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ABSTRACT

Operators of Kdhler-Dirac type are defined in an abstract infinite dimensional
Boson-Fermion Fock space and a path integral representation of their index

is established. As preliminaries to this end, some trace formulas associated
with "Gibbs states'" are derived in both an abstract Boson and Fermion Fock
space. This is done by introducing Euclidean Bose and Fermi fields at "finite
temperature' in each case. In connection with supersymmetric quantum field
theories, the result gives a path integral formula of the so-called "Witten
index" in a model with cutoffs.

Contents : I. Introduction. II. Trace formulas in an abstract Boson Fock
space. III. Euclidean Fermi fields at finite temperature. IV. Infinite
dimensional K#hler-Dirac operators and path integral representation of
their index. Appendix A. A trace lemma. Appendix B. Index of a self-

adjoint operator in a graded Hilbert space. References.



I. INTRODUCTION

In this paper, as a first step towards construction of index theorems
on infinite dimensional manifolds, we consider K#hler-Dirac type operators
in an ;bstract infinite dimensional Boson-Fermion Fock space and derive a
path integral formula of their index.

As for finite dimensional compact manifolds, index theorems have been
well established under the name of Atiyah-Singer index theorems. Recently,
some alternative, analytical proofs of these index theorems have been
given in connection with supersymmetry (e.g.,[1]1,[6],[19], cf. also [35],

[36] ), where path integral methods are used as a powerful tool. The idea
of our analysis is to extend these path integral methods to the case of
infinite dimensional manifolds.

In order to define an infinite dimensional K#hler-Dirac type operator,
we first have to construct a framework of differential forms on infinite
dimensional manifolds. In the case where the manifold M is a real topological vector
space, it may be straightforwardly done on the analogy of the theory of
differential forms on Rn, once a measure on M is given. In [2], the case
M = S; , the space of real tempered distributions, is considered in connection
with a supersymmetric quantum field theory. Recently, Shigekawa [27] has
given a formulation of differential forms on an abstract Wiener space. Our
formulation of differential forms is a slight generalization of that in [27].

As applications of our theory, we have in mind some models in super-
symmetric quantum field theories ([35],[361,[21), but, in the present article,
we do not discuss them ; We shall consider them in a separate paper together
with the problem of dimensional reduction [4]. We remark only that our result
gives a path integral formula of the so-called "Witten index" in a supérsymmetric

quantum field model with cutoffs.



This paper is organized as follows : Sections 1II and III are preliminary
ones to Section IV which is the main part of this article, although they
may have independent mathematical interests. In Section II, we derive some
trace formulas in an abstract Boson Fock space, which are essentially
abstract generalizations of some results in [17,16]. The point is to
represent in terms of path integrals traces associated with "Gibbs states"
in the Boson Fock space. This is done by introducing a "sharp time

Euclidean Bose field ( or Gaussian random process ) at finite temperature".

In Section III, we introduce Euclidean Fermi fields at finite temperature

and, in terms of them, we represent traces associated with '"Gibbs states"

in an abstract Fermion Fock space. As in the case of usual Euclidean

Fermi fields (e.g.,[20],[34],[21] ), we have a dufficulty that there does
not exist a sharp time Euclidean Fermi field as a well-defined operator

on the Euclidean Fermion Fock space. We avoid this difficulty by

defining the sharp time field as a sesquilinear form on a dense domain

in the Euclidean Fermion Fock space. This is sufficient for our purpose.

In Section IV, we first define '"free'" Kdhler-Dirac operators in

an abstract Boson-Fermion Fock space, which is regarded as an infinite
dimensional exterior algebra , and establish some elemetary properties of
them. It is proved that the index of the free Kdhler-Dirac operators

is equal to 1. Then, we consider a perturbation of the free Kdhler-Dirac oper-
ators and derive a path integral representation of its index. This

is carried out by combining the results in Sections II and ITI. In Appendix
A, we prove an elementary fact on the trace. In Appendix B, we give the
definition of an index of a self-adjoint operator acting in a graded

Hilbert space and a general principle to compute the index.
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II. TRACE FORMULAS IN AN ABSTRACT BOSON FOCK SPACE

We begin with fundamental definitions and elementary facts (
e.g., [10],[251,[22],[23],[30],[13]). Let H be a separable real Hilbert
space with inner product ( , )H and a strictly positive self-adjoint
operator hy acting in H be given. Let H_1 be the real Hilbert space
obtained by the completion of H with respect to the inner product

(f.e)_, = (7%, nt/

2 g)H . f,g e H. (2.1)
Then we consider the Gaussian mean zero random process { ¢(f) | f e H_l }

indexed by H We denote by Q (resp. duO ) the underlying measure

-1
space (resp. the Gaussian probability measure ) and by < > the

expectation with respect to duo, so that we have

<9(H) ¢(g) > = (f,8) ;> £, 8 ef_, . (2.2)

The Boson Fock space over H_1 is given by

2
Fa(H_p) = 17(Q ,duy). 2.3)

Tt is well~known (e.g.,[30},[13]) that FB(H—l) is written as the completed
infinte direct sum of the closed subspace Fn(H_l) ( FO(H_l) Z C ) generated

by vectors of the form :¢(f1)....¢(fn):, fl""fn € H—l’ that is

[ee]

FB(H_l) = € Fn(H_l), (2.4)
n=0



where :¢(fl)...¢(fn): is the Wick product of random variables ¢(fl),

- ¢(fn), defined by the following recursion formula :

9(f): = ¢(H),

:¢(f1)...¢(fn): = ¢(fl)=¢(f2)...¢(fn):

1
il M3

COUEDOED> 1006 d(E; DO, )0 b(E) s,

j=2

n=2,3,4,..... (2.5)

Let Féo)(H_l) be the subspace algebraically spanned by vectors of

the form :¢(f1)...¢(fn):, fj € H—l’ and

2 (0)
Tg_) = @1 " (H_) (2.6)
n=0

be the incompleted direct sum ( Péo)( H-l) = C ). The subspace FO(H_l) is dense

in FB(H_l).
In general we denote by D(A) the domain of the operator A. It is
~
obvious that hB has a unique self-adjoint extension hB to H_1 such that

(g’ th)_l = (g’f)H ’ g,f € D(hB)-

1/

For each f in D(hB 2), we define the annihilation operator b(f) on FO(H_l)

by



R V) . .
b(E) 4 (£ 0(E ): = ) GRS LG RRRT IR LICHRP R IC L

(2.7

*
and extending it by linearity to PO(H_l). The creation operator b (f)
*
is defined as the adjoint of b(f)IPO(H_l). Then, D(b (£)) = PO(}Ll) and
we have

1/2

b*(f):¢(f1)....¢(fn):=:¢(£B £)4(E) oo b(E )z, £,.,E < H

1’ n -1

(2.8)
Therefore b(f) is closable and we denote the closure by the same symbol.

*
Both b(f) and b (f) leave FO(H_l) invariant and satisfy the canonical

commutation relations on FO(H_l):

[b(), b ()] = (£,8)

(2.9)
* * ~1/2
(b5, b1 =0= O, (], fge dn'D),
where [ , ] denotes the commutator. Further, we have the following
~1/2 1/2
standard estimates : For all f in D(hB/ ) and ¥ in D(NB/ )
~1/2 1/2
ooyl s Hng™ el |_ [Ing"%¥[],
(2.10)

* ~1/2 1/2
16" ovl] < [l %el]_ a2y,



where NB is the Boson number operator defined by

™ =0 v™ ne0,1,2,0., ve B0 2.11)

*
We denote by b# either b or b . In terms of b#(f), $(f) is written as

~-1/2

$(£) = blhg 12¢)

, fe H, (2.12)

f b (7t
) + b (hy
on FO(H_l). For f in D(hB) we define the canonical conjugate momentum
operator w(f) by

-~ *A
1/2 1/2f

n(f) = 5%—{ b 2e) - v . (2.13)

Then, (2.9) implies that for all f and g in D(ﬂB)
[¢(£), m(g)] = i(f,g)H » [9(£), ¢(g)] =0 = [n(f), w(g)] (2.14)

on PO(H_l). Using estimates (2.10) and Nelson's analytic vector theorem
(e.g.,[23])), one can show that ¢(f) and w(f) are essentially self-adjoint
on FO(H_l).

For any contraction linear operator C on H—l’ we can define a unique

bounded linear operator T'(C) on FB(H_l) such that, for all fj in H—l’ =1,

om, 1,2,

F(C):¢(fl)....¢(fn): = :¢(Cf1)...¢(Cfn): , T(C)1 = 1.

