the
(normalized) area of D(a,r).

Theorem 8.([24]) Let a > 0. Suppose that g € B. If J, : L2 ((1 - \z|2)2a dA(z))
— L2 ((1 — |z|2)2a dA(z)) is bounded below, then J, : B* — B* is bounded below.

Theorem 9({24]) Let o > 0. Suppose that g € B. Then the following are
equivalent:
(1) J, is bounded below on L2 ((1 — lz‘2)2a dA(z))
i.e. there ts a constant k > 0 such that

1
2

[ Var@Pa - 29244} > 6 [ 17070 - 2P2aA)

for all f € L2 ((1 — ]z|2)2a dA(z)),
(2)  There exists a positive constant € > 0 such that {z € D,(1-1z]?)|d(2)] > e} isa
sampling set for B%,
(3)  inf sup(1—[pu(2)")*(1 = [2))l¢'(2)] > 0.
weD zep

Theorem 10 ([24]) Let a > 0. Let B(z) be a Blaschke product (a H*® function) of
the form B(z H |Z]| ( ) and let {z,} be its zeros, counted with their multiplicities.
e

Then the followmg are equzvalent
) B(z) is a finite product of interpolating Blaschke products,

¢
(2 1nf {sup(l — pw(2)] )a!B(z)I} > 0,

(3) jnf {supa = leu(2)P)* (1~ [2P)B ()]} > 0,
(

(

(

)
)
4) Mp is bounded below on L2 ((1 — |212)2°‘dA(z)>,
5) Mp is bounded below on L2,

6) Jp is bounded below on L2 (( \z\Q)QO‘dA(z)>,

(7) There exists a positive constant € > 0 such that {z €D,(1—|z)|B(2)] > e} is a
sampling set for B%.

Corollary 11.([24]) If an infinite Blaschke product B(z) € H*™ belongs to the
little Bloch space By, then Mg is not bounded below on L2.



COI‘OH&I‘y 12.([24]) Let a > 0. Let B(z) be an infinite Blaschke product (a H>
function) of the form B(z) = H ‘ZJ‘ ) and let {zn} be its zeros, i;élf p(zn, zm) > 0.
1 %5 j nFEM

Then the following are equwalent
(1) B(z) is an interpolating Blaschke product,

(@) jnf {sup(1 — ou(2))*B()]} > 0,
(3) jnf fsup(1 ~u(=))*(1 = 2})|B'()]} > 0.

Moreover

inf {sup (1~ [pu(2)2)7B(:) } ~ inf {sup(1 = lou(2)[%)7(1 = ) |B'(2)

weD zeD
. . 2 | B
~ 1%f H p(2j,2n) = uﬁf(l — |zn|%) |B'(z0)] -
J#n

Theorem 13.([24]) Let a >0 and 0 < p < co. Let H(z) be an infinite product of

w . R— . | J—
the form H(z) = H @ (%) (2 — @ (%)) that belongs to the Bloch space B

<]

j=1 Zj 1-— 252 Zj
and let {zp} be its zeros. Then the following are equivalent:
(1) T ={z,} is an interpolation sequence for B%,

2 = {z,} is an interpolation sequence for LF ((1 — |z[2)2adA(z)>,

) T
) T = {2,} is an interpolation sequence for LP(D),
) i

(
(3
(4) inf(1- |231%) [ H' (5| > 0.

Theorem 14.([24]) Let a« > 0 and 0 < p < co. Let H(z) be an infinite product

o0 . PRp— . + —

of the form H(z) = H @ Z]—_i 2 — @ ZJ—__Z— that belongs to the Bloch space
el 1-7z52 zj \1-—72jz

B and let {zn} be its zeros that there exists a r < 1 such that D = UgD(zg,7). Then the

following are equivalent:

) I'={zn} is an interpolation sequence for B,

= {z,} is an interpolation sequence for L2 ((1 - \z|2)2°‘dA(z)),

3) inf {sup<1~1sow( )P~ [=%)|H ()|} > 0 and inf p(z, ) > 0,

(1
(2) T
(3)
(4) F {zn} is an interpolation sequence for LE(D),
(5) inf(1— |2 ) H ()] > 0.
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Commutators on mixed invariant subspaces
(R RIS ER5 22 L0 FTH#AF- 1=\ C)

MASATOSHI NAITO

This is a joint work with Kei Ji Izuchi and Kou Hei Izuchi.

Abstract

We study the structure of nontrivial closed subspaces N of Hardy space
H? with T,N ¢ N and TN C N, which called mixed invariant subspaces
under 7, and T, If [7;, T;,] = 0, we may describe N completely.

1 INTRODUCTION

Let D? be the bidisk and I' be the distinguished boundary of D*. We use z, w
as variables over I'. Let L?> = L*(I'?) and H*> = H*(I'?) be the usual Lebesgue
and Hardy spaces over I. We denote by H?(z) and H*(w) the z and w variable
Hardy spaces, respectively. For a closed subspace E of H?, we denote by Py the
orthogonal projection from L? onto E.

For ¢ € L*(I), we define the Toeplitz operator Ty on H*> by T, f = P;a(¢ ).
A closed subspace [ of H? is called invariant if 7./ ¢ [ and 7,/ c I. For an
invariant subspace / of H*> with / # 0 and I # H?, we have T (H*e 1) c H*©1
and T (H*© 1) c H* © 1, that is, H*> © I is a backward shift invariant subspace
of H?>. We define the operators R, and R,, on / by R, = T.|; and R, = T,
and the compression operators S, and S,, on H*>© [ by S. = P T-|;pe; and
Sw = PreiTwlmer.

In the one variable case, the Beurling theorem says that if / is an invariant
subspace of H?, then I = ¢H? for an inner function ¢. In two variables case, the
structure of invariatn subspaces (backward shift invariant subspaces) is compli-
cated.

We denote by [T, T,] the commutator of operator 7 and 75, that is, [T, T3] =
T,T, — T»T,. It is known that [T, T,,] = 0 on H?, so we have [R.,R,,] = 0 on /
and [S.,S,] = 0 on H?> © 1. A motivation of this study is back to Mandrekar’s
work [4]. He proved that [R;, R’,] = 0 if and only if / = ¢H* for an inner function
¢ so Beurling type invariant subspaces are characterized by the operator equation
[R,,R] = 0. In the backward shift invariant case, Izuchi, Nakazi, and Seto [3]
gave a complete description of 7 satisfying [S,, S},] = 0, and Izuchi and Izuchi [1]
gave a complete description of / satisfying rank(S.,S;,] = 1.

Here, we introduce a concept of “mixed invariant subspaces’ and study similar
subjects.



Definition 1.1 A closed subspace N of H* with N # {0} and N # H* is said to be
mixed invariant under T, and T, if

T,NCcNandT,N C N.

Let N be a mixed invariant subspaces under 7, and 7', and let M be the orthg-

wo

onal complement of N in H?. Then it is easy to check that M is a mixed invariant
subspace under 7 and 7,,. We define the operators ¥, and V,, on N by V, = T_|y,
V= PyT,ly, and U, and U,, on M by U, = Py Ty, Uy, = Tl ur.

2 RESULTS
We can describe N satisfying [V, V,,] = 0.

Theorem 2.1 Let N be a mixed invariant subspace of H* under T. and T~ Then
[V., VW] = 0ifand only if T:(N ©zN) C N ©zN. In this case, either N = q,(z)H?,
where q\(z) is a one variable nonconstant inner function, or N = q,(z)(H* ©
g2(W)H?), where q,(z) and g,(w) are inner function and q,(w) is nonconstant.

We gave the form of N if [V, V,,] = 0. Next, we consider the case that com-
mutator is not 0. For example, commutator is finite rank. But, we still don’t know
this case. We changed a viewpoint. By Wold decomposition theorem,

N =) &NezN)y = (NozNHz).

n=0
So we consider about the case that dim(N & zN) = 1. Under the assumption, we

can describe the form of N. In this case, we have rank{V_, V] < 1.