A)} is a

For every non-negative self-adjoint operator A acting in H_l,{I‘(e-t 20

strongly continuous contraction semigroup on FB(H 1). Hence there exists



a unique non-negative self-adjoint operator dI'(A) such that for all t > 0

—tA e-tdl‘ (a)

T(e ) =

It is easy to see that dI'(A) acts as

n
dF(A):¢(f1)...¢(fn): = jzl :¢(f1)..¢(fj_1)¢(Afj)¢(fj+l)...¢(fn): (2.15)
with £ ,..,f € D(A).
1 n
Let
HOB = dP(hB). (2.16)
Then we have from (2.10)
I orvl] < el Ing2el]_ |1 t? vl], v e patl?y,
(2.17)

with some constant ¢ > 0 (This estimate is not best possible, but, for
our purpose, it is sufficient ). Using (2.15),(2.16) and (2.17), one can

prove that
~3/2

[Hygs (D] = b(hyf), [H,b (D] =b (hH), £e D),
(2.18)
on D(Hoglz), which imply that
[H.,6(£)] = -2 w(f) B, 1(£)] = - == ¢(h>f) £ ¢ D(hif)
OB’ ’ 0B? 2i B™'? B 7?

(2.19)
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on D(Hog/z). By (2.17) and (2.19), we can prove the following estimate :
o)™ || = ¢ (® ||(HOB+1)“w||, ¥ e D@y, n=1,2,3,.., (2.20)

where Cn(f) is a polynomial in ]lhgfli_l , k=0,1,..,n (This estimate is
rude ).

In what follows we assume the following :

(a) For some constant ¥y > O, h;Y/Z is Hilbert-Schmidt on H.

B

( See Lemma 2.1 below). This assumption implies that, for all t > 0,

exp(—thB) is trace class on H_. and hence so is exp(—tHOB) on FB(H_l).

1

One can easily show that

0B 1
Tr e = — , (2.21)
)

det(l - e B

where Tr denotes the trace and det the determinant (e.g.,[31,32,24]).

Our aim is to derive a Feynman-Kac type formula for quantities such as

-t H ~t H -t H
Tr (Goe 1°0B G.e 2708 G n OB

with Gj's being suitable measurable functions on Q.

For this purpose, we introduce another Gaussian random process.

LEMMA 2.1. Let B > 0 be fixed. Assume (A)B. Let H_Y denote

the completion of H with respect to the norm



-y/2
el = Tng"%elly, -

Then, there exists a Gaussian mean zero process ¢ on [0,B] with

t

state space H‘Y and with continuous sample paths such that, for all f and

g in H
-8hy -It-s[hB -(s-lt-sl)hB
Soodug 8 ¢ (e (g) = (£, (1-e ) T (e + e )g )y »
H ’ s )
-y
(2.22)
where Yo, g is the underlying measure on H_Y and Qt(f) = (Qt > f)-Y .

Proof. Quite similar to the proof of Proposition 5.1 in Gross [14]. [J

Remark. In quantum field theoretical language, Qt may be called
the " sharp time Euclidean field at the finite temperature 1/8 ". The
" smeared process ( or field )" with respect to time t can be

constructed as follows : Let Li(O,B) be the real Hilbert space of

real valued measurable functions in L2(O,B) and put

.2
HB = Lr(O,B) ® H.

. .12
Let AP be the periodic Laplacian acting in L"(0,B). Define the norm l]-ll

by

22, £ o

2 _ 2
HElZy g =2 (-4, ®T + T @0} ) B

_]_’B



=10~

We denote by H the completion of H_ with respect to the norm l[ ll

-1’8 B

Let f be an H-valued measurable function on [0,8] such that
2
AEm )l e <.
0 =Y

Then we can define the random variable ( the '"smeared process" )

B
3(f) = é dt(<1>t , (1) )_Y .

It is not so difficult to see that

£ dug o 9(O)8(e) = (£,8) ) 4 -

0,

Thus we can identify {®(£f)} with the Gaussian mean zero random process

indexed by H As is seen from (2.22), the zero temperature limit

_1:8 '

B + o gives the covariance of the usual sharp time Euclidean field

(cf.[14]).

"1’8.

THEOREM 2.2. Assume (A)B. Let GO,..,Gn be bounded measurable functions

G. G.( ( ]), LY (m))’

Ci(e) = G o (£),.uny 0 (F))y  £,.00fp e H )

Let 0 < t, <t, <..,.. <t < B, Then,
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e (P ~t1Ho B =(ty=t)Hy B -(t -t _)Hop B e'(B”tn)HOB )
r 0 e 1 e 2 PRPSPEPY - "
—BH
Tr e OB
= f de,BGO(O)Gl(tl)...Gn(tn). (2.23)

Proof. We give only the outline (cf.[17]). We first note that hB
has a purely discrete spectrum {An}n=l with 0 < Al < Az s...,An+ o
(n » » ) ( counted with algebraic multiplicity ), since exp(—thB) is

0
trace class on H and hence compact. Let {en}n=1 be the complete orthonormal

system of the corresponding eigenvectors in H :

Let

Then, we have from (2.14)

[q)n’ "Tm]=i(S > [¢, ¢]=0=[1T ’“m]°

It is easy to check that H_ _ is represented as

0B

on FO(H_l)nD(HOB), where
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|
N[ =
>

and the convergence on the right hand side is taken in the strong sense.

Let FéN) be the closure of the set
{P(9),-458)) | P a polynomial }

N _ () =
in FB(H_l) and put FO = FB nPO(H_l). Then ¢ and T ( n=1,..,N) are
essentially self-adjoint on FéN) and we have a representation of the Weyl

relations :

)
FB

Further, the constant function 1 in satisfies Tnl = 0 and is cyclic

for the operators ¢n , n=1,..,N. Therefore, by von Neumann's theorem,

there exists a unitary map UN : FéN) LZ(RN) such that
-1 -1 .2
UN ¢nUN X0 UN TrnUN -t an
and
N A -\ x2/4
U1 = T« _2_)1/4 o Mm
N 27 *
=1
Let
) _ N)
Hyp o = HOB[ FB D (Hp) -
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Then it follows that

N 2
) ) 1,2 2 1
U Hog' Uy = 2 (-—5 +—2 x  -35X )
n=1 X
n
Thus Hég) is unitarily equivalent to the Hamiltonian of an N-dimensional

harmonic oscillator. Then we can proceed quite analogously to the analysis
in [17]. Namely, using the well-known Feynman-Kac formula in finite
dimensional spaces (e.g.,[33,13]), we first establish the trace formula
(2.23) on the subspace FéN). Then, using a limiting argument to take
the limit N + = , we get (2.23) ( For convergence theorems on the trace,

see, e.g., [15,32]). 0O

As a generalization of Theorem 2.2, we have

COROLLARY 2.3. Let f;, € Cw(hB), 1=0,1,2,.., j =1,2,..,k , and

k,=1,2,3,... Let t .,t_ be as in Theorem 2.2. Then, under the assumption
i n

1

in Theroem 2.2, we have

k k
0 -t H 1 -(t,~t. )H n -(B~t )H
2 1708
Tr( T 4(fy) e 108 $(£,) e RS R TCARL n” 0B
j=1 ] j=l J j=1 ]
_BH
Tr e OB
ko kn
= [ du n e (£.,.) ... T &_ (£ .). (2.24)
0,8 -1 0°70j j=1 tn nj
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Remark. By estimate (2.20), we see that, for all t > O,
k

i
[m ¢(f,.)]exp(-tH ) is bounded and trace class.
. ij 0B
j=1
Proof. Take, for example, Gg = exp( is¢(£f) ) in (2.23). Then, by the

above remark, (exp(is¢(f) ) - 1) exp(—tlHOB)/s converges strongly to i¢(f)

-t.H
xe 1708 as s + 0, Therefore, by Griinm's convergence theorem [15,32] and

the Lebesgue dominated convergence theorem, we get (2.23) with Gg replaced

by ¢(f). Proceeding similarly, we get (2.24). 0
Remark. Using Wick's theorem, one can also directly prove (2.24).

We next extend trace formulas (2.23) and (2.24) to the case where

HOB is replaced by a perturbed operator of the form HO + V with V being

B
a multiplication operator on FB(H_l).

Let v be a polynomially bounded continuous real function on R and bounded
below. Let (X,do(x) ) be a finite measure space with X being compact
Hausdorff ( the I -field is suppressed ) and p be an H-valued strongly
continuous function on X. Then it is easy to see that, for all x € X and

t € [0,B8], v(¢(p(x)) ) and v(¢ (p(x)) ) are in LZ(Q, duo) and

2
L7°( H-Y , duo 8 ) respectively and that the Bochner integrals (e.g.,[37])
. :

) (2.25)

V() = S do(®) v(8(p () ) e L7(Q, dug
X

and

V() = S doG) v(e (eG)) ) € LACH_, dug o) (2.26)

X 0,8

are defined. For almost everywhere ¢ ¢ H__Y . Vt(®) is continuous in t.

Since o(X) is finite, V and Vt are bounded below independently of t. Therefore,
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by a general theorem ([28],[29],[23, p.265, Theorem X.59]), the operator
H = H +V (2.27)
is essentially self-adjoint on Cw(HOB)nD(V) and bounded below.

THEOREM 2.4. Assume (A)B. Let G?, Gj(t) and tj be as in Theorem

2.2, Then,

s “Hlly g ~(BtpPHy 4 “(emt )l g (Bt
Tr (G, e G, e G, ... e G e )

0 1 2 n

—BH
Tr e OB
B

= f d“O,B GO(O)Gl(tl)""Gn(tn) expl[- é ds VS ] (2.28)

Remark. Since V is bounded below, e—tv is bounded for all t > 0. Hence,
~tH
by the ( generalized ) Golden-Thompson inequality (e.g.,[32],[24]), e B

is trace class for all t > 0.

Proof. By the Trotter product formula, we have

~tH -tHOB/N -tV/N
e = g-lim ( e e )

N—->oo

N

Then, using Grumm's convergence theorem [15] and Theorem 2.2, we can

easily get (2.28) (cf. also [17]). 01
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By Segal's lemma([26],[23, X.9, Theorem X.57]), we have

with d = inf V. Therefore, by estimate (2.20), we see that, for all
-tH
. Gl B
fl,..,fn in C (hB), e ¢(f1)...¢(fn) is uniquely extended to a trace
class operator on FB(H_l). Then, in the same way as in the proof of

Corollary 2.3, we get

COROLLARY 2.5. Let fij and tj be as in Corollary 2.3, Then, under

the assumption in Theorem 2.4, we have

k0 ~t,Hy kl kn -(B-tn)HB
Tr( T ¢(f0,) e I ¢(fl.).... I ¢(fn.) e )

1 = =t ™

-BH
Tr e OB
k0 kn B
= J duy n ¢ (£,.) n & (f_ ,) exp[-/J ds V_].
0,8 =1 0°70j j=1 tn nj o s
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III. EUCLIDEAN FERMI FIELDS AT FINITE TEMPERATURE

The purpose of this section is to establish in an abstarct Fermion
Fock space some trace formulas for quantities corresponding to those
considered in the last section. To this end, we have to construct

Euclidean Fermi fields at finite temperature.
3.1 Preliminaries

We first summarize some fundamental definitions and elementary
facts in an abstract Fermion Fock space,

Let K be a complex separable Hilbert space with inner product
(, )K . Then the Fermion Fock space FF(K) over K is defined as the
completed infinite direct sum of the n-fold antisymmetric tensor product

AMK) of K with A% =c :

Fol) = @ A" (K. (3.1)

n=0

Let AS(K) be the linear subspace spanned by finite linear combinations

of vectors of the form

Fh
=
=
Hh
n

L eln) £

5 (1) *®-~®fﬂ(n) , f. e K , j=1,..,n,
n

(3.2)

where Pn denotes the group of all permutations on n letters and e(mw) is

the signature of 7 € Pn' Let
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FOF(K) = ; AB(K). ( the incompleted direct sum) (3.3)
n=0
It is obvious that FOF(K) is dense in FF(K). The distinguished vector
QF € FF(K) with Qé0)= 1, Qén) = 0, n=1,2,3,..., is called the "Fock
vacuum".
The number operator NF is defined as the non-negative self-adjoint
operator given by

(NF‘P)(n) =nv® no0,1,2,.... (3.4)

For every f in K, the creation operator ¢+(f) is defined by

TN ® - 12 asc @ v™D y, pe1,2,..,
(3.5)

when © - o,

where As is the antisymmetrization projection. The operator wf(f) is

a priori defined on FOF(K) leaving it invariant and complex linear in f.
Let J : K+ K ©be a conjugation, that is, J is anti-linear, anti-

unitary and J2 = I ( identity ). We define a symmetric bilinear form

<, > on K x K by
<f, g >K = (Jf, g)K: f,g € K. (3.6)

The annihilation operator ¢(f) 1is then defined by the adjoint of

1.
Y (JIE) | Fop(
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*
¥ = BTED[F L0017, £ ek, (3.7)
which is well-defined on FOF(K) with the action

WEH® = @t/? Boem <, £y T )® B £y (3.8)

for vectors VY of the form

v e haf, £, eK , 3=1,...n.

Clearly y(f) is complex linear in f.

It is easy to see that the following anti-commutation relations hold

on F (K
Tum, vl = <, g >y (3.9)
fw, v =0 = i@ ier, f,g¢ K, (3.10)
where { ,1 denotes the anti-commutator :
{A,B} = AB + BA. (3.11)

It follows from (3.9) that Y(f) and w+(f) are bounded with the operator nomm
“w#(f)“ = llfl‘K » where w# denotes either Y or w+ .  Therefore, w#(f)
extends uniquely to a bounded linear operator on FF(K) ; We denote the
extension by the same symbol. Let A be a self-adjoint operator

acting in K. Then, the second quantized operator dI'(A) is defined as the
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unique self-adjoint extension of the operator given by

ar(a)[A"(K) =ABRI®....RI +I®A® I®...®I +

—

n

+.... +IQRI®.... I A (3.12)

(see, e.g., [22,23]). If A is non-negative, then so is dT'(A) and we have for

all Re z > 0,

0(z,8) = e 2Ty (5)2dT(A) v(3e®hi), Jf € p(e?),
(3.13)
¢+(z,f) = e-ZdP(A) wf(f)eZdP(A) = ¢+(e—ZAf), fe K,
D( zdF(A)).

Let A be a strictly positive self-adjoint operator and B a self-adjoint

operator acting in K and commuting with A. Let

H = dr{a) + idr(s). (3.14)
Suppose that exp (-A) is trace class on K. Then, exp(-dT(A) ) is

trace class on FF(K). Therefore we can define an expectation value < >H

by

(3.15)

where G is a bounded linear operator on FF(K).

LEMMA 3.1. For every f and g in K , we have
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UG gy = <@+ Byl g >y (3.16)
<@ ® >y = <@ @I G s (3.17)
<YV >y =0, (3.18)
<@ >y =0, (3.19)

<y >y = 0. (3.20)

Proof. Let f be in D(eA) first. Using the anti-commutation relation

(3.9), we have

e e e ) = <£, g Tr e~ e (e (D) ).

By the cyclicity of the trace and (3.13), we have

A+iB

teee ™ wiw (® ) = et ®e M@ ) = Tre T AR Bue ).

Hence we get

A+iB

<pTCarPye yuie) >y = < £, 8 >y

Since A is strictly positive and commutes with B, -1 is in the resolvent set

eA+iB A+iB, -1

of . Then, replacing f by (l+e ) f ( f eK), we obtain (3.16).

Formulas (3.17)-(3.20) can be proved similarly. [J
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LEMMA 3.2. Let fj’ j=1,.., be in K. Then,

<ol .afe,) 5y

= I € 4 14 ¢#(fi )w#(f. ) >poeeen s w#(fi )¢#(f. ) >y s (3.21)
comb 1 tadn 1 I1 n In
i i _ 9
<SPED W (Ey ) 2y =0, m=1,23,.0, (3.22)
where cgmb means the sum over all (2n) !/2™n! ways of writing 1,2,..,2n
as n distinct pairs (il’jl)""’(in’jn) ( i1 < jl""’ in < jn ) and
siljl"’injn the signature of the permutation (1,..,2n) - (il’Jl”"in’Jn)'

Proof. Let f1 be in D(eA). In the same way as in the proof of Lemma 3.1,

we have

Te( e 8 ¢#(f1)....w#(f2n) )

n

3 whep, e me™ ey

It
I~ N

# #
(£, PV (E )b (5 )

j=2

- Tr( w#(fl)e—H w#(fz)....¢#(f2n),

where we have used the fact that {w#(f), ¢#(g)} is a constant multiple of the

identity (see (3.9) and (3.10) ). On the other hand, we have
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# -H _# #, .
e vl epe™ v ie Lt ) )
- e ety .ot e, 0,

where

A+iB # _ 1
= e I (fl) = v (f)),

e PRI TERR

Hence, replacing fl by (1+K)_lf1, we get
Tr(e”H w#(fl)....w#(fZH) )
¥ Cfcam™e ), Ve

i # # #
X Tr(e™ () (e W () () )

j+1

Repeating this procedure and using (3.16)-(3.19), we obtain (3.21).