Theorem 2.2 Let N be a mixed invariant subspaces of H* under T. and T?,. Then
dim(N © zN) = 1 if and only if there exist two one variable functions a(z), b(z) in
H®(z) satisfying the following conditions;

(1) la(z)| < 1 ae. onT,

2) la@@)? + b@)* =1 a.e onT,
b(z)

(3) N = GH*(z), where G = ————.
1 —wa(z)

In this case, [V,,V,,] = 0 if and only if a(z) is constant, and rank[V_, V,,] = 1
- if and only if a(z) is nonconstant.



3 RANK INEQUALITY

In [1],Izuchi and Izuchi had a following conjecture.
Conjecture 3.1 Let I be a invariant subspace of H* with I # {0} and I + H?, then
rank(S., S — 1 < rank(R,,R;,] < rank(S,,S’]+ 1.

In [2], Izuchi and Izuchi proved that the conjecture holds under an additional
condition. We considered the conjecture of mixed invariant case, and proved un-
der an additional condition.

Theorem 3.2 Let N be a mixed invariant subspace of H* under T, and T, If
dim(N € zN) < oo, then

rank|U,, U, | =1 < rank[V_,V,] < rank{U_, U,,].

Example 3.3

(1) Let N = zH?(z) @ wz> H?(z). In this case,
rank[V,,V,] =1<2 =rank[U.,U,].
(2) Let N = H*(z) ® wzH*(2) @ w?z*H?(2). In this case,
rank[V.,V,] =2 = rank[U., U,,].
(3) Let N = H*(z) ® wzH?(z) @ w?z*H?. In this case,
rank(V,,V,] =2 > 1 = rank[U,, U, ].
Note that dim(N © zN) = oo.

We have the following conjecture for every mixed invariant subspace N of H*
under 7, and T7,.

Conjecture 3.4

rank[U,, U, — 1 < rank{V,,V,) < rank|U,, U, ] + 1.
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Explicit and direct representations of the
solutions of
nonlinear simultaneous equations

Masato Yamada and Saburou Saitoh

Abstract

In this note we shall introduce practical, numerical and explicit represen-
tations of inverse mappings of n-dimensional mappings (of the solutions of
n-nonlinear simultaneous equations). We derive those concrete formulas from
very general ideas for the representation of the inverse functions.

Keywords: Inverse function, inverse mapping, integral transform, integral repre-
sentation, Green-Stokes formula, singular integral, fundamental solution, reproduc-
ing kernel, Sobolev space, non-linear mapping, general non-linear equation.
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1 Introduction

The 2nd author of this paper considered that for any mapping ¢ from an arbitrary
abstract set into an arbitrary set, he tried to consider the representation of the
inversion ¢! in terms of the direct mapping ¢ and he obtained some simple concrete
formulas from some general ideas in ([1]). Here, from its general ideas, we shall
introduce practical representation formulas of some general functions. Here, we
shall give furthermore some general methods and ideas for the inversion formulas
for some general non-linear mappings. We shall first state the principles for our
methods for the representations of inverses of non-linear mappings based on ([1]):

We shall consider some representation of the inversion ¢! in terms of some
integral form - at this moment, we shall need a natural assumption for the mapping
¢ . Then, we shall transform the integral representation by the mapping ¢ to the
original space that is the defined domain of the mapping ¢. Then, we will be able
to obtain the representation of the inverse ¢~! in terms of the direct mapping ¢. In
[1], we considered the representation of the inverse ¢~! in some reproducing kernel
Hilbert spaces, and in [4], we considered the representations of the inverse ¢~ for a
very concrete situation and we gave a very fundamental representation of the inverse
for some general functions on 1 dimensional spaces.

Indeed, note that

. L -
K (y17y2) = _2-6 v~ Y, Y2 € [Av B] (1)

is the reproducing kernel for the Sobolev Hilbert space Hx whose members are real-
valued and absolutely continuous functions on [A, B] and whose inner product is



given by
(1, f2)Hy = /A (Fiw) ) + fily) fa(y))dy + fi(A) f2(A) + f(B) f(B) - (2)
([2))-

For a function y = f(z) that is of C* class and a strictly increasing function
and f'(z) is not vanishing on [a,b] (f(a) = A, f(b) = B), of course, the inverse
function f~1(y) is a single-valued function and it belongs to the space Hy and from
the reproducing property, we obtain the representation, for any yo € [f(a), f(b)]

o) = (f_l(‘)a[{(wyo))HK

£(b)
_ /f U@ ) + 17 WK )y

T aK (f(a), yo) + bE (F(b). v0). (3)

From this representation, we obtained in ([4]) the very simple representation

b
o) = 524 g [ sienlo— f(a))de (4

Furthermore, by using the several reproducing kernel Hilbert spaces from [2] as
in (3), we calculated similarly with the related assumptions, however, surprisingly
enough, we obtain the same formula (4). For the formula (4), we note directly that
we do not need any smoothness assumptions for the function f(z), indeed, we need
only the strictly increasing assumption. The assumption of integrability does not,
even, need for the formula (4).

Now, we would like to obtain some multi-dimensional versions. At this moment,
it seems that we can not find some simple representations as in (3) by some concrete
known reproducing kernels for some general domains, and indeed, we know the
reproducing kernels only for special domains and for special reproducing kernel
Hilbert spaces.

In order to consider some general integral representations for some general func-
tions, we shall recall the fundamental facts:

We can represent a function f in terms of the delta function ¢ in the form

flg) = /Df(p)fS(p— q)dp (5)

in some domain, symbolically. Meanwhile, a fundamental solution G(p—¢q) for some
linear differential operator L is given by the equation, symbolically

LG(p—q)=d(p—q). (6)

So, from (5) we obtain the representation

flq) = /D F(p)LG(p — )dp. (7)

Then, we can obtain the representation symbolically, by using the Green-Stokes
formula, for some adjoint operator L* for L,



flq) = / L*f(p)G(p — q)dp + some boundary integrals. (8)
D

We shall firstly use this type representation. In this approach, we will meet the
singular integral representation in the first term of (8), however, if G(p — q) is
integrable, then by a simple regularization for G(p — ¢) we will be able to realize the
representation in numerical treatments. In the separate paper [3] we discussed the
natural regularization in the form, for example, for the singularity

1
(lz —y[)*’
we consider the regularization
1
EETETE

for a small ¢ and we considered their error estimates.

We are interested in some very concrete results that may be realized by com-
puters. So, we considered very concrete cases in the 2 dimensional spaces. It seems
that the results will depend on dimensions, domains and functions spaces dealing
with.

In [6], we considered the following typical problem:

Let D C R? be a bounded domain with a finite number of piecewise C! class
boundary components. Let f be a one-to-one C* class mapping from D into R? and
we assume that its Jacobian J(z) is positive on D. We shall represent f as follows:

I,

v1 = fi(z) = fi(zy, )
y2 = fa(z) = faa1, 22) (9)

and the inverse mapping f~! of f as follows:

2y = (f7")2(y) = (f71)2(y1, 12)- (10)

Then, we represented

" hy)
/ ) (1)

in terms of the direct mapping (9).
Of course, we are interested in some numerical and practical solutions of the
non-linear simultaneous equations (9) and we obtained

Proposition 1 ([6]). For the mappings (9) and (10) with (11), we obtain the rep-
resentation, for any y* = (yi,y3) € f(D),

() = 52 4, (5] dnemn =22
B D

1 / 1
27

L g <f1($) - yi) dardzy.  (12)

|f(z) —y*| fo(z) — 5



We can give the natural version for the 3 dimensional case by using the well-
known Poisson integral formula and however, surprisingly enough we can give some
unified and natural inversion formulas for the general dimensions that are better
than the formula derived from the Poisson integral formula.