Formula (3.22) follows from the above procedure and (3.20). [

We now take a special choice of H. Let hF be a strictly positive

-th
self-adjoint operator acting in K such that (i) for all t > 0, e F
is trace class on K and (ii) hF commutes with J. Let
H. = dr(h.). (3.23)

OF F

—tHOF
Then, e is trace class for all t > 0 with
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~-tH -thF
Tr e = det(l + e ). (3.24)

Let B >0 and 8 = 0 or 1. Then, we introduce the expectation value

iwON ~BH
F OF
<G> _ Ixle e G) (3.25)
8,8 1ﬂ6NF —BHOF
Tr (e e )

and define the "time ordered correlation functions" by

i

< T( w#(tl’fl)""w (tn,fn) >g .0

. # ,
=€i .i<lp(ti )fi)ooolp (tin’fi)> if 0 <t < ... <t < B-

1°"°"n 1 1 n 8,8 i1 n

(3.26)

Remark. The expectation value < - ( the case 6 = 0 ) is the

>B,0

usual state associated with the "“free" Hamiltonian HOF' In particular, it

has a positivity in the sense that, for all bounded linear operators

*
G on FF(K), <G G >8.0 > 0. However, in the expectation value < « > ( the

8,1
case 8 = 1 ), the positivity breaks down. It may be called an "alternating

trace', since we have exp(iﬂNF)lAn(K) = (—1)n.

gh
LEMMA 3.3. Let f and Jg be in D(e F). Then, for all t,s ¢ [0,B]

( {t-s| # 0,8 ), we have
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in(n,O)(t—s)

-1
< T( ¢(S,g)¢+(t,f))>8’e = T <g, (hF + ims(n,e) ) °f > Z ,
nez
(3.27)
where
w, (n,d) = 2nt ;3 6 =1
B e
(3.28)
(22+1)n . 6 0

Proof. Let O < It—sl < B. By definition of the time ordered correlation

functions, (3.13) and Lemma 3.1, we have

<T(s,)¥ (5,6 ) ¢ = 0(t-8)Fy(t-5) = B(s-£)Gy (s-t), (3.29)

where 06(t) is the Heaviside function and

By 1 Ty

Fe(T) < (1-a(®)e

Ge(T) < (1-a(8)e

with
a() =1 ; 86 =1
=1 ;06=0
Let
1/2 1wB(n,6)t
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2
Then, {fg }neZ forms a complete orthonormal system in L (0,8). Using the

spectral decomposition for hF’ we see that the Fourier coefficients of

Fe and Ge are given by

B
0 -1
.(f) dt Fe(t) fn(t) = < (hF + in(n.e) ) £, g >k B

-1/2

HI

F,(n)

-1/2

- -1
Ge(n) - < (hF - iws(n,e) ) f, g >¢ B
On the other hand, it is easy to see that Fe(t) and Ge(r) are continuously
differentiable in (0,B). Therefore, by a standard theorem in Fourier
analysis, we have for all T € (0,B)

N

Fo(1) = lim pX Fe(n)fe(r),
N»e  n=-N n

N -
Ge(T) = lim I Ge(n)fe(T).
N+e  n=-N n

Substituting these equations into (3.29) and using the fact that

0(t-s) + 8(s-t) = 1, we get (3.27). 0O
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3.2 Euclidean Fermi fields and trace formulas

We next introduce the Euclidean Fermi fields in terms of which the

time ordered correlation functions are represented. The idea is similar to

that in [20]( cf. also [34],[14],[21]).

Let
= 3.
ZB,O { mB(n,G) | ne?2} (3.30)
N
and KB 0 be the Hilbert space obtained by completing the space of
K -valued sequences f on Z with respect to the norm Ilfllm
B,e K
B,6
given by
HfH; o O R e (O | AR (3.31)
8,0 meZB,S
Put
Ly Ly
K = K K, .. (3.32)
8,0 = g0 © fg0
Let W+(F) and Y¥(F) , F € KB o » be the creation and the annihilation
]
operator on the Fermion Fock space FF( KB e) over KB 0 respectively
L b

( As the conjugation to define ¥(F) from WT(F), we take the obvious extension

of J to K8 5 ). For e > 0, t € [0,B] and f ¢ K , we define a vector
6

ft,e € 8,0 by

KCw
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fe (w) = B~l/28—itw—slw| f, w € 7 . (3.33)
t,e 8,0
Let
5] _ 0 + 9 (3.34)
‘l’l’e(t,f) = ‘Y(f_t’e ®0) + iv (0 ® ft,e ),
0 = i 6 Tegd (3.35)
‘i‘z’e(t,f) 1W(O®f_t’€ Y + ¥ (ft’€®0 ),

where 0 denotes the zero vector, Then it follows from the anti-commutation

relations of W# that, for all ¢, ¢' > 0, t,s € [0,B] and f,g € K,
0 6 _ —_— (3.36)
{ wj,e(t’f)’ “’k,e,(s,g) } O’ Jsk 1)2'

We shall denote by  the Fock vacuum in FF(KB e). We have

- 3.37
¥(F)Q =0, FeKg g (3.3D)

LEMMA 3.4. Let DB 6 be the subspace algebraically spanned by vectors
— 3

of the form W+(F1)...W+(Fn)Q, F, € 22(

i ZB 0’ K@® K ) ( the Hilbert space

of K P K -valued, square summable sequences on ZB 6

Then, for all t,..,t ¢ [0,8] ( lti—tjl 20,8, 1#3), i,j =1,2,..,n

gh

£,..»f € D(e Py and i, = 1,2, k=1,2,..,n, the limit
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0 0
lim v, (t,, s
E1ses€ > o J1°%1 1l Jp2fp 1 1 171 In

exists in the sense of sesquilinear form on DB o % DB 0° Further, the
b4 I

0 0
L] i . o 0 00 s f x D
limiting sesquilinear form le(tl,fl) an(tn’ Q) onm Ds,e 8,0

is continuous in tj's on the set
{ (Egseeest ) e [o,81" | |ti—tj| 2 0,8, i#3j}

and the discontinuity at t =t or | € -th = 8 is the first kind.

i i

Proof. It is sufficient to consider the sesquilinear form applied to

vectors of the form

+ + 2 ) )
YIED . YTEDR, Fye 17(Zg o5 K@K, n=0,1,2,...

By Wick's theorem, it turns out that the problem is reduced to that of

the 1limit € + O ( €' ¥+ 0 ) of the following two kinds of quantities :

_ 0 t
Be(t) = (Q, wj,e(t’f) ¥ (F) 2),
_ 0 0 BhF
Ce’e.(t,s) = (Q, Wl’e(t,f) Wz,e,(s,g) Q), f,ge D 7).
As for BE(t), we have
B (t) = =% gt/2 dte—efol e B s
€ we Z F 1 K

B,0

where F = F1 ﬂBFé and, for simplicity, we consider the case j=1 ( The case

- 9 ]
£).....v, (t ,£) = Wj (e ,f)....v, (tn’fn) (3.38)

j=2
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can be treated similarly ). The norm of the summand on the right hand side

is dominated by

8—1/2 -1/2

2, 2
el Cag + 0D NNAONP

with AO > 0 being the infimum of the spectrum of hF’ which, by the

Schwarz inequality, is summable with respect to w € Z Therefore, by the

B,0°

dominated convergence theorem, the limit

_ -1/2 itw . =1
lim Be(t) = b B e < (hF - iw) f, Fl(w) >K

e+0 we ZB,G

exists and is continuous in t € [0,B8].

Concerning C, e,(t,s), we have
H

—— — -— ' —
c, s'(t’s) _ 5 8 1 . i(t-s)w-(ete") |u| < (ho-iw) lf, o >
4 mEZB 6 F

K

For lt—sl # 0,8, the sum

Gy o(tss3f,8) = z gl o H(t-sdu (hF—iw)‘lf, 8 >y (3.39)
? w ez
B,
converges ( not absolutely ) and hence, by the Abelian theorem, we get
lim Ce,e'(t’s) = GB,S(t’S;f’g)' (3.40)

g,e' 40
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To prove the continuity of GB e(t,s;f,g) in t,s € [0,8], |t—s|z 0, B, we
’
note that GB 6(t,s;f,g) is written as
bl

Gg o(t.53E,8) = <TG, G,e) > o (3.41)

which follows from Lemma 3.3. By (3.16), (3.17) and (3.13), the right hand
side of (3.41) is continuous in t, s € [0,B], |t—sl¢ 0, B, and the
discontinuity at ]t—sl = 0, B is the first kind. Thus we get the desired

result., [

LEMMA 3.5, Let 0 < t, <t, < ...< tn < B and fl,..,fn be in

1 2
gh
D(e F ). Then,
in6N_ -t H -(t,.-t,)H -(t -t )JH -(B~t )H
Tr (e F o 170F lp#(fl) o 2 "1”0F w#(fz)---e n n-1""0F w#(fn)e n OF)
in6N_ -gH
Tr (e F e OF )
= (Q we(t f )we(t £.) we(t f)Q) (3.42)
> o1 L 222l # n> '

where the correspondence between w#(f) and WZ(t,f) is given by

VD w0, pE v,

Proof. The left hand side of (3.42) is written as
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< T(w#(Kt#fl)....w#(Kﬁ £) )>B ,
1 n ’

where

From (3.39)-(3.41), we have

<! vl (6,0 )5 o = @, Vs, ¥, D).

» 6

Therefore, by Lemma 3.2 and Wick's theorem, we get (3.42). 0
As a generalization of Lemma 3.5, we have

THEOREM 3.6, Let tl,..,tn be as in Lemma 3.5 and fij , i=1,..,n,
gh

31, ..,k;, k,=1,2,3,.., be in D(e ). Then,

k
-(t.-t,)H -(t -t )H n
¢#(f1j) o 2 "1°0F e M n-1""0F .

j=1

ineNF _tlHOF 1

_(B_tn)HOF
Tr(e e

#
) (fnj)e )

= &

j=1

Tr(e e )

k1 k2 kn

] ) )
=(Q, | 21 w#(tl,flj)][ jzl w#(tz,fzj)]....[ '21 w#(tn,fnj)]a), (3.43)

J

J

n
where the symbol I Wg(t,fj) on the right hand side is taken as

j=1

. 0 3] 0
lim W#(t,fl)w#(t+e f2)....W#(t+e )

1’ n—l’fn
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in the sense of sesquilinear form.

Proof. By virtue of Grumm's convergence theorem ([15,32]), we can
write the left hand side of (3.43) as a limit of a function of the form given
on the left hand side of (3.42), where each of some clusters of tk's tends
decreasingly to each point tj' Then, Lemma 3.5 implies (3.43). [

Finally we consider a perturbation of H_ _. Let (X, do) be as in

OF
Section II and % be an K -valued strongly continuous function on X with

property Jx(x) = x(x). Let P be a real polynomial in one variable. Then, the

Bochner integral

P = f do(x) POy (XG0 ) (3.44)
X

defines a bounded self-adjoint operator on FF(K). Therefore the

operator
H.,=H. _ +P (3.45)

is self-adjoint on D(HOF) and bounded below. Further, for all t > O,
-tH
e is trace class on FF(K).

COROLLARY 3.7. Suppose that, for some a €(0,1), PHB;I{ QF}L is

trace class, Then, for all B8 >0,
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Tr (e F e F)
inON gH
Tr (e F OF)
w n B tn t2
= I (-1) fdtn fdtn_l cerennns fdt1
n=0 0 0 0

x fdo(x ). .do(xy) (R,R(H(E X (e )¥S (b ,x(iD) ) en POY (X GO Yy (e X (e )

(3.46)

Proof. This follows from the lemma in Appendix A and Theorem 3.6. [

In the same manner as above, we can get more general trace formulas
—BHF
associated with e , but, here, we do not go into the details.



-35-

IV. INFINITE DIMENSIONAL KAHLER-DIRAC OPERATORS AND PATH INTEGRAL

REPRESENTATION OF THEIR INDEX

We now proceed to the main part of this article. We first recall some
definitions and facts on exterior differential calculus on infinite dimensional
linear manifolds (cf.[2],[27]). Let H be as in Section II and H® be the

complexification of H. We consider the following Boson-Fermion Fock space :
C
Fo= Fy(H_)) ® F (). 4.1

By a general theorem on tensor products of Hilbert spaces (e.g.,[22, §II.4]),

F is identified as
_ 2 . c
F = L (Q, dllo ’ FF(H ) )9 (4-2)

the Hilbert space of FF(HC)—valued square integrable functions on (Q, duo).

Then, F 1is decomposed as

F=® FP (4.3)
p=0
with
P - L2(Q,du0; APHS) ). (4.4)

As the conjugation on H® to define the annihilation operator on FF(HC),
we take the operator J:HS > H® defined by
J(f,g) = (£,-2), (f,8) € H°,
where the complex structure is given by i(f,g) = (-g,f) and H is identified

as { (£,0) ¢ HE 3.

Let Fg c FP be the subspace algebraically spanned by vectors of the form
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vy = Pn(¢(fl),..,¢(fn) )glA ....Agp, n=1,2,3,. ., 5., f , Bpae o8, € C (hB)

(4.5)

where Pn's are polynomials in n-variables. It is obvious that, for all
p 20, Fg is dense in FP. Let ¥ ¢ Fg be given by (4.5). Then we define

the exterior differential operator dp : Fg > F8+l by

oP
— t (p+1)

RO Re

dp ¥(¢) =

j=1

and extending it by linearity to Fg, where 3Pn/3xj denotes the partial
derivative of Pn(xl,..,xn) with respect to Xy It follows immediately

from the definition that, for all p = O,

d 14, =0 (4.7)
P oy . P . * .

on Fo. Since dp is densely defined in F', its adjoint dp exists as a linear

operator from Fp+1 to FP. By integration by parts with respect to duo,

we see that

* ~ -1/2 P k-1
dp_lw(¢) =p kil(—l) {p (6(£),..,8(£ ))¢(hyg, )
n BPn ~
- I o ($(£), .., (£ ) (£, A..Ag .. ,
AT $(f; ACIODRCIT-Y LC bgyh-Agh. g

(4.8)

where ¥ is given by (4.5) and 8y indicates the omission of B Therefore,
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* *

d is densely defined with D(d ) o F? and hence d 1is closable 3
p-1 p-1 0 P

We denote the closure by the same symbol. It follows from (4.7) that, for

all p 21,

* *

d .,d =0, (4.9)
p-17p

D(d’)
on .
P

*
The Laplace-Beltrami operator Ap associated with the pair (dp,dP )
is defined by
*

*
A =4d4d

» pdp + dp_ldp_l . (4.10)

*
d 1 ) »° Fg (For p=0, the second term on the right hand

*
on D(d d ) n D(d
PP p-1 p-

side is set to be identically zero ).

LEMMA 4.1. Let A and B be closed linear operators acting in a
Hilbert space M  with D(A) n D(B) # ¢. Suppose that, for all f and g in

D(A) n D(B),
(Af’Bg)M = 0)

Then, A + B is closed on D(A) n D(B).

Proof. An easy exercise. 0

LEMMA 4.2. For all p 2 0, the operator Ap given by (4.10) is

* *
closed symmetric on D(dpdp) n D(dp_ldp_1 ). In particular, AO is self-

L. *
adjoint on D(dodo).
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* *
Proof. By (4.9), we have for all ¥ and ¢ in D(dpdp) n D(dp—ldp—l)

x
ddy,d .d .8 =0.
( pp’ p-1lp-1

On the other hand, it follows from a general theorem ( von Neumann's

*

p—ldp—l are

*
theorem ) (e.g.,[23, §X.3, Theorem X.25]) that dpdp and d

1

* *
Therefore, by Lemma 4.1, A_ is closed on D(d 4 ) n D(d 4 ). The
p PP p-1p-1

* *
self-adjoint on D(dpdp) and D(dp_ dp—l) respectively and hence closed.

symmetricity of Ap is obvious. U

Remark. The operator Ap is clearly non-negative. Therefore, it has
a self-adjoint extension as the Friedrichs extension (e.g.,[23]). In the
following, we shall prove that the self-adjoint extension is unique ,

identifying it with a definite operator.

A simple computation gives

>
o=
1

t M8

:¢(fl)...¢(fj_1)¢(thj)¢(fj+l)..¢(fn):glA voh gp

j=1

-+
N~

:¢(f1)...¢(fn):gl A LA 81 A thk Agk+lA ...Agp

k=1

with the vector

¥oo= ig(£y) . 0(F Digy A ... Agp e FP.
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Let

HO = dI‘(hB) QI+IR dI‘(hB). (4.11)

Then, HO is non-negative self-adjoint on its natural domain and

reduced by FP ; We denote by H the reduced part of H  to FP,

O,p 0

PROPOSITION 4.3. The operator Ap is essentially self-adjoint on Fg

and we have

A = H (4.12)
as operator equality.
Proof. By (4.8), we have (4.12) on Fg. On the other hand, it is well-
known that H0 P is essentially self-adjoint on Fg (e.g.,[22]). Combining
this fact with Lemma 4.2, we get (4.12) as operator equality. 0

Remarks. (1) Our Laplacian Ap is a slight generalization of that in
[27] where hB is taken as the identity ( hB = I ) and hence H_1 = H,
For applications to supersymmetric quantum field theories, our Laplacian
is required.

(2) By (4.12) and the known spectral properties of dF(hB), we have

dim Ker Ap 0, p=1,2,3,.....,

dim Ker AO

I
[y
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(3) A decomposition theorem of De Rham-Hodge-Kodaira's type as in [27]
P P

(cf. also [2]) holds also in our case.