2 n-dimensional formulas
We shall give the very beautiful representation

Theorem 2 Let D be a bounded domain in R" with a finite number 9D of !
class boundary commponents. Let f be a C! class real-valued function on D. For
any € D and for any n € N we have the representation

f(&) = —c, (df (2),dGr(z — 2)) + ¢n /aD f(z) * dGp(x — ) (13)

Here, for n < 2,¢, = 1 and for n > 3,¢, = n — 2. * is the Hodge star operator,
G, the fundamental solution of the Laplacian A, = > 7| %, and (, ) the inner

product of the vector space A¥(D) comprising of the k order differential forms over
D with finite L? norms that is

(w,n):/Dw/\*n:/Dn/\*w (w,n € A*(D)).

Lemma 1 Let U, (0) be an ¢ neighbourhood with centre 0, then
‘ 1
/ *dG(x) = —.
BU(0) Cn

Proof of Theorem 2.
Let U.(%) be a neighbourhood contained in D. Then, for G,(z—2) € C*(D\U.(2))
and for f € CY(D), f(z)*dG,(z —2) € AY(D\U,(Z)) that is a C" class differential.
Hence, on D\ U(z), for f(z)*dG,(z — &) we apply the Green-Stokes formula and
we have

/ d{f(2) Gz — 2}

D\Ue(w) .

= z)*xdG,(z — ) — z) *dG,(x — ).
[ @)+ Gy =) /E)Ue(j)f() (z - 2)

Let § be the Dirac distribution and w, be dz;A---Adz,. Then, by dxdG,(z—1) =
A Gz — &)w, = §(x — T)w,, we have

d{f(z) * dG(z — &)} = df(z) A *dGp(z — 2) + (=1)°f(2)d * dG,(z — &)
=df(z) N *dG,(z — &) + d(z — Z) f(z)w,.



Hence,

lir% d{f(z) * dG,(z — &)} = (df (z),dCGn(z — 1)).

0 JID\Ue(2)
From the polar coordinate representation ¢*(f(z)*dG,(z—1)) = ¢* f(z)d**dG ,(x—
&) = f(& + ep(0))¢" x dGp(z — 1) ,

/ F(2) * dGule — &) = / 1(& + ¢(0))¢dGo(x — 2)
AU(2) [0,7] x - x[0,] x[0,27]

:_f_(é)_ (e —0).

Cn
We thus obtain the desired representation.

Theorem 3 In the situation of Theorem 2 and we assume furthermore that
f is a sense preserving C! class function on D in R™ with a single-valued inverse.
Then, for g € f(D), we obtain the representation

[ (wo) = _/dei A f**dGL(y — yo) + /aD zi f** dGo(y — yo)-

Here, f* denotes the 7 commponent of f~'.

Proof. For the function f~! on f(D), we use the representation in Theorem 2

and we use the transform of the representation by f. Then, by using the formulas
f*df ' (y) = dz;, and f* (w, 77) = (f*w, f*n), we obtain the desired representation.

In particular, for n = 1, we obtain (4), directly.

For n = 2, we obtain (13) and this formula may be represented as follows, from
our general formula:

For any g € f(D), we have

1@ = L(/ x;df; — clacZ A d9>
27 \ Jap

1,2.
Here, 6, = Arctan £ = ( ) y2,92 — Arctan ﬂﬂ:; In particular, furthermore, when
D is a convex domain, we have the representation

min + Jmar 1

-1/ 7 2
) = St / Oidz,;
[ (@) 5 27r( .

—/dl’z/\d92> i:1,2.
D

Here, ™" and 7" are determined by ¢ as the two points of 9D ([6]).

>
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Some recent results on Gao’s constants

LRSI RS - I &% 2 (Yasuji Takahashi)
NN TR - TEEFSERE Nk i (Mikio Kato)

NI o NZER X OBMTFROEEICEEL T, fEx ORMFHERSHONTND
(cf.[5,13]). James FEH J(X) & Schiffer E# S(X) 1XZEF D non-squareness DEF V&
# L, von Neumann-Jordan (NJ-) 3 Cny(X) 1T~V FZEM & OFLIE LR T
J(X) <2, 8(X)>1, Cny(X) < 2iZFMETH Y, Zi5id uniform non-squareness &
KT 5. £z, Cny(X) = 1IZe A~V MZEMZ RS 5. ZhbowEiitzefo
2 WICHIMEE % 30§ 5 2%, n RTTAOMEE % 3R 3 2 72 diciZ n ko (NJ-) 4% CT)(X),
James FEH J,,(X), Schiffer EH S, (X) EBMEE Bbid (cf.[7,8)).

AFEE TIE, Gao [2] DEA LIZEMFRER E(X), f(X) OV TRIEDRHREZ
N 5. FIZ, nROBMANER EM(X), fO(X)ZEAL, TNOOEKE nkD
BTFHMEE & OBREZET 5.

LIF, dim X > 2 & L, By IZBBEAER, X* 13REmEERT. J(X), S(X), Cns(X),
Gao DEHE(X), f(X) FRDO LD ITERIND -

J(X) = sup {min(||z +y[|, [z — yl)) : l|zll = lyl] = 1},
S(X) = inf {max(|lz + y|, [l = y[) = ||zl = llyll =1},

T 2 T — 2
) = (o € B (o) £ 00

E(X) =sup {|lz +yl* + |z —y|*: [lz]| = llyll =1},
F(X) =inf {lz +yl* + |l —y|*: || = ly] =1}.
78, J(X), E(X)DEHKRT, z,y€ Bx ELTHRETHLZ LBHMOLNTNS,
ROFERIL, BHIRIND (cf.[13,15]).
Theorem 1. For any Banach space X, we have
(1) 4<2J(X)? <min{E(X), E(X*)} < max{E(X), E(X*)} < 4Cns(X) <8.
(2) 2<4/Cny(X) < f(X) <28(X)?=8/J(X)* < 4.

Corollary 1. Let 1 <p<oo,1/p+1/p' =1,r =min(p,p’) and 1/r+1/r' = 1. If
X is an Ly-space with dim X > 2, then E(X) = 2!*%" and f(X) = 2!/,



Corollary 2. X is uniformly non-square, i.e., J(X) < 2 if and only if F(X) < 8,
and also if and only if f(X) > 2.
Recall that the modulus of smoothness of X is defined by

pe(r)=sup { =Ty e s,

where Sx is the unit sphere of X. Let us collect some known facts ([13]):

(1) px(1) = px+(1) and J(X) —1 < px(1) < J(X)/2. Moreover, J(X)—1= px(1)
if X is an L,-space, 1 < p < 00, and px (1) = J(X)/2 iff X is not uniformly non-square.

(2) 2(1+px(1))? < E(X) < 4(1+px(1)?) < 4+ J(X)2 We have equality in the last
inequality iff X is not uniformly non-square. Moreover, there are uniformly non-square
spaces X such that we have equality in each one of the first and second inequalities.

(3) BE(X*) <4+ 4(y/E(X)/2—1)? <4+ E(X)/2. Moreover, the second inequality
is strict if and only if X is uniformly non-square. On the other hand, there exists a
uniformly non-square space X such that equality in the first inequality holds.

(4) Cny(X) < 1+px(1)(/(1 — px(1))2 4+ 1— (1 —px(1))). We have equality if X is
not uniformly non-square. Moreover, there exists a uniformly non-square space X such

that equality holds. Using this inequality, we easily have

SO | S0

Cns(X) < (VJ(X)?—4J(X)+8—2).

The above estimate was proved independently by Maligranda [2003] and Nikolova-
Persson-Zacharides [2003], see also [8]. We note that this inequality is strict if and
only if X is uniformly non-square.

(5) If X is an Ly,-space, 1 < p < oo, then Cy;(X) = E(X)/4. There exists a Banach
space X such that Cy;(X) > 1+ px(1)? > E(X)/4. Hence, Cy;(X) # E(X)/4 in
general.

Finite representability and super-reflexive Banach spaces: For isomorphic
Banach spaces X and Y, the Banach-Mazur distance between X and Y, denoted by
d(X,Y), is defined to be the infimum of ||T'||||T"|| taken over all bicontinuous linear
operators T' of X onto Y. A Banach space Y is said to be finitely representable (f.r.)
in a Banach space X if for any finite dimensional subspace F' of Y and for any ¢ > 0
there exists a finite dimensional subspace E of X with dim F = dim F such that
d(E,F) < 1+e It is well-known that X** (bidual of X) is finitely representable in X,
and /; is finitely representable in any infinite-dimensional Banach space.