*
The operators dp and d_ can be lifted to operators acting in

the total space F : For ¥ ={ W(p)} € F , we define d¥ ¢ F by

(av) (0) = 0,

@ ® -4 w(P‘l), p > 1.

The operator d is closed on its natural domain and its adjoint is given

by

(d*w)(p) - d: w(p+1), p > 0.

Let

FO = @ Fg ( the incompleted direct sum )
p=0

*
Then, d and d leave FO invariant satisfying
2 *
= w@H?=o0

on FO' Further, by (4.9), we have

* *
(Y, d®) =0, ¥eD(d), @& e D).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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As in the case of finite dimensional manifolds, we define

*
Kdhler-Dirac operators associated with d and d by

(4.18)

1]
o
+
[=9)

-

Q

Q, = id - a5 (4.19)

on D(Q,)=D(Q,)= D(d) n D(d").

LEMMA 4.4. (a) Each Qi leaves FO invariant and the following

equalities hold on FO :
2 2 * *
Q= Q, =dd +dd,
{ Ql’ Q2 } =o0.

(b) Each Qi is closed symmetric.

Proof. Part (a) easily follows from the definition of Qi and properties
%
of d and d . As for part (b), the symmetricity of Qi is obvious. The

closedness follows from (4.17) and Lemma 4.1. O

PROPOSITION 4.5. Each Qi is self-adjoint and essentially self-adjoint

on any core of H , Further, we have

0
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2 2
Hy = Q) = Q, (4.20)
as operator equality.

Proof. By Proposition 4.3 and Lemma 4.4 (a), we have (4.20) on FO' Hence

there exists a constant ¢ > 0 such that, for all WGFO,

!l = ella, + Dyl|

We have also [Qi’HO] =0 on FO' On the other hand, H, is essentially

0
self-adjoint on FO' Therefore, by the Glimm-Jaffe-Nelson commutator
theorem ([23, §X.5],[ 13, §19.4]), Qi is essentially self-adjoint on FO

and hence, by Lemma 4.4 (b), Qi is self-adjoint. The commutator theorem

implies also that any core of H

0 is a core of Qi' Thus, the first half

of the proposition is proved. Since Qi is self-adjoint, Qi also is

self-adjoint. Thus, we get (4.20) as operator equality. O

We now proceed to the main subject in this section, that is, the index

problem. We first note that the total space F is decomposed as

F =FreF (4.21)
with
- @ FP, =@ FP (4.22)
p=0 p=1
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+ +
Let P~ be the orthogonal projection onto F and put

P,=P -~-P.,. (4.23)

LEMMA 4.6. The operator PF leaves D(Qi) invariant and the anti-

commutation relation

{p } =0 (4.24)

F’ Qi

holds on D(Qi)'

+
Proof. From the definition of Q, we see that Qi maps F~ n FO

F' n FO' Therefore we have

(in, PF<I>) + (PF‘l’, Qiq>) =0 (4.25)

for all V¥,9¢ € FO' Since F_ is a core of Qi (Proposition 4.5), (4.25)

0
extends to all VY,9 € D(Qi). Hence, for all VY in D(Qi)’ PFW is in

D(Qi) and we have (4.24), d

Lemma 4.4, Proposition 4.5, (4.21) and Lemma 4.6 imply that the
quadruple { F, {Ql,Qz}, Hy, P } is a supersymmetric quantum theory in the
sense of [3] (cf. Appendix B in this paper ). Therefore, as in Appendix B,

we can define the index A(Qi) associated with the decomposition (4.21).



bl -

PROPOSITION 4.7. Let Qi+ : D(Qi)n F+ +~ F  be the restriction of
Qi to D(Qi) n F+ (see Appendix B ). Then, for each i =1,2, Qi+ is Fredholm

and its Fredholm index is equal to A(Qi)° Further, we have

A(Qi) =1, 1i=1,2. (4.26)

Proof. In general, it is shown that a densely defined closed
linear operator A from a Hilbert space to another Hilbert space is
Fredholm if and only if A* ( or A*A ) is ({7]). Therefore, one has the
criterion ([7]) that A is Fredholm if and only if ceSS(A*A) > 0, where

Oess(.) denotes the essential spectrum. In the case of Qi+’ we have

* +
Qs = H0| F@o=H

On the other hand, the strict positivity of hB implies that

aeSS(HZ) > 0. Therefore, we conclude that Qi+ is Fredholm. In this case,

by definition, A(Qi) coincides with the Fredholm index of Qi+' Equality

(4.26) follows from the fact that

+ -—
A = di -
(Qi) dim Ker HO dim Ker HO

(see Appendix B ) and

+
Ker HO = {const. 1 @)QF 1, Ker HO = {0},

. . c _
where QF is the Fock vacuum in FF(H ) and H0 = H0|

F
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We next consider perturbations of Qi in such a way that the perturbed
operators also satisfy (4.24). Since Qi+ is Fredholm as we have seen
above, we have some stability theorems on the index (e.g.,[18]). From our
view point, such a case is not so interesting. Thus, we try to give

perturbations under which the index may change.

gh
Let X be a bounded closed rectangle in R” (v=1,2,..) and p be an D(e B) n H-
gh
valued strongly continuous function such that so is e Bp(x). Let P be a real poly-
nomial in one variable. Then, P(¢(p(x))) &® w#(p(x)) is strongly continuous

in x € X on L4(Q,duO;FF(HC)). Therefore, the operator

vt = 7 ax pe ) @ v (o) 4.27)
X

is defined as the strong Riemann integral on L4(Q,du0;FF(HC)) and closable.

We denote the closure by the same symbol. Henceforth, for notational simplicity,

we write as

) =0, Wt =wl, smpe) =g, @28

x
and, if there exists no possibility of confusion, we drop the symbol ®
in operator tensor products. For a functional F(¢) on FB(H_l), we define

the directional derivative DfF(¢) in the direction f ¢ H 1 by

DF($) = lim F(oref) - F(9) (4.29)
€
e~>0

provided that the right hand side exists.



46—

*
LEMMA 4.8. For all ¥ ¢ FO’ U#W is in D(d) n D(d ) and the following

equalities hold on FO :

du’ = -U'4q, (4.30)
a'u = —Ud*, (4.31)
vt = vfd + rax [P(¢ dDh_ o - P($.)D - P'(¢ )V w*], (4.32)
X x’ B'x x” Tp(x) x Tx'x
du = -Ud + [ dx [P'(¢x)¢i¢x + P(¢X)Dp(x)], (4.33)
X
o= gt? . 0, (4.34)
t, 2
{u, v }Y=|]| f ax P(¢x)p(x)I|H . (4.35)
X

Proof. By direct computations using (4.6) and (4.8), one can prove

the following equalities on Fj :

* *
eIy = - PG4 )V 4,
dP(¢x)wl =~ P(¢x)¢;d:
* + *
d P(¢x)¢x - P(¢x)wxd + P((bx)hB(t)x - P'(¢x)¢xwi - P(¢X)Dp(x)’

dp(p )y, = - P(o Iy d + P'(¢x)wiwx + P(¢X)Dp(x).
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The right hand sides of these equations applied to vectors in FO are strongly

Riemann integrable with respect to dx ( Notice that sup Ilp(x)IIH < o
xeX
because of the strong continuity of p(x) ). Therefore, the closedness of

#

* *
d and d implies that U : F, = D(d) n D(d ) and (4.30)-(4.33) hold on

0
FO' (4.34) and (4.35) can be proved similarly. i

Let
.f.
d(P) =d+1U (4.36)
on FO . Then its adjoint is given by
* *

d(P) =4 +U (4.37)
on FO . Hence, d(P) is closable and we denote the closure of d(P)lFO by
the same symbol.

Remark. Formally we can write as
- * * -
a@) = e Vd e, a@e)* = e’ deY,
where
¢x
V= Jdx[ f dy P(y)].
X 0

This kind of perturbations in the case of finite dimensional manifolds

has been discussed in [35] and [19].
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*
LEMMA 4.9. For each p 20, d(P) (resp. d(P) ) maps FB

(resp. Fg+1) to PP (resp. PP) and
a@? =0, a®*? =0 (4.38)
on FO' Further, we have
(d(p)v, d(P)*Q) =0, V¥ eD(d(P)), o ¢ D(d(P)*). (4.39)

Proof. The first half follows from the definition of d(P)# and
properties of d# and w# ( (4.16) ). Equality (4.39) follows from (4.38)

and a limiting argument. U

The perturbed Kihler-Dirac operators corresponding to Ql and Q2

are defined by

]

Q,(® = 4@ +d®”
(4.40)

*
i( d(P) - d(p) )

I

Q, (®)

%
on D(d(P)) n D(d(P) ). By (4.39) and Lemma 4.1, Qi(P) is closed symmetric
*
with D(Q;) = D(d(P)) n D(d(P) ).
LEMMA 4.10. For each i=1,2, PF leaves D(Qi(P)) invariant and the

anti-commutation relation
{ PF, Qi(P)} =0 (4.41)

holds on D(Qi(P))-
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*
Proof. It is easy to see that, for all ¥ in D(d(P) ) and ¢ in FO’

(B, d(®)®) + @e)™y, P 2) = 0. (4.42)

By a limiting argument, we can extend (4.42) to all ¢ in D(d(P)).

Then, (4.42) implies that PF leaves D(d(P)#) invariant and

te, a@’ = o (4.43)

F’
on D(d(P)#). Thus the desired result follows. [

We define the perturbed Laplace-Beltrami operator H by

H = Ql(P)z (4.44)

in the sense of sesquilinear form QE_D(Ql(P) ) x D(Ql(P)), so that

1/2

H is non-negative self-adjoint with D(H'") = D(Ql(P)). This is possible,

because Ql(P) is closed as we have already noticed. By (4.39), we have also
2
H = QZ(P) (4.45)

in the sense of sesquilinear form QE.D(Qz(P)) X D(QZ(P)). Using Lemmas 4.8

and 4.9, we can write down the explicit action of H on FO . Namely, for

all ¥ in FO’ we have

Y = Q)7 v = (g +WHHDY, (4.46)
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with

2
W(¢) = ||£ dx P(¢x)p(x)]lﬁ + ; dx[P(¢ ohpe  ~ PO leGO[I),  (4.47)

- ' t
Hy =2 i dx P (¢x)¢x¢x, (4.48)

where we have used the fact that {wx, w;} = ||p(x)||§ .
LEMMA 4.11. Let r be the degree of P. Then, we have
D@Z® ) € D(H) n D) o D(H). (4.49)
Further, for all ¥ ¢ D(ng), Q (®¥ is in D(Q,(P)) and

Yy = Qi(p)zw = (B + W HDY. (4.50)

Proof. By the Schwarz inequality, we have
2 2 , . 2
lw] <« fax ()7 )/ x|l ||y )+ d ax[|PCo dnpe | + [Pr o) []]eG) ][} 1.

Therefore, using estimate (2.20), we get

Wy < const. || +D%v||, veF. (4.51)
0
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Noting that||wi¢x|| < ]|p(x)|l; , we have also

1|H1w]| < const.]l(no + I)erll, ¥ e Fo. (4.52)
On the other hand, we know from a standard argument (e.g.,[22,23]) that
FO is a core of (H0 + I)zr. Therefore, (4.51) and (4.52) extend to all
¥  in D(ng). Thus (4.49) is proved. To prove the second half, we note

that

# 1/2

vl = (g2, v e vag’?

It L

and
v|| = comst.||(Hy, + D¥|], ¥ < D(H).
Hence, in particular, we have
| q@¥[| = const.||(m + DTy, v D(ng). (4.52)"

Since FO is a core of (HO + I)zr, for every ¥ in D(ng), we can take
s s
F 2r 2r
a sequence { Wn}, voeF such that Yoo ¥ and (HO + I) Yoo (HO + 1)V,

By (4.46), we have
Q (P)zw = (H, + W+ H)Y
i n 0] I’ n"

By (4.51) and (4.52), the right hand side converges strongly to (HO + W+ HI)W.
s
On the other hand, we have from (4.52)'that Qi(P)‘Pn - Qi(P)W. Thus, by the
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closedness of Qi(P)’ QiW is in D(Qi(P)) and (4.50) holds. 0

LEMMA 4.12. Suppose that W is bounded below. Then, HO + W is

essentially self-adjoint on Cm(HO) n D(W) and bounded below.

Proof. It is obvious that W is in L2(Q,du0). Since hB is strictly
positive, exp(-tHOB) forms a hypercontractive semi-group(e.g.,[28,23]).
Therefore, by a general theorem (e.g.,[23, §X.9, Theorem X.591]), HOB + W
is essentially self-adjoint on Cm(HOB) n D(W) as an operator acting in
0= HOB AT + W®I +1I ®dI‘(hB), HO is essentially
self-adjoint on C (Hy,) n D(W) ® € (dr(hy)) © € (H)) n DWW I). Thus,

LZ(Q,duo). Since H
the desired result follows. [

We denote the closure of (H0 + W )|(Cw(H0) n D(W)) by the same symbol.

We now state our main result :

THEOREM 4.13, Assume (A)B in Section II. Suppose that :

(i) W is bounded below.

(ii) For some a €(0,1) and a sufficiently large constant c > 0,
HI(H0 +W+c) " is trace class on F.

Then, Qi(P) is self-adjoint and the index A(Qi(P)) (see

Appendix B) is given by

t t

© 8 n 2
AQ(B)) = T (D% sat fat L.... fdr, fdx....dx
i n=0 0 n 0 n-1 0 1 X 1 n
B
x Hf du0,3(<1>)eXP[— é ds W(QS)] P'(<I>tl(p(xl)))....P'(d>tn(p(xn)))
-y

1

1
2(tn’p(xn))‘y1(tn’p(xn))Q)F (Hc ))

1 1
x (2, Yo(t,p(x ¥ (t ,p(x))....Y
2 1 1'71 1 Flg,1

(4.53)
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independently of B>0,where @S is the Gaussian mean zero process on [0,B]

introduced in Section II , W;(t, + ) is the Euclidean Fermi field

on FF(HE 1) ( the case 0= 1) (see Section III ) and @ is the Fock vacuum
3

. c
in FF(HB, ).

1

Proof. Let

L=H +W.

By assumption (i) and Lemma 4.12, L is self-adjoint and bounded below.

Then, by assumption (ii) and by the proof of the lemma in Appendix A,

we conclude that L + HI is self-adjoint on D(L) and essentially self-adjoint
on any core of L. By Lemma 4.12, L is essentially self-adjoint also on

D(ng). Therefore, by Lemma 4.11 and the self-adjointness of H, we have

as operator equality. Then, in the same way as in the proof of Proposition
4.5, we can show that Qi(P) is essentially self-adjoint on D(ng) and

hence self-adjoint on D(Qi(P))., Thus, the first half is proved. By condition
(i) and the generalized Golden-Thompson inequality (e.g.,[32]), e_tL is

trace class for all t > 0. Then, it follows from assumption (ii) and

the lemma in Appendix A that, for all t > O, e—tH is trace class, Therefore,
by the lemma in Appendix B, we have

gH

A(Q (P)) = Tr(PFe' )

independently of 8 > 0. Noting that



Y

P_ is written as

F

we have

By the

a(q, (P)

where

acting

t >0).

(see (2

inNF -BH
A(Qi(P)) = Tr( e e ).

lemma in Appendix A and a limiting argument, we get

.
. n fn f2 /4 d
) = L (~2)" S dt dt . dt X, ...d%
n=0 o "o 0l o bt x 1
imNg ~tiHoe 4 -(ty=t DH4p ¥ ~(B-t DHyp
x Trle e wx ¢x e .o ¥ wx e
171 n n
-t.L -(t,-t )L -(B-t_ )L
xTrfe TP pr(s de 2 Y Bprge ).t e ™ OPBy,
X X X
1 2 n
C
HOF = dF(hB) acting in FF(H ) and

LB = HOB + W

~tL
in FB(H_l) ( Lp is self-adjoint and e B is trace class for all

Then, Corollary 2.4 and Theorem 3.6 together with the fact that

imN -BH -BH
Tr (e F e OF YTr(e 0B Yy =1

.21) and (3.24) ) imply (4.53). 0
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Finally we give an alternative representation of the right hand side

of (4.53). To this end, we introduce the kernel

- 1 1
K, (t,%35,y) = -2P' (2, (p(x))) (Q,Wz(t,p(X))Wl(s,p(y))ﬂ)FF(Hg B
=20, Gz 8T gy e,
weZz H
8,1
(4.54)
which is well-defined for t,s ¢ (0,B), |t-s] 20, . x,yeX, and
almost everywhere ¢ € H__Y . We define also
K@(t,x;t,y) = lim K¢(t,x;t+e,y) (4.55)

e40

for t € (0,8). By the theory in Section III, we can express KQ(t,x;s,y)
and KQ(t,x;t,y) explicitly in terms of quantities in the Fermion Fock
space FF(HC). Using these expressions, we see that the integral operator

K defined by

¢
8 2
(K¢f)(t,x) = fds f dy K _(t,x;s,y)f(s,y), f e L({0,B8] x X),
0 X ?