X is said to be super-reflexive if any Banach space Y f.r. in X is reflexive. It
is known that uniformly convex spaces are super-reflexive, and conversely, any super-
reflexive Banach space has an equivalent uniformly convex norm, see Enflo [1].

Denote by E(X) (f(X)) the infimum (supremum) of all E(X) (f(X)) for the equiv-
alent norms of X. It is shown that if X is an L,-space, 1 < p < oo, then E’(X) = E(X)
and f(X) = f(X). But in general, £(X) # E(X) and f(X) # f(X). It is known (cf.[6])
that X is super-reflexive if and only if Cxns(X) < 2, where Cx(X) is the infimum of
all Cny(X) for the equivalent norms of X. The following result can be proved similarly,
see [15].

Theorem 2. The following are equivalent.
(1) X is super-reflexive.
(2) E(X) <8.

(3) f(X) > 2.

Type and cotype of Banach spaces:
X is said to be of (Rademacher) type p, 1 < p < 2, if there exists M > 0 such that

L n , 12 n 1/p
{/0 er(t)%' dt} SM{ZH%‘””}

for all finite systems {z;} in X, where r;(t) are the Rademacher functions, i.e., r;(t) =

sgn(sin 2/7t). It is obvious that any Banach space is of type 1.
X is said to be of (Rademacher) cotype ¢, 2 < ¢ < oo, if there exists M > 0 such

that L ow 1/2 " 1/q
M{/O Her(t)xj 2dt} > {lewﬂlq}

for all finite systems {z;} in X.
It is well-known that if X is of type p, then its dual space X* is of cotype q, and

the converse is also true if 4; is not finitely representable in X, where 1/p+1/q = 1. It
is also known that X is isomorphic to a Hilbert space if and only if X is of type 2 and
cotype 2.

Theorem 3. If Y is finitely representable in X, then E(Y) < F(X) and f(X) <
f(Y). In particular, if I, is fr. in X, then E(X) > 2*¥" and f(X) < 2*%/"', where



1<p<oo,l/p+1/p=1,r =min(p,p/) and 1/r+ 1/r' = 1.

Corollary 3. Let 1 <t <2and 1/t+1/t' =1.
(1) If E(X) < 22/t then X is of type p and cotype q for all p < t and ¢ > t'.
(2) If f(X) > 21*%/* then X is of type p and cotype q for all p < t and ¢ > t'.

Remark 1. In (1), if E(X) = 4, then X is isometric to a Hilbert space, and so X
is of type 2 and cotype 2.

B-convexity and B,-convexity: X is said to be By,-convez (or uniformly non-
£}) provided there exists € (0 < € < 1) such that for all z,,...,x, € Bx there exist ¢;
(e = £1) satisfying

lerzs + ... +enzy] < n(l —e).

X is said to be B-convez if X is B,-convex for some n > 2. It is well-known that X is
B-convez if and only if /; is not finitely representable in X; and if and only if X is of
type p for some p > 1.

Theorem 4. Let 1 < p < 2. Suppose that there exists £ (0 < £ < 1) such that for
all 1, ..., 2, € Bx there exist ¢; (¢; = 1) satisfying

le121 + ... 4 Enn|| < nV/P(1 - €).

Then X is of type r for some r > p.

n-th von Neumann-Jordan constant and Gao’s constants: The n-th von
Neumann-Jordan constant C’J(\?}(X ), n > 2, is defined by

2
CIYX) i=sup { 4 s || 5 52 /wzjwaw;zgmmn#o}
It was shown in [7] that X is B,-convex, n > 2, if and only if CJ(\?}(X ) < m; and for
1<p<2, C’I(\?J)(lp) = J(\T,f;(Lp) = n?P~1 for all n > 2, where dim L, = co. Note that
c® ) = c®(L,) = 2271 for 2 < p < oo.
The n-th Gao’s constants EM™(X) and f((X) are defined by

EM™(X) := sup { Zaj::hl “ > i1 0iw;

2
/271 Z?:l ”%“2’ T1,%2y .., Tn € SX}

fO(X) = inf { Zoj:ﬂ H > i-19i7;

2
/2 S Nl 1,0, € S |



It is shown that if X is an L,-space with dim X > n, 1 < p < 2, then E™(X) = CI(\?} (X).
In general, E(™(X) < C’]((,l} (X) for any Banach space X. For n = 2, there exists a Banach
space X such that E®)(X) < C'(2) 7(X). We pose the following conjecture: For any n > 3
there exists a Banach space X such that E(™(X) < C(n)( X).

n-th James and Schéaffer constants:

Jn(X) :=sup { ming, 1

n
> ie1 0555 xl,xz,...,anBX}.

JE(X) = sup{mingj:il ‘ Z? 10525015 ©1, 39,0, € SX}.

Sp(X) := inf { maxg,—+1 { Z;l 10;25])5 w1, 32,1, € SX}.

Theorem 5. If n > 2, then
(1) J3(X)?/n < E™(X) < O5H(X).
(2) 1/CP)(X*) < F(X) < Su(X)?/n.

Corollary 4. Let 1 <p<2and2<g¢g<oo. If n> 2, then
(1) If dim L, > n, then E™(L,) = n?/?~1,
(2) If dim L, > n, then f™(L,) =n?71.

Remark 2. For n =2, we have E®(L,) = 2P~1if 2 < p < 00, and f®(L,) =
2%/7-1if 1 < ¢ <2, where 1/p+1/p' =1 and 1/q+1/q =1, see Corollary 1.

Theorem 6. Let n > 2. The following are equivalent:

Theorem 7. Let n > 2. The following are equivalent:

(1) 4o is not finitely representable in X, i.e., X is of cotype g for some g < oo.
(2) Su(X) > 1 for some n.
(3) f™(X) > 1/n for some n.
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Functions of the Nevanlinna Class on the Boundary

Hokusei Gakuen University
Takahiko Nakazi

Abstract. Let N and N, be a Nevanlinna class and a Smirnov class, respectively,
on the open unit disc D in the complex plane. We describe a function in N whose real
part is nonnegative on 0D the boundary. We also show that for a function F' in N there
exists a function f in N, such that Ref = |F| on D. Moreover we give a necessary and
sufficient condition for that there exists such an outer function f.

D% C OHABAMMR. 0D Z2ZDHEFRET 5, fe N fH D ETEADD

2 .
sup [ log™ |f(re?)|df/2m < oo
0<r<1J0

iz & THB, NI Nevanlinna FREMEN S, TDE X, Fatou DEHIITED
N DOIGIFIF & A LW 5T radial limit ZRDOZ & ZRLTWS, E>T D ED NE&
8D |0 radial limit Z[A—#TZ %, fe N, £ld fe NHD

27 ) 2 .
lin%/ log™ | f(re®)|df/2m = / log™ | f(e")|d6/2m
r—1Jo 0

LixBEERVS, NoIE Smirnov JREMENS, 0 <p<ocoDEE, N,NLP(dF/27) =
Hr L#EE, H?Z Hardy #EEPHEN 5,

RD[1BRIHSENTVS,
[1] f e HUFESMFETEE LMD Ref > 00n 0D %53, |k| <1 on oD
3B ke HWMFELT, f=0+k)/(1—-k) B IS, TDELE] 11—kl outer B

BTHY, |f -1 <|f+1] on DOILT B
At f e HY 13

1) = | TP 0 — ) f(e)dt/2n (2 = re® € D)
LEFBDT, Ref >0%5, Ref >0on D TH%, &oT, k=(f-1)/(f+1) &

THELEecH® DD |k|<1on D THAMNS f=(1+k)/1-k) EETB, TDLE,
f & outer BENTH %,



FEH1E[1]D NIKBT AEBAND— (L THS, TIT NICET ZREEUIL
L% Poisson BORBTES LRRESHVDT, [1]&IFES HiEZ L 5GTNUIES
AN

FIE1 fe NBEHEMFETIEERIDD Ref >00n 0D %5, |k| <1ondD
7% ke H® & inner B ¢ DFEIEL T

_q+k

kon@Db‘D lg—k|>0on D
q_

f

LTE%, TDEZE |f-1lgl < |f+1lon DD Ref = (1—|k]*)/|g — k|* on D T
b5

BgEIEd): (f—l)/(f+1) &fj‘5< &\ l(z)’ S lon 3Do f+1 = qlhl/sl\ f—l = Qth/SQ
¥ F. and R. Nevanlinna OEH % AW TREET 5, T T ¢ & inner BIEL. s; 35F
H inner B h & outer BIED D siNgi =1 (1 =1,2) THB, TDELE, 51 =5 LH
aye }_)_7]3\"6%\ q=aq MmO k= qghg/hl 2‘:‘@‘% <I_).\ f = (q—l—k’)/(q— k‘),k € Hoo,'k.| <1
on D D |g—k|>0o0on DZRT T ENTE S,

EHLIT fNLCET S5, g — kX outer BIEITH S, LHr LI
g — k3% inner 0 7% 6D, ¢ A nX finite Blaschke FZ2 53 ¢ — k @ inner #8731
¢ X finite Blaschke D ¢ < n 7% T & 7% Adamyan-Arov-Kerein OEH [1, Chapter
IV, Theorem 5.3] ZHWTRT T ENTES, FC ¢=17%51 ¢— ki outer £75%,
KXo TE1D £ ¢B finite Blaschke 25 Ny ICET 5, XD [ 2] 3HISNTV 5,

(2] F € H' DMEFINCFETHEVEDIE f €Nyey HP Ty Ref =|F| on D &7
2D FEHET S, TDEZE Ref >0on D &ETES,
A F e HY T LT

1) = [ S P2 (2 € D)

et — z
E35L. fEN HP D Ref =|F|on dD TH%, TDEE Ref >0o0n D,
FEH2E[2)D fe NNO—{tTH %, NI HBBUILT LE L(df/2n)

KBS % L R5E VDT, Herglotz 772 WA T EMTERY, K> THDGEZ
AT R 5%,



T2 f e NESIICETEVEDE f € N, T Ref = |Flon 0D £755
DN FIET %,
B&EE Douglas-Rudin ®OEH [1, Chapter V, Theorem 2.1] X ¥

<1

1+9?F
(1+q2F *

7% inner B ¢, ¢ BEFET %, Koosis DffiE X D

(14+q?F G
(1+9)%F] |G|

L7525 outer G € H BMFET 5,

O

1+

_aF
f_Gl

NS

D (14+Q)/(1—Q) i |G| D Herglotz F&m &
on 0D,

%, TOLX fe N, D Ref = |F|

[2]CBT S i outer BIELTH A M., EH2I1CBIT % f X outer LTS
W DY outer THAXLEEMIE Fy/G > 00on 0D £75% outer TH5 G € H D7
ETAZERRTENTES, TTT Fyld FOD outer 557 TH 5%,

BEX
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2. T. Nakazi, Functions in N, with the positive real parts on the boundary, and
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Hilbert Functions
and

Infinite Sequences of Inner Functions

Michio Seto (Shimane University)

Abstract

The Hardy space over the bidisk has Hilbert module structure over the bidisk
algebra under pointwise multiplication, and its submodules are defined as closed
subspaces invariant under the module action. In this article, we deal with submod-
ules constructed of infinite sequences of inner functions, and their Hilbert functions

are calculated.

1 EILA)LMESE &

E AL MBS R 1L, ARG TH S DDA SN TV D EERHR TH 5. Douglas-
Yan [1] {2 &V, ZEBEERARRICBT D2 REELZRD BT, AL kB B%7
A She, 22T, BEMITR e v~ FEBDERZHNTT 5.

A ZBBER, HE ABMMERATA eV INNEEETH. T72bL, H I

AXHS(f,h)—f-heH

EWIHIIMBEDIERNERENTWAE AL MZEFTHY (B2, 1-h=h Z2RET
%), IbIZ, AL HDOINVAARIZEL, ZOFERABRFERI LICERTHD LT 5.
K, ADBKAT TN IR, ¥ & {fifor - fu: fj €I} CEVERSNDATT
e,

[IkH]: [{ij'hjifjelk,hjE%,nEN}

i=1

[l-ll

EEDD.
EER 1 eV NS Hyy #UTOXDICERT D ¢

Hry(k) = dimH/[I* - H] (dim (Z@F ORPBZER L LTORITE T D).



ZOEFRITHBRLDTH DA, UTOFIND, e~b hEBUIBEEMT T BR
WHNOHRTHDL Z L3N 5.

Bl 1.1 H ZeA~ V2R, T % ||T|| <1 ThHd H LOBRBERARETS. iz,
A(D) % disk algebra £ §%. Z® &L %, von Neumann DAREFENRIZLD, fe AD) &
he HITHLUT, f-h=f(T)h &EDIIE, THIXEAL MIBEOIERL 725, -
T, HET OXT%, AD) 2REBBRETHENA VL MIFELHRRTIENTES. Z
DFETOENL~)L "X, I, 2 N € DICHETHE A DBRKATTNVETD L,
Hp, 5(k) = dimH/[I¥ - H] = dimH © [(T — A\)FH] = dimker(T* — N)* L7235,

EE 2 RERE A LT DE VL MINEEH ICKHL, DOIFRES {9}, C H BF
LT, (S Sy 0: [ €A} 55 H OFCRETHSD L&, H IHRERTH DL
5. e, TOEI%n OFTRADEE H OF 7 LV, rankH Ik D F#T

ROFEHT [1] THEH I TWE 2, KBRS CUTFO (i) ICHYS 3 28 1
FHABRBICBIT A EL~UL NDAFL R TH S.

EE1([1]) H e~V MngEeL LTHRBAER THY, 512 dimI/[1?
CIRETD. ZDEE, LFARY D

(i) dimH/[I*-H] < oo (k> 0),

[la < O

(ii) pru € Qt] BFEIEL, +HRER LT LT, pru(k) =dimH/[I* - H].

EH 1 D pry 1Ze L F2ZEA L LT s, AHEERWRICEWT, BV NLIH
ROWRE, BHEROBRENL, MEICETIBEERAEREZEZX D2 LR MO TWS.
Z T, AHERROMREZEZICILT, ZEBIEAFERICBT 2T OIS EER L T2,
Zip3, Douglas-Yan [1] IZ86FE 5, AL MEAEEZ BT CHAT 28 TH 5.

2 BRI FEHOTE

Douglas-Yan [1] i< #F%E & L C, Eschmeier [2], Fang [3] 2 EDRH BN, Z Z Tk, #
D DT LNTR R DBRD D e V-V FEEERHNTHIZW. LU TiE, D % C NOB
Mk & L, A(D?) % bidisk 8, H?(D") % D" (n=1,2) k® Hardy 2 &35, 2D
L&, BEOHITIET H2(D?) 1 AD?) 2BREERL TH e~V ML 2D, T2,
¢j/qi1 BERIEATH D &K 572 inner function DF {g;}>0 1K L,

H=> @qH D) ®w
=0

LEDDE WL H*(D?) O AD?)-HnMiEL 722, 12120, ERRDOT Y iE HA(D?) =
H?(D) @ H*(D) (BEiX z,w £32) OBKTL .



THE2 I, % (\,0) € D’ (CRET 2 AD?) OlBAAFTAET S, Z0LE, H =
Y% ®¢H(D) @ w ITHFL,

k(k+1

+{j21:deg/\q] >kdg/\q7 A> k—1,. degA >1}l
q; q; q;

+{ >2: degA >k—1de/\q] B> k- deg/\ >1H
45 qj qj

+ {] k- deg/\ >1H
45

WY IS, 22T, degy fIXERIBAE f D 2 =N BT L2FEROBEHEEEZ LT

ZOFEH 2 IFHEFCRENRERTH LN, HETRERDBP—2HD. Thix, EH 1
KEENLRWGEE WAL NI 2L THDS. UTOR 2.1 rHLENBOND.