(4.56)
is Hilbert-Schmidt on L2([O,B] x X). Further, the trace-like quantity

B
S dt [ dx KQ(t,x;t,x)
0 X

K
Tr ®
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B Bhg 1
= -2 [ dt [ dx P'(<I>t(p(X))) <(1-e ) To(x),0(x) > o
0 X

H

(4.57)

exists ( Note that KQ(t,x;t,y) is continuous in (t,x,y) for almost everywhere

¢ and hence KQ(t,x ; t,x) is unambiguously defined ).

COROLLARY 4.14, Suppose that, for some constant € > O,

B -
1 2 2 1
exp[~ / ds W(e ) + (L+e)|Tr K | + 5 (I+e) Rl 1 € L "

,d
0 Y uO,B

where |l‘|! denotes the Hilbert-Schmidt norm. Then, under the same

HS

assumption as in Theorem 4.13, we have

8 -
A(Qi(P)) = J'duo’B detz(I + KQ) exp[- é ds W(@s) + Tr K¢ 1,

where detz(I + KQ) is the regularized determinant of I + K® (e.g.,

[31,32]).
Remark., Formally, we have
detz(I + KQ) exp[ Tr K¢] = det (I + KQ),
the unregularized determinant.

Proof. lLet

), (4.58)

(4.59)
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(n) ] . .
K® (tl,xl,tz,xz,...,tn,xn)

- (—2)“P'(¢t1(p(xl)))....P‘(@tn(p(xn)))

X (2,5 (6,0 (e ) YE(E),0(xp)) eeens ¥ (E 0 (e DY (E L0 (x) Dp (e

rHg, 1)

Then, Kén)(tl’xl;"';tn’xn) is gymmetric with respect to every permutation

of (tl’xl)""’(tn’xn)' Therefore, one can write as

t t
B " 2 (n)
é dtn é dtn_1 cees é dt1 ; dxl...dxn K¢ (tl,xl;...;tn,xn)

B
(n) ..
é dtl...dtn i dxl..dxn K¢ (tl,xl,...,tn,xn).

It is easy to see that

(n) cs = :
Kq) (tl,xl,oo.,tn,xn) - det ( K¢(ti’xi,tj’xj) )lsi,jsn »

from which it follows that

(n)
®

n
2
(tl,xl;...;tn,xn)l < Cg nt [IP'(<I>t.(p(xj)))| llp(xj)HH]-

j=1 h|

Ix

with a constant CB > 0. Therefore, we see that the integral with respect to
dt....dt _dx....dx and that with respect to du in (4.53) are interchangea-
1 n 1 n 0,8

ble. Further, one can show that, for all A e C,



~58—

(n) ..
1...dtn S dxl...dxn K¢ (tl,xl,..,tn,xn)

= det2( I+ AK¢) exp[X Tr KQ].

(see, e.g.,[31,321). It is well-known [31] that

1,2 2
| det, (1 + MD| < expl 3 A ||k, ]lgg 1

By Cauchy's estimate, we have for all N 2 1 and any ¢ > O,

1 (n) ..
b 3 | / dtl...dtn S dxl..dxn K¢ (tl,xl,...,tn,xn)l
n=0 0 X

< [e)/e] expl(l+e) |Tr K| + =(1+e) 7] [k, |25 1.

Then, by condition (4.58)

[+4]

we may change the sum z
n=0

and the Lebesgue dominated convergence theorem,

and the integral duo g in (4.53) and hence
1
we get (4.59). 0
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APPENDIX A. A TRACE LEMMA

LEMMA. Let A and B be linear operators acting in a separable Hilbert

space H and suppose that :

(i) A is strictly positive self-adjoint and, for all t > O, e_tA is trace
class.
(ii) B is symmetric such that, for some a ¢ (0,1), BA " is trace class.,

Then, A+B is self-adjoint with domain D(A) and bounded below. Furthermore,

for all t > O, e-t(A+B) is trace class and we have
t t
- t 1 n-1 -t A ~(t -t )A
cTEATB) ey Jde, fde, ... de_ e nge nlomg
n=0 0 "0 o ¢
-(t. -t )A =(t~-t_)A
X e 12 Be 1 (A.1)

in the trace norm.

Proof. By condition (ii), B is relatively compact with respect to A
and hence is relatively bounded with respect. to A with the relative bound
infinitesimally small, Therefore, by the Kato-Rellich theorem (e.g.,[18],
[23]), A+B is self-adjoint on D(A) and bounded below (cf. also [24, §XIII.4]).
To prove the second half, we note that the following formula holds (Duhammel's

formula ) :

s e—(t—s)(A+B) Be—sA.

This is easily seen by showing that both sides applied to a vector in D(A)
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solve the same first order differential equation. By change of variable

t-s - s and by iteration, we have

t t
N t 1 n-1 -t A =(t -t )A
e E(ATB) _ o gym fdt, Jdt, ...f dt_ e nge nlomie g
n=0 0 0 o ™
—(tl—tz)A —(t—tl)A
X e Be
+ RN, (A.2)
where
N+l t t1 tN -tN+1(A+B) —(tN—tN+1)A —(t—tl)A
RN = (~1) SJdt, fdt, ... [ dt e Be B...e .
0 1 0 2 0 N+1

Writing as Be—SA = s—aBA_a[(sA)ae_SA] and using condition (ii), we see that,

for all s > 0, Be_'SA is trace class with bound

-sA - -
1341 ], = ™| [8a™||c,
where |l lll denotes the trace norm and
c, = llAae_AII ( operator norm ).

Therefore it follows that every term on the right hand side of (A.2) is

-t (A+B)

trace class and hence that so is e . Further, we have
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N t(1—a)(N+1)

Ryl < et|d|<caHBA'°‘Hl> (-0 1 Qo) w7,

where d is the infimum of the spectrum of A+B and TI(z) is the gamma

o2 zz—(1/2)

function. Since T(z) ~ V2n as Izl + o, we have

lim ||RNH1 = 0.

N > o

Thus, we get (A.1) in the trace norm. [J
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APPENDIX B. INDEX OF A SELF-ADJOINT OPERATOR IN A GRADED HILBERT

SPACE
Let H be a Hilbert space with inner product ( , ) and Q be a self-

adjoint operator acting in H. Suppose that H 1is decomposed into two

+
mutually orthogonal closed subspaces H™ :

H=tH@o@ H . (B.1)

+ +
Let P be the orthogonal projection onto H~ and put

Assume that, for all f,g in D(Q),

(Qf,Kg) + (Kf,Qg) = 0.

Then, it is easy to see [3] that K leaves D(Q) invariant and, for all

f in D(Q),
(KQ + QK)f = 0. (B.2)
N -
In particular, Q maps D(Q)nH to H and hence there exists a unique

densely defined closed linear operator Q, from H' to H with D(Q+)

=D(Q)nH+ such that Q is written as

1+

e H nD. (8.3)

L
It
Hh
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We define the index A(Q) of Q associated with the decomposition (B.1)
by

*
A(Q) = dim Ker Q+ - dim Ker Q, , (B.4)
*
provided that both Ker Q+ and Ker Q+ are finite dimensional. We remark
that, if Ran Q+ is closed in addition, then Q+ is Fredholm and A(Q) is

the Fredholm index of Q+ [18].

Let

+
Then, using (B.2), one can easily show that H is reduced by H~

+ +
{3]. We denote by H the reduced part of H to H, so that we have
H+ % 0
+ - *
It is obvious that Ker H = Ker Q+ and Ker H = Ker Q+ and hence we get
+ -—
A(Q) = dim Ker H - dim Ker H . (B.5)

LEMMA. Let Q be as above and suppose that exp(-—tQ2 ) is trace class

with t > 0. Then,

o2
A(Q) = Tr(Ke QO (B.6)

independently of t.

Proof. One can write as



-64—

2 + -
Tr(Ke—tQ ) = Tr e—tH - Tr e—tH

On the other hand, it follows from a general theorem [11] ( cf. also [12]) that
cp(H+)\\{O} = cp(H—)\\{O} with the dimension of their corresponding
eigenspaces coinciding, where cp denotes the point spectrum.

From this fact and (B.5), we get (B.6). [

Remarks. (1) For the case where exp(-tQZ) is not necessarily

trace class, A(Q) may be computed as

+ -

A(Q) = lim Tr( e HH _ oy
t > >
+ - —tH  -tH”
provided that H = H and e - e is trace class for all sufficiently

large t > O with some suitable regularities [7,5]. Also a resolvent

regularization can be used to compute the index [8,7,5].

(2) The quadruple { H, Q, H, K } given as above is a supersymmetric quantum
theory in the sense of [3]. In this context, physisists call A(Q) the

Witten index associated with the supersymmetric system (e.g., [35,36,9] ).
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