5l 2.1 (Rudin OFl) o, =1-n"2 (neN) &L, a, I[ZFEH%HD Blaschke factor %
by L%, BEH2%Z ¢;=[[2. 0077 OHECEATDE, UTOT U 7iHEEES.

n=j°’n

k(k+1)

k+1
Hy, (k)= +nk < il 2+ )rankH (n € N).

ZOFHEND, n— oo LTIUE, HITERER THD I EBEIND (1 KOBED
FU7EBBLTWD WS Z AT . ZhiE, Rudin DL <mbh7ofER ([4]) oxt
TORREATH .

fil 2.2 (BEEE 1 0)%‘“‘) {A\;}320 % Blaschke sequence & L, &DIZ, A\ # A; (i # j)
ERETD. N\ \CFERE b Blaschke factor % b; &5, q;/qj41 = b; DHA,

k(k+1)

HI)\n,OaH(k) = 2 + k S

BB, ZoBITIE, #l2.1 TRWeZ 7 FHME0 AR L2,

rank H (n € N).
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Polynomial numerical hull of a matrix

HE  {# Hiroshi Nakazato Hirosaki University

Abstract The polynomial numerical hull of a matrix is introduced and

characterized. Some examples of polynomial numerical hulls are provided.

1. Numerical range of a matrix

Let M, be the associative algebra of all n x n complex matrices. Many
numerical objects are defined for a matrix A € M;,. Probably, the most
important one is their eigenvalues or the spectrum. The spectrum o(A) of

a matrix A is defined as
a(A) ={\ € C: A¢ = X forsome £ € C™, ¢ # 0}
={\ € C :det(\], — A) = 0}. (1.1)

The spectra of matrices have good properties such as o(p(A4)) = p(c(4))
for a polynomial p(\) and o(AB) = o(BA). We also consider the operator
norm ||A|| defined as

||A]| = max{y/(A&)*(AL) : £ € C", "¢ =1}
= max{V: A > 0,det(AL, — A*A4) = 0}. (1.2)

The numerical range W(A) of a matrix A € My, is defined as

W(A4) ={£Af: £ C™ e =1} (1.3)
In 1919 Hausdorff proved the convexity of W (A) (cf.[6]). He pvoved that

{eC”: "¢ =1H  =a}

was connected for every Hermitian matrix H and ¢ € W(H). In 1975,
Westwick generalized Hausdorff’s result to c-numerical range W.(A) (c €
R™) by using Morse theory. He showed that the function

n

F(uig) = Y cirgluisl?

3,5=1



was a Morse function on U(n)/D(n) and all Morse indices for f are even
numbers for real diagonal matrices C, H with distinct diagonal entries.

If A € C does not belong to W (A), then the separation theorem for convex
sets implies that there exist 0 < # < 27 and b € R satisfying

R(exp(—i0)£* AE) < b < R(exp(—if)A).
for every £ € C™, £*¢ = 1. This inequality implies that the relation
{*[In+%(exp(—z’G)A+exp(z'6)A*)+(11—2A*A]£ < 1+%§}%(exp(—i0))\)+‘11—2|)\|2
(&€ C™, "¢ =1) holds for sufficiently large a > 0. Hence the inequality
|laexp(—i8)I, + A|| < |aexp(—if) + A|

holds for sufficiently large a > 0.

On the other hand, if the equation \ = £* A€ holds for some unit vector
&, then the inequality
A +al < ||A+aln||

holds for any @ € C. Thus we have one characterization of W(A) as the
following:

W(A) =V} (A) ={ € C:|\+a| <||A+al,l|/forallac C}. (1.4)

2. Polynomial numerical hulls
The object W(A) = V!(A) for a matrix A is generalized as
VEA) = {\ € C: |arAF +ar_1AF 14 4ag| < |laxAF+ar—1A¥ 4+ +aol,||
forallag,ag—1,...,a0 € C}, (2.1)
where k is a positive integer. It is also characterized as
VE(A) = {\ € C: ax etar_1 N7 . . +ag € W(arAF+ar—1A* 4. 4aol)

forallak,akg—1,...,a0 € C}. (2.2)

This numerical object V*(A) is said to be the polynomial numerical hull
of order k of A. Tt satisfies V*¥(AT) = V(A) for the transpose AT of A.

The set V*(A) is not necessarily connected. Each connected component of



V*(A) is simply connected. A crucial characterization is found by V. Faber
et al. in 1996 ([4]) and also by A. Greenbaum in 2002 (cf. [5]):

VF(A) ={A € C:(0,0,...,0) € Conv(W (A=A, (A-AL,)?%,..., (A=Xa)*)}.
(2.3)
Thus it also satisfies

VEA) ={ eC: min ~ maxo(y1R(A — AMp) +12S(A - ALL) + ...

Y244y, =1

+yak-1R((A = Mn)®) + 12xS((A - A)F)) > 0} (2.4)
(cf.[7]). If Ao € C satisfies

maxo(R(A — M) + ...+ y2xS((A = M)F) > e>0

for every point (yi,...,¥yn) of the unit sphere, then this inequality holds on
a neighborhood of A\g. Thus every boundary point Ao of V¥(A) satisfies

min  maxo(yiR(A — Moln) + ... + y26S((A — XoI,)*)) = 0.
yi+tug, =1

We assume that (y§°’, e yé(,?) is a minimum point of the function max o (y; R(A—
Xolpn) +...) with y§°) # 0. Set Yj(o) = y](.°)/y§°’ for 2 < j < 2k. Then the

equations

det(R(A—MoIn) + Y OS(A = AoLn) +. .. + ViOS((A = XoIn)F)) = 0, (2.5)

%det(%(A—)\oIn)+Y2%(A—)\0In)+. A+ YaS(A=XoLn)¥)) = 0, (2.6)
J

(4 =2,...,2k) hold where the derivatives are taken at the point (Y2(0), ceey YTSO)).
Using (2.5),(2.6), we eliminate Y3,..., Y2, and obtain an equation in A. To
perform such a process, we compute the descriminants of some polynomials
2k — 1 times. Any way, (2.4) show that OV*(A) lies on an algebraic curve
(cf. [1]). Seidenberg’s decision method provides a general principle. In the
case k = n, let

PA) = A"+ a1 A"+ +ag

be the characteristic poiynopmial of A. Then we have
V*(A) c{A e C:p(\) =0},

and hence V"(A) C o(A). If X is an eigenvalue of A and ¢ € C™ is a unit
eigenvector of A corresponding to A, then the equation

£ q(A)¢ = q(A)



holds for an arbitrary polynomial q(z). Hence the inequality |g(A\)] <
llg(A)]|| holds for arbitrary polynomial. Thus the equation V"(A) = o(A)
holds. The numerical range W(A) = V!(A) of a matrix A is used to lo-
cate the eigenvalues of A. The polynomial numerical hulls V¥(4) (k =
2,3,...,n) provide finer informations of the location of the eigenvalues of
A. Some interesting results of V*(Q) has been found by C. Davis, A. Salemi
and C. K. Li (cf. [2], [3]).

3. Numerical method to study V?(4)

The equations (2.5), (2.6) are necessary conditions for Ao € C to belong
to OVF(A). We shall provide a performable numerical method to confirm
that a point A does not belongs to V2(A). We consider a polar coordinate
system on the 3-dimensional unit sphere S3:

Y1 = COSU, Y2 = sinu cosv,ys = sinu sinv cosw,y4 = sinusinv sinw

(0 < u,v <m0 < w< 2r). For a random point (y1,y2,3,v4) € S3, we
consider the characteristic polynomial F = F(t,y1,y2,Yy3,ys) defined by

det(t-[n _ylén(A_AIn) _yZQ(A_ )‘In) _y3§R((A_ >‘In)2) ”y‘l%((A_ /\In)2))

In the case we use a software ”Mathematica”, a numerical maximal root of
this polynomial in ¢ is computed by the command

Flatten[NSolve[FF == 0, t]][[»]][[2]].

We shall make a list of these largest roots for random points (y1,%2,¥3, ya)
on the unit sphere. We take the minimum of these values. If the minimum is
negative, it show that A does not belongs to V2(A). For instance, 20% = 8000
points on S2 form a rather coarse net. A net composed of 1003 = 10° points
is also not so fine. However these net provide a rough test for a point A € C
not to belongs to V2(A4). With the help of this method, we can determine
the boundary of V2(A) for some 3 x 3 matrices, for instance

0 2 6
A=10 0 4
0 0O
The boundary of V2(A) for this matrix satisfies

OV2(A) C {z1 + 122 : (21, 22) € R?,Q(21, 22) = 0},



where

Q(z1, 20) = 1358954496 + 2717908992z, — 124570828822 — 169869312023

+8717541623* + 564333842, 23* + 2887277622 23* + 10804327235,

1: outer arc is the boundary of V2(A)

We shall consider a simpler case. Let

Sy =

oS O © O
o O O =
S O = O
oS = O O

Set P(z,y) = R((Sy — x14)?) + yR((Ss — zI4)). Then,
16det(P(z,y)) = G(z,y)G(—z, —y),
G(z,y) = 4%y —2zy® —y? — 823y + 62 y+ 4wy —2y+4a* — 4a® — 4® + 42— 1.
The resultnt of G(z,y) and Gy(z,y) with respect to y is given by
H(z) = —4z (5¢° — 822 + 6z — 2)(42® — 22 — 1).

The resultant of G(—z, —y) and Gy(—z, —y) is given by H(—z). Denote by
a4 the unique real root of 523 — 822 + 6z — 2. An approximate value of a4
is given by 0.702319. The roots of 4z% + 2z — 1, that is, (—1 £ v/5)/4 are
approximated by 0.309017, —0.809017. The 3 values ax, | —1£+/5|/4 are
candidates of the radius of the disc V2(S4). By a numerical method, we



find that a4 is the radius. The range V2(S4) is given by {z € C: |2| < as}.
By a similar method, we find that the 10 x 10 shift matrix

0 1 o ... O
So=|l0 0 1 ... 0

satisfies
V2(Slo) = {Z eC: \Z| < alo},

where ajg is the largest real value of a polynomial

K(z) = 5996953623° — 43614208023 + - - - 4 230472z — 13500.
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ON FIXED POINTS OF RESOLVENTS OF MONOTONE
OPERATORS IN BANACH SPACES
(INFYyNZERICE T ZERBERROL VILRY FDOXRERICDWNT)

FUMIAKI KOHSAKA (#fR SaHH)

ABSTRACT. We obtain a strong convergence theorem of Browder’s type for
firmly nonexpansive-type mappings in Banach spaces.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a (real) Hilbert space H and T" a
mapping from C into H. Then T is said to be nonezpansive if

(1.1) [Tz — Tyl < ||lz -yl
for all z,y € C. The mapping T is also said to be firmly nonexpansive if
(1.2) Tz — Ty|? < (Tx — Ty,z —y)

for all z,y € C. It is obvious that every firmly nonexpansive mapping is nonexpan-
sive. The set of fixed points of T' is denoted by F(T'). It is known that a mapping
T from C into itself is firmly nonexpansive if and only if there exists a monotone
operator A: H — 2H such that D(A) ¢ C C R(I + A) and

Te=(I+A) "'z

for all z € C, that is, T is the resolvent of A; see Bruck and Reich [7]. In this case,
the following holds:

(1.3) z€ F(T) <= 0¢ Az.

Browder [6] obtained the following strong convergence theorem for nonexpansive
mappings in Hilbert spaces; see also Takahashi [20-22]:

Theorem 1.1 ([6]). Let H be a Hilbert space, C' a nonempty closed convex subset
of H, T a nonexpansive mapping from C into itself such that F(T) is nonempty,
and © € C. Then the following hold:

(1) For each t € (0,1), there exists a unique u; € C' such that
ug = tx + (1 — t)Tuy;
e net {us} converges strongly to Pr(ry(T) as , where Pppy denotes
2) th t ly to Pp(T) t | 0, where Ppr) d
the metric projection from H onto F(T).

2000 Mathematics Subject Classification. 47TH10, 47THO5, 47J25.
Key words and phrases. Banach space, convex optimization, firmly nonexpansive-type map-
ping, fixed point, monotone operator, proximal point algorithm.



In the part (1) of Browder’s theorem, Banach’s contraction principle ensures the
unique existence of u;. Browder’s theorem was extended to accretive operators in
Banach spaces by Reich [15] and Takahashi and Ueda [23]; see also Takahashi [20,21]
for more details.

Let C be a nonempty closed convex subset of a smooth Banach space F, J the
normalized duality mapping from E into E*, and T a mapping from C into E.
Then T is said to be of firmly nonezpansive type [10] if

(1.4) (Tx — Ty, JTz — JTy) < (Tz — Ty, Jz — Jy)

for all z,y € C. If E is a Hilbert space, then J is the identity operator on F

and hence (1.4) reduces to (1.2). The class of firmly nonexpansive-type mappings

is contained in the classes of D-firm operators introduced by Bauschke, Borwein,

and Combettes [4] and F-firmly nonexzpansive operators introduced by Bauschke,

Wang, and Yao [5], where D stands for a Bregman distance and F' stands for a

single-valued strictly monotone operator from F into E* with some assumptions.
We know that T is of firmly nonexpansive type if and only if

(L5)  ¢(Tz,Ty) + ¢(Ty,Tz) + ¢(Tz,x) + $(Ty,y) < p(Tz,y) + $(Ty, z)
for all z,y € C; see [4,10], where the function ¢ is defined by
(1.6) ¢(z,y) = l«|® = 2 (z, Jy) + [ly|?

for all z,y € E; see Alber [2] and Kamimura and Takahashi [8]. If F is a Hilbert
space, then ¢(z,y) = ||z — y||? for all z,y € F and hence (1.5) is reduced to

(L.7) 2T - Tyl|* + Tz — z|* + [Ty — yllI* < | Tz — yl* + | Ty — 2|

for all z,y € C. In the particular case where T' has a fixed point, then (1.5) implies
that

(1.8) ¢(y, Tz) + ¢(T'z, x) < Py, z)

forally € F(T) and z € C.

In this paper, using some results on firmly nonexpansive-type mappings (The-
orem 2.2 and Lemma 2.4), we obtain a strong convergence theorem of Browder’s
type for firmly nonexpansive-type mappings in Banach spaces.

2. PRELIMINARIES

Throughout the paper, every linear space is real. The set of real numbers is
denoted by R. Let E be a Banach space with norm ||-|| and E* the conjugate space
of E. Then the value of z* € E* at + € FE is denoted by (z,z*). For a sequence
{zn} of E and x € E, the strong convergence of {z,} to x and the weak convergence
of {x,} to x are denoted by =, — x and z,, — z, respectively. A Banach space F
is said to be smooth if
et iyl gl
t—0 t
exists for all z,y € S(FE), where S(E) denotes the unit sphere of . The norm
of E is also said to be uniformly Gateauz differentiable if for each y € S(E), the
limit (2.1) converges uniformly in z € S(F). A Banach space E is said to be
strictly convez if ||(z +1vy)/2|| < 1 whenever z,y € S(E) and = # y. It is also
said to be uniformly convex if for each ¢ € (0,2], there exists ¢ > 0 such that
Iz +v)/2|| <1—d whenever x,y € S(E) and ||z — y|| > &. A Banach space F is

(2.1)



said to have the Kadec-Klee property if x, — = whenever {z,} is a sequence of
E such that z,, — z and ||z,| — ||z||. The duality mapping J from F into E* is
defined by

(2:2) Jz = {a* € E*: (g,2") = |l|” = ||z*|*}

for all z € F. If C is a nonempty closed convex subset of a strictly convex and
reflexive Banach space F, then for each z € E, there exists a unique z € C' (denoted
by Pcx) such that ||z — z|| = minyec ||y — «||. The mapping P¢ is called the metric
projection from F onto C.

Let E be a Banach space and A: E — 2F". The graph of A is defined by

(2.3) G(A) = {(z,2") : 2* € Az}

The domain and the range of A are defined by D(A) = {z € E : Az # 0}
and R(A) = ,cp Az, respectively. The mapping A is said to be monotone
if (z—y,z* —y*) > 0 whenever (z,z*),(y,y*) € G(A). A monotone operator
A: E — 2F" is said to be mazimal monotone if there is no other monotone opera-
tor B: E — 2E" such that G(4) C G(B). If A: E — 2F" is a monotone operator
such that D(A) C C € J71R(J + A) for some nonempty closed convex subset C of
E, then we can define a single-valued mapping 7" from C' into itself by

(2.4) Ter=(J+A) 'z

for all z € C. The mapping T is called the resolvent of A. In the particular case
where A is maximal monotone, then it holds that R(J + A) = E and hence the
mapping 7T is defined on the whole space F; see Takahashi [21].

The following lemma shows that the class of firmly nonexpansive-type mappings
is coincident with that of resolvents of monotone operators:

Lemma 2.1 ([11]). Let E be a smooth, strictly convez, and reflexive Banach space,
C a nonempty closed convex subset of E, and T a mapping from C into itself. Then
the following are equivalent:
(1) T is of firmly nonexpansive type;
(2) there exists a monotone operator A: E — 2F" such that D(A) C C C
JIR(J + A) and
Tz =(J+ Az
forallz e C.

In Lemma 2.1, it also holds that
(2.5) 2€ F(T) <= 0¢€ Az.

Thus, the problem of finding zero points of monotone operators in Banach spaces
is equivalent to that of finding fixed points of firmly nonexpansive-type mappings.

Motivated by the proof of Takahashi’s fixed point theorem [19] for amenable
semigroups of nonexpansive mappings in Hilbert spaces, we recently obtained the
following fixed point theorem:

Theorem 2.2 ([10]). Let E be a smooth, strictly convex, and reflezive Banach
space, C a nonempty closed convex subset of E, and T a firmly nonexpansive-type
mapping from C into itself. Then the following are equivalent:

(1) There exists x € C such that {T™x} is bounded;

(2) T has a fized point.



In particular, if C' is bounded, then T has a fized point.

Let C' be a nonempty closed convex subset of a smooth Banach space F and
T a mapping from C into E. Following Reich [16], we say that a point u € C
is an asymptotic fixed point of T if there exists a sequence {x,} of C such that
Zn, = uw and ||z, — T2, || — 0. The set of asymptotic fixed points of T' is denoted
by F (T). Following Matsushita and Takahashi [13,14], we say that the mapping T’
is relatively nonexpansive if the following conditions are satisfied:

(R1) F(T) is nonempty;

(R2) ¢(y,Tz) < ¢(y,z) for all y € F(T) and z € C;,

(R3) F(T) = F(T).
The mapping 7' is also said to be strongly relatively nonezpansive [1,3,9,16] if T is
relatively nonexpansive and ¢(Txy, ) — 0 whenever {z,} is a bounded sequence
of C such that ¢(u, z,) — ¢(u, Tzy) — 0 for some u € F(T).

We also know the following lemma:

Lemma 2.3 ([14]). Let E be a smooth and strictly convex Banach space, C a
nonempty closed convex subset of E, and T' a mapping from C into itself such that
F(T) is nonempty and

¢y, Tx) < $(y, )
forally € F(T) and z € C. Then F(T) is closed and convez.

It immediately follows from (1.8) and ¢(x,y) > (||lz|| — ||ly||)? for all 2,y € E that
if T is a firmly nonexpansive-type mapping which has a fixed point, then T satisfies
(R2). The following lemma ensures that such a mapping also satisfies (R3) under
some additional assumptions on the space E:

Lemma 2.4 ([10]). Let E be a strictly convex Banach space whose norm is uni-
formly Gateauz differentiable, C a nonempty closed convex subset of E, and T a
firmly nonexpansive-type mapping from C into itself. Then the following hold:

(1) F(T) = F(T);

(2) if F(T) is nonempty, then T is strongly relatively nonezpansive.

3. RESULTS

Using Theorem 2.2, Lemmas 2.3 and 2.4, we obtain the following strong conver-
gence theorem of Browder’s type for firmly nonexpansive-type mappings in Banach
spaces; see [12] for the proof:

Theorem 3.1 ([12]). Let E be a smooth, strictly convex, and reflexive Banach
space, C' a nonempty bounded closed convex subset of E with 0 € C, and T a firmly
nonezpansive-type mapping from C into itself. Then the following hold:

(1) For each t € (0,1), there exists a unique uy € C such that
up = (1 — t)Tuy;

(2) if E has the Kadec—Klee property and the norm of E is uniformly Giteaus
differentiable, then the net {us} converges strongly to Pp(7)(0) ast | 0,
where Pp(ry denotes the metric projection from E onto F(T).

Applying Lemma 2.1 and Theorem 3.1, we can study the problem of finding zero
points of monotone operators in Banach spaces.



Theorem 3.2 ([12]). Let E be a smooth, strictly convex, and reflexive Banach
space and C' a nonempty bounded closed convex subset of E with 0 € C. Let r be
a positive real number, A: E — 2E" a monotone operator such that D(A) C C C
JIR(J 4+ 1A), and Qrx = (J +rA)"LJz for all v € C. Then the following hold:

(1) For each t € (0,1), there exists a unique uy € C' such that
Uy = (1 - t)Qrut;
(2) if E has the Kadec—Klee property and the norm of E is uniformly Gateaus

differentiable, then the net {u;} converges strongly to Pa-10(0) as t | 0,
where Py denotes the metric projection from E onto A70.

Corollary 3.3. Let E be a smooth, strictly convez, and reflexive Banach space
and A: E — 28" 4 mazimal monotone operator such that D(A) is bounded and

0 € D(A), where D(A) denotes the norm closure of D(A). Let r be a positive real

number and Q,x = (J +rA)~ Jz for all x € D(A). Then the following hold:

(1) For each t € (0,1), there exists a unique uy € D(A) such that
ug = (1 — ) Qrug;
(2) if E has the Kadec—Klee property and the norm of E is uniformly Gateaux

differentiable, then the net {u;} converges strongly to Pa-10(0) as t | O,
where Pa-1y denotes the metric projection from E onto A=0.

Let E be a Banach space and f a function from E into (—oo,00]. Then f is said
to be proper if the effective domain D(f) = {z € E : f(z) € R} of f is nonempty.
It is said to be conwvex if

(3.1) flaz + (1 —a)y) < af(@)+ (1 —a)f(y)
whenever z,y € F and o € (0,1). It is also said to be lower semicontinuous if

{zx € E: f(x) <r}isclosed in E for all € R. Let = € E be given. Then a point
z* € E* is said to be a subgradient of f at x if

(3.2) flx) +{y—z,2) < f(y)

for all y € E. We denote by arg minyep f(y) the set {z € E: f(z) = infycr f(y)}.
The set of subgradients of f at x is said to be the subdifferential of f at x and
denoted by df(z). The mapping 8f: E — 27" is called the subdifferential mapping
of f. Rockafellar’s theorem [17,18] ensures that Jf is maximal monotone; see also
Takahashi [21]. In this case, it holds that (0f)(0) = arg minyecp f(y).

Using Corollary 3.3, we can also show the following corollary:

Corollary 3.4 ([12]). Let E be a smooth, strictly conver, and reflerive Banach
space, T a positive real number, and f a proper lower semicontinuous convex func-
tion from E into (—oo, 0] such that D(f) is bounded and 0 € D(f). Then the
following hold:

(1) For each t € (0,1), there exists a unique u, € D(f) such that

we= (- 0)-argmin{ 1) + 560 w) )

(2) if E has the Kadec-Klee property and the norm of E is uniformly Gdteaus
differentiable, then the net {u;} converges strongly to P(0) ast | 0, where
P denotes the metric projection from E onto arg minger f(y).
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